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The Rate of Convergence of Truncated
Hypersingular Integrals Generated by the
Generalized Poisson Semigroup

dobpe Bimomo, 1110 omepaTtopu ApoGOBOro iHTerpyBaHHs, 30KpeMa moreHiliaau Picca
Tta Beccens, Bigirpatorth dyHIaMeHTAJTIbLHY POJib B aHaJi3i Ta iioro 3acrocyBaHHax. Ili
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n
HOTEeHIiaJIN IHTePIPeTyIoTh K «Bif'eMHui» qpo6osi creneni (—A) ta (E—A),ne A= )"
k=1 "k

— JamJiaciadH, a £ — TOTOXKHiii omeparop.

VY Toii yac K JIOKaJIbHa IoOBediHKa simep mnoreHmiasiB Picca it Beccens omuakoBa,
moBeJliHKa sigpa moreHIiajia Picca B HeckiHYeHHOCTI He Taka rapHa, siKk y MHOTEHI[iaja
Beccens. IcayioTh, ogHak, iHIi onmepaTopu Apo6GOBOro iHTerpyBaHHSI, IIOBEAIHKN KOTPUX,
rpy60o KaxkKyum, 3HaAXOAAThCsI rocepeanHi mixk nmoreHniamamu Picca it Beccesasa. I1i moren-
miagm, 9Ki My HasmBaeMo mnoreHniamamu Pierra, 6ysm BBegeni T.M. Pjerrom y ioro
dysmamenranbHuiiit po6ori (1971). Ilorenuianu Pierra F*f Ta y3sarajbHeHI moTeHUiaau
Daerra FJ f dyHKnil [ BU3Ha4YaOThcd B TepMiHax nepersopeHb Pyp’e ta @yp’e-Beccess.
¥Y3aranpHeHi noreHniamu PierTta JONMYCKAIOTh IE€BHE iHTerpajbHE MNPEICTABJICHHS.

BukopucroByioun ysarajsbHenui inrerpas Ilyaccona (HamiBrpynoBuii), HopoazkKeHu
y3araJbHEHUM OIlepaTopom 3cyBYy V;f, MU MO2keMO BU3HAYUTU BUIO3MiHEHUI y3arajibHe-
uuit inTerpan Ilyaccona VM f.

V¥ wiit poGoTi, no-nepie, 3acTocoByro4u TexHiku 3 pobit Py6ina (1986, 1987), Mmu BBO-
AUMO <«HOBI y3arajbHeHi 3pi3ani rinepcuHrynsipHi interpasbHi oneparopu D2 f, (¢ > 0)»,
HOPOJ2KEHi y3araJibHEHOIO IIyaCCOHIBChKOIO HAMiBrpyNoOI0; Y BU3HAYEHHI IIMX OIepaTopiB
B2>KUBAHO CKiHvYeHHi pizHuni nopsaky | € N i3 kpokoMm 7 € R dyHkuOii g (¢), (t € Rl) . Bigrak,
BUKOPHUCTOBYIOUHM IIi y3arajibHeHi 3pi3aHi rinepcuHryiasphi inrerpasbHi omeparopu, Mu
OTPHUMY€EMO TeopeMy, IKa JIa€ HaM JesIKi CIIiBBiIHOIIIeHHSA MiXK «IIOPAIKOM L, ,-TIagKOCTi»

dyuknii ¢ Ta «mBuakicrio L, ,-36ixkHoCTi» cimeiicts D F )¢ no ¢ npu € — ot.

Karuosi crosa: nomenyiary @aemma, 3pidani 2inepcur2ysapHi tHMe2pait, weudkicmv 36i0cHo-

CMi, Y3a42aA0HEHA NYACCOHIBCHKA HANIB2PYNA

We introduce a family of Balakrishnan-Rubin type hypersingular integrals depending
on a parameter ¢ and generated by the Generalized Poisson semigroup. Then the rate
of convergence of these families of truncated hypersingular integrals, which converge to
L, ,~function ¢ as ¢ tends to 0, is obtained.
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1. Introduction

The fundamental role of fractional integral operators, in particular, Riesz and Bessel
potentials, in analysis and its applications is well known. For a very smooth and small
at infinity (sufficiently good) function f on R", the Riesz potentials I®f and Bessel
potentials J*f of order a are defined in terms of the Fourier transform by

~

(If)(x) = lz| “ f(z), (z€R", a>0), (1.1)

(J* (@) = (L+[2f) 2 (@), (z€R", a>0), (1.2)
where the identity is to be understood in the sense of the distribution theory. (For
details, see |21, 22, 23, 24]).

These potentials are interpreted as a “negative” fractional powers of the (—A) and
(E—A) where A =37, % is Laplacean and E is the identity operator. Further
k

these potentials have the following integral representation, respectively:

10 @) = i [ W @0 <a<n
o) = e
0@ = 55 [ Gali) Fla=n)dn. >0,

o _t_ﬂ a—-n_1q
Gao (y) = e et 2 Tt
0

B, (a) = 23T (%) .

While the local behaviours of the kernels of Riesz and Bessel potentials are the
same, the behaviour of the kernel of the Riesz potential at infinity is not as good as
that of the Bessel potential. There are, however, other fractional integral operators
whose behaviours are roughly midway between the Riesz and Bessel potentials. These
potentials, which we call the Flett potentials, are introduced by T.M. Flett in his
fundamental paper [10] (see also [23, p.541-542]).

The Flett potentials F*f and the generalized Flett potentials Ff of a function
f are defined in terms of the Fourier and Fourier-Bessel transforms by the following

formulas:
F(Ff)(z) =1 +[2)"F(f)(x), (r €R", a>0), (1.3)
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E, (Fof) ()= A+ z)" F (f) (2), (z €RY, a>0). (1.4)
These potentials are interpreted as a negative fractional powers of the operator
1 1
(E + (—A)5> and (E + (—AZ,)E) respectively. Here

n—1
0
2(8% x_n 8mn)’(y>0)’

is the singular generalized Laplace-Bessel differential operator.

Approximation properties of the potentials such as Riesz, Bessel, Flett, generali-
zed Riesz, generalized Bessel potentials have been studied by T. Kurokawa [15], A.D.
Gadjiev, A. Aral and I.A. Aliev [11], I.A. Aliev and M. Eryigit [6], I.A. Aliev and S.
Cobanoglu [7], M. Eryigit and S. Cobanoglu [8] and S. Sezer Evcan, M. Eryigit and S.
Cobanoglu [9].

In the paper [20] (see, also [19], [21, p.217-222|), B. Rubin introduced some family
of “truncated hypersingular integrals” D% f and D2 f, (¢ > 0), generated by the Gauss-
Weierstrass semigroup, and proved that under some conditions on a function ¢ €
L,(R") and parameter o > 0, the expressions D2I%p and ©%J%p converge to ¢ as
e — 0%, pointwise (a.e.) and in the L,-norm.

In this paper, using by the techniques in the papers [19] and [20] we introduce “a
new truncated hypersingular integral operators D2 f, (¢ > 0)” generated by generalized
Poisson semigroup. By making use of these integral operators we find some relationships
between the “order of L, ,-smoothness” of function ¢ and the “rate of L,, ,-convergence”
of the families D2F%p to ¢ as e — 0.

2. Preliminaries, definitions and auxiliary lemmas

Let L, = L, (R™) be the space of functions on R™ with the norm

11, = ( If(az)lpdaz)p 1< p< oo do = dor..du,,
R?’L
1]l = esssup |f (2).
TxER™

Let R} = {z | z = (21,22, ..., Tp—1,2,) € R", 2, > 0} and

Loy = Loy (R2) =3 1+ £, = ( I |f(x)|pxi”dx> <o

where 1 < p < oo, v > 0 and 2% dz = z*dz,...dz,
We denote by A, the generalized singular Laplace-Bessel differential operator

A S (20
lﬁxk xnﬁxn'
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The Fourier transform and Fourier-Bessel transform of a function f are defined by
the following formulas:

(FJ) () = / 6T (@) di, € @ = 101 + oo+ Eniin,

n

(£.1) (&) = /R" f(z) (H Ju-1 (%fk)) ¥ dx

where jy (1) = 22T (A + 1) Jy (1) 774, J) (1) is the Bessel function of the first kind. (see
for details, [14], [16]).

The generalized translation operator of a function f is defined by

I'(v+3) /7r ( D oy
— =/ =y /22 — 2x,y, cosa, + %) sin? ! adao

where 2’ = (z1, 22, ..., Tp_1)
Note that T is a combination of the ordinary translation in x’ and Bessel translation
in x,, which is closely connected with the Bessel operator

TVf () =

> 2v d
B=—+=2.% (<t
t dt2+t dta ( < <OO),
(for details see [16]).
Note also that for 1 < p < oo (see [18])
17 fll, < A1 (2.1)
7% f = fll,, = 0as [y[ = 0. (2.2)

In the case p = oo we identify L., with Cy = Cj (R’fr) - the corresponding space
of continuous functions vanishing at infinity.
The generalized Poisson kernel is defined as

2T(H ) i

v (Y,t) = —= Py . 2.3
R e (2.3
It is known that (see [29])
oy (5 )1, =1, (VE>0). (2.4)
Now, we define the Generalized v-maximal function of f as
1
M, =sup—————— v 2 2.
M) W) =sip s | g @), 2.5

where Bf = {y:y € R%,|y| <r} and w(n,v) = [+ y*dy.
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Note that for f € L,

1My fll,,, < cllfll,, (1 <p<oo), (2.6)

(see [1, 12, 13]).
We denote by (Vif)(x),(t >0) the Generalized Poisson integral (semigroup)
generated by the generalized translation operator:

Vi) (@) = [ plot) (T @)y dy 1)

RY

Lemma 1. (/29, p.685])
Let f € Ly, and V,f is defined as in (2.7). Then

i)
Vel < WfI,, » (1< p<o0,¥t>0), (2.8)
sup |Vif (2)] < et "2 1], (2.9)
TERT ’
here, 1 < p < oo and ¢ being independent of t,
ii1)
sup [V, f (2)| < My f (=), (2.10)
>
iv)
Vi(Vaf) (@) = (Vi f) (2) 5 (s > 0, (2.11)
v)
lim Vi (x) = f (2). (2.12)
t—0t+

where the limit being understood in the L,, (1 < p < 00)-norm or pointwise for almost
allz € RY. If f € Cy , then the convergence is uniform on RY.

By making use of generalized Poisson integral V; f, we define modified generalized
Poisson integral as

(V;Mf) (r,t) =e " (Vif) (x),(0 <t < o0). (2.13)
For t = 0 we set

(Vof) (x) = (V"' f) (2,0) = f ().
The generalized Flett potentials F initially defined by (1.4), have the following

v

integral representations via the generalized Poisson integral:

1

FD @ = 1o / T et (V) () db, (27, p120]), (2.14)
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Furthermore, considering the notion V,;* f defined as (2.13) we can write the formula
(2.14) as
o 1 OO a—1 M
FD@ = | e D @ (2.15)
We note that the formula (2.15) gives the relation between the generalized Flett
potentials and the modified generalized Poisson integral.
In addition, it is not difficult to show that

|72 flln < Il » 1< p < oo,V > 0. (2.16)
The finite difference with order I € N and step 7 € R! of the function g (¢), (t € R')

is defined by
!
=> ( ) g(t+kr). (2.17)

k=0

Using this finite difference and modified generalized Poisson semigroup (VtM f ) , We
introduce the following “Balakrishnan-Rubin type truncated integral” (cf. [21, p.220]).

Definition 1. Let f € L,, (Ri) , 1 <p<oo,a>0and!l > a,(l €N). Then the
construction

o > dr

(Def) (z) = |t @] 0

%l (a) €
1

) /:o

will be called a “generalized truncated integrals
normalized coefficient s (o) is defined by

s (a) = /0 T e e,

As shown in the following lemma, there is a close connection between the constructi-
on (2.18) and the generalized Flett potential (F2'f).

Lemma 2. (cf. [1])
Let p € L, (Rﬁ‘r),(l <p<o)and 0 < a < %ﬁ”. Then for any € > 0 and for
a.e. v € R}

> (,i) (D" e™ (Vir f) () Cll; e>0 (2.18)

k=0

9

with parameter ¢ > 0. Here the

(DEFeg) (x) = / T KD () e (Vi) () dn. (2.19)

Here the function KV (n) is defined as
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The following lemma gives some properties of the function K (n) that will be used
later.

Lemma 3. (see [21, p.158] and [23, p.125] )
i)
KO () € L (0.50) and [~ K (n)dn =1,

0

ii)

Om*~"), ifn—0"
0 _ )
K (77) - { O(na—l—l)’ Zf n — 00 :

The following definition and the subsequent lemma play crucical role in the sequel.

Definition 2. Let p € (0,1) be a fixed parameter and the function pu(r),
(0 <r < p) be continuous and strictly increasing on [0, p] and p (0) = 0. We say that
a function ¢ € L, (Ri) , (1 < p < o0) has p-smoothness property in L, ,-sense if

M, = sup

1
0<r<pT™ 2 (1) /B

It is clear that if p (r) is the L, ,-modulus of continuity of ¢, i.e.

. 1T (t) = (D], ¥ dx < oo. (2.20)

p(r) = sup [T (&) — @ (1)),

|z|<r

then the condition (2.20) is satisfied.

Remark 1. From now on it will be assumed that p (t) > at, (0 <t < p), for some
a>0and p(t) = pu(p) for p <t < oo.

Lemma 4. (cf. [6]; see also [2, 28]) Let a function ¢ € L,, (R7),(1 <p < o)
has the p-smoothness property in the L,,-sense. Let, further, the function
W (r), (0 <r < p) be decreasing, nonnegative and continuously differentiable on [0, p].
Then,

/B+ 170 (8) = ¢ (D)l ¥ (|2]) 2> dz
= My [P”””M (p) 4 (p) +/pr"+2”u (r) (2 (T))dr} _ (2.1)

0

Proof. Set h(z) = [T (t) — ¢ (t)|,, and z = rf, where r = |z|. Then

I= /B¢ h(z) (|z]) 2% dz = /Op P2 (1) (/|9|1 h () do (9)) dr
If we define

A(r) = /9:1 h(rf)do(0) and Q(r) = /OT M)t (2.22)
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then we have

1_/ b () () 1+2”dr—/pw(r)d9(r)

k- / Qfr
— 4 () Ap) + / ) (4 (1))

It follows from (2.20) that

Q) = / A g = [ he)ade
0

|z|<r

- / TR0 = @ (), 0% de <17 ulr) M,
z|<r

Hence,

I<M, {pmwp)w(p) v ) (! ()]

Lemma 5. Let p, (z,€) be the generalized Poisson kernel defined as in (2.3), i.e.
for x € RY,

_ 2ty 2
PEDTETOR) (e

Then there exist ¢ > 0 such that

o dt
[ e = Ol oo < ea, e+ [T
z|<r 0

+17

} . (2.23)

r(zH4v .
Proof. Let a,, = ﬂ% Eéw)) and we put ¥ (|z]) = p, (z,¢) in (2.21).

/| TR0 =0 Ol )
z|<p

Qppy * €

(2 + &)

/
P
+ o " u(r) | - Ony ' & dr| .
ol
0 (r2 4 ¢2) 2

/
Apy - € er
_¢/ (r) = - n+1 Yy - Cl 3+l/;
(r2 4¢2) 2 (r2 4 52) 2

< M, [p"””u (p)

Since
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here, ¢; = 2a,, (n+ 1) + v and
Qpy - €
P 1 (p) - <%ywaw%?)

We have for p < 1 and ¢ = max {cy, ¢},

/| TR0 = O, )2
z|<p

n+1+21/
< M, €+/ € w(r)dr
0

T2+€2 ngy
(= et dr edt ( changlng variables) )...
n+1+2u
= cM, |e+ et) edt
My|es [ )

tn+1+2u
= <M, 6+/0 i) n+3+y,u(5t)dt

oo tn+1+21/
< M, €+/ p(et) ————dt
1+t2) v

]

142w B (tz)"+12+2” . (1+t2>”+1+2” 1

(1+2) T Q+2)3 " (14T 1+

< cM, |e

(we use this to find last inequahty:

)

Corollary 1. Let the function pu(r),(0 <r < p < 1) be continuous on [0, p|, posi-
tive on (0,p] and w(0) = 0. Let, also, u(t) > st,0 < t < p for some s > 0 and
w(t) = p(p) for p <t < oo. If there exist a locally bounded function w (t) > 0 such
that

o t
p(et) <p(e)w(t) and / 1wJ£22dt<oo,(0<€<p,0<t<oo), (2.24)
0

then there exist S > 0 not depending on € € (0, p), such that
[ e @ = o0, p @0)a®de < SuE) foralle 0p).  (225)
lz|<p

Proof. By taking into account (2.24) in (2.23) and using the condition
p(e) 2 se,(0<e<p),

we obtain inequality (2.25).
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Now, let us give the examples of the functions that satisfy all the conditions of
Corollary 1.

Example 1. Let 0 <y <1 and 0 < 8 < co. Then the function

0 if r=20
p(r) =< nrl® if 0<r<p
p npl” if  r>p

satisfies all the conditions of Corollary 1 for

|1nt|>’8
wt)=t"(1+ .
) ( |In p|

Indeed, for 0 < e < pand 0 <t < oo we have

0 if  t=0

p(et) =< 7 |lne+1nt]® if 0<t<?
o [In p|” if t>=£

0 if t=20

< u(s)t7(1+|11§§||>6 if 0<t<®

o7 In p|” of t>"2

<p@Ew) . (0<e<pt>0),

B
where w (t) = t7 (1 + I\llrrl1;||> .

Example 2. Let 0 < v < 1. Then the function

o if0<r<p<l1
M(T)_{pv7 ZfTZP }

satisfies all the conditions of Corollary 1 with w (t) = t7.

3. Main Results

Theorem 1. Let the function u(r), (0 < r < co) satisfies all the conditions of the
Corollary 1. Further, let the function p € Ly, (Rﬁ‘r) , (1 < p < 0) has the p-smoothness
property (2.20) in L, -sense. If the operator D is defined by (2.18) and the parameter
I € N satisfies the condition | > § + 1, then

D2 7o = @ll,,, = O(u(e)) ase— 07, (3.1)

where F2o, (a > 0) is the generalized Flett potentials.

38



THE RATE OF C. OF TRUN. HYP. INT. G. BY THE GEN. POISSON S.

Proof. Using Lemmas 2 and 3-(i) we have

IDEF e =l

= ‘ /0 N KD () e™ (V) (t) dip — /O N KD (n) ¢ (t)dn

< / TIED )] 1(Vari) (8) — 0 (B, (3.2)

p?l/

Since fM P (y,m)dy =1 for all n > 0 (|21, p.217]) it follows that

(Van) (8) = (D, = | /R o (y,en) [TV (t) — @ ()] y™ dy

n
+

IN

[ nwen e - e O,
lyl<p
s e 1T ) - ¢ 0],y
ly[>p
= il + ig.
By making use of (2.25) we have
in < Sp(en)

where S does not depend on ¢ and 7.
Now we estimate 5.

IN

i 2ll,,, / pv (y,en) y*dy
lyl>p

( we use formula (2.3))

19
_ zugpup’,/aw/ (-
lyl>p ((577)2+|ny) 2

(wesety = 760, p<r<oo, §&S" dy=r""‘drdo (9))
00 n—1
— clgn/ ! — r¥dr
P (( 2 =ty

oo ,.n—1
< clen/ Tanr = C9€m,
P

where ¢o = ¢ (p,n) dose not depend on ¢ and 7. Therefore, we have the following
estimate:

[(Veyp) (1) — 0 (D], < S (en) + caen. (3:3)
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Now, we consider the last estimation (3.3) in (3.2)

(0270 (6= 0 Ol < o [ 1K )] G on) + )

/\ KL ()] (1 (e)w (n) +en) dn
se, € € (0,p))

capt (6) / CIKO ()] (w ) £ mdn. (34)

IN

v

(using the condition p (&)

IN

Lemma 3-(ii) and the formula (2.24) yield that

/ |KS ()| w(m)dn = /\Kl d77+/ [KS ()] w () dn
0
w (1) 2 0
< K
< 05+/1 1+772( +0°) |[KY ()] dn
(weuse KO (n) = On* ' Hasn—-ooandl>a+1)

> w(n)
< C5—|—C6/ ——2dn = ¢; < 00.
o L+n?

Since K (n) = O0m**=1), n = oo and | > a + 1 we have

/ |KD ()| ndn = /}K ndn+/ |K ()] mdn
< cs+/ KO ()] ndn < co.
1

Finally, the summation of these estimations in (3.4) yields
[(DEFSe) (1) — @ (), < cple) ase— 07,

where ¢ being independent of ¢.
The proof of the theorem is completed.

Corollary 2. Let j(t) = 7,0 <y < 1,t € [0,p) and t € R} be a p-smoothness
point of p € L, ,. Then

ID2FSe) () = @ (B)l,, = O(e7) ase — 0"
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