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The criterion of the best approximant for the
multivariable functions in the space

Lpln"'api—l717pi+1"'7pn

HocimigkeHo mnuTaHHS XapaKTepu3allil ejieMeHTa HaWKpalloro HaOJIUXKeHHS IJis
dyHKIIiiT 6araThbox 3MiHHUX y IpocTOPi 3i 3MminmaHoro iHTerpasbHOIO MeTpukoio. Oaep>kaHo
KpuTepiit eleMenTa HalilKpaloro HabJIM>KeHHs Y IPOCTOPi Ly, . ;1 1,pis1..pne

Karowosi crosa: 3miwara tHMe2pasvie MempuKa, esemenm HAUKpauL020 HabAUNCEHHA.

UcciienoBanbl BOMPOCHI XapaKTEPU3AIMHN 3JIEMEHTA HAWIYUINEero IIpudJImKeHus:
O (PYHKIUA MHOTUX [EPEMEHHBIX B IPOCTPAHCTBE CO CMEIIAHHON WHTErpaJibHOMN
merpukoii. IlostyyeH Kpurepuili sjieMeHTA HAWJIYyUIIero MPUOJIM>KEHUsi B IIPOCTPAHCTBE
L

P1,--sPi—1,1,Pit1-.Pn
K./LTO%@G'ZJL@ CA06QA.; CMEWAHHAA UHMEZPANDHASL MEMPUKQA, INEMEHT, HAUNYHULE2O npuﬁ/LuofceHUﬂ.

The questions of the characterization of the best approximant for the multivariable
functions in the space with mixed integral metric were considered in this article. The
criterion of the best approximant in space Ly, .. p,_,.1,p4:....p, 1S Obtained.

Key words: mized integral metric, the best approximant.
MSC2010: Pr1 41A45, SEC 46E30, 41A10

Let Ly, . (1 <p;, < 00,1 <i < n) be the space of all real-valued summable on
K=1I1 xI)x...x1I,, (I =[a;,b;],1 <i <n) functions f : K — R such that

1
% % Pn
= | [ oo | [ | [ 1@ o | daa| .,
I, Ip) 1
We set
1
| floerpi = / / /]f(a:)]p’“da:k dzyiq .odzy ,
I; Iyt k
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where 1 <k <1 <n.
Consider also the classes L,, ., (where at least one p; = oo) of functions f,
respectively with norms

Hpr1,..-,pn—1,oo = €SS Sup ‘f‘p1,..-,pn_1 < 09,
Tn€lp

Hf||p17---7pi—1700,pi+17---,pn -

1
Pit2 o
Pit1

Pi+1
= / / (ess sup ’f|p17-~~7pi—1) driq ...dxy, < 0,
x; €1;

In Iitq

where 1 < < n.

For a system of linearly independent functions {¢1,...,¢m} C Ly, ., we denote
H,, = span{y1,...,¢n}. Then the elements of the set H,, (polynomials P,,) are
representable in the form

k=1

For f € L,, . ,, the quantity
En(f)pryipn = Pirellfq 1f = Pallps,....0n (1)

is called the best approximation of f in the space L, ., by the set H,, Any
polynomial P’ which realizes the ”inf” on the right-hand side of (1) is said to be
a best approximant to f by H,,.

In 1973 G.S. Smirnov [2] proved the criterion of the best approximant in the spaces
with mixed integral metric for the functions of two variables. V.M. Traktynska [4]
extended this result to the multivariable functions. If at least one p; = 1, these criteroins
are true under the condition f — P # 0 almost every where on K. This restrictionis
removed by G.S. Smirnov [3] for the functions of two variables in the spaces L, 1 (11 X I5)
i Ly 4(; x I)). O.D. Kostyuk, V.M. Traktynska and M.Ye. Tkachenko [1] extended
this result to the multivariable functions in the spaces Ly ,, . ,, and Ly, ., 1.

The purpose of this article is getting the criterion in the space Ly, . p, 1 1p;1...p0-

Let f S LPL---,pz‘fl,1,pi+1---,pn with ||f||p17---7pi71717pi+1---7pn >‘O and gc L_Ql7---7qz'7_17007qz'+1---,qn
With [[g|]g,..qi-1,00.0051000 < 1, pij + qu =1,1<p;j<o0,j=12,...;i—1i+1,....n
be given.

Note that

Pi42 fow
Pi+1 Pit1

Hf‘|p1,-~~7pi71717pz‘+1-~7pn = / .- / / |f(x)|p17--~7pi71dxi dzi-ﬁ-l .- 'dmn
I

I, I i
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Applying Gelder’s inequality and Fubini’s Theorem, we obtain

/f x)dxy .. ng/.../]ng]d:Ul...da:
I I

P
P2 Po

P1
S// / / /|f|p1d$1 dZEQ ...d.ﬁUi,1 X
I, I |l Ip) 1

-1

X / / /|g|‘“dw1 dxs coodriy dz; ...dx, =
Iy 1
= / : / (lf’m,m,pi_1|g|q1,.~,qi_1) dr;...dr, <
< / / /|f|p1 piadri | xesssup |glg.q, | dTisr .. dx, <
T, €l;

z+1
Pita o
Pi+1 Pi41
< / / /‘f’m, Pi dxiJrl dl’n X
In Lit1 I;
div2 -
Ti+1
qi+1
X / ess sup |9lgs,ai > dxiq odxy, =
x;el;
I,
= | lp1,pirstpisrrmn * N9llargi1.00gis10mgn < llprpiot 111,
or in other words
/f dxl dxy, < "f"pl7~--7pz‘7171,pi+1,--~7pn' <2>
It is easy to verify that the inequality (2) becomes equality for the functions of form
1 _ -1 -
9o = Hf”m,pn,pz 1L LPit1,e ,pn|f‘p2 pl|f|£i’,p§2 e lf lei,pi -|f ZT, p,; 11, Lpit1,e ,pnsgnf
All another functions that give the equality in (2), coincide with go almost everywhere
on I} X ... x (I\E(%it1,...,2,)) X ... X I,, where E(zji1,...,2,) = {z;
L o |flps.pion = 0}, where in esssup |g(2)|g,..qc., = €58 sup |go(2)|g,..qi, almost
x; €L; x; €1;

everywhere on I; ;1 X ... X [,.
The following theorem is formulated by V.M. Traktynska [4].

91



V.M. TRAKTYNSKA, M.YE. TKACHENKO, D.O. OSENNIKOVA

Theorem 1. For any function f € Ly, . (1 < p; < 00) the best approzimation
in the norm Ly, .

Eu(Fs,.pn = SUD / f(2)g(x)dzy...dz,,

K

where sup applies to the functions g € Lg, . 4

n —

such as |[gllgqn < 1, and [ Pu(x)
K

g(x)dzy...dx, = 0 for any above-defined polynomials P,, and sup is realized by some
functions ¢ € Ly, ., with the norm ||¢||g .00 = 1

We set .
Py =) cxpr, (3)
k=1

where {¢y}jL, is the system of linearly independent functions from Ly, p. 1 1pii1,pn
(1<pj<oo,j=1,...,i—1,i+1...,n), and ¢ are real numbers.

Assume that the function f € L, . . . i1pgi..p. such as ||f —
Pollprsspi11pisnspn > 0 holds true for each P,.

Introduce the functions:

—1 _ _ i . —1
FO = |f_P7:’L|11)1 |f_P?:’L|£? P |f_P':l g?,ng Teeet |f_P7>:l|]121,p1,p11_1|f_P7>:7, gzlt%-)pi—l,lypi-‘—l Teeet
.‘f - P’;L g?;?j};il,1,pi+1,...,pn_1Sgn(f - P’:l)?
Fy

*

FOZ — 5
1f = Pallpr

Plsse-sPi—1,L,Pit1,e-,Pn

where P! is some polynomial of form (3).
It is easy to see that F{f has the form of the function that give the equality in (2):

* * o
FO S LQ17---711i—1»007qz'+1,---7qu7 ||FO ||q1,,---,q¢—1700=Qi+17---7(1n =1 and

/ (f = Po)Esdzs, At = |1 — Polloeosnstoeesomn
K

For any (x;i1,..., %) € Lix1 X ... X I,, define
e(Tip1y e n) ={xi €L |f — Pl lpy.pis =0}

Theorem 2. For the polynomial P} to be the best approzimant for the function f
i Ly i dpitsepn (L < pj <00, j =1,.,i—1,i+1,..,n), it is necessary and
sufficient to have

/Pm-Fdel...da:n §/ / \Prlpy.. pi 1 di
In I

K i+1 |e(@it1,eTn)
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- ess sup |Fylgqia | dTig1...dxy, (4)
x;€1;

for any P,, by form (3).

Proof. At first prove the necessity. Let P} be the best approximant for the function
fin Ly pi i ipiir,.pn- According to Theorem 1, there exists a function F; €
quw--~7q¢—17007q7;+1,~~-7(In SuCh as:

1) ||F1||lI1n~--,¢h_1,00,%+1,~~7% = 1;
2) [ Py, - Fidx;...dx, =0 for any P, by form (3);
K

3) [ f- Fidxy..de, = [(f — Pr)Fiday..de, = ||f — Pillpy.ps
K K

The latter equality holds true iff F) satisfies the condition of equality in the
inequality (2). Thus Fj(x) = Fi(x) for any points x such as x; ¢ e(x;41,...,2,) and
ess sup | Filg. g1 = €sssup |Filg,,..q4_, almost every where on ;11 x ... x I,,.

x; €L; z,€L;

For any polynomial P,, we have

—1,L,Pit1,-Pn

/Pm-F*dxl...dxn = /P (F) — Fr)dzy..dx,| < /|P| \Fy — Fyldxy...dz, =

K
/ / / | Palp,pis - 1Fo — Filgy,.qiidor..day, =

Tiv1 e(@iy1,e.@
/ / / |P ‘pl’ »Pi— |F1’Q1, SGi— dxn <
I, z+1 e CEZ+1, T

*
/ / / | Prlps,pia di | - (ess sup | Fg |q17...,qi_1) dit1...dTn,
x;€L;
z+1

e(Tit15-,Tn)

which was to be shown.

Prove the sufficiency. Suppose the condition (4) holds true for any polynomial P,
by form (3).
Therefore, for any polynomial Q,, = P, + P, using (4) in the end, we get

||f - Qm||p1,7---,pi—1,17pi+1,---7pn -

=1If = Py -

pm’|p1,,~~-,Pi71,1,p¢+17~--,pn ’ ‘|F6k"ql:7~~~:qi717001qi+17-~~7Qn >

/ / /|f P — Polpyopi AT (ess sup |F6‘|q1w_7qi_1) dxiyq...dx, =
x; €L;
z+1 'L
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/ / \f = Py = Polpy,...pi di | X
Liy

1 Ii\e(x¢+1,..‘,zn)

X (ess sup |F6k’q177"'7qi1> d:lj'i+1...d3;'n—|—

x;,€l;
—|—/ / ( | Prlpyopiadi | - (ess sup ]Fglqlw,qH) dxiyq...dx, >
x; €1;
7. $1+17 T
/ / / / / f— P — P Fide..dr,+

In z+1 I; \e Tit1,-- @n Iy

+1
+/ / |P lp1,pi 1Az | - (ess sup |Fg|q1,.,,,qi_1) dzii...dr, =
xiEIi
l+1 xl+17 L
f Pr)Fydx;.. dmn—/PmFg‘dxl...dxn+
i+1 (

K

o)

[n L

|Prilpy.psadi | - (ess sup ’FJ’q1,~~~7Qi—1> dziyq...dx, >

z,€l;
Iz+1a L

f P, F*dxl dr, =||f — P*le,, oPi—1,1

sPi415--5Pn *
K

It means that Py is the best approximant for f in L,, ., .1
This completes the proof of Theorem 2.

sPi+1y5Pn*
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