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A NOTE ON H-CONVERGENCE

Buguarwries Biaacrusocti H-36ihxnocTi ans nociigosHocTi piBHoMipHo oOMemKeHHX KBaapaTHHX

MaTpHUb {Ag e L°(D;R™") -~ - OTpuMano focTaThi yMoBH, siki rapanTyoTs 36ir H-rpanuui s *-

© nxA . N
cabioto rpanmucto 8 L (D;R™™" ) Taxux nocnigosnocreii.

Introduction. The aim of this paper is to discuss some additional properties of the H-
convergence, which plays the key role in the homogenization theory of boundary value
problems. So, the main object of our consideration is a sequence {Ag (x)=[a;(x)] }€> 0 of
the uniformiy coercive and ‘bounded matrices 4, € L”(Q;R™" ). We suppose that this
sequence is compact with 're‘spect to the H-convergence (see definition given belove). Let
Ag e L°(Q;R™" ) be its H-limit. Since the sequence {4,(x)},. o is uniformly bounded in
L%(Q;R™" ), by Banach-Alaoglu Theorem it follows that there exists a matrix
A" e I®(C R™™) such that (upto & subsequence) 4, —2— 4* weakly-* in L°(Q;R™" ).
The question is to find conditions which. would guarantee the equality 4y =4" almost
everywhere in Q. Note that the answer is obvious in the case when

V A, € L2 (Q: R )NW 2 (Q, R™" ) forevery &> 0
and the sequence {Ag (x )} +>0 1S uniformly bounded in the Sobolev space W"z( QR™").

However, in general, the equality 4;= 4" may be failed. This is the main reason why the

optimal control problems in coefficients and shape optimization problems for systems
governed by partial differential equations have no solutions in general (see, for instance, [1;
3;7-9D.

1. Notation and Preliminaries. Throughout the paper Q is abounded open subset of
R” with n>1. The space D'(Q) of distributions in £ is the dual of the space C§ (). For

two real numbers 1< p <+w, 1 <g <+ suchthat 1/ p+1/¢ =1, the space W(}'p(Q) is the
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closure of C(€2) in the Sobolev space Wg’p(Q), while WO"]’qT(Q) is the space of all

L er . . I .
distributions of the form f = f5+ . Dty with £, fiv £ c11(Q) (e W, Q) is

the dual space of Wol’p (Q). For any vector field v e LP(Q) = LP(Q,R" ), the divergence is

an element of the space Wo’l’q (Q) defined by the formula
/s \ 1
<‘dlvg’¢/;W’l'q(Q)Wol'p(Q) :—-L)(D,D(D)Rn dx, V(pEWO p(Q) , (21)

where g , denotes: the duahty pamng between Wy ‘/ (Q) and WJ PrQ)

)W“q(Q) W”’(Q) |
and ( >R,, denotes the scalar product of two vectors in R” .‘

A vector field & is sald to be’ solenmdal if divo=0. For any vector ﬁeld
ueLp(Q) the relatlons

(curl ©,0)"

W“"’(Q),WO"”(Q) = ~£’2(Ui’Dj¢ _ U_/,Di@)dx .

VoeWyP(Q), ij=1...m,

define a skew-symmetric matrix cur!5 , whose elements belorig to the space W=b9¢QJ. A’

vector field O is said to be vortex-free, if curlD = 0. We say that a vector field 5 e 1P (Q)
is potential, if & can be represented in the form & = bu, where uew"? (Q2) . Obviously,

any pbtential vector is vortex-free. In the case when a vector field & smooth, the divergence
div O andsthe curl 0 are defined as usual, that is,

n . v
div5=z%xu—’—, (curlu),/ -i—‘:———?);ci
j=] U*i “ i

We will also need to take the divergence and the curl of matrices, and then the above
definitions can be applied to the row vectors, i.e., to the last index. Thus, with M = (M)

and P=( ,j), we have

n opP; oM ; .
(divP); =Y -~ (curl M ) 20 M
j:laxj 8xk 6xj
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Let us fix two constants @ and 8 such that 0 < a < § < +00. We define Mg(Q) asa
set of all matrices 4= [a;; ] in L*(Q;R™" ) such that
A(x)zdl, (A(x))'>p71, aein Q. (2.2)

In (2.2) I is the identity matrix in R™”, and the above inequalities are in the sense of the
quadratic forms defined by (A£,& )R” for £ R” . Note that (2.2) implies the inequality

|[A(x)I< B ae.in O (2.3)
and that necessarily a < f.

Throughout the paper & denotes a small parameter which varies in a strictly
decreasing sequence of positive numbers converging to 0. When we write ¢ >0, we consider
only the elements of this sequence, while when we write £>0 we also consider its limit
e=0.

2. The definition of H-convergence. In this section we recall the notion of H-
convergence introduced by Luc Tartar in 1977 (see[11]) and later developed by Francois

Murat and L. Tartar (see [10]). Let {4, }e>0 be a sequence of matrices in M, ;f (€) which are
not necessarily symmetric.

DEFINITION 3.1. 4 sequence {A, }a>0 in Mg (Q)) is said to be H-convergent to
AeMg (Q) (in the symbol, A€~,—Ij—e>A ) as g-»>w, if the following condition holds.
Whenever vector fields 6?&,6?,58,5EL2(Q);:Saﬁ.Sﬁ’ ‘ . o :

| | d,=A,B, Ve>0, | 3.1)

3 —d weakly in Lz(Q) ‘ | | (3,2)‘
0, >0 weaklyin (), 1 (33)

{dzvd }&>O zs relanvely compact in W 1Q(Q) (3 4)

{curld, }ooq is relatrvely compactin W~ 12(Q R™" ), (3.5)
then

i=Ao. ‘ (3.6)

It can be proved that the above definition of H-convergence is equivalent to the slightly
different definition given in [10], concemmg the limit behavior of the elliptic equations
governed by matrix A, . Namely,

DEFINITION 3.2. 4 sequence {A, }g>0 of matrices in M f (©2) H-converges to a matrix

Aer(Q) if for every feW™2(Q) the sequence {u, }ono of the solutions to the
Dirichlet problems
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U, € WOI'Z(Q), 3.7)
~div(A, Dug )= f in D'(Q)’

satisfies 4
up, —>u weaklyin W()l’z(Q),
A, Du, — ADu weakly in (QR"),

where u is the solution to the problem

ueWy2(Q), _ (3.8)
~div(ADu)= f in D'(Q)

The principle features of H-convergence we may attribute to the following well-know
properties:
1) the H-limit of H-converging sequence is unique;
2) the set M f (Q)) is sequentially compact with respect to the H-convergence;
3) H-convergence is stable under the transposition of the matrices;
4)if Ag}po , B, }e>0 .cMaﬂ(Q), A, 7,4, B 2, B and for some open set
UcQ onehas A, =B, mUforevery ¢>0 ,then A=BinU .
The natural question is what is the relation between H-limit of a bounded sequence
{4; ). and its weak-* limit in L*( Q;R™" ). As follows from the classical example,
_presented in the next section, in general, these limits may be drastically different.

4. One-dimensional case. Let Q=(01). Let a e L”())be a positive function such

that . o

O<a<a(x)<f <+ ae.in Q. “4n
Assume that a is periodic with the period 7. Set a, =a(x/¢). Consider the particular case
of the boundary value problem (6.3)

- %[“ )-rme @42
u (0)=u.(1)=0.

For each £> 0 this problem has a unique solution u, € W(}’z (€2). First of all we will show

that the sequence {ua }g>0 has a limit in the weak topology of u, Wol'2 (Q2 ).’,Indecd, as

follows from (4.2), after multiplication by u, , integration by parts, and use of (4.1), one has

2

a}‘i’u.e
dx |2

Sf 2 | 2 .
o Mz 0 el 2 )
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Hence

(4.3)

+‘du£ -
dx'L (Q)

2

<<y
a

where the Poincare constant C is independent of &. Thus the sequence of solutions {u, }g >0 i

"uSH[F (Q) IL2 Q)

relatively compact with respect to the weak topologv of Wl 2(Q2). To identify its limit we

note that from (4.1) and (4.3), it follows that there exists a subsequence, still denoted by &,
such that

U, Y Su weakly in L2 (Q)

dug du 2

| 5 __._,.g; weaklyin L“(Q), (4.4)
E,—2E  weakly inI?(Q),

a,—*—>a®  weakly-* inI°(Q),

where &, =a.du/dx, a° is the mean value of a. Here we used the fact that by the
periodicity of a,, we have

a’ —\a ‘Mjo a(x)dx

Moreover, from (4 2) we der1ve that at the limit, . o
»—m}; finQ. SN {4.5)

As was mentloned above from (4 4) we bave u, -w——>u weakly in W 12 (Q) which 1mp11es
by continuity of the trace operatdr that #(0)=u(1)=0. Now we establlsh the relation between
& and u. Clearly, from (4.1)-(4. 3) since fe L2 (O) -we have a priori estimate

é& J SC s

dx |2 %)

where C is independent of &. Consequently, and using the Rellich-Kondrashov theorem, one
has

eyt

&, —2> & weakly in W(}’z(Q), hence strongly in Z2(€2).
Notice that &, is the product of two weakly converging quantities. In general, this does not

imply that the limit £ is the product of the weak limits a" and du/dx. To begin with, we
remember that
‘ du, 1

‘”d;f =—Cs. (4.6)

g

I 1 s
where 0 < —<— <— <400, and so, by penodicity,
a, a
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,L__l__)<.l~>;— ! OT 1 dx weakly in L7(Q)).
ag a a(x)

Since the term (i/0,)&, is the product of the weakly convergent quantity 1/a, by the
strongly convergent one &, , its limit is the product of the limits of 1/a, and £, . Thus

s J~><l\§ weakly in I2(Q). @7
ag a /

Consequently, from (4.6), we have g—z- = <~1—>E’; . Now making use of (16), it follows that u is
a

the solution of the limit boundary value problem

I\
\a =finQ, 4.3)
u( O) u(l) =0
This problem has a unique solution, so the whole sequence {u, }g>0 converges to u weakly
in W1 2 (Q) _ . 4 &
Thus due to the Definition 3.2, we come to followmg 00n01u<10n

-JL»(-&\*’ g

aj
AP : : o 1\
whereas a -————>< ) weakly—* n L°°(Q) However, in general < > é(’d}:;‘and W
a SR St et
obtain the required. A
5. The nonlinear Dirichiet problem. We begin with thc more precise description of

our mam ~object. For a fixed matrix 4e My B (D) and a real mumber < p i<+ we defineithe *
mapping a: R” x R” > R" as follows
-2
a(x,¢) = AP ¢
Then (see, for iqstance, [2], [4]) there exist two constants ¢g, ¢; with 0<cg<cp <+ such

that, a.e. in R” and forevery §;,5, € R”, we have
in the case 2< p <+

(a(x,$1) - a(x,62),61 ~$2) g 2 coi@ -5, (5.1)
(aCe,¢0) = ax,C)gn Se1Gilgn +E2lgn) 1= G2l (52)

inthe case 1< p<2
(a(x,6)) —a(x,£2),61 =62 pn ZCo(}QIRn +i§2|Rn)p"2141 -42]12@ .(5.3)
(ax,61)- aGx8)gn <1~ ff (5.4)
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In particular (5.1)~(5.4) imply that a.e. in R” and forany { e R":
-1
(@66, gn 2l LaCeOlgn <cilel?y (5.5)
Since AeM f (D) it is easy to verify that (5.1)-(5.4) are satisfied with
¢p=2>"Pq and ¢, =(p-1p for p>2,and
co=a, =22 7p for p<2.

As a result, for a given function ayeL*(D) such that ay(x)20 ae. in D, the
operator

Ay =—div(a(x, Dy) + gDy
defined via the paring

: -2
<Ay’ U>W"L4(Q),W8’P(Q) = IQ (A(x)’Dy‘zn Dy’Dv)R" e +

p-2 1,
+an0(x)|y| yode Vy,veWyF(Q)
turns out to be coercive, strictly monotone from WOLI7 (€Y) into its dual WO"L" (©), and demi-
continuous in the following sense: y; — g strongly in ,WOI’p (Q) implies that 4, — 4,

weakly in Wo’l’q(Q) (see [5], {6]). Then by well-known existence resuits for nonlincar
elliptic equations with strictly monotone demi-continuous cocrcive operators (see [5], [12]),

one can easily see that for every open set'Q ‘and every f e I7(Q) the nonlinear Dirichlet
boundary value problem »

o Ay=fin Q, yeWpP@) e (5.6)
has a unique weak solution in #,2(C2). Let us recall that a function y is the weak solution of
(5.6) if T e ey

yeWy P, (5.7)
: -2 - NP2 e S PSS :
jQ(A(x)wy{;n Dy,DV) dx+an0(;;)yjP  yods = fodx vge WaP (©). (5.8) |

Following [2], [4], we conclude this section by some results concerning the estimates
for the solution of Dirichlet problem (5.6).

PROPOSITION 5.1. For every AeMPBZ (D), ayeI®(D) (asx)=0 ae. in D), and
feWw “L900)) the unique weak solution y 4 to the problem (5.6) satisfies the estimates:

.[Q!DyA ‘pn dre< Cuf"zy—l‘Q(Q)’ u)’A“W(}P(Q) <C (59)
where C is a constant depending only on p, «, and B.
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6. The main result. In this section we mtroduce a class of matrices A =la,-- J as a
subset of M, f (Q2), for which the H-limit and weak-* limit in, L°(CQ;R™") are the same.
Let &, & be given functions of £* (D) such that 0 < &(x) <& (x) a.e.in Q. Let {(;,...0,}
be a collection of nonempty compact subsets of W “19(0)). To define the class of admissible

matrices, we introduce the following set

Ut ={ A=lay....a,]e ME(Q)\diva, e Q;, Vi=1,...n} (6.1)
assuming that U ,; < L°(Q; R™") is a nonempty set. o
DEFINITION 6.1. We say that a matrix A= laijj is admissible to the nonlinear Dirichlet
problem (5.6) if AeUy,,. '

To begin with, we prove the following result:
PROPOSITION 6.2. The set U, is sequentially compact with respect to the weak-*

topology of L°(,; R™" ).

Proof Let {4 =|ay,...0, ]k en ©Usr be an arbitrary sequence of admissible
matrices. Since Uy, <M, {f () and M, ;f (€2) is the sequentially weakly-* compact subset of
I®(C;R™™), we may suppose that there exist a matrix Ay = [10,...3,0]e MP(Q) and
elements f; € (;,i=1...n such that

[N dx—-"—’”i-)jg (@0 9) gn e, Vo LNQ) = L(QR™), Vi=12,..n (6.2)
and
divig —2% 5 £ in WY(Q) Vi=12,..n. (6.3)
It remains to prove that ' '

divay = f; forall i=12,..n. .

To do this, we choose ¢ in (6.2) as a potential vector, that is, ¢ = Dv, where ve W(',l”’ ).
Then, in view of (2.1), the relation (6.3) implies
[y @i DO) g e = ~(div g 1) 1.0 @)

k—o

— = (fil)graymir gy V=L

Using this and relation (6.2),we finally get
Jin o G, D) o e = [, @0, D) o i

=~{divdyo, v}y 14 @@ = ~(/iO)p-1a @awpr ) VI heon
As aresult, we have 4y =[dyg,...d,0]e U,y . This concludes the proof, 0
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In what follows, we make use of the following result (for the proof we refer to [13]).
LEMMA 6.3. Let: {7,‘ }k v S (Q), {0 by ©LP(Q) be the bounded sequences of
vector-functions such that

fk——y—-)fo in L1(Q) and g, —= 58, in IP ().

I
{div T }k <N 18 compact with respect to the strong topology of wha (), (6.4)
and
curlg, =0 VkeN, 6.5)
then
. d o0
Jim [ (T Bi Jgn e = [ #(70.20 Jgn . ¥ $ e CG(D). (6.6)

REMARK 6.4. The equality (6.6) can be interpreted as the weak-* convergence in
Q) of the sequence ?fk,gk)R,, }keN to the element (fb,go)R,, .

Let us denote by Ec I°(Q;R™™)x WyP (Q) the set of all admissible pairs (4, )
matrix and the corresponding solution to the boundary value problem (5.7)-(5.8). Now we
are in a position to study the topologiqal properties of this set. Let 7 be the topology on the set

L (CLR™ ™) x Wl’p (Q) which we define as the product of the weak-* topology of
L*(;R™") and the weak topology of W . v
THEOREM 6.5. Forevery f e W"l 1) the set E is sequentially r—closed

Proaf. Let {(Ak yk)}k-éN'c = be any r-convergent'sequence. Let (4y,yn) be its -
limit. Our aim is to prove that (4g, vg) € E. Let us set ;

(A y)=—div(A(x)Dy|? Z Dy )+ ao (ol "2y = (4 P+ Sa(Ay),
Si(A,y )_—dzv(A(x){DyiP“ Dy)=—diva(A(x\Dy).
By Proposition 6.2 and the initial assumptions, we have A, e U, , therefore,
Ay =2 Ag =[digg,... 30 | weakly-* in I°(QUR™™),  (6.7)
diviiy, - divig stonglyin w(Q), Vi=l..n. (6.8)

32 . ) 1 o 281 ;f" .
Yk ——>yo in WyP(Q). (6.9)
Hence '

{‘DJ’kan Dyg }kGN is bounded in 19/2), ¢=p/(p-1),
{yk‘p—-Z Vi LN isbounded in 29¢(Q)), - (6.10)

158



Ve yoin IP(Q),  y(x) > yo(x) ac.inQ 6.11)
Then, by (6.11) and monotonicity of the function g(¢ )= K]p ¢, we have

]yk|p Vi ——)‘yolp yo almost everywherein Q.
Using this and (6.10), we conclude (see[6])

-2 -2 .
Wil? ™" v ——ol” o in 10(Q).
Consider the following sequence

{fk =1 = aglel? e }keN
It is clear that f} W'l'q(Q) Vke N and since the embedding LI(Q) W'l'q(Q) 1S
compact it follows that
fe = fo=F~aglyol’ % yo strongly in wH(Q) . (6.12)
In view of. thls and the fact that

C L —diva( Ag(x).Dyi ) = fy mQ VkeN,
we come to the conclusion (see (5.1)-(5.5)): {a( 4;(x),Dy; }, . s the bounded sequence in

LI(Q3). So, passing (0.8 subsequence, we may assume that there exists a vector-function
Ee17(Q) such that “ | /
al A (x), Dy )= Aleyk

:As a result, the limit passage in the relation as Fo0 (m the sense of the distributions)
~divEy = [ —agly, P~ !yk], nDE), o o

Dyk =-£k_l”->§ in I9(Q). (6.13)

gets

s 1p-2 . 72X
~divE = f = aglyo|” " [yol. in DI(Q) 6.14)
It remains only to show that R :

E= Ao)DJ’ofz; 2 Dyy .
To do so, we consider the scalar function
U(x)z(z,x)R,,, (6.15)
where 2 is a fixed element of R” . Since the operator S is strictly monotone, it follows that
for every ze R” and every positive function ¢ e C5°(2), we have
JQ‘T’(X)(a(‘AkaDyk)‘a(Ak:DU)»Dyk —Dv)pndx 20,

or, taking into account (6.15), this inequality can be rewritien as .

J,0(x)(al A4, Dy, )~ a( 4,2). Dy, - 2) ,,dx>0 | (6.16)

Our next intention is to pass to the limit in (6.16) as s usmg Lemma 6 3. Since
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—diva( A, Dy, ) —-éf—aolyolp_ﬂyo[ strongly in W b4(Q), 6.17)
curv(Dyy —z)=curvDy, =0, VkeN,
it remains to show that the sequence {diva( 4,z )}k < 15 compact with respect to the strong

topology of W 49(Q).
Indeed, for every ¢ € C3 (€2), we have
(~div a(Ak:2),¢>W~—l.q(Q);Wol,p Q)= jQ(a(Ak,z), D )pn dx

(G (x).z)gn
= [o(A(x )2l ? 2. Dgax =[P~ | ~  |\D¢| o
((5)2pn | |,

_ n - 6¢ 2 n n a¢
=22 jggl(aik(x),z)m.—éxtdx%z};n jggglag(x)&-;zjdx

Sl 32 [ (F(3). D g
i=1

el i |
- *le]R" jz=121<dwa]k’¢>W a0y he (Q)-’J" oo (618

Then using (6.8), we get’

. _ -2 = _
Jm T =l jglzj i (V50 e ) =

| p;Z B
=l glz 5(- dva ,‘-o,q;>W_1,qA comirey ©19

Making the converse transformations with (6.19) as we did it in (6.18), we come to the
relation

klfi"m<" diva( Ay, 2).9) 14, S0 =(~diva( 4,2).8)y10,, oy (620
Since for every i=1...n the sequences {diva,k }ng are strongly convergent in
wb4(Q), from (6.18)—6.20) it follows that

kZTw<— diva(Ak,Z}),¢k>W—1,q(Q);W;,p(Q) = <“ diva(Ao,Z), ¢>W—1’q(Q),'W01'p(Q) (621)
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for each sequence {¢k}keN < C5 () such that ¢, 2 5 in WOI”’(Q)A Thus, summing
up the above results, we obtain

diva( Ay,z)—>diva( Ay,z ) strongly in W”l'q(Q), ]
a(Ak,z)=Ak)zJ£;2 }2;22 weakly —* in Lw(Q).f'
As a result, combining properties (6.17) and (6.22), it has been shown that all suppositions of

Lemma 6.3 are fulfilled. So, taking into account (6.9), (6.17), (6.22), and passing to the limit
in inequality (6.16) as k—0, we get

Jo8(x)(E-a(45,2),Dyg —2)pndx 20, VzeR"
for all positive ¢ € C3’(€2). After localization, we have
(§—a(Ay,2),Dvo~2)pn, Vze R”.
Since the operator J; is strictly monotone, it follows that
& =a( 4y, Dyy ) = Ao x)\Dyy
Therefore, equation (6.14) takes the form
~div(4o(x )Dyq 12;217,\’0) + aglyol?~vol = in DQ).

Hence the r-hmit pair (Ag,yo) is an admissible to the problem (5.7)-(5.8), and this concludes
the proof. O

As an obvious consequence of this theorem (see (6.7), (6.9), (6.13), and (6.23)), we
have the following result:

) 6.22)
z—"— Aylz

> Dyp. (623)

COROLLARY 6.6. Let {4, )}g>0 be a sequence of matrices in U, cMg(Q). Let

A e MB(Q) be its weak-* limit in I”(Q; R™ ). Then for every Few™4(Q) the

sequence {u, ) >0 @fthe solutions to the Dirichlet problems
EE u, e WiP(Q),
—div( 4, (x )\ Dug

72D, )+ ol ol P = £ in D), @2
satisfies
| ug —> 1 weakly in Wol’p(ﬂ),
As‘Dua|z;2Dus ->A*|Du|;;2Du weakly in LI(Q,R" ),
where u is the solution to the problem (
( ueWi(Q),
(6.25)

ﬁ—dz‘v(A*(x )|Dug|£;21)u )+ap(xJu? 2u=f in D(Q).
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Thus, in the case when p=2, we just come to the desired result: H-convergence of any
sequence of matrices {4, }g>0 cU,, is equivalent to its convergence with respect to the

weak-* topology of L°(Q;R™" ).

[\

Haoii
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