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Three- and four-term recurrence relations for
Horn’s hypergeometric function H,

Abstract. Three- and four-term recurrence relations for hypergeometric
functions of the second order (such as hypergeometric functions of Appell,
Horn, etc.) are the starting point for constructing branched continued
fraction expansions of the ratios of these functions. These relations are
essential for obtaining the simplest structure of branched continued fracti-
ons (elements of which are simple polynomials) for approximating the
solutions of the systems of partial differential equations, as well as some
analytical functions of two variables. In this study, three- and four-term
recurrence relations for Horn’s hypergeometric function Hs are derived.
These relations can be used to construct branched continued fraction
expansions for the ratios of this function and they are a generalization of
the classical three-term recurrent relations for Gaussian hypergeometric
function underlying Gauss’ continued fraction.

Key words: hypergeometric function, recurrent relation, branched conti-
nued fraction

Amnorariisg. Tpu- i yoTupud/IeHH] peKypPeHTHI CIIIBBIHOIIEHHS Tillepreo-
MeTpuIHUX (PYHKIH JPyTOro MOpsaKy (HAIPUKIIAJ, TiNepreOMeTPHIHIX
dynkniit Anmens, [opra Ta iH.) € 0CHOBOIO JyIst NOOYAOBY TiUISICTHX JIAH-
IIOrOBUX JPOOOBUX PO3BUHEHD BijtHOIIEHD X (yukiii. 11i crissinnore-
HHSI € BaXXJIMBUMU JJIsi OTPUMAaHHS HAUIIPOCTIIIOl CTPYKTYPH TiJIJISICTUX
JIAHITIOTOBUX JIPO6iB (eJeMeHTaMu SIKUX € TIPOCTI TOJIIHOMMY) JIJIsT AITPOKCH-
Malril po3B’sI3KiB cucreM TudepeHIiaJbHUX PiBHIHDb 3 YaCTUHHUMHU TIOXi-
JHUMH, 8 TaKOXK JEeSIKUX aHAJITUIHUX (PYHKIH JBOX 3MIHHUX. Y I[BOMY
JOCJIJIZKEHH] TOBEJIEHO TPU- T4 YOTUPHUUJIEHHI PDEKYPEHTHI CIIiBBiJIHOIIIEH-
Hs rinepreomerpudHoil GyHKIl [opra Hy. CriBBigHOIIEHHS MOXKYThH OyTH
BUKOPHUCTAHI JJIsi TOOYIOBU TI/ISICTUX JIAHITIOTOBUX APOOOBUX PO3BUHEHD
BigHOIIEHD 1€l DYHKIMT; BOHU € y3arajJbHEHHSM KJIACHYHUX TPUIIEHHUX
PEKYPEHTHUX CITBBI/IHOIIEHD JijIs rinepreomerpuvnol dyHkiil [ayca, mo
JIEXKUTH B OCHOBI HemepepBHOTO Apody [ayca.

KurouoBi csioBa: rinepreomerpuvna GyHKIIIS, PEKYPEHTHE CITiBBiIHOIIIE-
HHSI, TIJUISICTHI JIAHITIOTOBU Jpi6
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1. Introduction

Deriving three-, four-, and higher-term recurrent relations of second-order
hypergeometric functions has been and remains interesting for many scienti-
sts. After all, this is due to the fact that these functions are of importance in
many applications, including mathematical physics. The authors discuss vari-
ous recurrence relations for these functions from the point of view that they
are associated with orthogonality properties, differential equations, quantum
calculus, etc. In this study, this matter is taken up in connection with
the problem of constructing of branched continued fraction expansions for
Horn’s hypergeometric function ratios. A discussion of some branched conti-
nued fraction expansions of the ratios of different generalizations of Gaussian
hypergeometric function and the problems associated with them can found
[1, 2, 3, 5, 6, 17, 18|. This all is the more remarkable in the view of fact
that branched continued fractions are endowed under certain conditions with
wide regions of convergence, good convergence rate, and stability of calculati-
ons are an effective tool for approximation of certain analytical functions (see
2,4, 8,9, 10, 11, 12, 13, 14]).

Horn’s hypergeometric function Hy is defined by double power series
(see [16])
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where a, b and ¢ are complex constants, ¢ and d is not equal to a non-positive
integer, z; and z3 are complex variables, (+)i is the Pochhammer symbol defined
for any complex number o and non-negative integers k by (a)o = 1 and () =
ala+1)...(a+k—1).

Note that (1) is two-dimensional generalization of Gaussian hypergeometric
function. Indeed,
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In additlon, the solutions of partial differential equations
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where v is the unknown function of z; and zo, are expressed by means of
Horn’s hypergeometric function Hy [16] (see also [15, p. 235]). Some recurrent
relations for this function can be found in [7, 15, 16, 19].

2. Main results

We prove two three-term recurrent relations for the function (1).
Theorem 1. The following assertion holds true
Hy(a,b;c,d; z1,29) — Hy(a, b+ 1;¢,d; 21, 22)
:—%zQH4(a+1,b+1;c,d+1;z1,,22). 2)
Proof. By formula (1), we have
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(m(d)n  mlin!

— i Mﬁﬁ_ i (@)2man(b+ 1) 27" 25

m,n=0 m,n=0

_ Z (a)Qm-i—n(b + 1)n—1 (b _h_ n)izg

m>0, n>1 (@)m(d)n m! n!

a Z (Cl + 1)2m+n—1(b + l)n—l ﬁ Z;_l

d m>0, n>1 (C)m(d + 1)71—1 m! (TL — 1)!

a Z (a+1)2m+n(b+1)n£z§

A (Om(d+1), min!

m>0, n>0
= —%ZQH4(a +1L,b+1;¢,d+ 1521, 22).
Thus, the three-term recurrent relation (2) is proved.
Theorem 2. The following assertion holds true
Hy(a,b;c,d; z1,29) — Hy(a, b+ 1;¢,d + 15 21, 29)

a(d —b)
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Proof. Using the idea of proving relation (2), we obtain

Hy(a,b;c,d; 21, 22) — Ha(a,b+ 1;¢,d+ 1521, 22)
B Z (a)2m+n(b+ 1)n—1 <b b+n> ﬁﬁ

(©)m(d+1)p1 \d m! n!

d d+n

m>0, n>1

23



R. I. DMYTRYSHYN, 1.-A. V. LUTSIV
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The Theorem 2 is proved.

Next, we also prove three four-term recurrent relations for the function (1).
Theorem 3. The following assertion holds true

Hy(a,b;c,d; 21, 22) — Hy(a +1,b;c + 1,d; 21, 20)
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Proof. In the left part (3) using (1) and separating the terms at m = 0, we
get

Hy(a,b;c,d;21,22) — Hy(a+ 1,b;¢c+ 1,d; 21, 22)
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then, adding (4) to (5), we are convinced of the validity of relation (3).
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Theorem 4. The following assertion holds true

Hy(a,b;c,d;z1,22) — Hy(a + 1,b;¢,d + 1; 21, 22)
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Proof. Using the idea of proving the previous theorem in the left part (6)
with separation of terms at n = 0, we have
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At last, in view of formula (1), we directly obtain the recurrent relation (6).

Theorem 5. The following assertion holds true

Hy(a,byc,d; 21, 22) — Hy(a+ 1,b;¢,d; 21, 22)
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Finally, using the formula (1), we obtain the recurrent relation (7).
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