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On the nonsymmetric approximation of
continuous functions in the integral metric

B crarTi posrasigaroTrbes pynknionansHi npocropu Cla;b] - mpoctip HemepepBHUX Ha
Bigpisky [a;b] dynkuiit f(z), Lyla;b] (1 < p < oo) - mpoctip cymoBHuUX B p-#i cremeHi Ha
Biapisky [a; b] dyHkniit f(x) 3 BignoBiguumu HopMmawmu | f|¢ i || f||,, Ta HoGpe Bimomi B Teopil
anpokcumariii dyHKIioHaNbHI Knacu HY[a,b] - Ki1acu HenepepBHux GYHKIiH f Takux, 110
w(f,t) <w(t), t >0, ne w(f,t) - Mmomynnb HenepepBHOCTI OYHKUIT [, w(t) - 3amaunit MoayIb
HEIepepPBHOCTI.

B pob6ori gqoBeseHa To4YHa OLiHKA HAMKPAIOIO HECUMETPUYHOrO HabOJM>KEeHHsI B iHTe-
rpajibHilii MeTpuIli KOHCTaHTAMU HelepepBHUX (PYHKIIiH, sgKi HaekaTh (PyHKIIOHATIBHUM
kiaacam H%[a,b]. A came, nqoBe/ieHa HACTYIIHA TeopeMa.

Hns Beix o, 8 > 0 u koxHol f € H¥[a;b] mae Mmicue HacTynmHa HepiBHICTb:

» O(ﬂ p b—a
o )
nelf =l < (305) [ et

Akuio w(t) - onykimii Bropyii Mmoaynb HenepepBHocTi i p =1, abo w(t) =t ip > 1, Toxai
OTpUMAaHa HEPiBHICTh NepPEeTBOPIOETHLCHA Y PiBHICTD.

BpaxoBytouu Binomy Teopemy B.®.Babenko npo 3B’s30K HECUMETPUIHUX HAGINKEHDb
3 3BUYAMHUMHU HAUKpaAMIIMU HAOJM>KEeHHAMU B iHTerpaJjibHiii MeTpuIii Ta OJHOCTOPOHHI-
MU HAUKpanuMu HAGIMXKEHHSIMHY, 3 JOBEJEHHOr0 pe3yjabTaTa MU OTPUMAEMO TOYHY OIliH-
Ky JIJisi 3BUYAHOTO Halikpalmoro Habsm»keHHs, orpuMany H.II.KopHiiiaykoMm, Ta TOUHY
OIiHKY [Jisi HAWKpPAIOoro OHOCTOPOHHBOIO HabsmKeHHsi, orpumany B.I./lopouinnMm Ta
O.A.JIlirynom.

OTrpumMmaHy HepiBHICTh MOXKHA 3aCTOCOBYBAaTHU B Pi3HOMAHITHUX 3a/[aYaxX TeOopil ampoK-
cumariii, a caMme, B IUTaHHSAX HaO/>keHHs QyHKI{ Kiaacy HY[a, ] cniaiiHaMu HyJIbOBOTO
NopsaKy, Habum>KenHst PyHKUiil kiaacy H%[a,b] nmosinomamu 3a cucremoro Xaapa, OLiHKA
iHTerpasbHNX HOPM MYHKIIH 3 HyJIBOBUM CEPEIHIM 3HAYEHHSIM Ha BiZIpi3Ky [a;b], To110.

Ka0406i caosa: modyas HenepepeHocmi, HECUMEMPUIHT HAOAUNCEHHA.

In the paper, an exact estimate of the best nonsymmetric approximation in the
integral metric by the constants of continuous functions that belong to the classes H*[a, b]
is proved.

Taking into account Babenko’s theorem on the connection of nonsymmetric
approximation with the usual best approximation in the integral metric and the best
one-sided approximations, from the proved result we obtain the exact estimate for the
usual best approximation obtained by N.P.Korneichuk, fnd the exact estimate for the
best one-sided approximation obtained by V.G.Djrjnin fnd A.A.Ligun.

Key words: modulus of continuity, nonsymmetric approximations.
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Let H“[a,b] be the class of functions f € Cla;b] such that w(f,t) < w(t), t > 0.
Here w(f,t) is the modulus of continuity of a function f and w(t) is given modulus
of continuity. For f € L, = L,[a;b] (1 < p < oco) and numbers o > 0,5 > 0 we set

fe(z) = max{£f(z),0} and
||f||p;a,,3 = |lafy + 5f—||p'

If fe L,and H C L,, then the quantity
E(f; H)pap = mi{|[ f — ullpiap - u € H}

is called (see [1]) the best («, §)-approximation of a function f by a set H in the space
L, . For o = 8 = 1 we obtain the usual best L,-approximation of a function f by a set
H, which we denote by E(f, H), .

For f € L, we set

H*(f) ={u € H : +u(x) < £f(x), for almost all x € [a,b]}.

The value
Ei(ﬁ H)p = inf{“f - u“p Tu e Hi(f)}

is called the best L, -approximation from below (+) and above (-) of a function f by
the set H.

It is proved in [1] that if H is a finite-dimensional subspace of the space L,, 1 <
p < 0o, then

lim E(f,H)p1p = E+(f, H), and O};IEO E(f,H)par =E (f,H),.

B—00

Our goal is to find for concave w(t) the value

sup inf ||f — nlpa.s. 1
i = 1l )

For a« = 8 = 1 this problem was solved by N.P.Korneychuk in [2]|. For application
of his result see 2], [3], [4]. For the case max{«, f} = oo the problem (1) was solved
in [5].

Theorem 1. For any «, 8 > 0 and any f € H*[a;b] the following estimate is valid:

) B P pb—a
w7 =il < (25) [ e ©)

If w(t) is concave modulus of continuity andp =1, or w(t) =t and p > 1, then inequlity
(2) is the best possible.
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Remark. In the case @« = = 1 we obtain from (2) Korneqchuk’s result [2]|. In the
case min{«, 8} = 1 and max{«, 5} = 0o (2) gives result from [5].

Proof. We will use ideas from [2] (see also |3, §4.2]). Taking into account the
criterion of the element of the best («, §)-approximation [1] we see that to prove the
theorem it is sufficiently to prove the inequality

up / b(af+(t)+ﬂf(t))”dt§( op ) / e 3)

FEHE [asb a+ 3

where H{'a; b] is the set of piecewise linear functions from H“|a;b] without horizontal
links, and such that

[ 0@ - g5 o =o

Lemma 1. Let f € Hf[a;b], 1 <p < o0 and fora <t <b

F(t) = / F) P (Psgn s (u) — Psgnf(w))du + C,

where C'is an arbitrary constant. Let f(t) > 0(< 0) almost everywhere on (a;7), and
f(t) < 0(> 0) almost everywhere on (0;b), Let also F(a) = F(b), F(v) = F(J), and
e = (a;7y) U (;b). Then

[erw+srora< (22) [ T

. a+p —

Proof of Lemma 1. Let, for definiteness, f(t) > 0, t € (a;7), f(t) <0, t € (4;b).
We define on strictly decreasing function p(t) by the equality

F(t) = F(p(t)), a<t<nv, 6<p(t)<b. (4)
We will have also
Fp'(t)) = F(t), a<p'(t)<7, 6<t<b (5)

The function p(t) and its inverse function p~'(t) are absolutely continuous.
Differentiating the equalities (4) and (5) we obtain that almost everywhere

o fo ()P~ = =B f(p(®)P - P (1) (6)
Bt = = fr(p ()P - (7 () (7)

Consider

/ (afs(t) + B ()Pdt = o7 / e ()t + B /5 £ (1),
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Using (7) and substituting p~!(u) = t we will have
/ (af+ () + BF(8)dt = ar( / (e / Folp () (0 (W)Y £ (w)dt)

o / CF P e+ o (p(0)

and therefore
> @ty arpa = [T 1@ 0 + 1)

Analogously using (6) we obtain

1 P+ — Ap—1 ’ p—1 -1
3 /e(af+(t)+6f—(t)) it = p / SO (oo () + F (1))t

From the last two equalities, we derive

4 / (af s () + BF_(8))dt = / (@ (0P 4 B (P (),

1
Gra) ) - e

where

U(t) = Fe@) + f(p(t), a<t<n;
Folp () + f-(1), §<t<b.

Applying Holder inequality, we get

a+
af Je

(o)™ ([
~{ [(ar.0+s10 } { e pdt}

(“Jf)p / (efi(8) + Bf-()Pdt < / b(t)Pdt.

Taking into account the sign of the function f(¢) on the intervals (a;~y) and (4;b), we

get
[ty =

= [0+ )7 = g0t = [ (G0 - o0y - o) <

(af o (t) + Bf (D)t <

Therefore
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b—a

< [[wtrion - 00 =g = [ wripi

-
Consequently,

[erw+sropas (22 [ ogna

: a+8) Jis

Lemma 1 is proved.

Let us finish the proof of Theorem 1. Choose C' in definition of the function F(t)
such that F'(a) = F(b) = 0. Write a representation of F'(¢) as sum of simple function
(see |6, §6.3]):

F(t) =) Fi(t).

Let (ax,bx) be intervals such that |Fj(¢)| > 0 on (ag,bg), and let [k, o] be intervals
such that |Fy(t)| = max, |Fg(u)| on [yg,0x]. Suppose that functions Fj are ordered in
such a way that lengths |by — a| decrease. Applying Lemma 1 to F' = F}, we will have
that for any k

» Oéﬁ P br—ag , B Oéﬂ )P br—ay )
/ek(ozf+(t)+ﬁf-(t)) ozts(a+ 5) / w(t)dt—(a+ . /bk_ak_leklwa)dt,

where ey = [ag, V&) U [0k, bx] and |ex| = meas ey.

We have
b1 — ay S b— a,
by —ax <by—a; —|er| <b—a— e,
k—1
b — ag <b—a—Z\eJ\,
j=1
Therefore

[t + 8@t < Y [ (@rio)+ 1oy <

Ofﬁ p br—ay OZB p b*a*Z;?;% ‘ej|
< ( ) Z/ wP(t)dt < ( ) Z/ w (t)dt
a+ [ L Y be—ak—lek] a+p w Jb—a=35_ lejl

O.//B p b—a
g(a+5)/o (1)t

Inequality (2) is proved.
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Let a=0,b=1,p>1and v = QLJFB Consider the function

fo(z) =2 —7.

Using the criterion of the element of the best («, 5)-approximation [1], it is easy verify
that the constant of the best («, 5)- approximation of the function fy(z) is identically
zero. Then

2l 1
P. — P _ pd P _ pd _
HfOHLa,B /05(7 x) ac—l—/7 oP(z — y)Pdx
__ o aPprtt 1 af \" (o \' [T,
_(p+D@+ﬁP+Kp+Dm+BV_p+1<a+ﬁ) —(E:E)oéw(ﬁﬂﬁ.
5

Now let p = 1 and w(t) be a concave modulus of continuity. We put p(t) = 1 — ¢,
t € [0;7] and consider the function

[T (plt) —t)dt, 0<a <y
fO(x) - fo w’(t _ p*l(t))dt, vy<xz <1

As in the previous case, using the criterion of the element of the best («,()-
approximation [1], it is easy to verify that the constant of the best («, 5)-approximation
of the function fy(x) is identically zero. By direct integration, we see that

af !
Oé‘i‘ﬁ 0

[ foll1;0,8 = w(t)dt.

Theorem is proved.
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