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ONTHE WEAKLY-* DENSE SUBSETSIN І"(0)

Abstract. In this paper we study the density property. of the compactly supported smooth

functions in the space L” (QQ). We showthatthis set is dense with respect to the weak-* convergence

in variable spaces.

Let О be an open bounded domain in R> with a Lipschitz boundary 00.
Throughout the paper we suppose that Q is a measurable set in the sense of Jordan. Let

Co(Q) be the set of smooth functions with a compact support in Q. It is well known

that the set Cy(Q) is not dense in L°(Q), thatis, the assertion |

«...Югапу ГЕГ”(О)сап Бе Фоцпда зедиепсе {их Е Со’(О)зас

that u, —> f strongly in L°(Q) ask 0...»

is not true, in general. So, the main question we are going to study in this paper is the

following: how canthe density concept of the locally convex space Co. beinterpreted in

L°(Q)? As we will see later it can be done through the concept of the weak- *

convergencein the variable spaces.
To begin with, we define the so-called graph-like structure on the domain Q . Let

Y be the following set Г [0;1)= [0;1) х [0;1).
Definition 1. We say that the set Y is the cell of.periodicityfor some graph F on

в? if Y containsa-«star»-structure suchthat:
(i) all edges ofthis structure have'a.common point M é intY ; each edgeis line-

segment andall end-points ofthese edges belong to the boundary of ;
(ii) in the set of end-points (vertices) there exist pairs (М;Му,2 such that

хі ах or xMi aMe a

As follows from the condition (ii) we admit the existenceof isolatedverticesin the

Y -periodic graph F on Е? Let ec E=(0,є?/ Бе а зтаїparameter. We assumethat

é varies in a-strictly decreasing sequenceofpositive numbers which convergeto 0.

Definition 2. We say that F,, is an & -pericdic graph on в? if

Fe =eF={eax:xeF}.

It is clear thatthe cell ofperiodicityfor Q, is eY . Let

124 = (1, =12..К} а)

be the set ofall edges on Y . Let Q be an open bounded domain in R? witha Lipschitz
boundary such that

@=1/(3,2): ме Гр0 < хо < 7()}, (2)

 

© PJ. Kogut, T.N. Rudyanova, 2008

149



where I; =(0,a), yeC'({0,a]), and 0< 79 = inf,еГ0а1 (4). Твеп дО є Гро Го,

where Ip = OQ\T. |

Definition 3. We say that СО, has ап є-регіодїс graph-like structure if

Q, =QNF,.

Our next step is to describe the geometry of the set о, in terms of so-called

singular measures in R . To doso, wewill follow the Zhikov's арргоасі (131-151).
yeaFor every segment J;eI"", i=1,2,...,K we denote by y; its corresponding

Lebesgue measure. Now wedefine the Y -periodic Borel measure д т R?asfollows

K
H= Digi; oY; (3)

is!

where 2122... 8K are non-negative weights such that |аи =1.
у

Thus the support of the measure y is the union of all edges J; € 1°, each of

which is a 1-dimensional manifold in R?. Sincethe homothetic contraction of the plane

аї є"! takes the grid F to F, = 6F , we introduce a «scaling» є -регіодіо measure д;

as follows .

. fe(B)= =2ule-ta) for every Borel set Bc В2. . (4)

Треп З С о

dug=e8?Мис=?
єї у:

Hence themeasure Meis weakly convergentto theLebesgue measure Р , that isis

дите lim -Jeeрак 27.35. 6)
£0 о 2.І a R2, ов. п

for еуегу Фе Сб(К? ) (see Zhikov зі foraproof).

Wedefine the space L*(Q,du,) in the way: y, €L°(Q,du,) if and only if y, is

a 4, -measurable function on © andthere exists a constant M >0 suchthat | y,(,)|s.M

H, -every where in Q.

Definition 4. We say that a sequence {y, € L”(Q,dut,)} »-y9 is uniformly bounded

if зире»оЇУє | г2(0, du.) ло,

Definition 5..A uniformly boundedsequence {y, € L”(Q,du, )} =—>0 # said to be

weakly-* convergentin the variable space L*(Q,du,) to y € L”(Q) if

lim [фув аи = [pydk for every pe Co(Q)
£204 о

(in the symbols y,—у).

Webegin with the following result:
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Theorem 6. Let у; )є-ьо be .any bounded sequence in the variable space —

L*(Q,du,). Then this sequence is relatively compact with respect to the weak-

* convergence in L”(Q,du,).
Proof. Let us set

i-(p)= Ге Фін, Фес(©).

Then, by the Hélder inequality, we have

|(©) 5уая 5 Welle(0,au,) Фа; . (6)

Непсе

|(9) 5 lyє |1? (Q.du,сое(к),

where by K we denote a support of g in Q. Since du, —“->dx = dl? in the space of

Radone measures and

limsupu,(K)< І? (K) for every compact subset of Q
є-зб

(see Zhikov [3}), it follows that

le(P) S211 e llepay HK)SUP ЇЇ у Їзгоди, у| =>0 ue |

for ¢ > 0 small enough. On the other hand,the set

Т(К)« (фе Су(О)зиррс К)
is separable with respect to the norm ||g|\-7q). Then, due to the Cantor diagonal

method,it canbeeasy proved thatthe séquence UeСХаос consists a subsequence which

is pointwise convergent on 7(K). As a result, there exists a subsequence of values
€; 0 such that esj

іт І,(9) - Кр) VpeCg(Q). оо Ф
дою

Taking into account the inequality (6), we conclude

Uo) <sup|| Yq lho 4, lim {\o| due = sup || ¥e ||,» іа.| | OE (оли)т РЕ(мно

So, К.) is the linear continuous functional оп ДО). Непсе, пе following
representation holdstrue

Ug) = [рфах
Q

where v is some element of Z°(Q). Thus, in view of (7), v is a weak-* limit of the

subsequence {уз, 37-1 in the variable space L” (Q,dy,).

Nowwearein a position to state the main result of our paper.
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Theorem 7. For any element y¢L”°(Q) there can befound a sequence ofsmooth

functions { ¥¢ €CQ(Q)}esq Satisfying the conditions:

Yel SI Vllerqy Sor every BEE; Ye—“—>y in L°(Q,dys,) as & +0
(8)

Proof, Let y be any element of Z°(Q). We set ся УП(о) Since

L°(Q)c ?(Q) and the space of smooth functions C°(Q) is dense in 17/2) it

follows that there is a sequence {y, €C”(Q)} satisfying the conditions:

(ув | Є с бог емегу є є Е; є З УЇр/оу 0 ав є-» 0.

Therefore

lim jet (дуах for every pECy(Q) (9)
є-зд о

Further we note that y, еї (Q,du,) (as a smooth function) and hence |У, | єсИ;-

almost everywhere. Wehave to show that y, > y weakly-* in L°(Q,du, ), ie.

[oedue > Гдуах бог емегу фе СР(В2). (10)
о о:

Wepartition Ше Фотаїп О іліо Ше зеі5 ЄЇ; , мПеге У;іє регіодіс соуєгіпо of В? Бу

the cell Y . Then

Годусне з У Jordit,У Jovedt (11)
9 гУ, о 90%, М

where the second sum is calculated over theset of, the“boundary! ‘Squares- such that
éY, NOQ# 0. By Mean Value Theorem,for each indexJ there exist points Хіпin the

cells ey; such that.

Гоу,ай, з ФхуУс(ху) | dey = 90x;)¥e(X;yeJawохdye,Je? vj.
ey, ЕТ,

Then in view of (11), we get

loved, =orxjJoel)JeSve| | Wed, + дура а
о ) сое oO (12)
= i + I, + (дугах |

о

Note that

Піо fovedue| = | sup byfellaDe),
QneyY, дере) xEQNeY, |

where D(e) is the quantity of the 'boundary' squares, and 87р(є)-» 0 by Jordan's

measurability property of the set dQ . Hence Jy +0 as & tendsto zero.

152



Nowweshow that /; — 0. To do so, we notethat

Ihl=|De(x; )ye(x, Je” - faveds|s +
7 о

У Го<
Qqrey;   

Дтroa}
/ ey,

 

  

«У
7  
ох)к)oo

=7,

Let us suppose the converse,thatis,

Lim,ayo)—(xj)-8foyedrle? >0.
ey;

Since Q is bounded, it is contained in a number of squares ¢Y; smaller than c/є,

where C doesnot depend оп &. So, there exist a constant C*>0 апі а маше є» 0
suchthat

худУв(хід- є". [фу>С* (13)
: єї;

(for an infinite number of indices j for every fixed ¢). Hence the extremely wild

oscillations is present in.thesequence {у ). However([1],[2]), if we have the very rapid

fluctuations in the functions we} then the convergence gy, — gy almost everywhere

in QO isexcluded.

This fact immediately reflects the failure of the strong convergence Weє -? ФУ in

йО) аз є >0. шдеед;Бу Феіпібіа! assumptions, wehave

vel Se.foreveryЕЕ, ФЕ >inС,

and|| gy, — ФУ п/о20а8 є-» 0 for any. pECorR? ),

Let A be any subset of Q with М #0. Then, by Valadier's Theorem [2], gy, -»фу

strongly if and only if the following criterion is satisfied: Vd > 0 36° >0,4BC A with

[В] #0 such that

[Bl Ie. -|ві"ці«б Ме«є?,
ВВ

Hence, for any ¢< e° there isa square €Y; c B suchthat

є? Поує- є? Ідуах «б.
eY;

Sincethe functions gy, are continuous and uniformly bounded it follows that for any

point x, of eY; satisfying the condition
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ol; Wye (x; )- є? Гдурах #0.
ЕТ,

there can be foundaconstant 4, > 0 satisfying |

є? | ФУ: -=7 [ух dx = A, ФіхуУв(худ-є [гу
=, =,

Непсе

OX;)¥_(xj)—8 [pyeds| < Agб
ві;

and we comeinto conflict with (13). So, our supposition:was wrong and we get .

Сус(хі)- Є72 Гоугадє? 20.
ЕТ,

As a result, we have J; > 0. hes, summing upthe results obtained above and the

relations (12), (9), we cometo the desired identity (10).
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