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Sharp inequalities of various metrics on the
classes of functions with given comparison
function

Abstract. For any q > p > 0, ω > 0, d ≥ 2ω, we obtain the following sharp
inequality of various metrics

‖x‖Lq(Id) ≤
‖ϕ+ c‖Lq(I2ω)
‖ϕ+ c‖Lp(I2ω)

‖x‖Lp(Id)

on the set Sϕ(ω) of d-periodic functions x having zeros with given the sine-shaped
2ω-periodic comparison function ϕ, where c ∈ [−‖ϕ‖∞, ‖ϕ‖∞] is such that

‖x±‖Lp(Id) = ‖(ϕ+ c)±‖Lp(I2ω) .

In particular, we obtain such type inequalities on the Sobolev sets of periodic
functions and on the spaces of trigonometric polynomials and polynomial splines
with given quotient of the norms ‖x+‖Lp(Id)/‖x−‖Lp(Id).

Key words: Inequality of various metrics, a class of functions with given compari-
son function, Sobolev class of functions, polynomial, spline.
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Àíîòàöiÿ. Äëÿ äîâiëüíèõ q > p > 0, ω > 0, d ≥ 2ω, îòðèìàíà òî÷íà íåðiâ-
íiñòü ðiçíèõ ìåòðèê

‖x‖Lq(Id) ≤
‖ϕ+ c‖Lq(I2ω)
‖ϕ+ c‖Lp(I2ω)

‖x‖Lp(Id) (1)

íà êëàñàõ Sϕ(ω) d-ïåðiîäè÷íèõ ôóíêöié x, ùî ìàþòü íóëi, iç çàäàíîþ ñèíó-
ñîïîäiáíîþ 2ω-ïåðiîäè÷íîþ ôóíêöi¹þ ïîðiâíÿííÿ ϕ, äå c ∈ [−‖ϕ‖∞, ‖ϕ‖∞]
çàäîâîëüíÿ¹ óìîâó

‖x±‖Lp(Id) = ‖(ϕ+ c)±‖Lp(I2ω) .

ßê íàñëiäîê äîâåäåíà òî÷íà íåðiâíiñòü

‖x‖Lq(I2π) ≤
‖ϕr + c‖Lq(I2π)
‖ϕr + c‖αLp(I2π)

‖x‖αLp(I2π) · ‖x
(r)‖1−α∞ , α = (r + 1/q)(r + 1/p)−1

íà ñîáîë¹âñêèõ êëàñàõ äèôåðåíöiéîâíèõ 2π-ïåðiîäè÷íèõ ôóíêöié iç çàäàíèì
âiäíîøåííÿì Lp-íîðì äîäàòíî¨ i âiä'¹ìíî¨ ÷àñòèí ôóíêöi¨, äå ϕr− iäåàëüíèé
ñïëàéí Åéëåðà ïîðÿäêó r. Êðiì òîãî, ç íåðiâíîñòi (1) âèâåäåíà íåðiâíiñòü òèïó
Íiêîëüñüêîãî

‖T‖Lq(I2π) ≤
( n
m

) 1
p−

1
q ‖ sin(·) + c‖Lq(I2π)
‖ sin(·) + c‖Lp(I2π)

· ‖T‖Lp(I2π) ,

íà ïðîñòîðàõ òðèãîíîìåòðè÷íèõ ïîëiíîìiâ T ïîðÿäêó ≤ n ç ïåðiîäîì
2π/m,m ≤ n, i çàäàíèì âiäíîøåííÿì Lp-íîðì äîäàòíî¨ i âiä'¹ìíî¨ ÷àñòèí,
i àíàëîãi÷íà íåðiâíiñòü òèïó Íiêîëüñüêîãî

‖s‖Lq(I2π) ≤
( n
m

) 1
p−

1
q ‖ϕr + c‖Lq(I2π)
‖ϕr + c‖Lp(I2π)

· ‖s‖Lp(I2π) ,

íà ïðîñòîðàõ ïîëiíîìiàëüíèõ ñïëàéíiâ s ïîðÿäêó r ìiíiìàëüíîãî äåôåêòó ç
âóçëàìè â òî÷êàõ kπ/n, k ∈ Z, òà ïåðiîäîì 2π/m,m ≤ n, i çàäàíèì âiäíîøå-
ííÿì Lp-íîðì äîäàòíî¨ i âiä'¹ìíî¨ ÷àñòèí

Êëþ÷îâi ñëîâà: Íåðiâíiñòü ðiçíèõ ìåòðèê, êëàñ ôóíêöié iç çàäàíîþ ôóí-
êöi¹þ ïîðiâíÿííÿ, ñîáîë¹âñüêèé êëàñ, ïîëiíîì, ñïëàéí.

MSC2020: Pri 41A17, Sec 41A44, 42A05, 41A15

1. Introduction. Let G ⊂ R. We will consider the spaces Lp(G), 0 < p ≤ ∞, of
all measurable functions x : G→ R such that ‖x‖p = ‖x‖Lp(G) <∞, where

‖x‖p :=

(∫
G

|x(t)|p dt
)1/p

, if 0 < p <∞,

‖x‖∞ := vrai sup
t∈G
|x(t)|.

Let d > 0 and Id denote the circle which is realized as the interval [0, d] with
coincident endpoints.

For r ∈ N, G = R or G = Id, denote by Lr∞(G) the space of all functions x ∈ L∞(G)
for which x(r−1) is locally absolutely continuous and x(r) ∈ L∞(G).
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SHARP INEQUALITIES OF VARIOUS METRICS

Let ϕr(t), r ∈ N, be the shift of the rth 2π-periodic integral with zero mean value
on a period of the function ϕ0 (t) = sgn sin t satisfying ϕr(0) = 0 and ϕ′r(0) > 0.

Òåîðåìà A [1]. Let r ∈ N, q > p > 0. For any function x ∈ Lr∞(I2π) having zeros
the inequality

‖x‖q ≤ sup
c∈[0,Kr]

‖ϕr + c‖q
‖ϕr + c‖αp

‖x‖αp‖x(r)‖1−α∞ , (1.1)

holds true, where α = r+1/q
r+1/p

, Kr := ‖ϕr‖∞.
In addition, the inequality

‖x±‖q ≤
‖(ϕr + c)±‖q
‖(ϕr + c)±‖αp

‖x±‖αp‖x(r)‖1−α∞ (1.2)

is proved in [1] for any function x ∈ Lr∞(I2π) having zeros, where c ∈ [−Kr, Kr]
satisfying

‖x+‖p
‖x−‖p

=
‖(ϕr + c)+‖p
‖(ϕr + c)−‖p

.

In this paper we generalize the inequalities (1.1) and (1.2) on the classes of the
functions with given comparison function.

We need the following de�nitions.
A function f ∈ L1

∞(R) is called a comparison function for x ∈ L1
∞(R) if there exists

a constant c ∈ R satisfying

min
t∈R

f(t) + c ≤ x(t) ≤ max
t∈R

f(t) + c, t ∈ R,

and from x(ξ) = f(η) + c, ξ, η ∈ R, the inequality |x′(ξ)| ≤ |f ′(η)| follows ( if
corresponding derivatives exist).

Let ω > 0. By de�nition, S-function is a 2ω-periodic function ϕ ∈ L1
∞(I2ω) that has

the following properties: vanishes at 0, is odd about 0, is even about ω/2, is positive
and concave on (0, ω), and strictly increasing on [0, ω/2].

For 2ω-periodic S-function ϕ denote by Sϕ(ω) the class of functions x ∈ L1
∞(R) for

which ϕ is the comparison function. Note that the classes Sϕ(ω) were considered in [2],
[3]. Examples of such classes Sϕ(ω) are the Sobolev classes {x ∈ Lr∞(Id) : ‖x(r)‖∞ ≤ 1},
the bounded subsets of the space Tn of all trigonometric polynomials of order at most
n, and the same subsets of the space Sn,r of polynomial splines of order r having defect
1 with knots at the points kπ/n, k ∈ Z.

In this paper we prove the inequality of various metrics on the classes Sϕ(ω) of
d-periodic functions with given quotient of the norms ‖x+‖Lp(Id)/‖x−‖Lp(Id) (Theorem
1). In particular, we obtain such type inequalities for a function x ∈ Lr∞(I2π) (Theorem
2) and for functions in spaces Tn and Sn,r (Theorem 3 and Theorem 4) with given
quotient of the Lp-norms positive and negative parts of a function.

2. The inequalities of various metrics on the classes Sϕ(ω).
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Theorem 1. Let q, p > 0, q > p and ϕ is 2ω-periodic S-function. If for d-periodic
function x ∈ Sϕ(ω) having zeros there exists the number c ∈ [−‖ϕ‖∞, ‖ϕ‖∞] such that

‖x±‖Lp(Id) = ‖(ϕ+ c)±‖Lp(I2ω) , (2.1)

then the inequality

‖x‖Lq(Id) ≤
‖ϕ+ c‖Lq(I2ω)
‖ϕ+ c‖Lp(I2ω)

‖x‖Lp(Id) (2.2)

holds true.
For �x c ∈ [−‖ϕ‖∞, ‖ϕ‖∞] the inequality (2.2) is the best possible on the set of

functions x ∈ Sϕ(ω) having zeros and satisfying the condition (2.1). The inequality
(2.2) becomes equality for the function x(t) = ϕ(t) + c.

For proving Theorem 1 we require the following lemmas.

Lemma 1. Under the conditions of Theorem 1

‖x±‖∞ ≤ ‖(ϕ+ c)±‖∞ , (2.3)

and
d ≥ 2ω. (2.4)

Proof. Fix a function x ∈ Sϕ(ω) and a number c ∈ [−‖ϕ‖∞ ‖ϕ‖∞] satisfying the
conditions of Theorem 1. Let us suppose that the statement (2.3) is false. Since ϕ is
comparison function for function x, then ‖x+‖∞+‖x−‖∞ ≤ ‖(ϕ+c)+‖∞+‖(ϕ+c)−‖∞ .
So exactly one of the inequalities (2.3) is false. Let for example

‖x+‖∞ ≤ ‖(ϕ+ c)+‖∞ , ‖x−‖∞ > ‖(ϕ+ c)−‖∞ .

Then there is an a > 0 satiesfying

‖(x+ a)+‖∞ ≤ ‖(ϕ+ c)+‖∞ , ‖(x+ a)−‖∞ = ‖(ϕ+ c)−‖∞ . (2.5)

It is clear that x+a ∈ Sϕ(ω). Let m be a point of maximum of the spline ϕ+ c and let
t1(t2) be closest to the left (right) of m zero of the spline. In view of the second relation
(2.5) there is an shift x(· + τ) of the function x such that x(m + τ) + a = ϕ(m) + c.
Since ϕ+ c is the comparison function for functionx, then

x(t+ τ) + a ≤ ϕ(t) + c < 0 , t ∈ (t1, t2).

By virtue of the inequality a > 0, this implies the estimate

‖x−‖Lp(Id) > ‖(x+ a)−‖Lp(Id) ≥ ‖(ϕ+ c)−‖Lp(I2ω) ,

that contradicting (2.1). The inequality (2.3) is proved. Since x ∈ Sϕ(ω), the relation
(2.4) follows immediately from (2.1) and (2.3).

Lemma 1 is proved.
For a function f ∈ L1(Id) denote by r(f, t), t ∈ [0, d], the decreasing rearrangement

(see, for example, [4, �1.3]) of the restriction of the function |f | on [0, d]. Set r(f, t) = 0
for t > d.
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Lemma 2. Under the conditions of Theorem 1

ξ∫
0

rp(x̄±, t)dt ≤
ξ∫

0

rp(ϕ̄±, t)dt, ξ > 0 , (2.6)

where x̄ is the restriction of the function x on Id, and ϕ̄ is the restriction of the function
ϕ+ c on I2ω. In particular,

‖x±‖Lq(Id) ≤ ‖(ϕ+ c)±‖Lq(I2ω). (2.7)

Proof. For proving (2.6) note that by virtue of (2.3) for any y± ∈ (0, ‖x̄±‖∞) there
are the points

t±i ∈ Id, i = 1, 2, ...,m, m ≥ 2, y±j ∈ I2ω, j = 1, 2,

such that
y± = x̄±(t±i ) = ϕ̄±(y±j ).

Since ϕ+ c is comparison function for function x, then

|x̄′±(t±i )| ≤ |ϕ̄′±(y±j )|.

Show that if the points θ±1 ∈ [0, d] and θ±2 ∈ [0, 2ω] are chosen so that

y± = r(x̄±, θ
±
1 ) = r(ϕ̄±, θ

±
2 ),

then
|r′(x̄±, θ±1 )| ≤ |r′(ϕ̄±, θ±2 )|.

Indeed, this immediately follows from the theorem on the derivative of the rearrangment
(see, for example, [4, the statement 1.3.2]). By this theorem

|r′(x̄±, θ±1 )| =

[
m∑
i=1

|x̄′±(ti)|−1
]−1
≤

[
2∑
j=1

|ϕ̄′±(y±j )|−1
]−1

= |r′(ϕ̄±, θ±2 )|.

Moreover, (2.3) implies the relation

r(x̄±, 0) = ‖x̄±‖∞ ≤ ‖ϕ̄±‖∞ = r(ϕ̄±, 0).

Therefore, the di�erence ∆±(t) := r(x̄±, t)−r(ϕ̄±, t) changes sign on [0,∞) at most once
(from minus to plus). The same is true for the di�erence ∆±p (t) := rp(x̄±, t)− rp(ϕ̄±, t).

Set I±(ξ) :=
ξ∫
0

∆±p (t)dt. Then, I±(0) = 0 and since the rearrangment is Lp-norm-

preserving, by (2.1) and (2.4) we have

I(d) = ‖x̄±‖Lp(Id) − ‖ϕ̄±‖Lp(I2ω) = 0.
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Besides, I ′±(ξ) = ∆±p (ξ) changes sign on [0,∞) at most once (from minus to plus).
Therefore, I(ξ) ≤ 0, ξ > 0. This is equivalent to (2.6). From (2.6) by virtue of
the Hardy-Littlwood-Polya theorem (see, for example, [4], theorem 1.3.1) follows the
inequality (2.7).

Lemma 2 is proved.
Proof of Theorem 1. Fix any d-periodic function x ∈ Sϕ(ω) and a number

c ∈ [−‖ϕ‖∞ ‖ϕ‖∞] satisfying the conditions of Theorem 1. Then by virtue of Lemma
1, the inequality (2.7) holds true. The relations (2.1) and (2.7) immediately implies the
inequality (2.2). Its accuracy is obvious.

Theorem 1 is proved.
3. The inequality of various metric for the functions x ∈ Lr∞(I2π). Recall

that ϕr(t), r ∈ N, is the shift of the rth 2π-periodic integral with zero mean value on
a period of the function ϕ0 (t) = sgn sin t satisfying ϕr(0) = 0, and Kr := ‖ϕr‖∞ is the
Favard constant. For λ > 0 set ϕλ,r (t) := λ−rϕr (λt). Obviously the spline ϕλ,r (t) is
2π/λ-periodic S-function.

For r ∈ N; p > 0, fp ∈ [0,∞] set

fp L
r
∞(I2π) :=

{
x ∈ Lr∞(I2π) :

‖x+‖p
‖x−‖p

= fp

}
.

Obviously, for given p, fp there is unique c ∈ [−Kr, Kr] such that

ϕr + c ∈ fp Lr∞(I2π). (3.1)

Theorem 2. Let r ∈ N; p , q > 0, q > p, fp ∈ [0,∞]. Then for any function
x ∈ fp Lr∞(I2π) having zeros we have

‖x‖q ≤
‖ϕr + c‖q
‖ϕr + c‖αp

‖x‖αp · ‖x(r)‖1−α∞ , (3.2)

where α = r+1/q
r+1/p

and c satis�es (3.1).

The inequality (3.2) is sharp on the class fp L
r
∞(I2π) having zeros and becomes

equality for the function x(t) = ϕr(t) + c.

Proof. Fix a function x ∈ fp Lr∞(I2π) having zeros. In view of homogeneity of the
inequality (3.2) we can assume that

‖x(r)‖∞ = 1. (3.3)

Choose λ > 0 satisfying
‖x‖p = ‖ϕλ,r + λ−rc‖Lp(I2π/λ). (3.4)

Then (3.1) and (3.4) in view of the de�nition of the class fp Lr∞(I2π) implies that

‖x±‖p = ‖(ϕλ,r + λ−rc)±‖Lp(I2π/λ), (3.5)
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Show that
‖x±‖∞ ≤ ‖(ϕλ,r + λ−rc)±‖∞. (3.6)

Let us suppose that the inequality (3.6) is false. Then ‖x‖∞ = ‖ϕω,r+ω−rc‖∞ for some
ω ∈ (0, λ). Let for example

‖x+‖∞ = ‖(ϕω,r + ω−rc)+‖∞, ‖x−‖∞ ≤ ‖(ϕω,r + ω−rc)−‖∞. (3.7)

Passing, if necessary, to the shift of the funnction x, we can assume that

‖x+‖∞ = x(m) = (ϕω,r + ω−rc)(m),

where m is the maximum point of the spline ϕω,r. By virtue of (3.7) and (3.3) the
conditions of the Kolmogorov theorem [5] are satis�ed. By this theorem the spline ϕω,r
is comparison function for function x. Therefore,

x+(t) ≥ (ϕω,r + ω−rc)+(t), t ∈ (m− π/ω , m+ π/ω)

and
‖x+‖p ≥ ‖(ϕω,r + ω−rc)+‖Lp(I2π/ω) > ‖(ϕλ,r + λ−rc)+‖Lp(I2π/λ),

which contradicts (3.5). The inequality (3.6) is proved. By virtue of (3.6) and (3.3) the
conditions of the Kolmogorov theorem [5] are satis�ed. By this theorem the spline ϕλ,r
is comparison function for function x. So x ∈ Sϕ(π

λ
). Then (3.5) in view of Lemma 2

implies that
‖x±‖q ≤ ‖(ϕλ,r + λ−rc)±‖Lq(I2π/λ). (3.8)

Combining (3.4) and (3.8), and also taking into account the obvious equality

‖(ϕλ,r + λ−rc)±‖Lp(I2π/λ) = λ−(r+1/p)‖(ϕr + c)±‖p , p > 0,

we get
‖x‖q
‖x‖αp

≤
‖ϕλ,r + λ−rc‖Lq(I2π/λ)
‖ϕλ,r + λ−rc‖α

Lp(I2π/λ)

=
‖ϕr + c‖q
‖ϕr + c‖αp

.

This estimates implies the inequality (3.2) by virtue of (3.3). Its accuracy is obvious.
Theorem 2 is proved.
Let

E±0 (x)p := inf
c∈R
{‖x− c‖p : ∀t ± (x(t)− c)± ≥ 0}

be the best one-sided approximations by constants of the function f in Lp(I2π).

Corollary 1. Let r ∈ N; p , q > 0, q > p, α = r+1/q
r+1/p

, and let the number c̄ ∈ [0, Kr]
implements the upper bound

sup
c∈[0,Kr]

‖ϕr + c‖q
‖ϕr + c‖αp

.
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Then, for any function x ∈ Lr∞(I2π), having zeros, the inequality

‖x‖q ≤
‖ϕr + c̄‖q
‖ϕr + c̄‖αp

‖x‖αp · ‖x(r)‖1−α∞

holds true and, for any function x ∈ Lr∞(I2π), we have

E±0 (x)q ≤
‖ϕr +Kr‖q
‖ϕr +Kr‖αp

E±0 (x)αp · ‖x(r)‖1−α∞ .

Both inequalities are sharp on the respective classes and turn into equalities for the
splines ϕr(t) + c̄ and ϕr respectively.

Remark. Theorem 2 and Corollary 1 are proved in [1].
4. The inequality of various metric for trigonometric polynomials. Let us

recall that Tn is the space of all trigonometric polynomials of degree at most n. For
p > 0, fp ∈ [0,∞] set

fp Tn :=

{
T ∈ Tn :

‖T+‖p
‖T−‖p

= fp

}
.

Theorem 3. Let n,m ∈ N, m ≤ n; p , q > 0, q > p, fp ∈ [0,∞]. For any tri-
gonometric polynomial T ∈ fpTn with minimal period 2π/m, having zeros, the inequality

‖T‖q ≤
( n
m

) 1
p
− 1
q ‖ sin(·) + c‖q
‖ sin(·) + c‖p

· ‖T‖p , (4.1)

holds true, where c ∈ [−1, 1] is the constant satisfying

sin(·) + c ∈ fp Tn . (4.2)

The inequality (4.1) is sharp for m = 1 in the sense

sup
n∈N

sup
T∈fp Tn

‖T‖q
n1/p−1/q ‖T‖p

=
‖ sin(·) + c‖q
‖ sin(·) + c‖p

.

Proof. Fix a polynomial T ∈ fp Tn with minimal period 2π
m

having zeros. Set
ϕ(t) := sinnt, ψ(t) := ϕ(t) + c, t ∈ R. In view of homogeneity of the inequality (4.1)
we can assume that

‖T‖Lp(I2π/m) = ‖ψ‖Lp(I2π/n). (4.3)

Then, by virtue of (4.2) and the de�nition of the class fp Tn, we have

‖T±‖Lp(I2π/m) = ‖ψ±‖Lp(I2π/n). (4.4)

Show that
‖T±‖∞ ≤ ‖ψ±‖∞. (4.5)
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Let us suppose that the inequality (4.5) is false. Then, there is γ ∈ (0, 1) such that
‖γT±‖∞ ≤ ‖ψ±‖∞, moreover, one of these inequalitiues turn into equality. Let, for
example,

‖γT+‖∞ ≤ ‖ψ+‖∞, ‖γT−‖∞ = ‖ψ−‖∞.

Then, the polynomial ψ is the comparison function for the polynomial γT (see the
proof of the theorem 8.1.1 in [6]). Let m be a minimum point of the function ψ and let
t1(t2) be closest to the left (right) of m zero of the function ψ. Passing, if necessary, to
the shift of the polynomial γT , we can assume that

‖γT−‖∞ = − γT (m).

Since the polynomial ψ is the comparison function for the polynomial γT , then

γT (t) ≤ ψ(t) < 0, t ∈ (t1, t2).

This implies the estimate

‖T−‖Lp(2π/m) > ‖γT−‖Lp(2π/m) ≥ ‖ψ−‖Lp(2π/n),

which contradicts (4.4). The inequality (4.5) is proved.
It follows from the inequality (4.5) and the proof of the theorem 8.1.1 in [6] that

ϕ(t) = sinnt is the comparison function for the polynomial T . So T ∈ Sϕ(π
n
). Therefore,

by virtue of (4.4), the polynomial T satis�es the conditions of Theorem 1, and hence,
the conditions of Lemmas 1 and 2. According to the inequality (2.7) of Lemma 2, we
have

‖T‖Lq(I2π/m) ≤ ‖ϕ+ c‖Lq(I2π/n) .

From this inequality, due to the 2π/m-periodic of the polynomial T and 2π/n-periodic
of the polynomial ϕ, we obtain

‖T‖q ≤
(m
n

)1/q
‖ϕ+ c‖q . (4.6)

Similarly, the condition (4.4) implies the equality

‖T‖p =
(m
n

)1/p
‖ϕ+ c‖p . (4.7)

From (4.6) and (4.7) follows the inequality (4.1). The sharpness of (4.1) is obvious.
Theorem 3 is proved.

Corollary 2. Let n,m ∈ N, m ≤ n; q , p > 0, q > p, and let the numner c̄ ∈ [0, 1]
implements the upper bound

sup
c∈[0,1]

‖ sin(·) + c‖q
‖ sin(·) + c‖p

.
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Then, for any trigonomrtic polynomial T ∈ Tn with minimal period 2π/m, having
zeros, the inequality

‖T‖q ≤
( n
m

) 1
p
− 1
q ‖ sin(·) + c̄‖q
‖ sin(·) + c̄‖p

· ‖T‖p

holds, and for any trigonomrtsc polynomial T ∈ Tn with minimal period 2π/m, we
have

E±0 (T )q ≤
( n
m

) 1
p
− 1
q ‖ sin(·) + 1‖q
‖ sin(·) + 1‖p

· E±0 (T )p .

Both inequalities are sharp for m = 1 in the sense

sup
n∈N

sup
T∈T 0

n

‖T‖q
n1/p−1/q ‖T‖p

=
‖ sin(·) + c̄‖q
‖ sin(·) + c̄‖p

,

where T 0
n is the set of polynomials T ∈ Tn having zeros, and

sup
n∈N

sup
T∈Tn

E±0 (T )q
n1/p−1/qE±0 (T )p

=
‖ sin(·) + 1‖q
‖ sin(·) + 1‖p

.

Remark. Theorem 3 and Corollary 2 for m = 1 are proved in [1].
5. The inequality of various metric for periodic polynomial splines. Let

r, n ∈ N. Recall that Sn,r stands for the space of polynomial splines of order r having
defect 1 with knots at the points kπ/n, k ∈ Z. It is clear that Sn,r ⊂ Lr∞(R). For p > 0,
fp ∈ [0,∞] set

fp Sn,r :=

{
s ∈ Sn,r :

‖s+‖p
‖s−‖p

= fp

}
.

Theorem 4. Let n,m ∈ N, m ≤ n; p , q > 0, q > p, fp ∈ [0,∞]. For a spline
s ∈ fp Sn,r with minimal period 2π/m, having zeros, the inequality

‖s‖q ≤
( n
m

) 1
p
− 1
q ‖ϕr + c‖q
‖ϕr + c‖p

· ‖s‖p (5.1)

holds true, where c ∈ [−Kr, Kr] is the constant satisfying

ϕn,r + n−rc ∈ fp Sn,r . (5.2)

The inequality (5.1) is sharp for m = 1 in the sense

sup
n∈N

sup
s∈fp Sn,r

‖s‖q
n1/p−1/q‖s‖p

=
‖ϕr + c‖q
‖ϕr + c‖p

.

Proof. Fix a spline s ∈ fp Sn,r with minimal period 2π/m having zeros. Set ϕ(t) :=
ϕn,r(t), ψ(t) := ϕn,r(t) + n−rc, t ∈ R. In view of homogeneity of the inequality (5.1)
we can assume that

‖s‖Lp(I2π/m) = ‖ψ‖Lp(I2π/n). (5.3)
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Then, by virtue of (5.2) and the de�nition of the class fp Sn,r, we have

‖s±‖Lp(I2π/m) = ‖ψ±‖Lp(I2π/n). (5.4)

Show that
‖s±‖∞ ≤ ‖ψ±‖∞. (5.5)

Let us suppose that the inequality (5.5) is false. Then, there is γ ∈ (0, 1) such that
‖γs±‖∞ ≤ ‖ψ±‖∞, moreover, one of these inequalities turn into equality. Let, for
example,

‖γs+‖∞ ≤ ‖ψ+‖∞, ‖γs−‖∞ = ‖ψ−‖∞.

Then, E0(γs)∞ ≤ E0(ψ)∞ = ‖ϕn,r‖∞ and, by the Tikhomirov inequality [7],

∥∥γs(r)∥∥∞ <
∥∥s(r)∥∥∞ ≤ E0(s)∞

‖ϕn,r‖∞
= 1,

where E0(x)∞ is the best uniform approximation of the function x by constants.
Thus, the spline γs satis�es the coditions of the Kolmogorov comparison theorem

[5]. By this theorem the spline ϕ is the comparison function for the spline γs. Let m
be a minimum point of the function ψ and let t1(t2) be closest to the left (right) of
m zero of the function ψ. Passing, if necessary, to the shift of the spline γs, we can
assume that

‖γs−‖∞ = − γs(m).

Since the spline ψ is the comparison function for the spline γs, then

γs(t) ≤ ψ(t) < 0, t ∈ (t1, t2).

This implies the estimate

‖s−‖Lp(2π/m) > ‖γs−‖Lp(2π/m) ≥ ‖ψ−‖Lp(2π/n),

which contradicts (5.4). The inequality (5.5) is proved.
It follows from (5.5) that E0(s)∞ ≤ E0(ψ)∞ = ‖ϕn,r‖∞ and, by the Tikhomirov

inequality [7], ∥∥s(r)∥∥∞ ≤ E0(s)∞
‖ϕn,r‖∞

= 1.

Thus, the spline s satis�es the coditions of the Kolmogorov comparison theorem [5].
By this theorem the spline ϕ is the comparison function for the spline s. So s ∈ Sϕ(π

n
).

Therefore, by virtue of (5.4), the spline s satis�es the conditions of Theorem 1, and
hence, the conditions of Lemmas 1 and 2. According to the inequality (2.7) of Lemma
2, we have

‖s‖Lq(I2π/m) ≤ ‖ϕn,r + n−rc‖Lq(I2π/n) .
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From this inequality, due to the 2π/m-periodic of the spline s and 2π/n-periodic of
the spline ϕn,r, we obtain

‖s‖q ≤
(m
n

)1/q
‖ϕn,r + n−rc‖q . (5.6)

Similarly, the condition (5.4) implies the equality

‖s‖p =
(m
n

)1/p
‖ϕn,r + n−rc‖p . (5.7)

From (5.6) and (5.7) follows the inequality (5.1). The sharpness of (5.1) is obvious.
Theorem 4 is proved.

Corollary 3. Let n,m ∈ N, m ≤ n; q , p > 0, q > p, and let the number c̄ ∈ [0, Kr]
implements the upper bound

sup
c∈[0,Kr]

‖ϕr + c‖q
‖ϕr + c‖p

.

Then, for any spines s ∈ Sn,r with minimal period 2π/m, having zeros, the inequality

‖s‖q ≤
( n
m

) 1
p
− 1
q ‖ϕr + c̄‖q
‖ϕr + c̄‖p

· ‖s‖p

holds, and for any splines s ∈ Sn,r with minimal period 2π/m, we have

E±0 (s)q ≤
( n
m

) 1
p
− 1
q ‖ϕr +Kr‖q
‖ϕr +Kr‖p

· E±0 (s)p .

Both inequalities are sharp for m = 1 in the sense

sup
n∈N

sup
s∈S0

n,r

‖s‖q
n1/p−1/q ‖s‖p

=
‖ϕr + c̄‖q
‖ϕr + c̄‖p

,

where S0
n,r is the set of splines s ∈ Sn,r having zeros, and

sup
n∈N

sup
s∈Sn,r

E±0 (s)q
n1/p−1/qE±0 (s)p

=
‖ sin(·) +Kr‖q
‖ sin(·) +Kr‖p

.

Remark. Theorem 4 and Corollary 3 for m = 1 are proved in [1].
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