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A Lambda Analogue of the Gamma Function

and its Properties

Abstract. We consider a generalization of the gamma function which we
term as lambda analogue of the gamma function or λ-gamma function and
further, we establish some of its accompanying properties. For the parti-
cular case when λ = 1, the results established reduce to results involving
the classical gamma function. The techniques employed in proving our
results are analytical in nature.
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Àíîòàöiÿ. Ìè ðîçãëÿäà¹ìî óçàãàëüíåííÿ ãàììà-ôóíêöi¨, ÿêó íàçèâà-
¹ìî ëÿìáäà-àíàëîãîì ãàììà-ôóíêöi¨ àáî λ-ãàììà-ôóíêöi¹þ, à òàêîæ
âñòàíîâëþ¹ìî äåÿêi ç ¨¨ ñóïóòíiõ âëàñòèâîñòåé. Äëÿ îêðåìîãî âèïàä-
êó, êîëè λ = 1, âñòàíîâëåíi ðåçóëüòàòè çâîäÿòüñÿ äî ðåçóëüòàòiâ, ùî
âêëþ÷àþòü êëàñè÷íó ãàììà-ôóíêöiþ. Ìåòîäè, ÿêi âèêîðèñòîâóþòüñÿ
äëÿ ïiäòâåðäæåííÿ íàøèõ ðåçóëüòàòiâ, ìàþòü àíàëiòè÷íèé õàðàêòåð.

Êëþ÷îâi ñëîâà: Ãàììà-ôóíêöiÿ, ëÿìáäà-àíàëîã, λ-ãàììà-ôóíêöiÿ, λ-
áåòà-ôóíêöiÿ, òåîðåìà Áîðà-Ìîëëåðàïà, íåðiâíiñòü

MSC2020: Pri 33B15, Sec 26A48, 26D07, 33B20

1. Introduction

The gamma function, which is an extension of the factorial notation to
non-integer values, is encountered in every aspect of mathematics. Arguably,
it is one of the most studied special functions. It has numerous applications in
mathematical analysis, number theory, combinatorics, mathematical modeling,
statistics, probability theory, engineering, and physics, just to mention a few.
It is normally de�ned by the integral

Γ(x) =

∫ ∞
0

tx−1e−tdt
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for x > 0. The upper incomplete gamma function is de�ned as

Γ(x, s) =

∫ ∞
s

tx−1e−tdt

for s > 0 and x ∈ (−∞,∞) whereas the lower incomplete gamma function is
de�ned as

γ(x, s) =

∫ s

0
tx−1e−tdt

for x > 0.
As a result of the important roles of this special function, it has been investi-

gated in various ways by several renowned researchers. A particular focus has
been on developing generalizations or extensions of the function. In the recent
past, some new generalizations have been de�ned and investigated. For example
see [3], [4], [5], [6], [10], [11], [13]. In this work, we continue the investigation in
this direction. Speci�cally, we consider a generalization of the gamma functi-
on which we term as lambda analogue of the gamma function or λ-gamma
function, and further study some of its properties.

2. Main Results

In this section, we de�ne the lambda analogue of the gamma function and
further study some of its accompanying properties.

De�nition 1. Let x > 0 and λ > 0. Then the λ-gamma function is de�ned
as

Γλ(x) =

∫ ∞
0

tx−1e−λtdt (1)

= λ−xΓ(x) (2)

= lim
k→∞

λ−xk!kx

x(x+ 1)(x+ 2) . . . (x+ k)
. (3)

In view of this de�nition, the upper incomplete λ-gamma function is given as

Γλ(x, a) =

∫ ∞
a

tx−1e−λtdt (4)

whilst the lower incomplete λ-gamma function is given as

γλ(x, a) =

∫ a

0
tx−1e−λtdt. (5)

Obviously,
γλ(x, a) + Γλ(x, a) = Γλ(x). (6)

The λ-gamma function may be interpreted as the Laplace transform of the
function f(t) = tx−1 or the Mellin transform of the function f(t) = e−λt.
When λ = 1, the generalized functions Γλ(x), Γλ(x, a) and γλ(x, a) respectively
reduces to the classical functions Γ(x), Γ(x, a) and γ(x, a). The function (5)
has been studied in the recent works [7] and [12].
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The λ-gamma function satis�es the following properties.

Γλ(1) =
1

λ
, (7)

Γλ(x+ 1) =
x

λ
Γλ(x), x > 0, (8)

Γλ(k + 1) =
k!

λk+1
, k ∈ N0, (9)

Γλ(x)Γλ(1− x) =
π

λ sin(πx)
, x ∈ (0, 1), (10)

Γλ(1 + x)Γλ(1− x) =
πx

λ2 sin(πx)
, x ∈ (0, 1), (11)

Γλ(x)Γλ

(
x+

1

2

)
= 21−2x

√
π

λ
Γλ(2x), x > 0, (12)

Γλ(x+ k)

Γλ(x)
=

(x)k
λk

, x > 0, k ∈ N0, (13)

Γλ

(
k +

1

2

)
=

(2k − 1)!!

2kλk
.

√
π

λ
, k ∈ N0, (14)

where (x)k = x(x + 1)(x + 2) . . . (x + k − 1) is the Pochhammer symbol and
m!! is the double factorial of m.

Remark 1. Let the λ-beta function be de�ned as

βλ(x, y) =
Γλ(x)Γλ(y)

Γλ(x+ y)

for x > 0 and y > 0. Then this function coincides with the ordinary beta
function β(x, y) since

βλ(x, y) =
Γλ(x)Γλ(y)

Γλ(x+ y)
=
λ−xΓ(x)λ−yΓ(y)

λ−(x+y)Γ(x+ y)
=

Γ(x)Γ(y)

Γ(x+ y)
= β(x, y). (15)

De�nition 2. Let the λ-psi function be de�ned as

ψλ(x) =
d

dx
ln Γλ(x)

for x > 0. Then

ψλ(x) =
Γ′λ(x)

Γλ(x)
= − lnλ+ ψ(x) (16)

= −(lnλ+ γ) +

∫ 1

0

1− tx−1

1− t
dt (17)

= −(lnλ+ γ) +

∫ ∞
0

e−t − e−xt

1− e−t
dt (18)

= −(lnλ+ γ) +

∞∑
k=0

x− 1

(k + 1)(k + x)
, (19)

20



LAMBDA ANALOGUE OF THE GAMMA FUNCTION

where γ = limn→∞
[∑n

r=1
1
r − lnn

]
= 0.5772... is the Euler-Mascheroni

constant and ψ(x) = d
dx ln Γ(x) is the classical psi or digamma function.

Remark 2. It follows from (8) that

ψλ(x+ 1) =
1

x
+ ψλ(x) (20)

and since

ψλ(x+ 1)− ψλ(x) =
1

x
> 0,

then ψλ(x) is increasing. The increasing property of ψλ(x) implies that Γλ(x)
is logarithmically convex and hence convex. Also, (16) implies that

ψ′λ(x) = ψ′(x)

and thus, the derivatives of ψλ(x) and ψλ(x) coincides. In particular,

ψλ(1) = −(lnλ+ γ), ψ′λ(1) =
π2

6
, and Γ′λ(1) = −

(
lnλ+ γ

λ

)
.

Theorem 1. For x > 0, λ > 0 and u ∈ (0, 1), the inequality(
x

x+ u

)1−u
≤ Γλ(x+ u)(

x
λ

)u
Γλ(x)

≤ 1 (21)

holds.

Proof. By making use of H�older's inequality, we obtain

Γλ(x+ u) =

∫ ∞
0

tx+u−1e−λtdt

=

∫ ∞
0

tuxe−uλtt(1−u)(x−1)e−(1−u)λtdt

≤
(∫ ∞

0
txe−λtdt

)u(∫ ∞
0

tx−1e−λtdt

)1−u

= [Γλ(x+ 1)]u [Γλ(x)]1−u . (22)

By applying (8) to (22) we obtain

Γλ(x+ u) ≤
(x
λ

)u
Γλ(x) (23)

and replacing u by 1− u in (23) gives

Γλ(x+ 1− u) ≤
(x
λ

)1−u
Γλ(x). (24)

Further, replacing x by x+ u in (24) gives

Γλ(x+ 1) ≤
(
x+ u

λ

)1−u
Γλ(x+ u). (25)
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Now combining (23) and (25) gives

Γλ(x+ 1)(
x+u
λ

)1−u ≤ Γλ(x+ u) ≤
(x
λ

)u
Γλ(x). (26)

Finally, applying (8) to (26) and rearranging gives the desired result (21).

Remark 3. Inequality (21) is equivalent to the inequality

(x
λ

)1−u
≤ Γλ(x+ 1)

Γλ(x+ u)
≤
(
x+ u

λ

)1−u
, (27)

and in particular, when u = 1
2 , we obtain√

x

λ
≤ Γλ(x+ 1)

Γλ(x+ 1
2)
≤
√
x

λ
+

1

2λ
. (28)

When λ = 1, inequalities (27) and (28) respectively reduce to inequality (2.8)
of [14] and inequality (3) of [15] for s = 1

2 .

Theorem 2. The following limits are valid.

lim
x→∞

Γλ(x+ u)

xuΓλ(x)
=

1

λu
, x > 0, u ∈ (0, 1), (29)

lim
x→∞

xv−u
Γλ(x+ u)

Γλ(x+ v)
= λv−u, x > 0, u, v ∈ (0, 1), (30)

lim
x→0

xΓλ(x) = 1, x > 0, (31)

lim
x→0

[
1

x
− Γλ(x)

]
= lnλ+ γ, x > 0, (32)

lim
x→0

1

x

[
1

Γλ(1− x)
− 1

Γλ(1 + x)

]
= −2λ(lnλ+ γ), x ∈ (0, 1), (33)

lim
x→0

xψλ(x) = −1, x > 0, (34)

lim
x→0

[
1

x
+ ψλ(x)

]
= −(lnλ+ γ), x > 0, (35)

lim
x→0

1

x

[
1

ψλ(1− x)
− 1

ψλ(1 + x)

]
=

π2

3(lnλ+ γ)2
, x ∈ (0, 1). (36)

Proof. By applying Squeezes theorem on (21), we obtain the limit (29). Next,
by using (29), we obtain

lim
x→∞

xv−u
Γλ(x+ u)

Γλ(x+ v)
= lim

x→∞

Γλ(x+ u)

xuΓλ(x)
. lim
x→∞

xvΓλ(x)

Γλ(x+ v)
= λv−u
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which proves (30). Next, by using (8), we obtain

lim
x→0

xΓλ(x) = λ lim
x→0

Γλ(x+ 1) = λ.
1

λ
= 1

which proves (31). Next, we have

lim
x→0

[
1

x
− Γλ(x)

]
= − lim

x→0

[
Γλ(x)− 1

x

]
= − lim

x→0

[
λΓλ(x+ 1)

x
− 1

x

]
= −λ lim

x→0

[
Γλ(x+ 1)− 1

λ

x

]
= −λ lim

x→0
Γ′λ(x+ 1)

= lnλ+ γ

which proves (32). Next, we have

lim
x→0

1

x

[
1

Γλ(1− x)
− 1

Γλ(1 + x)

]
= lim

x→0

[
Γ′λ(1− x)

Γλ(1− x)2
+

Γ′λ(1 + x)

Γλ(1 + x)2

]
= −2λ(lnλ+ γ)

which proves (33). Next, by using the functional equation (20), we have

lim
x→0

xψλ(x) = lim
x→0

(xψλ(x+ 1)− 1) = −1

which proves (34). Moreover, the functional equation (20) also implies that

lim
x→0

[
1

x
+ ψλ(x)

]
= ψλ(1) = −(lnλ+ γ)

which proves (35). Finally, we have

lim
x→0

1

x

[
1

ψλ(1− x)
− 1

ψλ(1 + x)

]
= lim

x→0

[
ψ′λ(1− x)

ψλ(1− x)2
+

ψ′λ(1 + x)

ψλ(1 + x)2

]
=

π2

3(lnλ+ γ)2

which proves (36). This completes the proof.

Remark 4. The limit (30) actually holds for all real numbers u and v such
that x + u > 0 and x + v > 0. This is deduced from the asymptotic relation
(6.1.47) on page 257 of [1] as follows.

lim
x→∞

xv−u
Γλ(x+ u)

Γλ(x+ v)
= lim

x→∞
xv−u

λ−(x+u)Γ(x+ u)

λ−(x+v)Γ(x+ v)

= λv−u lim
x→∞

xv−u
Γ(x+ u)

Γ(x+ v)

= λv−u. (37)
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Theorem 3. Let u ≥ 0, v ≥ 0 such that x+ 1 > u+ v. Then the function

P(x) =
Γλ(x+ 1)Γλ(x+ 1− u− v)

Γλ(x+ 1− u)Γλ(x+ 1− v)
(38)

is decreasing. Consequently, for u ≥ 0, v ≥ 0 and x+ 1 > u+ v, the inequality

1 ≤ Γλ(x+ 1)Γλ(x+ 1− u− v)

Γλ(x+ 1− u)Γλ(x+ 1− v)
(39)

holds. And for u > 0, v > 0 and x > u+ v, the inequality

Γλ(x+ 1)Γλ(x+ 1− u− v)

Γλ(x+ 1− u)Γλ(x+ 1− v)
<

(u+ v)u+v

uuvv
(40)

holds.

Proof. Taking the logarithmic derivative of P(x) yields

P ′(x)

P(x)
= ψλ(x+ 1) + ψλ(x+ 1− u− v)− ψλ(x+ 1− u)− ψλ(x+ 1− v)

=

∫ 1

0

tx−u + tx−v − tx − tx−u−v

1− t
dt

= −
∫ 1

0

(tu − 1)(tv − 1)

1− t
tx−u−vdt

≤ 0.

Hence P(x) is decreasing. Consequently, applying (37) gives

P(x) ≥ lim
x→∞

P(x)

= lim
x→∞

Γλ(x+ 1)Γλ(x+ 1− u− v)

Γλ(x+ 1− u)Γλ(x+ 1− v)

= lim
x→∞

x−u
Γλ(x+ 1)

Γλ(x+ 1− u)
. lim
x→∞

xu
Γλ(x+ 1− u− v)

Γλ(x+ 1− v)

= λ−uλu

= 1

which yields (39). Next, it is known that [9],

β(u, v) ≥ uu−1vv−1

(u+ v)u+v−1
(41)
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for u > 0 and v > 0. This together with the monotonicity of P(x) implies that

P(x) < P(u+ v) =
Γλ(u+ v + 1)Γλ(1)

Γλ(u+ 1)Γλ(v + 1)

=
u+ v

uv

Γλ(u+ v)

Γλ(u)Γλ(v)

=
u+ v

uv

1

βλ(u, v)

≤ (u+ v)u+v

uuvv

which yields (40). This completes the proof.

Remark 5. In particular, if u = v = 1 in (39), then we obtain

1 ≤ Γλ(x+ 1)Γλ(x− 1)

Γλ(x)2
, x > 1, (42)

which can be rearranged as

λ2

x2
≤ Γλ(x− 1)

Γλ(x+ 1)
, x > 1. (43)

Also, if u = v = 1
2 in (39), then we obtain

1 ≤ Γλ(x+ 1)Γλ(x)

Γλ(x+ 1
2)2

, x > 0, (44)

and this can also be rearranged as√
λ

x
≤ Γλ(x)

Γλ(x+ 1
2)
, x > 0. (45)

Remark 6. The logarithmic convexity of the λ-gamma function implies that

Γλ(kz1 + (1− k)z2) ≤ [Γλ(z1)]k[Γλ(z2)]1−k (46)

for z1 > 0, z2 > 0 and k ∈ [0, 1]. It is interesting to note that if z1 = x + 1,
z2 = x− 1 and k = 1

2 , then we recover (42). Likewise, if z1 = x, z2 = x+ 1 and
k = 1

2 , then we recover (44). More generally, if u ≥ 0, z1 = x + u, z2 = x − u
and k = 1

2 , then we obtain

1 ≤ Γλ(x+ u)Γλ(x− u)

Γλ(x)2
, u ≥ 0, x > u, (47)

which is equivalent to

1 ≤ Γλ(x+ 1 + u)Γλ(x+ 1− u)

Γλ(x+ 1)2
, u ≥ 0, x+ 1 > u. (48)
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Theorem 4. Let u ≥ 0 and x+ 1 > u. Then the function

A(x) =
Γλ(x+ 1 + u)Γλ(x+ 1− u)

Γλ(x+ 1)2
(49)

is decreasing. Consequently, the inequality

x2

x2 − u2
≤ Γλ(x+ u)Γλ(x− u)

Γλ(x)2
≤ x2

x2 − u2
.

πu

sin(πu)
(50)

holds for x > u and u ∈ [0, 1).

Proof. Logarithmic di�erentiation yields

A′(x)

A(x)
= ψλ(x+ 1 + u) + ψλ(x+ 1− u)− 2ψλ(x+ 1)

=

∫ 1

0

2tx − tx+u − tx−u

1− t
dt

= −
∫ 1

0

(tu − 1)2

1− t
tx−udt

≤ 0.

Thus, A(x) is decreasing. Using (48) in conjunction with the monotonicity of
A(x) and identity (11), we obtain

1 ≤ Γλ(x+ 1 + u)Γλ(x+ 1− u)

Γλ(x+ 1)2
≤ Γλ(1 + u)Γλ(1− u)(

1
λ

)2
≤ πu

sin(πu)
.

By applying (8), we arrive at the desired result (50) and this completes the
proof.

Remark 7. The results of Theorem 3 and Theorem 4 are motivated by the
paper [2]. For further information on inequalities of these types, one may refer
to that paper.

Theorem 5. The function

K(x) = Γλ(x)− 1

x
(51)

is increasing for x > 0 and the inequality

1

x
− (lnλ+ γ) < Γλ(x) ≤ 1

x
+

1

λ
− 1 (52)

holds for x ∈ (0, 1].
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Proof. By using (8), we have

K(x) =
λΓλ(x+ 1)− 1

x

which implies that

x2K′(x) = λxΓ′λ(x+ 1)− λΓλ(x+ 1) + 1

= θ(x).

Then
θ′(x) = λxΓ′′λ(x+ 1) > 0

which shows that θ(x) is increasing and so

θ(x) > θ(0) = 0.

Hence K(x) is increasing. Then for x ∈ (0, 1], we have

−(lnλ+ γ) = lim
x→0
K(x) < K(x) ≤ K(1) =

1

λ
− 1

which gives (52).

Remark 8. The left hand side of (52) actually holds for all x > 0 and for
x > 1, the right hand side reverses with strict inequality.

Lemma 1 ([8]). For x > 0, the inequality Γ(x)Γ(1/x) ≥ 1 holds.

Theorem 6. For x > 0, the inequalities

Γλ(x)Γλ(1/x) ≥ λ−(x+ 1
x

), (53)

Γλ(x) + Γλ(1/x) ≥ 2λ−
1
2

(x+ 1
x

) (54)

are satis�ed. With equality when x = 1.

Proof. By applying de�nition (2) and Lemma 1, we have

Γλ(x)Γλ(1/x) = λ−xΓ(x)λ−
1
x Γ(1/x)

= λ−(x+ 1
x

)Γ(x)Γ(1/x)

≥ λ−(x+ 1
x

)

which gives (53). By applying the arithmetic-geometric mean inequality in
conjunction with (53), we obtain

Γλ(x) + Γλ(1/x) ≥ 2
√

Γλ(x)Γλ(1/x)

≥ 2λ−
1
2

(x+ 1
x

)

which gives (54). This completes the proof.
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We conclude the paper by proving the Bohr-Mollerup theorem for the λ-
gamma function which characterizes the function uniquely.

Theorem 7. Let x > 0 and λ > 0. If Q : (0,∞) → (0,∞) satis�es the

conditions

(a) Q(1) = 1
λ ,

(b) Q(x+ 1) = x
λQ(x),

(c) Q(x) is logarithmically convex,

then Q(x) = Γλ(x).

Proof. Let Q(x) satisfy conditions (a)�(c). We prove that Q(x) coincides with
Γλ(x) on the interval (0, 1]. When this happens, then Q(x) will coincide with
Γλ(x) throughout its domain as a result of condition (b). Let x ∈ (0, 1] and
k ∈ N such that k ≥ 2. Then k − 1 < k < k + x ≤ k + 1 and by virtue of the
logarithmic convexity of Q(x), we obtain

lnQ(k − 1)− lnQ(k)

(k − 1)− k
≤ lnQ(k + x)− lnQ(k)

(k + x)− k
≤ lnQ(k + 1)− lnQ(k)

(k + 1)− k
.

That is

− ln
Q(k − 1)

Q(k)
≤ 1

x
ln
Q(k + x)

Q(k)
≤ ln

Q(k + 1)

Q(k)
. (55)

But, in view of conditions (a) and (b), we have

Q(k + 1) =
k!

λk+1
, Q(k) =

(k − 1)!

λk
and Q(k − 1) =

(k − 2)!

λk−1
.

Also, repeated application of condition (b) yields

Q(k + x) =
x(x+ 1)(x+ 2) . . . (x+ k − 1)

λk
Q(x).

Then (55) becomes

x ln

(
k − 1

λ

)
≤ ln

[
x(x+ 1)(x+ 2) . . . (x+ k − 1)Q(x)

(k − 1)!

]
≤ x ln

(
k

λ

)
which implies that

(k − 1)!λ−x(k − 1)x

x(x+ 1)(x+ 2) . . . (x+ k − 1)
≤ Q(x) ≤ (k − 1)!λ−xkx

x(x+ 1)(x+ 2) . . . (x+ k − 1)
.

(56)
Substituting k by k+ 1 at the left hand side of (56) and rearranging the right
hand side yields

k!λ−xkx

x(x+ 1)(x+ 2) . . . (x+ k)
≤ Q(x) ≤ k!λ−xkx

x(x+ 1)(x+ 2) . . . (x+ k)
.
x+ k

k
(57)
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Now, applying Squeeze's theorem on (57) yields

Q(x) = lim
k→∞

k!λ−xkx

x(x+ 1)(x+ 2) . . . (x+ k)
= Γλ(x)

which completes the proof.
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