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Strengthening the Comparison Theorem and
Kolmogorov Inequality in the Asymmetric
Case

Abstract. We obtain an strengthening the Kolmogorov comparison
theorem. In particular, it gives us the opportunity to obtain such
strengthening Kolmogorov inequality in the asymmetric case:
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for functions « € L5, (R), where

Il[]oo == %Saug{lw(ﬁ) —a(a)] 1 2'(t) #0 Vt € (a, B)},

k,r e Ny k<r o,8>0, or(- ;a,8)r is the asymmetric perfect spline
of Euler of order r and Fo(z)s is the best uniform approximation of the
function = by constants.

Key words: Kolmogorov comparision theorem, Kolmogorov inequality,
asymmetric case, strengthening.

AmHorariss. B po6ori orpmaHo mocusieHuit BapiaHT TeOpeMU IMOPiBHSIH-
us Koamoroposa B HecuMeTpuwdHOMY Bumajky. lle mozsosmito, 30Kpema,
oJlepXKaTH IiJICUIeHHsT HepiBHOCTI KosMoropoBa B HECUMETPUYHOMY BU-
MajKy:
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mna byukniit € Lo, (R), ne
1 /
z]loo == gsugﬂfﬂ(ﬁ) —z(a)| 2’ (t) #0 Vt € (o, B)},

k,r € N,k <r,a,8 >0, o-(- ;0,8)r— HecuMmeTpwdHMii imeabHAI
ciiaita Eitnepa nopsanxy r, a Eo(2)eo— Halikpaine piBHOMIpHEe HabmKe-
HHs QYHKIIT T KOHCTAHTaMU.

KurouoBi cisioBa: Teopema nopisasiaust Kosmoroposa, wepiBHicTs Koii-
MOTOpOBa, HECUMETPUIHUN BUIIAI0K, TiICUICHHS.
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STRENGTHENING THE COMPARISON THEOREM
MSC2020: Pr1 41A17, SEc 41A44, 42A05, 41A15

1. Introduction. Let G be the real line R or the unit circle T which is
realized as the interval [0, 27] with coincident endpoints. We will consider the
spaces Ly(G), 1 < p < oo, of all measurable functions  : G — R such that
z]lp = %]/, () < oo, where

1/p
lz|p := </ |z ()P dt) , if 1<p<oo,
G

||| oo := vraisup |x(t)].
teG

For o, 8 > 0 and x € Lo(G) set

[ ]loc,a,8 := lla s + B2 |co,

where x4 (t) := max{z(t),0}.

For r € N denote by L’_(G) the space of all functions € L (G) for which
(=1 is locally absolutely continuous and (") € L (G).

Let ¢, (- ;,8), r € N, be the 2m-periodic integral with zero mean value
on a period of the 2m-periodic function ¢g(- ;a, 8) defined on [0,27] in the
following way ¢o(0 ; a, 8) = o (27 ; ¢, 8) := 0 and

900(' ;OCMB) =, if te (Oa 2”/3/(06—’—6))7

@0(';a7ﬁ) = _Ba if t€(2ﬂ-5/(a+ﬁ)?2ﬂ-)

Notice that ¢, (- ;1,1) is the spline of Euler of order r.

Hormander [1] proved the following theorem.

Theorem A. Letk,r € N, k <r, G=R or G =T. Then for any function
x € LT (G) and for any a, 8 > 0 there is the sharp inequality

lor—k( -5, B)xlloo 1—k/r|.(r) | [k/T
128 o0 < Lo Bo@) eI L ()
EO((PT( : ;O‘vﬁ))tlao k/ ' -’

where Ey()so is the best uniform approzimation of the function x by constants.

The equality in (1) is achieved for the functions x(t) = apx,(t;a,B) +
b, a,be R, A>0ifG=Rand A\ e N if G =T.

The proof of Theorem A in [1] is based on the comparison theorem. In
view of the importance of this theorem for further exposition, we present its
formulation.

Forre N; a,8>0;G=R or G=T set

W& a,8(G) = {x e L (G): me

<1
oo,a~1,8-1 }

and let @y (t; o, B) := A7"p (A, B) for A > 0.

31



V. A. KOFANOV, K.D. SYDOROVYCH

Theorem B. Let r € N; ,8 > 0; x € Wgo;aﬁ(R) and the number X\ is
such that

17+ ]loo < lloar (5, B)+ oo (2)

If the points & and n satisfying conditions

z(§) = par(ma, B),

and

2'(€) - @h, (5, B) > 0,
than

|2'()] < |¢h . (m: 2, B)].

In the symmetric case a = 8 Theorems A and B are due to Kolmogorov [2].
In this paper, we obtain (Theorem 1) a strengthening of Theorem B in
which condition (2) ([|z+|lec < [lear(:; @, B)+]lsc) Teopemsr B replaced by a

weaker condition |||z|||cc < Eo(prr(t; e, f))so, Where

el o= Foup(els) ~ (e s #(0) 0 € @A) ©

)

At the same time, the conclusion of Theorem 1 is stronger than the conclusion
of Theorem B.

It is clear that |||z|||cc < Eo(x)e0, and it is easy to give examples of infinitely
differentiable functions x, for which the ratio

is arbitrarily little.

Using Theorem 1, we obtain (Theorem 2) a strengthening of inequality (1),
in which the quantity Ey(x)s is replaced by a more delicate characteristic
|||z|||so- As an application, we obtain (Theorem 3) a strengthening of Ligun’s
inequality [3] and Babenko inequality [4].

In the symmetric case o = /3 the results of this paper (Theorems 1—3) are
proved in [5], [6].

2. Strengthening the comparison theorem and Kolmogorov’s
inequality. Note that if the function x € L[_(R) is monotonic on one of
infinite intervals (—oo, b] or [a, +00), then there are finite limits lim;—,_ o x(?)
and limy_, 1 o z(t) respectively. We will assume for such functions

x(—00) := tl}l_noom(t), z(+00) := tl}inoo:x(t).

Symbols a, b in Lemma 1 and Theorem 1 can take any values from the extended
number line. In doing so, we will assume 400+t = 400, —oc0o+t = —o0, Vi €
R.
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STRENGTHENING THE COMPARISON THEOREM

Lemma 1. Let r € N; o,8 > 0; x € Wgoaﬁ(R) and the number \ is
chosen from the condition

12 lloe < llar—1(5 0t B)loo- (4)

Let further [a,b] be an interval of increasing (decreasing) function x such that
2'(t) # 0, t € (a,b), and '(a) = 0 if a # —o0, 2/(b) =0, if b # +o0, and
[€,m] is the interval of increase (decrease) of the function py (-, B), where
oxr—1(& 0, 8) = oxr—1(n;a, B) = 0, and let v be a local extremum point of
the function @y ,—1(-;a, B) on the interval (§,1n).

If t is an arbitrary point of the segment [a,b] for which there exists a point
y € [v,n] such that

[2(b) — z()] = loar(ma, B) — oar(ys ct, B (5)
or a point y € [£,7] such that
[2(t) — 2(a)| = |oar(y) — oar(§ . B)I, (6)
then
2" ()] < loar—1(y; @, B)]- (7)

Proof. For » = 1 the assertion of the lemma is obvious. Therefore, we will
assume that r > 2.

Consider the case when the function x is increasing on the segment [«, 5],
while the function ¢y, (-;a, ) increases on the segment [£,7n]. The case of
decreasing functions x and ¢y ,(-; «, B) is treated similarly.

Let us prove (7) under assumption (5).

Let us assume that inequality (7) is not satisfied, i.e.,

|2/ (8)] > |onr—1(y; o, B)I.

Then t < b and hence y < 7. Using condition (4) and applying Theorem B
to the derivative x’, we obtain

$/(t+u)>@)\,r—1(y+u;awﬁ)v ue(()?n_y)’

while b — ¢ > n — y. But then
b b—t n—y
z(B) —z(t) = / 7' (u)du = / o' (t + u)du > / oar—1(y +u;a, B)du =
¢ 0 0

n
= / Oar—1(us o, B)du = oy (05, B) — oxr(ys @, B),
)

which contradicts condition (5).

Inequality (7) is proved similarly under assumption (6).

Lemma 1 is proved.

The following theorem is a strengthening of Kolmogorov’s comparison
theorem in the nonsymmetric case.
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Theorem 1. . Letr € N; o, 3> 0; 2 € W[ a,B(K) and the number X\ is
chosen from the condition

Hzlloo = Eo(enr(; @, 58))oos (8)

where the quantity |||z|||s s defined by equality (3). Let further |a,b] be an
interval of increasing (decreasing) function x such that x'(t) # 0, t € (a,b),
and x'(a) = 0 if a # —o0, 2/(b) = 0, if b # 400, and [§,n)] is the interval
of increase (decrease) of the function ¢y ,(:;a,B), where x,—1(&a,B) =
oxr—1(ma,B) = 0, and let v be a local extremum point of the function

©xr—1(:5 0, ) on the interval (§,1m).
Then if for the point t € [a,b] the point y € [£,n)] is chosen so that

[2(b) — 2(t)| = |oar(ms o, B) — oar(y; o, B)] (9)
or so that
[2(t) — 2(a)| = loar(ys @, B) — orr (&5, B)], (10)
then
2 ()] < |oar—1(y; o, B)]- (11)

Proof.. Note, first of all, that in view of condition (8) for an arbitrary
point ¢ € [a, b] there exists a point y = y; € [, n] satisfying equality (9) and
there exists a point y = y2 € [£, n] satisfying equality (10).

Let us now prove that condition (8) implies the inequality

12l oo < lloar—1(5 0, B)£loc, (12)

those. condition (4) of Lemma 1 is satisfied.
Let’s assume the opposite. Let, for example.

12 oo > llar—1 (506 B)tlloos 5 2l lloo < llonr—1(50, B8)-llo-  (13)

Other options for not fulfilling (12) are considered similarly.
Then, considering the equality |[¢x,(-; o, 8)+]loc = A7 |J@r (55 @, B) 4 [|0o, We
conclude that there exists a number w € (0, A) such that

1274 lloo = [[w,r—1(+5 @t B)+ [ co- (14)
It follows from condition (8) and the inequality w < A that
Hzllloo < Eo(Pu,r (- 8))oo- (15)
In addition, in view of the second relation in (13)
12" Jloo < lwr—1(+5 t; B)~lloo- (16)
We choose a point £y € R so that
12y lloo = 2"(t0), (17)
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and let the number 7 € R satisfy the condition

loar—1(50,8)+lloc = @rr—1(to + 75, B) +. (18)

Denote by t1 and to the ZEros closest to
the left and right of the point to functions
@~y r—1(- + 7). Taking into account (14), (16)—(18) and applying Theorem B
to the function 2/, we obtain

x/(t) Z Q0w77=_1(t+7';047ﬁ), te (t17t2)-
Hence we conclude that 2/(t) > 0, ¢ € (¢1,t2) and

to to
z(te) — x(t1) = / 2 (t)dt > / Cur1(t+10,B8)dt =

t1 t1

= 9%.1,7”(752 + 7 a’ﬁ) - QOw,T(tl + 75 O"ﬁ) = 2EU(§DW,T('; «, ﬁ))oo

In this way,

2o > %I:v(tz) — z(t1)| 2 Eo(Pur (5 B))oo

which contradicts inequality (15). Thus (12) is proved.

Let us now prove (11) under assumption (9).

Consider the case when the function x is increasing on the interval [a, b] and
the function ¢y ,(-; o, B) increases on the interval (£, n]. The case of decreasing
functions x and ¢y ,(-; o, f) is treated similarly.

If the point y, chosen from condition (9) is such that y € [, 7], then taking
into account (12) and applying Lemma 1, we obtain (11).

Now let the inclusion y € [£,~] take place for the point y chosen from
condition (9). From (8) and (9) it follows that

1’(t) - x(a) S @A,r(fy;avﬂ) - 90)\,7"(5; O‘aﬁ)'

Therefore, there exists a point y; € [£,7],y1 < y such that

z(t) — z(a) = exrr(y1; 0, B) — err (& 0, B).

Taking into account inequality (12) and applying Lemma 1, we obtain

2" ()] < |err—1(1)| < lear—1(y)].

Thus, (11) under assumption (9) is proved.
One can prove (11) similarly under assumption (10).
Theorem 1 is proved.
The following theorem is a strengthened version of inequality (1).
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Theorem 2. Letk,r € N, k <r, G=R or G=T. Then for any function
xz € LL_(G) and for any o, B > 0 has place of sharp inequalities

k ||907'—]€( : ;a7ﬁ)i”00 r Id k/r
|2]l00 < a1 eI s (19)
EO(SOT‘( : 70575))00
where the quantity |||z||||co is defined by relation (3).

FEquality in (19) is achieved for the functions x(t) = apy ,(t; o, f)+b, a,b €
R, A>0forG=R and A e N for G=T.

Proof. Let us fix any z € L._(G). Because of the homogeneity inequality
(19), we can assume that

Hm(T)Hoo;a—l,B—l =1 (20)

Then z € W[, , 5(G) and Theorem 1 applies to the function z. Let’s choose
A > 0 from the condition

#[lloe = Eo(@rr(s o B))oc- (21)

When proving Theorem 1, it was established that condition (21) implies (see
(12)) the inequality

17 lloo < lonr—1(5 0 B)2 oo, (22)

and hence
E0($/)OO < EO(SD)\,T—l(‘; «, /B)OO (23)
By virtue of Theorem A applied to the function 2/, we have

lpr—( -5 B)xllo (k—1)/(r—1)|[..(r) || (k=1)/(r—1)
2|0 < S Fo(2) [ i e
Bo(pra( - o, B))a B0/ o

Hence, taking into account (20), (23) and the equality |loxr(:;, B)+]lec =
A7 |@r (5 e B)+|loo, derive the estimate

12100 < lonr—i(; @ B)£ls0s (24)

From (21) and (24) we obtain

loPlloe_ Neari(5008)2l00 _
zlllss™" ™ Bolpar(- 0, B)&""
_ A Pleri( 50 Bl _ ekl 00 Hlloo (25)
O‘ "Eo(er( - 30‘75))00)1_k/r Eo(or( - %0475))c1>o—k/T

From (25) and (20) follows (19).
Theorem 2 is proved.
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3. Strengthening Ligun’s and Babenko’s inequalities. In [4] Babenko
proved the following inequality.

Theorem C. Let ¢ > 1, k,r € N, k < r,. Then for any function z €
L. (T) and for any o, B > 0 the exact inequality holds

||SOT k’( 70475):|ZHLq(T
1-k/r
EO(SOT( : 7a76))00
Equality in (26) is achieved for the functions x(t) = app . (t;, )+b, a,b €
R, n e N.

In the symmetric case a = § inequality (26) is due to Ligun [3].
The following theorem is a strengthening of inequality (26).

L Bo(a) 147|207 . (26)

coja~t,p1

[EX e

Theorem 3. Letq > 1, k,r € N, k < r. Then for any function x € L._(T)
and for any a, B > 0 the exact inequality holds

k lor—k( 500 B) £l L, (T () 1k
|28 2,0y < ][ [FSly el WA
Eo(pr( -5, 8))a

Equality in (27) is achieved for the functions x(t) = app ,(t; o, f)+b, a,b €
R, neN.

(27)

Proof. Let us fix a function z € L. (T). In the case of k > 2, inequalities
(27) can be obtained by compiling inequalities (26) and (19) as follows.
Note that inequality (26) applied to the function 2’ implies the inequality

[EX PR

o Nersl i Dslam

= (k—1 1
EO(SO'I‘—I( ) 76)) )/(T )
On the other hand, inequality (19) for £ = 1 implies the inequality

Eo ()35 B0/ =D D070 - (28)

/ Eo(pr—1(-;0,8))0 1=1/r.(r) | 1/7
Ep(7") o < JIE [Pl Hooa_l ' (29)
’ Eo(er( 50 ,m)l i o

Estimating Eo(2')s in inequality (28) using inequality (29) and taking into

account that Eo1 ) L
(A=) ()t
r—1 r r

we obtain inequality (27) for k£ > 2.

In the case of kK =1 (as in the general case), the proof of inequality (27)
can be obtained by repeating the arguments from the proof of inequality (26)
in [4], using Theorem 1 instead of Theorem B in these arguments.

Theorem 3 is proved.
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