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Sharp Nagy type inequalities for the classes
of functions with given quotient of the
uniform norms of positive and negative parts
of a function

s poBinbHux p € (0,00], w > 0, d > 2w, orpuMmana To4Ha HepiBHicTh Tuny Hans

Nltp+ )l

24 ]loo < [l (1)
R

Ha KJiacax S, (w) d-nepioguunnx dyHKii ¢, 10 MaOTh HyJIi, i3 3aJaHOI0 CUHYCOMOAiGHOIO
2w-ntepioanuHoI0 DYHKIIE€I0 MOPIBHIHHSA @, Oe ¢ € [— |||, ||¢]lcc] 3amoBONBHSIE yMOBY

2+ loo - lz- 1" = 1 + ) llos - (0 + )= lI"-
Sk HacaimoK moBedeHa TOYHA HEPiBHCThH

(er + slloc |\ 1 1= _
240 < Tort el . . %1%, (120 a=r(r+1/p)~",
T Ly (I2x) e

‘xm

Ha coD00JIEBCHKUX KJlacax AudepeHnifioBHUX nepiogndHux yHKILiN i3 3ajaHnuM BigHoIIIE-
HHAM PiBHOMipHUX HOPM JI04aTHO] i Bi’eMHOT yacTuH dyHKIl, e ¢, — imeanbHuit cniaitn
Eitsnepa nopsiaky r. Kpim toro, 3 HepiBaocri (1) BuBenena HepiBHicTb Tuny Hikosbcbkoro

Yp [[(sin() + €)oo
|| Sin(.) + CHL;J(I27\')

n

1Tl < ()

TNz, (10

HA MPOCTOPax TPUrOHOMETPUYHHUX mojiHomiB T mopsiaky < n 3 mepiogom 27/m,m < n,
i 3agaHMM BigHOINIEHHSIM PiBHOMipHUX HOPM AOAaTHOI i Bij’eMHOT YacTWH, i aHajIoridyHa
HepiBHicTh, Ty HikosbcbKoOTO

ANCET N

sl < (
~ m llor +cllL, (120)

||3||Lp(12,r)

Ha IIPOCTOPaX MOJIIHOMIAJIbHUX CILIAWHIB § MOPAAKY © MiHiMaJbHOTO JedeKTy 3 By3JlaMu
B TO4Ykax krn/n, k € Z, ta nepiogom 27/m,m < n, i 3aJaHUM BiJHOIIEHHSIM PiBHOMIipHUX
HOPM JIOZIATHOI 1 Bi/I’€eMHOT 4acTuH.

Karwuwosi caosa: Hepiswicmv muny Hads, xaac dynkyit i3 3adanoro GyHKUIEN0 NOPI6HAHHA, CO-

boae8CHKUTE KAAC, NOATHOM, CNAGTIH.

© V. A. KOFANOV, I. V. POPOVICH, 2020 3



V. A. KOFANOV, I. V. POPOVICH

For any p € (0,00|, w > 0, d > 2w, we obtain the sharp inequality of Nagy type

sl < MO D2l ) -
lo + el iy et

on the set S,(w) of d-periodic functions z having zeros with given the sine-shaped 2w-
periodic comparison function ¢, where ¢ € [—||¢| o, [|¢]lx] is such that

24 lloo - lz- 15" = 1 + )+ llos - (9 + )=l

In particular, we obtain such type inequalities on the Sobolev sets of periodic functi-
ons and on the spaces of trigonometric polynomials and polynomial splines with given
quotient of the norms ||z |loo/||Z—||co-

Key words: Nagy type inequality, a class of functions with given comparison function, Sobolev class
of functions, polynomial, spline.
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1. Introduction. Let G C R. We will consider the spaces L,(G), 0 < p < oo, of
all measurable functions x : G — R such that ||z||, = ||z[/1,@) < oo, where

1/p
|z, = (/ |z ()P dt) , if 0<p< oo,
G

||z]|oo := vraisup |z(t)].
teG

Let d > 0 and I; denote the circle which is realized as the interval [0, d] with
coincident endpoints. For r € N, G = R or G = I, denote by L. (G) the space of all
functions x € L., (G) for which z("~Y is locally absolutely continuous and z(") € L., (G).

A function f € L. (R) is called a comparison function for z € L!_(R) if there exists
a constant ¢ € R satisfying

Itréargcx(t) = max f(t) +c, Itrélfltlx(t) = min f(t) +ec
and from z(§) = f(n) + ¢, &,n € R, the inequality |2/(§)| < |f'(n)| follows ( if
corresponding derivatives exist).

Let w > 0. By definition, S-function is a 2w-periodic function ¢ € L! (I5,) that has
the following properties: vanishes at 0, is odd about 0, is even about w/2, is positive
and concave on (0,w), and strictly increasing on [0, w/2].

For 2w-periodic S-function ¢ denote by S, (w) the class of functions x € LL_(R) for
which ¢ is the comparison function. Note that the classes S, (w) were considered in [1],
[2]. Examples of such classes S, (w) are the Sobolev classes {z € L”_(I;) : [|[*™]|o < 1},
the bounded subsets of the space T,, of all trigonometric polynomials of order at most
n, and the same subsets of the space S, , of polynomial splines of order r having defect
1 with knots at the points krw/n, k € Z.
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It is shown in [3] that for p € [1,00] and x € L’_(I5,) there holds the following
sharp inequality of Nagy type

[r[lo o " [l1—o
Eo(@)oo < 7rmmr—ll2l17, (1 21125 (1.1)
HSOTHLP(IQW)

where a = #1/1), @, is the perfect Euler spline of order r and Ey(z)s is the best
uniform approximation of the function x by constants.

In this paper we generalize the inequality (1.1) on the classes S,(w) of a function
with given quotient positive and negative parts of a function (Theorem 1). In parti-
cular, we obtain such type inequalities for a function x € L’ (I5,) (Theorem 2) and
for functions in spaces T,, and S, , (Theorem 3 and Theorem 4) with given quotient
s o/l

2. The inequalities of various metrics on the classes of the functions with
given comparison function. For a function f € L,(I;) denote by m(f,y), y > 0, the
distribution function defined below

m(f,y) = plt € Lo [F(#)] > ), (2.1)

and let 7(f,t) be decreasing rearrangement (see, for example, [4, §1.3]) of the restriction
of the function |f| on [0,d]. Set r(f,t) =0 for t > d.

Theorem 1. Let p € (0,00] and ¢ is 2w-periodic S-function. For any d-periodic
function x € S,(w) having zeros the inequality

||xi|| < H(SO + c)iHOO
C

— ||z 2.2
|90+C||Lp(12w) || ||Lp(Id) ( )
holds true, where the point ¢ = c¢(x) € [—||¢||0o, ||¢]loc] satisfies the condition

|2+lloe _ (@ + )il
[2-]loo (4 €)oo

The inequality (2.2) is sharp on the classes of functions © € S,(w) having zeros with
given quotient ||xy|loo/||T_|lo and becomes equality for the function x(t) = p(t) + c.

Proof. Fix any d-periodic function z € S,(w) having zeros. Since ¢ is comparison
function for x, then there exists a constant ¢ € R satisfying

24l = 1 + ) tlloes  [l2-lloc = l{p + €)-lco- (2.3)

By definition, the function ¢ is strictly increasing on [—%,%]. For 7 € R set z,(t) :=
z(T + 1), t € R. Choose 7,5 € R such that

w w
2 (3) = losloes  2n (=5) = o=l
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Since ¢ is comparison function for x, then

(@n®)s 2 (e +0)r,  [t-5|<w (2.4)

and
(@n®)- 2 (o) 40—, |t+3]<w (2.5)

where uy := max{+ u,0}. Observe that from (2.4) and (2.5) follows the inequalities
d > 2w and

m(xia y) > m((@() + C)ia y)a y =0,
where the function m(f,y) is defined by (2.1). It follows immediately that

r(z,t) > r(p(-) +ct), t>0. (2.6)

Combining the inequalities (2.6) and d > 2w we have

2d 2w
loll = [ 700t > [ 1200+t = [lo0)+ P
0 0 I2w

Therefore,
2] 2,10 2 le + el (2w

It yields (2.2) in view of (2.3). Theorem 1 is proved.
Denote by Eo(f)r,() the best approximation of the function f by constants in the
space L,(G) and let

EE(@)1,0) = it {lle = ellu,) : ¥t + (a(t) — c)s > 0} (2.7)

be the best one-sided approximations by constants of the function f in that space.

Corollary 1. Under the assumptions of Theorem 1 for any x € Sy,(w)

0] 00
Ey(2)oo < =——— ||7|
Eo(©) 1,1y T

and

20plloo

l?i L)oo > _—E x , C = ..
0( ) “90+C‘|Lp([2w) O( )Lp(Id) ng”

Besides, for a function x € S,(w) having zeros the inequality

7l < sup e + clloo

|||
e lel<liolle 1€+ Clliyyy et

holds true.
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3. Nagy type inequalities for differentiable periodic functions. We denote
be ¢,(t), r € N, the shift of the r'* 27-periodic integral with zero mean value on
a period of the function ¢q (t) = sgnsint satisfying ¢,(0) = 0 and ¢/.(0) > 0. Let
K, := ||¢r]|~ be the Favard constant. For A > 0 set ¢y, (t) := A"p, (At). Obviously
the spline @y, () is 27 /A-periodic S-function.

Theorem 2. Let r € N, p € (0,00|. Then for any function x € L% (I2:) having

zeros we have
[(r + €)oo

lor + CHCLYP([QW)
and c € [—K,, K,] is such that

Il s 2N (3.1)

2£]lo0 < |

_
where o = i

|2+ lloo _ pr + )il
[2-lloo [[(r 4 €)~lloo

The inequality (3.1) is sharp on the class of functions x € L7 (Is,) having zeros with
given quotient ||xy|loo/||T—|lc and becomes equality for the function x(t) = p.(t) + c.

Proof. Fix a function x € L. (R) having zeros. In view of homogeneity of the
inequality (3.1) we can assume that

=] =1. (3.2)

[e.9]

Choose A satisfying
Eo()oo = lloarllo - (3.3)

Then by the Kolmogorov comparison theorem [5] the spline ¢ := ¢, . is the comparison
function for the function z. Consequently x € S,(%), and by Theorem 1 we have

[(oar + A77C)x]l00
EAT
O, CHLPO%)

A

[ [o0 < H 20 Ly 1) (3.4)

Besides, it follows from (3.3) in view of condition of Theorem 2 for constant ¢ that
lzlloe = [[(orr + A7) ]|, = A7 MI(2r + ) oc (3.5)
Combining (3.4) and (3.5) we get

121, 5y 2 lloas +A7"€]] = APy + ¢y 10)- (3.6)
p )

Applying (3.5), (3.6) and taking into account the definition of a we obtain

[74lloo o ATer +)elloc _ l(er + 2l
||5U||%p(12,r) AR e CHCLYP(]QW) lor + CH%p(]%)

It follows (3.1) in view of (3.2). Theorem 2 is proved.
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Corollary 2. Under the assumptions of Theorem 1 for any x € L’ (Ia,)
< K
=z EO(SOr)%p(I%)

l—«

Eo(l') ||$||(zp(1277) Hx(r)Hoo

and
2K,

o < _
lor + K12, 1)

Besides, for a function x € L._(I5;) having zeros the inequality

Ef (x) EF @)y 1271

HxHoo < sup ||90T+C||oo

,r)Hl—Ol )
c: |e|<K, ||(p7“ + C||%p(1277) =

HJEH%,,(IQ,,) ch(

holds true.

Remark 2. The first inequality is proved in [3] and the rest ones are proved in [6].
4. Nikolskii type inequalities for trigonometric polynomials. Let us recall
that T,, is the space of all trigonometric polynomials of degree at most n.

Theorem 3. Let p € (0,00], n,m € N, m < n. For any trigonometric polynomial
T € T, with minimal period 27 /m having zeros the inequality

n AP |[(sin(-) 4+ )+ los
ITelle < ()7 0 17025 (4.1)
m/|[sin() + ¢l| 2, ()
holds true, where ¢ € [—1,1] is the constant satisfying
T 00 i ° [ee]
Tl _ sinG) + )l o
[T [l [I(sin(-) + ¢) -l
The inequality (4.1) is sharp for m = 1 in the sense
[Telloe Il(sin() 4 ¢)xlo
SUD SU S = )
nEN TeT,(c) T | HLP(IQW) | sin(-) + CHLp(Izﬂ)

where T,/(c) is the set of all trigonometric polynomials T' € T,, having zeros with given
quotient || T ||oo/||T- |0 satisfying (4.2).

Proof. Fix a polynomial 7" € T, with minimal period % having zeros. In view of
homogeneity of the inequality (4.1) we can assume that

Bo(T)e = 1.

Then the polynomial ¢(t) := sinnt is comparison function for the polynomial T'(¢) (see,
for example, the proof of Theorem 8.1.1 [7]). It is clear that ¢ is 2f—periodic S-function.
Hence T' € S,(%). Then by Theorem 1

|(sinn(+) + ¢)+| oo 17|
; . LP(IQJ) ’
sinn(-) + ¢/, (ra0) "
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Inequality (4.1) follows in view of the evident equalities

17010y =m0 T,

a7
m

127\') ’

[sinn(-) +cllz, 1, = n= P ||sin(-) + iyt

27

and "
[(sinn(-) + ¢)xlleo = [(sin(-) + ¢)+oo-

Theorem 3 is proved.

Corollary 3. Under the assumptions of Theorem 3 for a polynomial T' € T,, with
minimal period 2w /m we have

n )1/P TN 1, (12
Ey

E()(T>oo < <E (Sin(‘))Lp(Izw)

and

1/p  EX(T
B <o () B D

m
Besides, for a polynomial T € T,, with minimal period 27 /m having zeros

1/ (-
Tl < (2)" sup O+

. T '
C: ‘C‘Sl H Sln(‘) + CHLp(I27r) H HLP(IQW)

Remark 3. For m = 1 the first inequality is proved in [3] and the rest ones are
proved in [6].

5. Nikolskii type inequalities for periodic polynomial splines. Let r,n € N.
Recall that S, , stands for the space of polynomial splines of order r having defect 1
with knots at the points kn/n, k € Z. It is clear that S, , C L (R).

Theorem 4. Let p € (0,00]; n,m € N, m <n. For a spline s € S,,, with minimal
period 21 /m having zeros the inequality

ANQIEST NS

Issllo < (=
||90T —I— C||Lp(127r)

m ||3||Lp(127,) (5.1)

holds true, where ¢ € [—K,, K,] is the constant satisfying

lsille _ lGor + 0l
Il ~ lor + o)l

The inequality (5.1) is sharp for m =1 in the sense

wp sup ol et Ol
nEN €Sy, »(c) nt/p ||5||Lp(1%) llr + C||Lp(12w) ’

where S, .(c) is the set of all splines s € S,, having zeros with given quotient
[s+lloo/l[s-loc satisfying (5.2).
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Proof. Fix a spline s € S, with minimal period 27/m having zeros. In view of
homogeneity of the inequality (5.1) we can assume that

Eo(5)oo = [[onrlloo-
Then by the Tikhomirov inequality [8]
Eo(5) oo
s7]. < o) _
[onr[loo

Hence all conditions of Kolmogorov comparison theorem [5| are fulfilled. By this
Theorem the function ¢(t) := ¢, ,(¢) is comparison function for the spline s. It is
clear that ¢ is S-function with period 27/n. So s € S,(%). Then by Theorem 1

H(%pn,r + n_rc)iHOO
P+ 177 Ly (120)

HS:I:HOO < || HSHLP(ILW)'
m

(5.1) follows in view of the evident equalities

HSHLP(IQ ) HSHLP(I%)’

3

— - (r+1/p

H@n,r + n"c ‘LP(I%) ) ||907" + C”LI,(IQ,,)

and
[(@nr +17"C) x| = n7"|[(¢r + )£ co-

Theorem 4 is proved.

Corollary 4. By conditions of Theorem 4 for a spline s € S, , with minimal period

27 /m we have
n K,

1/p
B < (1) - s
0( ) m EO(LPT’)LP(IQ»”) || ||Lp(12,r)
and
Eoi(s)oo <

<n >1/P 2K,
”907" + KTHLP(I%)

Besides, for a spline s € S, with minimal period 2w /m having zeros

+
E EO (S)Lp(127r)'

8]l <

(2)" sup Atdl
e tei<ice o+ el L)

Remark 4. For m = 1 the first inequality is proved in [3] and the rest ones are
proved in [6].
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