Researches in Mathematics https://vestnmath.dnu.dp.ua

Res. Math. 29(1), 2021, p. 11-23 ISSN (Print) 2664-4991
doi:10.15421/242102 ISSN (Online) 2664-5009
UDK 517.5

T. V. Alexandrova*,V. A. Kofanov **

* Oles Honchar Dnipro National University,
** Oles Honchar Dnipro National University,
Dnipro 490012. E-mail: vladimir.kofanov@gmail.com

Sharp inequalities of various metrics on the
classes of functions with given comparison
function

Abstract. For any ¢ > p > 0, w > 0, d > 2w, we obtain the following sharp
inequality of various metrics

e+ cllL, (L)

X
Tot el I Entia

2llz, ) <

on the set S, (w) of d-periodic functions = having zeros with given the sine-shaped
2w-periodic comparison function ¢, where ¢ € [—||¢/co, [|¢[|co] is such that

lz+llz,r0) = Il +)£llL,(12) -

In particular, we obtain such type inequalities on the Sobolev sets of periodic
functions and on the spaces of trigonometric polynomials and polynomial splines
with given quotient of the norms |zy[/z,r,)/ll7- L, (14)-

Key words: Inequality of various metrics, a class of functions with given compari-
son function, Sobolev class of functions, polynomial, spline.

© T. V. ALEXANDROVA, V. A. KOFANOV, 2021 11



T. V. ALEXANDROVA, V. A. KOFANOV

Awnoraria. s gosiibaux g > p > 0, w > 0, d > 2w, orpuMaHa TOYHA HEPIB-
HICTb PI3HUX METPUK

l + el Ly (1)

< [P (1)
o +ellz, @y et

[z, r0)

Ha Kaacax S, (w) d-mepiogmanux yHKI{ x, 10 MAIOTh HyJi, i3 33aHOI0 CHHY-
cononi6Hon 2w-tiepiommanor0 GyHKIiE TOpiBHAHHSA @, 1e ¢ € [—||¢] oo, ||l co)
3a/I0BOJILHSAE YMOBY

Iz, = I+ )+, 120 -

Ak Hacaigmok oBeieHa TOYHA HEPIBHICTH

lor + el (12n)

HxHLq(I?”) - HQOT + CH%IJ(Izw)

o (r)I1—« _ -1
2%, 5y - 22716, = (r+1/q)(r +1/p)
Ha CODOJIEBCKHUX KJjacax audepeHnifiopaux 2m-nepioanaaux QyHKIii i3 3a1a0um
BigHOMeEHHAM L,-HOpPM momaTHOI i Bin'emuol wactnn dynkuil, ne ¢, — izeamprnit
cmnaitn Eiinepa nopsaaxy r. Kpim roro, 3 sepisaocri (1) BuBegeHa HepiBHICTD THUITY
Hikonbcrkoro

p=a Isin() +cllr, (1.0
[sin(-) + ¢llz, (r2x)

n
ITN L, (120) < (a)

: HT||L1J(127r)7

Ha TPOCTOPAX TPUTOHOMETPUYHHX NOJiHOMIB T mopsaiky < n 3 Iepiogom
2 /m,m < n, 1 33JaHAM BiTHONIEHHSIM L,-n0p™ momaTHOL 1 Big'emmoOl "acTuH,
i anasoriuna mepisHicTh THIY HikoahCchKOTO

1 1
n\3 3 ller+¢lli (Iax)
Islzamn < ()" " o B s 1)
() =\ lr + el (1o (12)

Ha MPOCTOpPaX MOJIHOMIAJIbHUX CILIANHIB § HMOPSAAKY T MiHIMAJBHOTO AedeKTy 3
By3Jjamu B Toukax kmw/n, k € Z, ra nepiogom 27w /m, m < n, i 3agauum BigHOLIE-
HHAM L,-HOpM I07aTHOI i Bix emmoi wacTmn

KurouoBi caoBa: HepiBaicTh pi3Hux MeTpuk, kjac GyHKINN i3 3a7aH010 (yH-
KIII€I0 TIOPIBHSAHHS, COOOEBCHKMIA KJIAC, TTOJIIHOM, CILTANH.

MSC2020: Pri 41A17, SEC 41A44, 42A05, 41A15

1. Introduction. Let G C R. We will consider the spaces L,(G), 0 < p < oo, of
all measurable functions x : G — R such that |[z||, = ||z||.,@) < oo, where

1/p
|z, := </ |z ()P dt) , if 0<p< oo,
@

||| oo := vraisup |z(t)].
teG

Let d > 0 and I, denote the circle which is realized as the interval [0,d] with
coincident endpoints.

Forr € N, G = Ror G = I, denote by L’_(G) the space of all functions = € L (G)
for which ("= is locally absolutely continuous and (") € L. (G).

12



SHARP INEQUALITIES OF VARIOUS METRICS

Let ©,(t), r € N, be the shift of the r'* 27-periodic integral with zero mean value
on a period of the function g (t) = sgnsint satisfying ¢,(0) = 0 and ¢/.(0) > 0.

Teopema A [1]. Let r € N, ¢ > p > 0. For any function v € L7 (l2;) having zeros
the inequality

ler +cllq -
lzlly < sup [E2 Rl P (1.1)
! c€[0,K] |§0r + CH; b
holds true, where o = :_ﬁfg, K, = ||or]lso-

In addition, the inequality

[(er + €)+llq -
lzelly < r——= e g lle @l (1.2)
T e +o)elly T T
is proved in [1] for any function x € L. (I2;) having zeros, where ¢ € [—K,, K,]
satisfying
|2+l _ I(or +€)+llp.
lz—llp (or + €)=l

In this paper we generalize the inequalities (1.1) and (1.2) on the classes of the
functions with given comparison function.

We need the following definitions.

A function f € L (R) is called a comparison function for z € L. (R) if there exists
a constant ¢ € R satisfying

i < <
Igéglf(t)+c_x(t) _Itrgi(f(t)—i-c, teR,

and from z(§) = f(n) + ¢, &n € R, the inequality [2/(£)] < |f'(n)| follows ( if
corresponding derivatives exist).

Let w > 0. By definition, S-function is a 2w-periodic function ¢ € L. (I5,) that has
the following properties: vanishes at 0, is odd about 0, is even about w/2, is positive
and concave on (0,w), and strictly increasing on [0, w/2].

For 2w-periodic S-function ¢ denote by S,(w) the class of functions « € L (R) for
which ¢ is the comparison function. Note that the classes S,(w) were considered in [2],
[3]. Examples of such classes S, (w) are the Sobolev classes {x € L”_(I3) : ||z < 1},
the bounded subsets of the space T,, of all trigonometric polynomials of order at most
n, and the same subsets of the space S, , of polynomial splines of order r having defect
1 with knots at the points kw/n, k € Z.

In this paper we prove the inequality of various metrics on the classes S,(w) of
d-periodic functions with given quotient of the norms ||z ||z, /||*— ||,z (Theorem
1). In particular, we obtain such type inequalities for a function z € L%_(I,) (Theorem
2) and for functions in spaces 7, and S, , (Theorem 3 and Theorem 4) with given
quotient of the L,-norms positive and negative parts of a function.

2. The inequalities of various metrics on the classes S, (w).

13



T. V. ALEXANDROVA, V. A. KOFANOV

Theorem 1. Let q,p > 0, ¢ > p and ¢ is 2w-periodic S-function. If for d-periodic
function x € S,(w) having zeros there exists the number ¢ € [—||¢]|oo; [|¢lloc] such that

2 2llz, ) = 16+ )xllL,r) » (2.1)
then the inequality
HSO + CHLq(I2w)

1) < ]|z, (2.2)
K R PR

2 g

holds true.

For fix ¢ € [—||¢lloos ||¢lloc) the inequality (2.2) is the best possible on the set of
functions © € S,(w) having zeros and satisfying the condition (2.1). The inequality
(2.2) becomes equality for the function z(t) = ¢(t) + c.

For proving Theorem 1 we require the following lemmas.

Lemma 1. Under the conditions of Theorem 1

[7£[oc < [1(# + €)+lloo (2.3)

and
d > 2w. (2.4)

Proof. Fix a function x € S,(w) and a number ¢ € [—||¢|l« [|¢]lc] satistying the
conditions of Theorem 1. Let us suppose that the statement (2.3) is false. Since ¢ is
comparison function for function z, then ||z ||+ 17— |l < [[(p+¢)+]loo+ | (0+¢) |0 -

So exactly one of the inequalities (2.3) is false. Let for example

[ lloe <@+ )tlloos N7-lloo > (o + )l -

Then there is an a > 0 satiesfying

[z +a)tllo <M+ )il (@ +a) oo = [I(¢ +¢)-lloo - (2.5)

It is clear that z +a € S,(w). Let m be a point of maximum of the spline ¢ + ¢ and let
t1(t2) be closest to the left (right) of m zero of the spline. In view of the second relation
(2.5) there is an shift (- + 7) of the function x such that x(m + 7) + a = ¢(m) + c.
Since @ + ¢ is the comparison function for functionz, then

s(t+7)+a<plt)+e<0, tE(t, L)
By virtue of the inequality a > 0, this implies the estimate

||$—|’Lp(1d) > H(iU +a)—||Lp(Id) > H(%O + C)—”Lp(IQw)?

that contradicting (2.1). The inequality (2.3) is proved. Since z € S,(w), the relation
(2.4) follows immediately from (2.1) and (2.3).

Lemma 1 is proved.

For a function f € Ly(/;) denote by r(f,t), t € [0,d], the decreasing rearrangement
(see, for example, [4, §1.3]) of the restriction of the function |f| on [0,d]. Set r(f,t) =0
for t > d.

14
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Lemma 2. Under the conditions of Theorem 1

£ ¢

/T’p(fbi,t)dt < /Tp((pi, t)dt, f >0, (26)

0 0

where T is the restriction of the function x on I, and ¢ is the restriction of the function
@+ c on Iy,. In particular,

£l Ly < N+ )xllLgr): (2.7)

Proof. For proving (2.6) note that by virtue of (2.3) for any y; € (0, ||Z+| ) there
are the points

tfely, i=1,2,...m, m>2, y; € I, j=1.2,

such that
yr = T(t) = @+ (y;).

Since ¢ + ¢ is comparison function for function x, then
7 ()] < |8 (7).
Show that if the points 6F € [0,d] and 65 € [0,2w] are chosen so that
Y+ = T(J_::tv 9?) = T(@:‘:a 93:)7

then
7 (Zx, 07)] < (@, 65)]-

Indeed, this immediately follows from the theorem on the derivative of the rearrangment
(see, for example, [4, the statement 1.3.2]). By this theorem

[ (2,0 I—IZM o [ZI%% 1] = | (@, 07)].

Moreover, (2.3) implies the relation

r(7+,0) = [[T£]0 < [[P£llo0 = 7(P,0)-

Therefore, the difference A% (t) := r(Z4,t)—r (@, t) changes sign on [0, 00) at most once
(from minus to plus) The same is true for the difference AZ(t) := rP(Zy,t) — 1P (pu, t).

Set I.(& fAi t)dt. Then, I.(0) = 0 and since the rearrangment is L,-norm-

preserving, by (2.1) and (2.4) we have
H(d) = 7Ll L, = 19 L, (120) = 0.
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Besides, I () = AF(£) changes sign on [0,00) at most once (from minus to plus).
Therefore, 1(§) < 0, & > 0. This is equivalent to (2.6). From (2.6) by virtue of
the Hardy-Littlwood-Polya theorem (see, for example, [4], theorem 1.3.1) follows the
inequality (2.7).

Lemma 2 is proved.

Proof of Theorem 1. Fix any d-periodic function z € S,(w) and a number
¢ € [—|l¢lloo lllloo) satistying the conditions of Theorem 1. Then by virtue of Lemma
1, the inequality (2.7) holds true. The relations (2.1) and (2.7) immediately implies the
inequality (2.2). Its accuracy is obvious.

Theorem 1 is proved.

3. The inequality of various metric for the functions = € L’_(I5,). Recall
that ¢, (t), r € N, is the shift of the r** 27-periodic integral with zero mean value on
a period of the function ¢ (t) = sgnsint satisfying ¢,(0) = 0, and K, := ||¢,||« is the
Favard constant. For A > 0 set @y, (t) := A"¢, (At). Obviously the spline ¢, (¢) is
27 / A-periodic S-function.

For r € N; p > 0, f, € [0, 00] set

t@L;Uﬁ)::{xelgxbﬁ.Hxﬂk ﬁ}

Obviously, for given p, f, there is unique ¢ € [—K,, K, ] such that

or +c € f LT (I2z). (3.1)
Theorem 2. Let r € N; p,q > 0, ¢ > p, f, € [0,00]. Then for any function

x € fp LT (I2x) having zeros we have

ler + cllg (r))|1—
| A B 3.2
z]lg < lor T II“” I - 12"l (3.2)

where o = %}?Z and c satisfies (3.1).

The inequality (3.2) is sharp on the class f, L. (I2z) having zeros and becomes
equality for the function x(t) = ¢,(t) + c.

Proof. Fix a function © € f, L7 (I5,) having zeros. In view of homogeneity of the
inequality (3.2) we can assume that

2|0 = 1. (3.3)

Choose A > 0 satisfying
[zllp = llear + A7l Ly (120 0)- (3.4)

Then (3.1) and (3.4) in view of the definition of the class f, L’ (I2,) implies that
lz£lp = [[(oxr + A7)l Ly (100005 (3.5)
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Show that
174 [loo < [[(xr + A77C) £ oo (3.6)

Let us suppose that the inequality (3.6) is false. Then |||l = ||¢w.r+w " ¢||s for some
w € (0, ). Let for example

T T

24 lloe = [(Pur + W) tlloos 7Moo < (e +@™"¢) e (3.7)

Passing, if necessary, to the shift of the funnction x, we can assume that

Hx-l—”oo = x(m) - (pr,r + W_TC)(m)a

where m is the maximum point of the spline ¢, ,. By virtue of (3.7) and (3.3) the
conditions of the Kolmogorov theorem [5] are satisfied. By this theorem the spline ¢,
is comparison function for function z. Therefore,

T4(t) > (pur+w )i (t), t€(m—m/w, m+7/w)

and

21 llp = [1(ur + @™ )bl Lty > [(0xr + A7)l Ly (120005
which contradicts (3.5). The inequality (3.6) is proved. By virtue of (3.6) and (3.3) the
conditions of the Kolmogorov theorem [5] are satisfied. By this theorem the spline ¢, ,

is comparison function for function x. So x € S,(¥). Then (3.5) in view of Lemma 2
implies that

[z£llg < N(@nr + A7)l Lg(1an0)- (3.8)
Combining (3.4) and (3.8), and also taking into account the obvious equality

l(orr + A7)l Lyt = AN 0r + 0)cllp, 2 >0,

we get
lzlly  loar + A7 ellzgtann) _ ller +cllg
13 |oar + A~ C||Lp(127r//\) ler +cllg

This estimates implies the inequality (3.2) by virtue of (3.3). Its accuracy is obvious.
Theorem 2 is proved.
Let
B (a), = i {[lr — cll, V¢ £ (2(t) - ) > 0)

be the best one-sided approximations by constants of the function f in L,(I2).

Corollary 1. Letr e N; p,g>0,q¢>p, a = ::?Z, and let the number ¢ € [0, K, |
implements the upper bound
ler +cllg
sup o
cefo,i,) ller +cllp

17



T. V. ALEXANDROVA, V. A. KOFANOV

Then, for any function x € L% (Is;), having zeros, the inequality

+c _
el < 1l jo o
ol 1le
T V4

holds true and, for any function x € L._(I5,), we have

+ K| _
E:I: < HSOT‘ r qu o (ryn1 o
0 (l‘)q — ||S07‘ + Kng 0 (x)p ||I ||oo

Both inequalities are sharp on the respective classes and turn into equalities for the
splines @, (t) + ¢ and @, respectively.

Remark. Theorem 2 and Corollary 1 are proved in [1].

4. The inequality of various metric for trigonometric polynomials. Let us
recall that 7, is the space of all trigonometric polynomials of degree at most n. For
p >0, f, € [0,00] set

17l
an::{TGTn:—:f :
g 17—l "

Theorem 3. Let n,m € N, m < n; p,q >0, ¢ > p, f, € [0,00]. For any tri-
gonometric polynomial T € f,T,, with minimal period 2w /m, having zeros, the inequality

11w
Irl, < (%) ey, (1)
holds true, where ¢ € [—1,1] is the constant satisfying
sin(-) +ce f,T,. (4.2)
The inequality (4.1) is sharp for m = 1 in the sense
7] [ sin(:) + ¢|
R 1288, W [T, [sin) el

Proof. Fix a polynomial 7" € f,7, with minimal period %’T having zeros. Set
(t) :=sinnt, ¥(t) := p(t) + ¢, t € R. In view of homogeneity of the inequality (4.1)
we can assume that

TN 2 L jo) = NN 21 ) (4.3)

Then, by virtue of (4.2) and the definition of the class f, T, we have

1T 213 j) = 1Vl (R ) (4.4)

Show that
T4 ][00 < 19+ o (4.5)

18
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Let us suppose that the inequality (4.5) is false. Then, there is v € (0,1) such that
INT%]loo < |[¥V+]|c0, moreover, one of these inequalitiues turn into equality. Let, for

example,
Tt lloe < 14 lloes VT Nloo = [[¢-[lo-

Then, the polynomial v is the comparison function for the polynomial 47" (see the
proof of the theorem 8.1.1 in [6]). Let m be a minimum point of the function ¢ and let
t1(t2) be closest to the left (right) of m zero of the function . Passing, if necessary, to
the shift of the polynomial 7', we can assume that

VT lloc = =AT'(m).
Since the polynomial v is the comparison function for the polynomial v7', then
FT(t) < (t) <0, te€ (t,ts).
This implies the estimate

N T\, c2n/m) > VT =N, 2m/m) = 1= || 2,270 /m) 5

which contradicts (4.4). The inequality (4.5) is proved.

It follows from the inequality (4.5) and the proof of the theorem 8.1.1 in |6] that
¢(t) = sinnt is the comparison function for the polynomial 7. So T" € S, (7). Therefore,
by virtue of (4.4), the polynomial T satisfies the conditions of Theorem 1, and hence,
the conditions of Lemmas 1 and 2. According to the inequality (2.7) of Lemma 2, we
have

From this inequality, due to the 27 /m-periodic of the polynomial T" and 27 /n-periodic
of the polynomial ¢, we obtain

m\ 1/q
17l < () lle+ela- (4.6)

Similarly, the condition (4.4) implies the equality

m

1/p
1Tl = (%) lle +ely- (4.7)

From (4.6) and (4.7) follows the inequality (4.1). The sharpness of (4.1) is obvious.
Theorem 3 is proved.

Corollary 2. Let n,m € N, m <n; q,p >0, ¢ > p, and let the numner ¢ € [0, 1]
implements the upper bound
[ sin(-) + ¢llq

ceo lsin(-) +cllp
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Then, for any trigonomrtic polynomial T € T, with minimal period 2w /m, having
zeros, the inequality

1

n ) v~ ||sin() +ell,

T<(— T
Il < (2) " e 1T

holds, and for any trigonomrtsc polynomial T € T, with minimal period 27 /m, we

have )

n\5-4 [Isin() + 1)
EE(T), < (_) c I T e g,
0 ( )q = \m H sin(-) + 1||p 0 ( )P
Both inequalities are sharp for m =1 in the sense
ITllq [ sin(-) +cllq
sup sup = i s
neNTero ntP VT, |sin() + ],

where TV is the set of polynomials T € T, having zeros, and

SUp Sup Eoi(T)q _ || sin(-) + 1Hq_
neN TeT, nl/p_l/qui(T)p | sin(-) + 1||p

Remark. Theorem 3 and Corollary 2 for m = 1 are proved in [1].

5. The inequality of various metric for periodic polynomial splines. Let
r,n € N. Recall that S,,, stands for the space of polynomial splines of order r having
defect 1 with knots at the points kr/n, k € Z. It is clear that S, , C L_(R). For p > 0,
fp €10, 00] set

8 ::{SES :M:f}.
P 7 HS—HP .

Theorem 4. Let n,m € N, m < n; p,q >0, ¢ > p, f, € [0,00]. For a spline
s € fp Sny with minimal period 27 /m, having zeros, the inequality

fally < (2)7 7 Do tele g, 6.1
m lor + cllp
holds true, where ¢ € [—K,, K, is the constant satisfying
Opyr+n"CE fpSuy. (5.2)
The inequality (5.1) is sharp for m =1 in the sense

Il e +cl,
Ssu Ssu = .
ne et P15l g, + el

Proof. Fix a spline s € f, S, with minimal period 27/m having zeros. Set ¢(t) :=
Onr(t), Y(t) == ppr(t) +n "¢, t € R. In view of homogeneity of the inequality (5.1)
we can assume that

181 Ly (o ) = 10N 2y (12 (5.3)

20
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Then, by virtue of (5.2) and the definition of the class f, S, we have

||5iHLp(12,r/m) = H¢j:HLp(127,/n)- (5.4)

Show that
[sxlloo < 19+ o (5.5)

Let us suppose that the inequality (5.5) is false. Then, there is v € (0,1) such that
|75+]lo < ||tV+]lc0, moreover, one of these inequalities turn into equality. Let, for

example,
[¥8+llo0 < l[04lloos  175=llo0 = [[¥=Iloc-

Then, Ey(75)oo < Eo(¥)oo = ||nr]le and, by the Tikhomirov inequality [7],

EO(S)OO 1

— - Y
7 lenrlloo

sl < 1lsl
where Ey(z)o is the best uniform approximation of the function x by constants.
Thus, the spline ~s satisfies the coditions of the Kolmogorov comparison theorem
[5]. By this theorem the spline ¢ is the comparison function for the spline vs. Let m
be a minimum point of the function ¢ and let t1(t3) be closest to the left (right) of
m zero of the function . Passing, if necessary, to the shift of the spline s, we can
assume that

75— lloo = —s(m).

Since the spline 9 is the comparison function for the spline s, then

vs(t) S 9(t) <0, te (b, ta).

This implies the estimate

151z, 2n/m) > |v5=ll,2n/m) = 1= L, 22 /m)

which contradicts (5.4). The inequality (5.5) is proved.
It follows from (5.5) that Ey(s)ee < Eo(¢)oo = ||¢nrlle and, by the Tikhomirov
inequality [7],
Eo(5)oo
(s < BolSe

o H(JD’VIJ’HOO

Thus, the spline s satisfies the coditions of the Kolmogorov comparison theorem [5].
By this theorem the spline ¢ is the comparison function for the spline s. So s € S,(Z).
Therefore, by virtue of (5.4), the spline s satisfies the conditions of Theorem 1, and
hence, the conditions of Lemmas 1 and 2. According to the inequality (2.7) of Lemma
2, we have

HSHLQ(IQW/m) g ngnvr + nircHLq(IQW/n) .
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From this inequality, due to the 2w /m-periodic of the spline s and 27 /n-periodic of
the spline ¢, ,, we obtain

m\ 1/a .
Islly < (%) Nl + 7"l (5.6)

Similarly, the condition (5.4) implies the equality

m\ 1/p .,
Islly = () " e+ 17"l (5.7

From (5.6) and (5.7) follows the inequality (5.1). The sharpness of (5.1) is obvious.
Theorem 4 is proved.

Corollary 3. Letn,m € N, m <n; q,p >0, ¢ > p, and let the number ¢ € [0, K]
implements the upper bound
ler + cllg
sup ——— .
celo, ] |1er +cllp

Then, for any spines s € S, , with minimal period 2w /m, having zeros, the inequality

nyit e+ el
Isllo < ()7 " T2t lsll
m) e+l

holds, and for any splines s € S, with minimal period 2w /m, we have

+ n %7% H(pr ZirH +
0 (S)q = \m || ) Ker 0 (S>P

Both inequalities are sharp for m = 1 in the sense

wp sy sl _ e+l
we s, n s, = e+ el

where SO . is the set of splines s € S,,, having zeros, and

n,r

wp sup 20 (e _ llsin() + Kl
neN se S, MYPVIET(s), | sin(-) + K|,

Remark. Theorem 4 and Corollary 3 for m = 1 are proved in [1].
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