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Three- and four-term recurrence relations for
Horn’s hypergeometric function H4

Abstract. Three- and four-term recurrence relations for hypergeometric
functions of the second order (such as hypergeometric functions of Appell,
Horn, etc.) are the starting point for constructing branched continued
fraction expansions of the ratios of these functions. These relations are
essential for obtaining the simplest structure of branched continued fracti-
ons (elements of which are simple polynomials) for approximating the
solutions of the systems of partial differential equations, as well as some
analytical functions of two variables. In this study, three- and four-term
recurrence relations for Horn’s hypergeometric function H4 are derived.
These relations can be used to construct branched continued fraction
expansions for the ratios of this function and they are a generalization of
the classical three-term recurrent relations for Gaussian hypergeometric
function underlying Gauss’ continued fraction.
Key words: hypergeometric function, recurrent relation, branched conti-
nued fraction

Анотацiя. Три- i чотиричленнi рекурентнi спiввiдношення гiпергео-
метричних функцiй другого порядку (наприклад, гiпергеометричних
функцiй Аппеля, Горна та iн.) є основою для побудови гiллястих лан-
цюгових дробових розвинень вiдношень цих функцiй. Цi спiввiдноше-
ння є важливими для отримання найпростiшої структури гiллястих
ланцюгових дробiв (елементами яких є простi полiноми) для апрокси-
мацiї розв’язкiв систем диференцiальних рiвнянь з частинними похi-
дними, а також деяких аналiтичних функцiй двох змiнних. У цьому
дослiдженнi доведено три- та чотиричленнi рекурентнi спiввiдношен-
ня гiпергеометричної функцiї Горна H4. Спiввiдношення можуть бути
використанi для побудови гiллястих ланцюгових дробових розвинень
вiдношень цiєї функцiї; вони є узагальненням класичних тричленних
рекурентних спiввiдношень для гiпергеометричної функцiї Гауса, що
лежить в основi неперервного дробу Гауса.
Ключовi слова: гiпергеометрична функцiя, рекурентне спiввiдноше-
ння, гiллястий ланцюговий дрiб
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1. Introduction

Deriving three-, four-, and higher-term recurrent relations of second-order
hypergeometric functions has been and remains interesting for many scienti-
sts. After all, this is due to the fact that these functions are of importance in
many applications, including mathematical physics. The authors discuss vari-
ous recurrence relations for these functions from the point of view that they
are associated with orthogonality properties, differential equations, quantum
calculus, etc. In this study, this matter is taken up in connection with
the problem of constructing of branched continued fraction expansions for
Horn’s hypergeometric function ratios. A discussion of some branched conti-
nued fraction expansions of the ratios of different generalizations of Gaussian
hypergeometric function and the problems associated with them can found
[1, 2, 3, 5, 6, 17, 18]. This all is the more remarkable in the view of fact
that branched continued fractions are endowed under certain conditions with
wide regions of convergence, good convergence rate, and stability of calculati-
ons are an effective tool for approximation of certain analytical functions (see
[2, 4, 8, 9, 10, 11, 12, 13, 14]).

Horn’s hypergeometric function H4 is defined by double power series
(see [16])

H4(a, b; c, d; z1, z2) =
∞∑

m,n=0

(a)2m+n(b)n
(c)m(d)n

zm1
m!

zn2
n!
,

|z1| < r, |z2| < s, 4r = (s− 1)2, (1)

where a, b and c are complex constants, c and d is not equal to a non-positive
integer, z1 and z2 are complex variables, (·)k is the Pochhammer symbol defined
for any complex number α and non-negative integers k by (α)0 = 1 and (α)k =
α(α+ 1) . . . (α+ k − 1).

Note that (1) is two-dimensional generalization of Gaussian hypergeometric
function. Indeed,

H4(a, b; c, d; 0, z2) =

∞∑
n=0

(a)n(b)n
(d)n

zn2
n!

= 2F1(a, b; d; z2),

H4(a, b; c, d; z1, 0) = H4(a, 0; c, d; z1, z2) =

∞∑
m=0

(a)2m
(c)m

zm1
m!

=
∞∑
m=0

(a/2)m((a+ 1)/2)m
(c)m

(4z1)
m

m!
= 2F1(a/2, (a+ 1)/2; c; 4z1).

In addition, the solutions of partial differential equations

z1(1− 4z1)
∂2u

∂z21
− 4z1z2

∂2u

∂z1∂z2
− z22

∂2u

∂z22

+ (c− (4a+ 4)z1)
∂u

∂z1
− (3a+ 2)z2

∂u

∂z2
− a(a+ 1)u = 0,
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−2z1z2
∂2u

∂z1∂z2
+ z2(1− z2)

∂2u

∂z22
− 2bz1

∂u

∂z1
+ (d− (a+ b)z2)

∂u

∂z2
− abu = 0,

where u is the unknown function of z1 and z2, are expressed by means of
Horn’s hypergeometric function H4 [16] (see also [15, p. 235]). Some recurrent
relations for this function can be found in [7, 15, 16, 19].

2. Main results

We prove two three-term recurrent relations for the function (1).

Theorem 1. The following assertion holds true

H4(a, b; c, d; z1, z2)−H4(a, b+ 1; c, d; z1, z2)

= −a
d
z2H4(a+ 1, b+ 1; c, d+ 1; z1, z2). (2)

Proof. By formula (1), we have

H4(a, b; c, d; z1, z2)−H4(a, b+ 1; c, d; z1, z2)

=
∞∑

m,n=0

(a)2m+n(b)n
(c)m(d)n

zm1
m!

zn2
n!
−

∞∑
m,n=0

(a)2m+n(b+ 1)n
(c)m(d)n

zm1
m!

zn2
n!

=
∑

m≥0, n≥1

(a)2m+n(b+ 1)n−1
(c)m(d)n

(b− b− n)
zm1
m!

zn2
n!

= −a
d
z2

∑
m≥0, n≥1

(a+ 1)2m+n−1(b+ 1)n−1
(c)m(d+ 1)n−1

zm1
m!

zn−12

(n− 1)!

= −a
d
z2

∑
m≥0, n≥0

(a+ 1)2m+n(b+ 1)n
(c)m(d+ 1)n

zm1
m!

zn2
n!

= −a
d
z2H4(a+ 1, b+ 1; c, d+ 1; z1, z2).

Thus, the three-term recurrent relation (2) is proved.

Theorem 2. The following assertion holds true

H4(a, b; c, d; z1, z2)−H4(a, b+ 1; c, d+ 1; z1, z2)

= −a(d− b)
d(d+ 1)

z2H4(a+ 1, b+ 1; c, d+ 2; z1, z2).

Proof. Using the idea of proving relation (2), we obtain

H4(a, b; c, d; z1, z2)−H4(a, b+ 1; c, d+ 1; z1, z2)

=
∑

m≥0, n≥1

(a)2m+n(b+ 1)n−1
(c)m(d+ 1)n−1

(
b

d
− b+ n

d+ n

)
zm1
m!

zn2
n!
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= −
∑

m≥0, n≥1

(a)2m+n(b+ 1)n−1
(c)m(d+ 1)n−1

n(d− b)
d(d+ n)

zm1
m!

zn2
n!

= −a(d− b)
d(d+ 1)

z2
∑

m≥0, n≥1

(a+ 1)2m+n−1(b+ 1)n−1
(c)m(d+ 2)n−1

zm1
m!

zn−12

(n− 1)!

= −a(d− b)
d(d+ 1)

z2H4(a+ 1, b+ 1; c, d+ 2; z1, z2).

The Theorem 2 is proved.

Next, we also prove three four-term recurrent relations for the function (1).

Theorem 3. The following assertion holds true

H4(a, b; c, d; z1, z2)−H4(a+ 1, b; c+ 1, d; z1, z2)

= −(2c− a)(a+ 1)

c(c+ 1)
z1H4(a+ 2, b; c+ 2, d; z1, z2)

− b

d
z2H4(a+ 1, b+ 1; c+ 1, d+ 1; z1, z2). (3)

Proof. In the left part (3) using (1) and separating the terms at m = 0, we
get

H4(a, b; c, d; z1, z2)−H4(a+ 1, b; c+ 1, d; z1, z2)

=
∞∑

m,n=0

(a)2m+n(b)n
(c)m(d)n

zm1
m!

zn2
n!
−

∞∑
m,n=0

(a+ 1)2m+n(b)n
(c+ 1)m(d)n

zm1
m!

zn2
n!

=

∞∑
n=0

(a)n(b)n
(d)n

zn2
n!
−
∞∑
n=0

(a+ 1)n(b)n
(d)n

zn2
n!

+
∑

m≥1, n≥0

(a+ 1)2m+n−1(b)n
(c+ 1)m−1(d)n

(
a

c
− a+ 2m+ n

c+m

)
zm1
m!

zn2
n!

=
∞∑
n=1

(a+ 1)n−1(b)n
(d)n

(a− a− n)
zn2
n!

+
∑

m≥1, n≥0

(a+ 1)2m+n−1(b)n
(c+ 1)m−1(d)n

ma− 2mc− nc
c(c+m)

zm1
m!

zn2
n!

= − b
d
z2

∞∑
n=1

(a+ 1)n−1(b+ 1)n−1
(d+ 1)n−1

zn−12

n!
n+

∞∑
m=1

(a+ 1)2m−1
(c+ 1)m−1

m(a− 2c)

c(c+m)

zm1
m!

+
∑

m≥1, n≥1

(a+ 1)2m+n−1(b)n
(c+ 1)m−1(d)n

ma− 2mc− nc
c(c+m)

zm1
m!

zn2
n!
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= − b
d
z2

∞∑
n=0

(a+ 1)n(b+ 1)n
(d+ 1)n

zn2
n!

− (2c− a)(a+ 1)

c(c+ 1)
z1

∞∑
m=1

(a+ 2)2m−2
(c+ 2)m−1

zm−11

(m− 1)!

+
∑

m≥1, n≥1

(a+ 1)2m+n−1(b)n
(c+ 1)m−1(d)n

ma− 2mc− nc
c(c+m)

zm1
m!

zn2
n!

= − b
d
z2

∞∑
n=0

(a+ 1)n(b+ 1)n
(d+ 1)n

zn2
n!
− (2c− a)(a+ 1)

c(c+ 1)
z1

∞∑
m=0

(a+ 2)2m
(c+ 2)m

zm1
m!

+
∑

m≥1, n≥1

(a+ 1)2m+n−1(b)n
(c+ 1)m−1(d)n

ma− 2mc− nc
c(c+m)

zm1
m!

zn2
n!
.

Since∑
m≥1, n≥1

(a+ 1)2m+n−1(b)n
(c+ 1)m−1(d)n

zm1
m!

zn2
n!

ma− 2mc− nc
c(c+m)

= −(2c− a)(a+ 1)

c(c+ 1)
z1

∑
m≥1, n≥1

(a+ 2)2(m−1)+n(b)n

(c+ 2)m−1(d)n

zm−11

(m− 1)!

zn2
n!

− b

d
z2

∑
m≥1, n≥1

(a+ 1)2m+n−1(b+ 1)n−1
(c+ 1)m(d+ 1)n−1

zm1
m!

zn−12

(n− 1)!

= −(2c− a)(a+ 1)

c(c+ 1)
z1

∑
m≥0, n≥1

(a+ 2)2m+n(b)n
(c+ 2)m(d)n

zm1
m!

zn2
n!

− b

d
z2

∑
m≥1, n≥0

(a+ 1)2m+n(b+ 1)n
(c+ 1)m(d+ 1)n

zm1
m!

zn2
n!

and, consequently,

−(2c− a)(a+ 1)

c(c+ 1)
z1

∞∑
m=0

(a+ 2)2m
(c+ 2)m

zm1
m!

− (2c− a)(a+ 1)

c(c+ 1)
z1

∑
m≥0, n≥1

(a+ 2)2m+n(b)n
(c+ 2)m(d)n

zm1
m!

zn2
n!

= −(2c− a)(a+ 1)

c(c+ 1)
z1

∑
m≥0, n≥0

(a+ 2)2m+n(b)n
(c+ 2)m(d)n

zm1
m!

zn2
n!
, (4)

− b
d
z2

∞∑
n=0

(a+ 1)n(b+ 1)n
(d+ 1)n

zn2
n!
− b

d
z2

∑
m≥1, n≥0

(a+ 1)2m+n(b+ 1)n
(c+ 1)m(d+ 1)n

zm1
m!

zn2
n!

= − b
d
z2

∑
m≥0, n≥0

(a+ 1)2m+n(b+ 1)n
(c+ 1)m(d+ 1)n

zm1
m!

zn2
n!
, (5)

then, adding (4) to (5), we are convinced of the validity of relation (3).
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Theorem 4. The following assertion holds true

H4(a, b; c, d; z1, z2)−H4(a+ 1, b; c, d+ 1; z1, z2)

= −2(a+ 1)

c
z1H4(a+ 2, b; c+ 1, d+ 1; z1, z2)

− b(d− a)

d(d+ 1)
z2H4(a+ 1, b+ 1; c, d+ 2; z1, z2). (6)

Proof. Using the idea of proving the previous theorem in the left part (6)
with separation of terms at n = 0, we have

H4(a, b; c, d; z1, z2)−H4(a+ 1, b; c, d+ 1; z1, z2)

=
∞∑
m=0

(a)2m
(c)m

zm1
m!
−
∞∑
m=0

(a+ 1)2m
(c)m

zm1
m!

+
∑

m≥0, n≥1

(a+ 1)2m+n−1(b)n
(c)m(d+ 1)n−1

(
a

d
− a+ 2m+ n

d+ n

)
zm1
m!

zn2
n!

= −2(a+ 1)

c
z1

∞∑
m=1

(a+ 2)2(m−1)

(c+ 1)m−1

zm−11

(m− 1)!

−
∑

m≥0, n≥1

(a+ 1)2m+n−1(b)n
(c)m(d+ 1)n−1

2md+ nd− na
d(d+ n)

zm1
m!

zn2
n!

= −2(a+ 1)

c
z1

∞∑
m=0

(a+ 2)2m
(c+ 1)m

zm1
m!

−
∑

m≥0, n≥1

(a+ 1)2m+n−1(b)n
(c)m(d+ 1)n−1

2m

d+ n

zm1
m!

zn2
n!

− b(d− a)

d(d+ 1)
z2

∑
m≥0, n≥1

(a+ 1)2m+n−1(b+ 1)n−1
(c)m(d+ 2)n−1

zm1
m!

zn−12

(n− 1)!

= −2(a+ 1)

c
z1

∞∑
m=0

(a+ 2)2m
(c+ 1)m

zm1
m!

− 2(a+ 1)

c
z1

∑
m≥1, n≥1

(a+ 2)2m+n−2(b)n
(c)m−1(d+ 1)n

zm−11

(m− 1)!

zn2
n!

− b(d− a)

d(d+ 1)
z2

∑
m≥0, n≥0

(a+ 1)2m+n(b+ 1)n
(c)m(d+ 2)n

zm1
m!

zn2
n!

= −2(a+ 1)

c
z1

∞∑
m=0

(a+ 2)2m
(c+ 1)m

zm1
m!

− 2(a+ 1)

c
z1

∑
m≥0, n≥1

(a+ 2)2m+n(b)n
(c+ 1)m(d+ 1)n

zm1
m!

zn2
n!
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− b(d− a)

d(d+ 1)
z2

∑
m≥0, n≥0

(a+ 1)2m+n(b+ 1)n
(c)m(d+ 2)n

zm1
m!

zn2
n!

= −2(a+ 1)

c
z1

∑
m≥0, n≥0

(a+ 2)2m+n(b)n
(c+ 1)m(d+ 1)n

zm1
m!

zn2
n!

− b(d− a)

d(d+ 1)
z2

∑
m≥0, n≥0

(a+ 1)2m+n(b+ 1)n
(c)m(d+ 2)n

zm1
m!

zn2
n!
.

At last, in view of formula (1), we directly obtain the recurrent relation (6).

Theorem 5. The following assertion holds true

H4(a, b; c, d; z1, z2)−H4(a+ 1, b; c, d; z1, z2)

= −2(a+ 1)

c
z1H4(a+ 2, b; c+ 1, d; z1, z2)

− b

d
z2H4(a+ 1, b+ 1; c, d+ 1; z1, z2). (7)

Proof. We have

H4(a, b; c, d; z1, z2)−H4(a+ 1, b; c, d; z1, z2)

=

∞∑
m,n=0

(a)2m+n(b)n
(c)m(d)n

zm1
m!

zn2
n!
−

∞∑
m,n=0

(a+ 1)2m+n(b)n
(c)m(d)n

zm1
m!

zn2
n!

=
∞∑
n=0

(a)n(b)n
(d)n

zn2
n!
−
∞∑
n=0

(a+ 1)n(b)n
(d)n

zn2
n!

+
∑

m≥1, n≥0

(a+ 1)2m+n−1(b)n
(c)m(d)n

(a− a− 2m− n)
zm1
m!

zn2
n!

= −
∞∑
n=1

(a+ 1)n−1(b)n
(d)n

n
zn2
n!
−

∑
m≥1, n≥0

(a+ 1)2m+n−1(b)n
(c)m(d)n

(2m+ n)
zm1
m!

zn2
n!

= − b
d
z2

∞∑
n=1

(a+ 1)n−1(b+ 1)n−1
(d+ 1)n−1

zn−12

(n− 1)!

−
∑

m≥1, n≥0

(a+ 1)2m+n−1(b)n
(c+ 1)m−1(d)n

2

c

zm1
(m− 1)!

zn2
n!

−
∑

m≥1, n≥1

(a+ 1)2m+n−1(b+ 1)n−1
(c)m(d+ 1)n−1

b

d

zm1
m!

zn2
(n− 1)!

= − b
d
z2

∞∑
n=0

(a+ 1)n(b+ 1)n
(d+ 1)n

zn2
n!

− 2(a+ 1)

c
z1

∑
m≥1, n≥0

(a+ 2)2m+n−2(b)n
(c+ 1)m−1(d)n

zm−11

(m− 1)!

zn2
n!
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− b

d
z2

∑
m≥1, n≥1

(a+ 1)2m+n−1(b+ 1)n−1
(c)m(d+ 1)n−1

zm1
m!

zn−12

(n− 1)!

= −2(a+ 1)

c
z1

∑
m≥0, n≥0

(a+ 2)2m+n(b)n
(c+ 1)m(d)n

zm1
m!

zn2
n!

− b

d
z2

∑
m≥0, n≥0

(a+ 1)2m+n(b+ 1)n
(c)m(d+ 1)n

zm1
m!

zn2
n!
.

Finally, using the formula (1), we obtain the recurrent relation (7).
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