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A NOTE ON H-CONVERGENCE

Вивчаються властивості Н-збіжності для послідовності рівномірно обмежених квадратних

матриць и, eL?(D;R"™") іс» 0 " Отримано достатні умови, які гарантуютьзбіг Н-границіз Ж-

- яхи . з
слабкою границею в / (Д); К'" ) таких послідовностей.

Introduction. The aim of this paper із to discuss some additional properties of the H-
convergence, which plays the key role in the homogenization theory of boundary value
problems. So, the main object ofour consideration is a sequence и, (х) = [ау (х)] jes0 of

the uniformly coercive and ‘bounded matrices A, € L°(Q;R”” ). We suppose that this
sequence is compact with respect to the H-convergence (see definition given belove). Let

Ay € L°(Q;R"™” ) be its H-limit. Since the sequence {A,(x)},.9 is uniformly bounded in

L°(Q,R"), by..,Banach-Alaoglu Theorem it follows that there exists a matrix

А" € L?(Q:R”™") such that (upto a subsequence) 4, -—“~> 4* weakly-* in L7(Q;R™").

The question is to find conditions which. would guarantee the equality 4) =.4" almost

everywhere in Q. Note that the answer is obvious in the case when

| Ap € L7(Q;2"ПИ(О, В"" ) Югеуегу =>0

and the sequence РИ (xд2>0 §8 uniformly bounded in the Sobolev space тАОк"),

However, in general, the equality 4) = A” may befailed. This is the main reason why the

optimal contro! problems in coefficients and shape optimization problems for systems

governed by partial differential equations have no solutions in general (see, for instance, [1;
3; 7-9]).

1. Notation and Preliminaries. Throughout the paper Q is abounded open subset of

R" with n>1.The space D’(Q) ofdistributions in Qis the dual ofthe space Cg(Q). For

two real numbers |< p<+0, 1<g<-+oo suchthat 1/p+1/q=1, the space Wy? (Q) is the
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closure of Cf’(Q) in the Sobolev space ТРІО), while тяга) is the space ofall
он , . „Ча, .

distributions of the form f= fo +>ФуВДнє(О) бе. М Ч(@) в

the dual space of wy? (Q). For any vectorfield о є ІР/О) « L?(Q,R"), the divergenceis

an elementofthe space wid (Q) defined by the formula

ls \ 1,
«МО,отр(о)OPdx, VoeW, P(Q) , (2.1)

where (. , denotes: the duality pairing between WyLg,(Q) and Wy’P/Q)
“way,а) |

and (.,. )pn denotesthe scalar product oftwo vectors in R” С

А месіог Печ 5 15 said to be’ solenoidal, if divo=0. For any vector field

Be LP(Q) the relations | С ;

(curl р.р),WI(QO)Wy? (Q) = -Ler.Dj9 7 v;, DipJax з.

УраР(О), ід вот,

Чейле а зкем-зуттеїгіс таїгіх симіб , м'ове вістепіз беоне’Пе зрасеМ'ЯКО)А!

vector field 6 is said to be vortex-free, if cur]D =0. Wesay that a месіог йеі б є ІР(О)

is potential, if & can be representedin theform 6 = Du, where ue Wh? (Q). Obviously,

any potential vectoris vortex-free. In the case when a vectorfield 5 smooth, the divergence

div D andthe curl bare defined as usual, thatis,

п до
divi = 1S, (curld)==SL,

pay OF 7) і

Wewill also need to take the divergence and the curl of matrices, and then the above

definitions can be applied to the row vectors, ie., to the last index. Thus, with M = (Мі)

and P=(Py), we have

п ОР, ам;
(divP),= ~—, (curlM дяк=Mik

9х) Ox, ax;
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Let us fix two constants a@ and £ such that 0<a< £<+0. Wedefine MEQ) as a

setof all matrices А - Газ/ in L°(Q;R”*” ) such that

А(х)> 1, (А(х)"> ВМ , ae.in Q. (2.2)

In (2.2) J is the identity matrix in R”“”, and the above inequalities are in the sense of the

quadratic forms defined by (A€,§Jpn for €¢ R” . Notethat (2.2) implies the inequality

|A(xJis B ae.in O (2.3)

and that necessarily a<f.

Throughout the paper ¢ denotes a small parameter which varies in a strictly
decreasing sequence of positive numbers converging to 0. When we write ¢ >0, we consider

only the elements of this sequence, while when we write ¢>0 we also considerits limit
é=0.

2. The definition of H-convergence. In this section we recall the notion of H-
convergence introduced by Luc Tartar in 1977 (see[{11]) and later developed by Francois

Murat and L. Tartar (see [10]). Let {4, }0 -be a sequence of matrices in M,р (Q) whichare

not necessarily symmetric.

DEFINITION 3.1. A sequence {A, }0 т МР(Q): is said to be H-convergent to

AcM&(Q) fin the symbol, A,LA) as e->0, if the following condition holds.

Whenever vectorfields d,,d,0,,5¢L?(Q) satisfy | . и.

| | 4, =А,.6,, М=>0, = | (3.1)
4, —d weakly т го), | | | (32)

B,D weaklyin PQ), 703

{divd, eo0. is relativelycompactinWeзо), GB.4)

fcurld, fesg is relatively compact in W~20;в"), (3.5)
then

а-45. | (3.6)

It can be proved that the above definition ofH-convergenceis equivalent to the slightly
different definition given in [10], concerning the limit behavior of the elliptic equations
governed by matrix A, . Namely,

DEFINITION 3.2. A sequence {A, eso ofmatrices in М8(Q) H-converges to a matrix

AceMB(Q) iffor every feW!?(Q) the sequence {Ue }eso Of the solutions to the

Dirichletproblems
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и, Є То(0), (3.7)
-div(A, Du, )= f in D(Q)

satisfies зи

и; —>u weakly in Wy?(Q),

A, Du, -» ADu weakly in 1?(Q,R"),

where u is the solution to the problem

ето(0) 00 (3.8)
~div(ADu) = f in D'(Q)

The principle features of H-convergence we mayattribute to the following well-know
properties:

1) the H-limit ofH-converging sequence is unique;

2) the set MB(QQ) is sequentially compact with respect to the H-convergence;

3) H-convergenceis stable under the transposition ofthe matrices;

A) if 4A, Veo , ІВ, зо =МЁ(о)}, A,ЯА, В;ЯВ ава г зоше open set

UcQonehas A, = B, in U forevery ¢>0 ,then A=BinU .

The natural question is what is the relation between H-lumit of a bounded sequence

{4,}.. and its weak-* limit in L*/Q;R”"). As follows from the classical example,

_ presented in the nextsection, ingeneral, these limits may be drasticallydifferent.

4. One-dimensional case. Let Q=(0,1). Let ae L*(Q)be:a positive function such

that . К

О<а<а(х) < В<+ю ае. шо. (4.1)

Assumethat a is periodic with the period 7. Set a, =a(x/e). Consider the particular case

of the boundary value problem (6.3)

-alгто. 42)
и(0) «м, (1) - 0.

For each ¢>0 this problem has a uniquesolution u, € то(QQ). First of all we will show

that the sequence fu, }0 has a limit in the weak topology of м, є Wh(о). Indeed, as

followsfrom (4.2), after multiplication by u, , integration by parts, and use of (4.1), one has

2

ale
ах |2 

  

< if 2 Йо .Азов
153



Hence

(4.3)

 

“fe :.

dx | (QU
2

  

«З
а

where the Poincare constant С is independent of. Thus the sequenceofsolutions (и, ).20 15

 

Wella (Q) іа (о;

relatively compact with respectto the weak topology of We2). To identify its limit we

note that from (4.1) and (4.3), it follows that there exists a subsequence,still denoted by =,

suchthat

Up—yy weakly in І? (©),

du, du 2Сae weakly in L*(Q.), (4.4)
E,-—Y>é weakly inI?(Q),

а; —">а weakly -* in L”(Q),

where ¢,=a,du,/dx, a° is the mean value of a. Here we used the fact that by the

periodicity of a, , we have

ад = (а):ohaxJax.

Moreover, from а.2) меderive that at бе limit, - т

аfing. = a og (4.5)

As was mentioned above, fromа4) we have u,ouweaklyiinwh12(©) which implies,

by continuity of the trace operator, that u(Q)=u(1)=0. Nowwe establish the relation between

& and u. Clearly, from (4.1)-(4.3), since fe І (2),we havea priori estimate

dé, 2 «г ,

4 |2до)

where C'is independent of є. Consequently, and using the Rellich-Kondrashov theorem, one
has

 

   

<В+

Е. —^>& weakly in СО), hencestrongly in Z7(Q).

Notice that &, is the product of two weakly converging quantities. In general, this does not

imply that the limit ¢ is the product of the weak limits ад ава du/dx. To begin with, we

rememberthat
du, 1
>=Ge. (4.6)

Os

1 0] о.
where 0 <—<—- <— < +00, andso, byperiodicity,

a, a
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тA Ме1 @х меаКу ш 17(0).
a, a a(x)

Since the term (i/a,)é, is the product of the weakly convergent quantity а, bythe

strongly convergent one &,,, its limit is the productof the lumits of 1/a, and ¢,. Thus

1:че weaklyin 2(Q). (4.7)
ag a /

Consequently, from (4.6), we have п =ca. Now making use of (16), it follows that м is
a

the solution ofthe limit boundary valueа

о
Чо =fin (4.8)
оу«0,

This problem has a unique solution, so the whole sequence {u, }0 converges to u weakly

in Wy"2 (Q).

Thus, due to the Definition 3.2, we come to following conclusign’

4“a :
а

ба ион оби 1\- oo
whereas.:atladeweakly- in Рю. However, in general (4З # (a), and we”

a ight @ Opa

obtain the required. м

5. The nonlinear Dirichlet problem. We begin with the more precise description of

our mainobject. For a fixedmatrix AeMgВ(D) and a геаїлитабег єриюзноо., мує девейе

mapping a: R” x R” +> R” asfollows
-2

а(х, <) =АХс
Then (see, for instance, [2], [4]) there exist two constants cg, c, with O0<cy <¢; <+00 such

that, a.e.in R” and for every 6,,6. ¢R”, we have
in the case 2< p <-+00

(a(x,$1)- a(,62).61 -$2)pn 2 col ві, (5.1)

абс)аббоди Зов+Kalan)?"ei Salon 5-2)
in the case 1< p<2

(a(x, 61) - a(%,62),51 -$2)pn соби + Calan)?Й ор» ‚ (5.3)

аа,бу) - аСхСадикаф (5.4)
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In particular (5.1)-(5.4) imply that ae. in R” and for any € < R”:
-бииь биЗо, (5.5)

Since AeMВ (D)it is easy to verify that (5.1)-(5.4)are satisfied with

Cy =2?-? a ап с =(р-18 Юг р>2 ‚ава

о =а, ч=22РВ юг р<2.

 

As a result, for a given function a) ¢Z*(D) зисв Шаё а0(х)>0 а. ш О, Фе

operator

ду = ды(ах, Фу)аудиу
defined via the paring

: -2
(Ay,оулацут(а) = р(АсрУ|, ру,Ро)де d+

р-2 1,зас уофо Vy,veW)?Q)

turns out to be coercive, strictly monotone from Wy? (Q) into its dual We4(Q), and demi-

continuous in the following sense: y, — yo strongly in Wy? (Q) implies that 4,, > Ayo

weakly in и’.14(©) (see [5], {6]). Thenby well-known existence results for nonlinear

elliptic equations with strictly monotone demi-continucus cocrcive operators (see [5], 1124),

one can-easily see that for every open 5сї© and every / € 7(Q) the nonlinear Dirichlet
boundary value problem

© Aysf in Q, yeWyPOQ)e (5.6)

has a unique weak solution in Wj7(Q). Let us recall that a function y is the’weak solution of

(5.6) if gee
yeWy2OQ, (5.7)

-2 . р ро, в Ури[(ACY, Dy,Dv)on d+{aoe}? "рака,Ло Моє РО). (5.8) |

Following [2], [4], we conclude this section by some results concerning the estimates
for the solution of Dirichlet problem (5.6).

PROPOSITION 5.1. For every AeMB(D), ay eL°(D) (adx)20 ae. in D), and

SEW"ЧО фе unique weak solution уд о the problem (5.6) satisfies the estimates:

[РУР, dx s СИ,о [Р-Р «С 0)

where С із а сопзіані аерепаїпя опіу оп р, а, апа В.
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6. The main result. In this section we imtroduce a class of matrices A =|a, |. as a

subset ofр(Q), for which the H-limit and weak-* limit in, Z°(Q;R”"") are the same.

Let &, & be given functions of Z*(D) such that 0 < &(x) < &(x) a.e.in Q. Let {Q),...0,}

be a collection ofnonempty compact subsets of W“19/Q)). To define the class of admissible

matrices, we introduce the following set

Uso) ={A=|d),...2, |eM2(Q)\diva; €Q;, Vi=l,...n} (6.1)
assuming that U,,) < L°(Q;R””) is a nonempty set. и

DEFINITION 6.1. We say that a matrix A= la, | is admissible to the nonlinear Dirichlet

problem (5.6) if AE Uso.

To begin with, we prove the followingresult:

PROPOSITION 6.2. The set U,,; is sequentially compact with respect to the weak-*

topology of L®(Q; R”™*” ).

Proof, Let {Ag =|aigs-.. Gag |en CUsoi be an arbitrary sequence of admissible

matrices. Since U,,, cM,B (Q) and M,р (Q) is the sequentially weakly-* compact subset of

1°(Q;:R”™"), we may suppose thatthere exist a matrix Ay = [210....йн0|= МА (@) and

elements f, ¢ Q;,i=1,...” such that

[GiBpn dgAPsf (Gio. P)pn фо Уфе ЩО) « ЩО,В"), Vi=12,...2 (6.2)
and

фуда22»f, in 190) Vi=1,2,...n. (6.3)

It remainsto prove that |
divajy = f; for all i =1,2,...n. й

То do this, we choose ¢ in (6.2) as a potential vector, that is, ¢= Dv, where ve Wy?(Q).

Then,in view of (2.1), the relation (6.3) implies

fo, Gik-DO)= (div Gy, D)yа(au?)

koa
(Fieyp(ywet (ay МР нот:

Using this andrelation (6.2),wefinally get

jimГоіоФО)дозоФО)gna

З (Удю)-14(aw?(Q) =(Ло)сотр) УР beom.
As aresult, we have Ay =[a19,...49 }¢ Ugoy . This concludesthe proof. 0
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In whatfollows;we make useofthe followingresult (for the proof we refer to [13]).

ЛЕММА 6.3. Let: {i \en cL4Q), {anteyCLP(Q) be the bounded sequences of

vector-functions such that

ДЛ in L7(Q) and g,—>50 іп ІР(О).

if
{div te \en 18 compactwith respectto the strong topology ofwha(Q), (6.4)

and
сиг 8; «0 Ук е М, (6.5)

then
. і о

ітJ9Ter Bk Jpn=Ї(оBo Jpn de, VP ECT(D). (6.6)

REMARK 6.4. The equality (6.6) can be interpreted as the weak-* convergence in

LQ)ofthe sequence (FeBk Jpn heen to the element (fo. Bo)pn

Let us denote by Sc 1°(Q;R™")x Wy’? (Q) the set of all admissible pairs (A,y4):

matrix and the correspondingsolution to the boundary value problem (5.7)}-(5.8). Now. we

are in a position to study the topological properties ofthis set. Let r be the topology on the set

L?(Q.R™”)x Wy?(©) which we define as the product of the weak-* topology. of

EPR”) and theweak topology of WeРО). |

THEOREM 6.5. For every fe wh(о) the set Bis sequentially r-closed.

Proof, Let KA,ViewCE= ‘be any t-convergent'sequence. [её (Аб, уд) Бе Из т-

Ш. Оигани 15 Ю ргоуе Фаё (Ав, уз) ЕЯ. Let usset

WAудя(АхРУ"Ру) ao(x)pp|?? y = 310A, y)4 SaAy),

ЗАуз(агDy) =~diva(A(x),Dy). |

By Proposition 6.2 and the initial assumptions, we have Ap < U,,, , therefore,

Ay —"->Ag =[fij9---Gyo | weakly-* in [°(O;R"), (6.7)

diva, -> divastrongly in W'9(Q), Vi=l...n. (6.8)

р : й 1 г ІП тб .

Ve —>Yo in Wo? (Q). (6.9)
Hence

Dye,”Dy, low is bounded in 17/Q), дер/(р-),

уУік is bounded in 17(Q), ~ (6.10)
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Ve > Yo in LP(Q), g(x) > yolx) ae. in Q. (6.11)
Then, by (6.11) and monotonicity of the function g(/6) = iP?С, ме have

lyf?У >?yo almost everywherein ©.

Using this and (6.10), we conclude (see[6])
-2 -2 .

УР укм у Ш (О).
Consider the following sequence

|, =аду”Ук |к.

It is clear that Де w4Q) VkeN and since the embedding (ОО) с whtra) is

compactit followsthat

fie > fo =f~-a|yol”yo strongly in W~'2/Q) . (6.12)

In view of,this and the fact that

7 заїа(Ац(х),Бур) є fy шо, VkeN,

we cometo the conclusion (see (5.1)-(5.5)): {a(A(x),Dy, },<y 38 the bounded sequencein

17(Q). So, passing to.a subsequence, we may assumethat there exists a vector-function

Ze 11(Q) such that | | |

а(Ак (х), Бук) =АРУ

As a result, the limit passagein therelation askw (inthe sense of the distributions)

АЕ, =Г-н"ри шБ©), сего

"ру,=—">68 іш 14/0). (6.13)

 

gets

Е ypr2 : WOW~div8, = f~aglyo|”~"|yo}.in D'Q) (6.14)
It remains only to show that о

зАРУ2 Ву.

To do so, we considerthe scalar function

хе(ахнь (6.15)

where z’is a fixed element of R”. Since the operator 31 18 strictly monotone,it followsthat

for every ze R” andevery positive function 6 ¢ Cy(Q), we have

J9(*)(a(Ag, Dy) ~ a(Ay. Do),Dy ~ Doon dk 29,

or, taking into account (6.15), this inequality can be rewritten as о

fo 02)alAy, Dyy)~ 0Ay, 2), Dyy -2) „#20. | (6.16)
Our next intentionis to pass to the limit in (6.16) asknusing Lemma 6.3. Since
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— diva(A,,, Dy, ) > f ~aplyo}”о] stronglyт4(©), (6.17)

curv(Бук -— 2) =curvDy, =0, Vk EN,

it remains to showthat the sequence {diva(A,,z№en 18 compact with respectto the strong

topology of"9(О).

Indeed, for every » € Co (Q), we have

(~ div а(Ак2)за(ота? (a) = [C40Ag, 2), Db)an dx

(444 (X),2)pn
=[Ae(ode2,Dojax=e?J, ... ,рф| ах

(аж| on

_ n . 09 2 non 9$

=|,оЗакобури JadMaw)5,210

РУ(новра
i=]

pda . |

= lee Хави)НА(ОР«Пт >, (6.18)

Then using (6.8), we get’

, _ Р іт / жо _

=ритбуау7.

p-2a=|, УхНО divaияcairn ©19)

Making the converse transformations with (6.19) as we did it in (6.18), we come to the
relation

fim(- дїуа!Ак 2).Ф)нагоаа) = (- 47а40,2), 6)ияэто) 6-20)

Ушсе г еуегу 1=1,...п the sequences ‘Чак hen are strongly convergent in

w-'4/Q), from (6.18)-(6.20)it follows that

fim diva(Ay, 2)9чаотага) = (- diva(Ag,z),вуото) (6.21)
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for each sequence ihren с С5(0) висі that 6, —5фш Wy? (Q). Thus, summing

up the aboveresults, we obtain

div a(Ay,,z) — diva(Ag,z) strongly in wd), |

afAg, 2) = Aglel Paz weakly —* т по

As aresult, combining properties (6.17) and (6.22), it has been shown thatall suppositions of
Lemma6.3 are fulfilled. So, taking into account (6.9), (6.17), (6.22), and passing to the limit
in inequality (6.16) as kK, we get

905-а(40,2). Буд - 2) іх 20, Чі є В"

for all positive $e Cy(Q). After localization, we have

(§ -a(Ay,2),Dy¥y -Z)an, VZE В”.

Since the operator 3, is strictly monotone,it follows that

& = afAy, Dyy ) = Ag(x)|Dyo

Therefore, equation (6.14) takes the form

~ div (Ap(x)|DyoBnDro) чаду[yo] =f in D'Q).

Hence the t-lumit pair (Ao,yo) is an admissible to the problem (5.7}-(5.8), and this concludes
Фе ргоо 0

As an obvious consequence of this theorem (see (6.7), (6.9), (6.13), and (6.23)), we
have the following result:

(6.22)
z—"Ap|z

 

rnDY: (6.23)

COROLLARY 6.6; Let {A,о be a sequence of matrices in Us) <MP(Q). Let

А" Е МВ(О) beits weak-* limit in I°(Q:R®" ). Then for every fewIQ) the

sequence Їм)250 О/Те solutions to the Dirichletproblems

os и Е ТР(©),

—div(A, (xDu,

 

2DugaoePu,=f in Dy, 79
satisfies

| не —>u weakly in Wy?(2),

АрРи, >Арири weakly in L47(Q,R" ),

where is the solution to the problem |

| не ТО),
(6.25)

РРриє,ри)tag(x)ul?ru = іт ДО).
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Thus, in the case when p=2, we just come to the desired result: H-convergence of any
sequence of matrices {A, }0 cU,,) is equivalent to its convergence with respect to the

weak- * topology of £°/Q;R"*" ).

b
o

Надій
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