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On Turan-type inequalities for trigonometric
polynomials of half-integer order

Hepisaoctamu Tuny Typana masuBaiorbes HepiBuocti umy | f%)|x = C,l/fllx, me f -
asredbpaiuHuii, a00 TPUTOHOMETPUYHUI TTOJIHOM cTeneHi n,X - JessKuii HOpMOBaHUI ITPO-
crip, C, - nesika KOHCTAHTa, 110 3aJIe2KUTh Big n. IcHyroTh pidHOMaHiTHI TOYHI HepiBHOCTI
Tuiry TypaHa niisg anreGpaidyHuX Ta TPUTOHOMETPUYHUX ITOJIIHOMIB IPU MEBHUX YMOBAaX,
110 HAKJIAJAIOThCs Ha HYJl BiamoBigHux moJjiiHoMiB. 30okpema, AJisi TPUTOHOMETPUIHUX
nojiHoMiB 7(x), cremeHi n, Bci 2n KOpPeHIB sIKOro € AificHUMK Ta BCi KOpeHi po3ralnoBaHi
Ha npomixky [0;27), BUKoHyloThcst HepiBHOCTi ||[7”| 0 > §||7]|cy Ta |71, > @HTHM, ne C -
MPOCTip HelepepBHUX 27-niepioanvyHmx (pyHKIIi, Lo - MpocTip CyMOBHUX B KBaJpaTi 27-
nepiognyunx (pyHkuiit 3 Bignosiguumu Hopmamu | - ||¢ i || - ||z, IIpuubomy 1i HepiBHOCTI
HEMOXXJIMBO nokparnuTu. Ilpu qoBeieHHI uX HEPIBHOCTEN BUKOPHUCTOBYBAJIOCH IMTPEICTAB-
JIEHHSI TPUTOHOMETPUIHMUX TIOJIHOMIB CTemeHi n, BCi KOpeHi sikoro AificHi Ta po3TalmoBaHi
Ha mepioni.

TpuroHoMeTpUYHUM HOJIHOMOM HAIIIBHIJIOrO MOPSAKY 7 + %, n = 1,2,... HaA3UBAETHCH
dbyHKIisS BUIY

h(@) = hyy s (@) = En: (ck cos (k + ;) 2 + dj sin (k + ;) x> .

k=0

B crarTi orpuMmani gesiki Touni HepiBHOoCcTi Tuny TypaHa a1 TPUTOHOMETPUIHUX IIOJTi-
HOMIB h(x) HaAIIBIIJIOro HOPSAaKy n + %, n=1,2,..., Bci 2n + 1 KopeHi gKoro € ailicHUMHu Ta
posrarmroBati Ha npomMixkky [0;27). A came, HepiBHiCTB, 110 OB’a3y€e HOpMHU B IpocTopi C
TPUTOHOMETPUYHOIO ITOJiHOMA h(x) HANIBLIJIOro mOpsiAKy n + % n = 1,2,... Ta iioro Japy-
roi moxiguoi h'(z), To6ro ||| > 24|h|., a Takoxk HepiBHicTB, IO MOB’s3ye HOpMHU B
npocTopi Ly TPUroHOMeTpUYHOro nojinomMa h(r) HaniBUiJIOro MOpsaKy n + % n=12..T1a
fioro nepioi noxiguoi h'(z), Trobro ||h'|| L, > 2%FIHhHLQ. OTrpumani HepiBHOCTI mmokpaiu-
T HeMoxkauBo. IIpu goBe/ieHHI TeopeM BUKOPUCTOBYEThHCS METO[, IO GyJi0 po3pobjeHOo
B.®.Babenko ta C.O.IlivyroBuMm ajisi TPUTOHOMETPUYUHUX IIOJIHOMIB, BCi KOpeHi siKmx
JificHi.

Karouwosi crosa: mpuzorHomMempuuHi noAtHOMU, HOPMU, HEPIBHOCMNS.

Some exact inequalities of the Turan type are obtained in the paper for trigonometric
polynomials h(x) of half-interger order n+ %, n=1,2 ..., all 2n+1 of wich are zeros are real
and are located on a segment [0;27). Namely, the inequality that relates the norms in
the space C of the trigonometric polynomials h(z) of half-interger order n -+ %, n=12 ..,
and its second derivative #”(z), ||h”|. > 24tL1||h[|., that is the inequalities that connects
the norms in the space Ly of the trigonometric polynomials h(z) of half-interger order

n+%,n =12 ., and its first derivative h'(z), that is ||F/|[., > \/ 2% ||h[|z,. The resulting
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inequalities cannot be improved. In proving the theorems, we use the metod that was
developed by V.F.Babenko and S.A.Pichugov for trigonometric polynomials, fll of whose
roots are real.

Key words: trigonometric polynomials, norms, inequalities.

Inequalities of Turan-type will be called of the fom || f®||x = C,||f|x, where f be
algebraic ore trigonometric polynomial, X - some normalized space, C,, - some constant
depending on n.

P.Turan [1] proved that for an algebraic polynomial p(z) of degree n, all zeros of
witch are contained in the interval [—1; 1], the inequality

vn

n
||p/||(;[71;1] = ?Hp/HCH;ﬂ

In the book [2], chapter 5, all possible Turan-type inequalities for algebraic and
trigonometric polynomials are cosidered. In particular, the folloving statements are tru
(see also [3])

Theorem 1. If the trigonometric polynomial 7(x) of order n, n = 1,2, ..., has (with
multiplicities) 2n zeros on the interval [0; 2), then

n
17"le = Sli7lle-

In this case, equality is perfomed only for polynomials

xr —

T(z) =a (Sin 7) . a,v € R.

Theorem 2. For any trigonometric polynomial 7(x),0f degree n,all the roots of
wich are real, the inequality holds

NG

171z, = 5117l
2

Moreover this inequality cannot be improved in the sense that

Vi i,

sup sup — =
w2 7

The main goal of this paper is to extend theorems 1 and 2 to trigonometric
polynomials of half-interger order.
Definition (|4]). The function of the form

h(x) = hy 1 (1) = ; <ck cos (k; + %) 2 + dy sin (k + %) x) , (1)

wile be called a trigonometric polynomial of half-interger order n + %
The are such statements
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Theorem 3. Let h(x) be a triginometric polynomias of half-inerger order n + %,
wich ¢, +id, # 0, ¢, —id, # 0, and wich has 2n+1 zeros on the interval [0;27) (taking
into account multiplicities). Then there is inequality

2n +1

h,lc>
e > =

17l

Moreover, this inequality turns into equality only for polynomials ho(z) =

B (sin %)Znﬂ.

Theorem 4. Let h(z) be a triginometric polynomial of half-inerger order n + %,
wich ¢, + id, # 0, ¢, —id, # 0, angd all roots of wich are real. Then there is an
inequality

2n+1
12s = 4/ == A

Inequality cannot be improved in understanding

sup sup 2n+1 ||hlle,
n o h 8 ||A]|L,

Theorems are proved by the method of work [2-3].

Proof of theorem 4. . As known [4, c. 17] a triginometric polynomial h(z) of half-inerger
order n + % satisfying the conditions of theorem can be represented as

T — T
Y

2n
h(z) =B sin
@) =B][sn "5

where z, k = 0,1, ..., 2n are zeros of polynomial.

If we introduce X(z) = 32" ctg 5, it is not difficult to verify that

and
W'(a) = S (@)S() + 3h(n) (2), )

From equality (1) directly we get

h(0) i% h(2m) = — i% 1(0) = idk <k + %) , W(2m) =— idk (/f + %)

k=0 k=0 k=0

Consequently h(27)h/(27) — h(0)W'(0) = 0.

Then, integreting in parts, using equalities (2) and (3), we will have
2w 27 2w
IK|7, = / (W(2))* dx = / b (z)h (z)dx = —/ h(z)h" (z)dx =
0 0 0
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_ /0 7 () d — - /0 @) (2)

From here
1

2/0 W) da = —5/0 " 12(2)Y (@) da, ()

Insofar as,

2n
1 1 2n+1
= (z) = — E (——) - >
Py >
— st ) 2 2
than, using equality (4), we will have

2 2 1 2
2/ (1 () dr > 2 2/ B2 (2)da
0 0

From here
2n+1

A PAERYELS

i

Consider a polynomial ho(z) = sin®"*' 2.

Directly calculate

2T
. dnso T dn+3 1
fhalf, = [ s~ (2250,

(2n +1)% [ n T r  (2n+1)? An+1 3
H%HiQ:T ; sin* —005252 5 B 5 ;5 )
Using the properties jf the B-function, we will have
lhollZ, ~ 2B (*52:3)  4(dn+1)
2 .
Ihgllz, GntlZp (4nti. 3y (2n + 1)2
From here

2n+ 1| hollz,  [2n+1 2v4n+1  Vidn+1 ) 1
8 [hfllL, 8 2n+1 V2/2n + 1 4n —2°
The theorem is proved.
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