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The Rate of Convergence of Truncated
Hypersingular Integrals Generated by the
Generalized Poisson Semigroup

Добре вiдомо, що оператори дробового iнтегрування, зокрема потенцiали Рiсса
та Бесселя, вiдiграють фундаментальну роль в аналiзi та його застосуваннях. Цi

потенцiали iнтерпретують як «вiд’ємнi» дробовi степенi (−∆) та (E −∆), де ∆ =
n∑
k=1

∂2

∂x2
k

— лапласiан, а E — тотожнiй оператор.
У той час як локальна поведiнка ядер потенцiалiв Рiсса й Бесселя однакова,

поведiнка ядра потенцiала Рiсса в нескiнченностi не така гарна, як у потенцiала
Бесселя. Iснують, однак, iншi оператори дробового iнтегрування, поведiнки котрих,
грубо кажучи, знаходяться посерединi мiж потенцiалами Рiсса й Бесселя. Цi потен-
цiали, якi ми називаємо потенцiалами Флетта, були введенi Т.М. Флеттом у його
фундаментальнiй роботi (1971). Потенцiали Флетта Fαf та узагальненi потенцiали
Флетта Fαν f функцiї f визначаються в термiнах перетворень Фур’є та Фур’є-Бесселя.
Узагальненi потенцiали Флетта допускають певне iнтегральне представлення.

Використовуючи узагальнений iнтеграл Пуассона (напiвгруповий), породжений
узагальненим оператором зсуву Vtf , ми можемо визначити видозмiнений узагальне-
ний iнтеграл Пуассона VMt f .

У цiй роботi, по-перше, застосовуючи технiки з робiт Рубiна (1986, 1987), ми вво-
димо «новi узагальненi зрiзанi гiперсингулярнi iнтегральнi оператори Dαε f, (ε > 0)»,
породженi узагальненою пуассонiвською напiвгрупою; у визначеннi цих операторiв
вживано скiнченнi рiзницi порядку l ∈ N iз кроком τ ∈ R функцiї g (t) ,

(
t ∈ R1

)
. Вiдтак,

використовуючи цi узагальненi зрiзанi гiперсингулярнi iнтегральнi оператори, ми
отримуємо теорему, яка дає нам деякi спiввiдношення мiж «порядком Lp,ν-гладкостi»
функцiї ϕ та «швидкiстю Lp,ν-збiжностi» сiмейств DαεFαν ϕ до ϕ при ε→ 0+.

Ключовi слова: потенцiали Флетта, зрiзанi гiперсингулярнi iнтеграли, швидкiсть збiжно-
стi, узагальнена пуассонiвська напiвгрупа

We introduce a family of Balakrishnan-Rubin type hypersingular integrals depending
on a parameter ε and generated by the Generalized Poisson semigroup. Then the rate
of convergence of these families of truncated hypersingular integrals, which converge to
Lp,ν–function ϕ as ε tends to 0, is obtained.
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1. Introduction

The fundamental role of fractional integral operators, in particular, Riesz and Bessel
potentials, in analysis and its applications is well known. For a very smooth and small
at infinity (sufficiently good) function f on Rn, the Riesz potentials Iαf and Bessel
potentials Jαf of order α are defined in terms of the Fourier transform by

(Iαf )̂ (x) = |x|−α f̂ (x) , (x ∈ Rn, α > 0) , (1.1)

(Jαf )̂ (x) =
(
1 + |x|2

)−α
2 f̂ (x) , (x ∈ Rn, α > 0) , (1.2)

where the identity is to be understood in the sense of the distribution theory. (For
details, see [21, 22, 23, 24]).

These potentials are interpreted as a “negative” fractional powers of the (−∆) and
(E −∆) where ∆ =

∑n
k=1

∂2

∂x2k
is Laplacean and E is the identity operator. Further

these potentials have the following integral representation, respectively:

(Iαf) (x) =
1

γn (α)

∫
Rn
|y|α−n f (x− y) dy, 0 < α < n,

γn (α) = π
n
2 2α

Γ
(
α
2

)
Γ
(
n−α

2

) ;

(Jαf) (x) =
1

βn (α)

∫
Rn
Gα (y) f (x− y) dy, α > 0,

Gα (y) =

∫ ∞
0

e−t−
|y|2
4t t

α−n
2
−1dt,

βn (α) = 2nπ
n
2 Γ
(α

2

)
.

While the local behaviours of the kernels of Riesz and Bessel potentials are the
same, the behaviour of the kernel of the Riesz potential at infinity is not as good as
that of the Bessel potential. There are, however, other fractional integral operators
whose behaviours are roughly midway between the Riesz and Bessel potentials. These
potentials, which we call the Flett potentials, are introduced by T.M. Flett in his
fundamental paper [10] (see also [23, p.541-542]).

The Flett potentials Fαf and the generalized Flett potentials Fαν f of a function
f are defined in terms of the Fourier and Fourier-Bessel transforms by the following
formulas:

F (Fαf) (x) = (1 + |x|)−α F (f) (x) , (x ∈ Rn, α > 0) , (1.3)
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Fν (Fαν f) (x) = (1 + |x|)−α Fν (f) (x) ,
(
x ∈ Rn

+, α > 0
)
. (1.4)

These potentials are interpreted as a negative fractional powers of the operator(
E + (−∆)

1
2

)
and

(
E + (−∆ν)

1
2

)
respectively. Here

∆ν =
n−1∑
k=1

(
∂2

∂x2
k

+
2ν

xn
· ∂

∂xn

)
, (ν > 0) ,

is the singular generalized Laplace-Bessel differential operator.
Approximation properties of the potentials such as Riesz, Bessel, Flett, generali-

zed Riesz, generalized Bessel potentials have been studied by T. Kurokawa [15], A.D.
Gadjiev, A. Aral and I.A. Aliev [11], I.A. Aliev and M. Eryiğit [6], I.A. Aliev and S.
Çobanoğlu [7], M. Eryiğit and S. Çobanoğlu [8] and S. Sezer Evcan, M. Eryiğit and S.
Çobanoğlu [9].

In the paper [20] (see, also [19], [21, p.217-222]), B. Rubin introduced some family
of “truncated hypersingular integrals” Dα

ε f and Dα
ε f, (ε > 0) , generated by the Gauss-

Weierstrass semigroup, and proved that under some conditions on a function ϕ ∈
Lp (Rn) and parameter α > 0, the expressions Dα

ε I
αϕ and Dα

ε J
αϕ converge to ϕ as

ε→ 0+, pointwise (a.e.) and in the Lp-norm.
In this paper, using by the techniques in the papers [19] and [20] we introduce “a

new truncated hypersingular integral operators Dα
ε f, (ε > 0)” generated by generalized

Poisson semigroup. By making use of these integral operators we find some relationships
between the “order of Lp,ν-smoothness” of function ϕ and the “rate of Lp,ν-convergence”
of the families Dα

εFαν ϕ to ϕ as ε→ 0+.

2. Preliminaries, definitions and auxiliary lemmas

Let Lp ≡ Lp (Rn) be the space of functions on Rn with the norm

‖f‖p =

(∫
Rn
|f (x)|p dx

) 1
p

, 1 ≤ p <∞; dx = dx1...dxn,

‖f‖∞ = ess sup
x∈Rn

|f (x)| .

Let Rn
+ = {x | x = (x1, x2, ..., xn−1, xn) ∈ Rn, xn > 0} and

Lp,ν ≡ Lp,ν
(
Rn

+

)
=

f : ‖f‖p,ν =

(∫
Rn+
|f (x)|p x2ν

n dx

) 1
p

<∞


where 1 ≤ p <∞, ν > 0 and x2ν

n dx = x2ν
n dx1...dxn

We denote by ∆ν the generalized singular Laplace-Bessel differential operator

∆ν =
n−1∑
k=1

(
∂2

∂x2
k

+
2ν

xn
· ∂

∂xn

)
.
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The Fourier transform and Fourier-Bessel transform of a function f are defined by
the following formulas:

(Ff) (ξ) =

∫
Rn
eiξ·xf (x) dx, ξ · x = ξ1x1 + ...+ ξnxn,

(Fνf) (ξ) =

∫
Rn+
f (x)

(
n∏
k=1

jν− 1
2

(xkξk)

)
x2νdx

where jλ (τ) = 2λΓ (λ+ 1) Jλ (τ) τ−λ, Jλ (τ) is the Bessel function of the first kind. (see
for details, [14], [16]).

The generalized translation operator of a function f is defined by

T yf (x) =
Γ
(
ν + 1

2

)
Γ (ν) Γ

(
1
2

) ∫ π

0

f
(
x′ − y′;

√
x2
n − 2xnyn cosαn + y2

n

)
sin2ν−1 αdα

where x′ = (x1, x2, ..., xn−1)
Note that T y is a combination of the ordinary translation in x′ and Bessel translation

in xn which is closely connected with the Bessel operator

Bt =
d2

dt2
+

2ν

t
· d
dt
, (0 < t <∞) ,

(for details see [16]).
Note also that for 1 ≤ p ≤ ∞ (see [18])

‖T yf‖p,ν ≤ ‖f‖p,ν , (2.1)

‖T yf − f‖p,ν → 0 as |y| → 0. (2.2)

In the case p = ∞ we identify L∞,ν with C0 = C0

(
Rn

+

)
- the corresponding space

of continuous functions vanishing at infinity.
The generalized Poisson kernel is defined as

pν (y, t) =
2

π
n
2

Γ
(
n+1

2
+ ν
)

Γ
(

1
2

+ ν
) · t(

|y|2 + t2
)n+1

2
+ν
. (2.3)

It is known that (see [29])

‖pν (·, t)‖1,ν = 1, (∀t > 0) . (2.4)

Now, we define the Generalized ν-maximal function of f as

(Mνf) (y) = sup
r>0

1

rn+2νω (n, ν)

∫
B+
r

|T yf (x)|x2νdx, (2.5)

where B+
r =

{
y : y ∈ Rn

+, |y| ≤ r
}
and ω (n, ν) =

∫
B+

1
y2νdy.
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Note that for f ∈ Lp,ν

‖Mνf‖p,ν ≤ c ‖f‖p,ν , (1 < p ≤ ∞) , (2.6)

(see [1, 12, 13]).
We denote by (Vtf) (x) , (t > 0) the Generalized Poisson integral (semigroup)

generated by the generalized translation operator:

(Vtf) (x) =

∫
Rn+
pν (y, t) (T yf (x)) y2νdy. (2.7)

Lemma 1. ([29, p.685])
Let f ∈ Lp,ν and Vtf is defined as in (2.7). Then
i)

‖Vtf‖p,ν ≤ ‖f‖p,ν , (1 ≤ p ≤ ∞,∀t > 0) , (2.8)

ii)
sup
x∈Rn+

|Vtf (x)| ≤ ct−(n+2ν)/p ‖f‖p,ν , (2.9)

here, 1 ≤ p <∞ and c being independent of t,
iii)

sup
t>0
|Vtf (x)| ≤Mνf (x) , (2.10)

iv)
Vt (Vsf) (x) = (Vt+sf) (x) ; (t, s > 0) , (2.11)

v)
lim
t→0+

Vtf (x) = f (x) , (2.12)

where the limit being understood in the Lp,ν (1 ≤ p <∞)-norm or pointwise for almost
all x ∈ Rn

+. If f ∈ C0 , then the convergence is uniform on Rn
+.

By making use of generalized Poisson integral Vtf , we define modified generalized
Poisson integral as (

V M
t f

)
(x, t) = e−t (Vtf) (x) , (0 < t <∞) . (2.13)

For t = 0 we set
(V0f) (x) =

(
V M

0 f
)

(x, 0) = f (x) .

The generalized Flett potentials Fαν initially defined by (1.4), have the following
integral representations via the generalized Poisson integral:

(Fαν f) (x) =
1

Γ (α)

∫ ∞
0

tα−1e−t (Vtf) (x) dt, ([27, p.120]). (2.14)
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Furthermore, considering the notion V M
t f defined as (2.13) we can write the formula

(2.14) as:

(Fαν f) (x) =
1

Γ (α)

∫ ∞
0

tα−1
(
V M
t f

)
(x, t) dt. (2.15)

We note that the formula (2.15) gives the relation between the generalized Flett
potentials and the modified generalized Poisson integral.

In addition, it is not difficult to show that

‖Fαν f‖p,ν ≤ ‖f‖p,ν , 1 ≤ p ≤ ∞,∀α > 0. (2.16)

The finite difference with order l ∈ N and step τ ∈ R1 of the function g (t) , (t ∈ R1)
is defined by

∆l
τ [g] (t) =

l∑
k=0

(
l

k

)
(−1)k g (t+ kτ) . (2.17)

Using this finite difference and modified generalized Poisson semigroup
(
V M
t f

)
, we

introduce the following “Balakrishnan-Rubin type truncated integral” (cf. [21, p.220]).

Definition 1. Let f ∈ Lp,ν
(
Rn

+

)
, 1 ≤ p < ∞, α > 0 and l > α, (l ∈ N) . Then the

construction

(Dα
ε f) (x) =

1

κl (α)

∫ ∞
ε

∆l
τ

[(
V M
· f

)
(x)
]

(0)
dτ

τ 1+α

=
1

κl (α)

∫ ∞
ε

[
l∑

k=0

(
l

k

)
(−1)k e−kτ (Vkτf) (x)

]
dτ

τ 1+α
, ε > 0 (2.18)

will be called a “generalized truncated integrals ” with parameter ε > 0. Here the
normalized coefficient κl (α) is defined by

κl (α) =

∫ ∞
0

(
1− e−t

)l
t−1−αdt.

As shown in the following lemma, there is a close connection between the constructi-
on (2.18) and the generalized Flett potential (Fαν f) .

Lemma 2. (cf. [1])
Let ϕ ∈ Lp,ν

(
Rn

+

)
, (1 ≤ p <∞) and 0 < α < n+2ν

p
. Then for any ε > 0 and for

a.e. x ∈ Rn
+

(Dα
εFαν ϕ) (x) =

∫ ∞
0

K(l)
α (η) e−εη (Vεηϕ) (x) dη. (2.19)

Here the function K(l)
α (η) is defined as

K(l)
α (η) =

1

Γ (1 + α)χl (α)
· 1

η

l∑
k=0

(
l

k

)
(−1)k (η − k)α+ ,

with (η − k)α+ =

{
(η − k)α , if η > k

0, if η ≤ k

}
.
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The following lemma gives some properties of the function K(l)
α (η) that will be used

later.

Lemma 3. (see [21, p.158] and [23, p.125] )
i)

K(l)
α (η) ∈ L1 (0,∞) and

∫ ∞
0

K(l)
α (η) dη = 1,

ii)

K(l)
α (η) =

{
O(ηα−1), if η → 0+

O(ηα−l−1), if η →∞

}
.

The following definition and the subsequent lemma play crucical role in the sequel.

Definition 2. Let ρ ∈ (0, 1) be a fixed parameter and the function µ (r) ,
(0 ≤ r ≤ ρ) be continuous and strictly increasing on [0, ρ] and µ (0) = 0. We say that
a function ϕ ∈ Lp,ν

(
Rn

+

)
, (1 ≤ p <∞) has µ-smoothness property in Lp,ν-sense if

Mµ ≡ sup
0<r≤ρ

1

rn+2νµ (r)

∫
B+
r

‖T xϕ (t)− ϕ (t)‖p,ν x
2νdx <∞. (2.20)

It is clear that if µ (r) is the Lp,ν-modulus of continuity of ϕ, i.e.

µ (r) = sup
|x|≤r
‖T xϕ (t)− ϕ (t)‖p,ν

then the condition (2.20) is satisfied.
Remark 1. From now on it will be assumed that µ (t) ≥ at, (0 ≤ t ≤ ρ), for some

a > 0 and µ (t) = µ (ρ) for ρ ≤ t <∞.

Lemma 4. (cf. [6]; see also [2, 28]) Let a function ϕ ∈ Lp,ν
(
Rn

+

)
, (1 ≤ p <∞)

has the µ-smoothness property in the Lp,ν-sense. Let, further, the function
ψ (r) , (0 ≤ r < ρ) be decreasing, nonnegative and continuously differentiable on [0, ρ].
Then, ∫

B+
r

‖T xϕ (t)− ϕ (t)‖p,ν ψ (|x|)x2νdx

≤ Mµ

[
ρn+2νµ (ρ)ψ (ρ) +

∫ ρ

0

rn+2νµ (r) (−ψ′ (r)) dr
]
. (2.21)

Proof. Set h (x) = ‖T xϕ (t)− ϕ (t)‖p,ν and x = rθ, where r = |x| . Then

I ≡
∫
B+
r

h (x)ψ (|x|)x2νdx =

∫ ρ

0

rn−1+2νψ (r)

(∫
|θ|=1

h (rθ) dσ (θ)

)
dr

If we define

λ(r) =

∫
|θ|=1

h(rθ)dσ(θ) and Ω(r) =

∫ r

0

λ(t)tn−1+2νdt, (2.22)
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then we have

I ≡
∫ ρ

0

ψ (r)λ(r)rn−1+2νdr =

∫ ρ

0

ψ (r) dΩ(r)

= ψ (r) Ω(r) |ρ0 −
∫ ρ

0

Ω(r)ψ′ (r) dr

= ψ (ρ) Ω(ρ) +

∫ ρ

0

Ω(r)(−ψ′ (r))dr.

It follows from (2.20) that

Ω(r) =

∫ r

0

λ(t)tn−1+2νdt =

∫
|x|≤r

h(x)x2νdx

=

∫
|x|≤r
‖T xϕ (t)− ϕ (t)‖p,ν x

2νdx ≤ rn+2νµ(r)Mµ.

Hence,

I ≤Mµ

[
ρn+2νµ(ρ)ψ(ρ) +

∫ ρ

0

rn+2νµ(r)(−ψ′ (r))dr
]
.

Lemma 5. Let pν (x, ε) be the generalized Poisson kernel defined as in (2.3), i.e.
for x ∈ Rn

+,

pν (x, ε) =
2

π
n
2

Γ
(
n+1

2
+ ν
)

Γ
(

1
2

+ ν
) · ε(

|x|2 + ε2
)n+1

2
+ν

Then there exist c > 0 such that∫
|x|≤r
‖T xϕ (t)− ϕ (t)‖p,ν pν (x, ε)x2νdx ≤ cMµ

[
ε+

∫ ∞
0

µ (εt)
dt

1 + t2

]
. (2.23)

Proof. Let an,ν = 2

π
n
2

Γ(n+1
2

+ν)
Γ( 1

2
+ν)

and we put ψ (|x|) = pν (x, ε) in (2.21).∫
|x|≤ρ
‖T xϕ (t)− ϕ (t)‖p,ν pν (x, ε)x2νdx

≤ Mµ

[
ρn+2νµ (ρ)

an,ν · ε
(ρ2 + ε2)

n+1
2

+ν
+

+

∫ ρ

0

rn+2νµ (r)

(
− an,ν · ε

(r2 + ε2)
n+1
2

+ν

)′
dr

]
.

Since

−ψ′ (r) =

(
− an,ν · ε

(r2 + ε2)
n+1
2

+ν

)′
= c1

εr

(r2 + ε2)
n+3
2

+ν
;
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here, c1 = 2an,ν (n+ 1) + ν and

ρn+2νµ (ρ)
an,ν · ε

(ρ2 + ε2)
n+1
2

+ν
≤ c2ε,

(
c2 = an,ν

µ (ρ)

ρ

)
.

We have for ρ < 1 and c = max {c1, c2} ,∫
|x|≤ρ
‖T xϕ (t)− ϕ (t)‖p,ν pν (x, ε)x2νdx

≤ cMµ

[
ε+

∫ ρ

0

ε
rn+1+2ν

(r2 + ε2)
n+3
2

+ν
µ (r) dr

]
...( r = εt, dr = εdt (changing variables) )...

= cMµ

[
ε+

∫ ρ
ε

0

ε (εt)n+1+2ν

(ε2t2 + ε2)
n+3
2

+ν
µ (εt) εdt

]

= cMµ

[
ε+

∫ ρ
ε

0

tn+1+2ν

(1 + t2)
n+3
2

+ν
µ (εt) dt

]

≤ cMµ

[
ε+

∫ ∞
0

µ (εt)
tn+1+2ν

(1 + t2)
n+3
2

+ν
dt

]

≤ cMµ

[
ε+

∫ ∞
0

µ (εt)

1 + t2
dt

]
.

(we use this to find last inequality:

tn+1+2ν

(1 + t2)
n+3
2

+ν
=

(t2)
n+1+2ν

2

(1 + t2)
n+3
2

+ν
≤ (1 + t2)

n+1+2ν
2

(1 + t2)
n+3
2

+ν
=

1

1 + t2
.)

Corollary 1. Let the function µ (r) , (0 ≤ r ≤ ρ < 1) be continuous on [0, ρ], posi-
tive on (0, ρ] and µ (0) = 0. Let, also, µ (t) ≥ st, 0 ≤ t ≤ ρ for some s > 0 and
µ (t) = µ (ρ) for ρ ≤ t < ∞. If there exist a locally bounded function ω (t) > 0 such
that

µ (εt) ≤ µ (ε)ω (t) and
∫ ∞

0

ω (t)

1 + t2
dt <∞, (0 < ε < ρ, 0 < t <∞) , (2.24)

then there exist S > 0 not depending on ε ∈ (0, ρ), such that∫
|x|≤ρ
‖T xϕ (t)− ϕ (t)‖p,ν pν (x, ε)x2νdx ≤ Sµ (ε) , for all ε ∈ (0, ρ) . (2.25)

Proof. By taking into account (2.24) in (2.23) and using the condition

µ (ε) ≥ sε, (0 ≤ ε ≤ ρ) ,

we obtain inequality (2.25).
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Now, let us give the examples of the functions that satisfy all the conditions of
Corollary 1.

Example 1. Let 0 < γ < 1 and 0 < β <∞. Then the function

µ (r) =


0 if r = 0

rγ |ln r|β if 0 < r < ρ

ργ |ln ρ|β if r ≥ ρ


satisfies all the conditions of Corollary 1 for

ω (t) = tγ
(

1 +
|ln t|
|ln ρ|

)β
.

Indeed, for 0 < ε < ρ and 0 < t <∞ we have

µ (εt) =


0 if t = 0

εγtγ |ln ε+ ln t|β if 0 < t < ρ
ε

ργ |ln ρ|β if t > ρ
ε


≤


0 if t = 0

µ (ε) tγ
(

1 + |ln t|
|ln ε|

)β
if 0 < t < ρ

ε

ργ |ln ρ|β if t > ρ
ε


≤ µ (ε)ω (t) , (0 < ε < ρ, t > 0) ,

where ω (t) = tγ
(

1 + |ln t|
|ln ρ|

)β
.

Example 2. Let 0 < γ < 1. Then the function

µ (r) =

{
rγ, if 0 ≤ r ≤ ρ < 1
ργ, if r ≥ ρ

}
satisfies all the conditions of Corollary 1 with ω (t) = tγ.

3. Main Results

Theorem 1. Let the function µ (r) , (0 < r <∞) satisfies all the conditions of the
Corollary 1. Further, let the function ϕ ∈ Lp,ν

(
Rn

+

)
, (1 ≤ p <∞) has the µ-smoothness

property (2.20) in Lp,ν-sense. If the operator Dα
ε is defined by (2.18) and the parameter

l ∈ N satisfies the condition l > α
2

+ 1, then

‖Dα
εFαν ϕ− ϕ‖p,ν = O (µ (ε)) as ε→ 0+, (3.1)

where Fαν ϕ, (α > 0) is the generalized Flett potentials.
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Proof. Using Lemmas 2 and 3-(i) we have

‖Dα
εFαν ϕ− ϕ‖p,ν

=

∥∥∥∥∫ ∞
0

K(l)
α (η) e−εη (Vεηϕ) (t) dη −

∫ ∞
0

K(l)
α (η)ϕ (t) dη

∥∥∥∥
p,ν

≤
∫ ∞

0

∣∣K(l)
α (η)

∣∣ ‖(Vεηϕ) (t)− ϕ (t)‖p,ν dη. (3.2)

Since
∫
Rn+
pν (y, η) dy = 1 for all η > 0 ([21, p.217]) it follows that

‖(Vεηϕ) (t)− ϕ (t)‖p,ν =

∥∥∥∥∥
∫
Rn+
pν (y, εη) [T yϕ (t)− ϕ (t)] y2νdy

∥∥∥∥∥
p,ν

≤
∫
|y|≤ρ

pν (y, εη) ‖T yϕ (t)− ϕ (t)‖p,ν y
2νdy

+

∫
|y|>ρ

pν (y, εη) ‖T yϕ (t)− ϕ (t)‖p,ν y
2νdy

≡ i1 + i2.

By making use of (2.25) we have

i1 ≤ Sµ (εη)

where S does not depend on ε and η.
Now we estimate i2.

i2 ≤ 2 ‖ϕ‖p,ν
∫
|y|>ρ

pν (y, εη) y2νdy

( we use formula (2.3))

= 2 ‖ϕ‖p,ν an,ν
∫
|y|>ρ

εη(
(εη)2 + |y|2

)n+1
2

+ν
y2νdy

(we set y = rθ, ρ < r <∞, θ ∈ Sn−1, dy = rn−1drdσ (θ))

= c1εη

∫ ∞
ρ

rn−1(
(εη)2 + r2

)n+1
2

+ν
r2νdr

≤ c1εη

∫ ∞
ρ

rn−1

rn+1
dr = c2εη,

where c2 = c2 (ρ, η) dose not depend on ε and η. Therefore, we have the following
estimate:

‖(Vεηϕ) (t)− ϕ (t)‖p,ν ≤ Sµ (εη) + c2εη. (3.3)
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S. E. SİNEM, E.MELİH, Ç. SELİM

Now, we consider the last estimation (3.3) in (3.2)

‖(Dα
εFαν ϕ) (t)− ϕ (t)‖p,ν ≤ c3

∫ ∞
0

∣∣K(l)
α (η)

∣∣ (µ (εη) + εη) dη

≤ c3

∫ ∞
0

∣∣K(l)
α (η)

∣∣ (µ (ε)ω (η) + εη) dη

(using the condition µ (ε) ≥ sε, ε ∈ (0, ρ) )

≤ c4µ (ε)

∫ ∞
0

∣∣K(l)
α (η)

∣∣ (ω (η) + η) dη. (3.4)

Lemma 3-(ii) and the formula (2.24) yield that∫ ∞
0

∣∣K(l)
α (η)

∣∣ω (η) dη =

∫ 1

0

∣∣K(l)
α (η)

∣∣ω (η) dη +

∫ ∞
1

∣∣K(l)
α (η)

∣∣ω (η) dη

≤ c5 +

∫ ∞
1

ω (η)

1 + η2

(
1 + η2

) ∣∣K(l)
α (η)

∣∣ dη
(we use K(l)

α (η) = O(ηα−l−1) as η →∞ and l > α + 1 )

≤ c5 + c6

∫ ∞
1

ω (η)

1 + η2
dη ≡ c7 <∞.

Since K(l)
α (η) = O(ηα−l−1), η →∞ and l > α + 1 we have∫ ∞

0

∣∣K(l)
α (η)

∣∣ ηdη =

∫ 1

0

∣∣K(l)
α (η)

∣∣ ηdη +

∫ ∞
1

∣∣K(l)
α (η)

∣∣ ηdη
≤ c8 +

∫ ∞
1

∣∣K(l)
α (η)

∣∣ ηdη ≤ c9.

Finally, the summation of these estimations in (3.4) yields

‖(Dα
εFαν ϕ) (t)− ϕ (t)‖p,ν ≤ cµ (ε) as ε→ 0+,

where c being independent of ε.
The proof of the theorem is completed.

Corollary 2. Let µ (t) = tγ, 0 < γ < 1, t ∈ [0, ρ) and t ∈ Rn
+ be a µ-smoothness

point of ϕ ∈ Lp,ν . Then

‖(Dα
εFαν ϕ) (t)− ϕ (t)‖p,ν = O (εγ) as ε→ 0+.
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