Researches in Mathematics https://vestnmath.dnu.dp.ua

Res. Math. 31(1), 2023, p. 3-16 ISSN (Print) 2664-4991
doi:10.15421/242301 ISSN (Online) 2664-5009
UDK 517.5

V. F. Babenko*, V. V. Babenko**, O. V. Kovalenko*,
N. V. Parfinovych*

* Oles Honchar Dnipro National University, Dnipro 49050.
E-mails: babenko.vladislav@gmail.com, olegkovalenko90@gmail.com,
parfinovich@mmf.dnu.edu.ua

** Drake University, Des Moines, USA FE-mail: vira.babenko@drake.edu

On Landau-Kolmogorov type inequalities for
charges and their applications

Abstract. In this article we prove sharp Landau-Kolmogorov type
inequalities on a class of charges defined on Lebesgue measurable subsets
of a cone in R%, d > 1, that are absolutely continuous with respect to the
Lebesgue measure. In addition we solve the Stechkin problem of approxi-
mation of the Radon-Nikodym derivative of such charges by bounded
operators and two related problems. As an application, we also solve
these extremal problems on classes of essentially bounded functions f such
that their distributional partial derivative 81?.‘.17:);)” belongs to the Sobolev
space W1°°.

Key words: Landau-Kolmogorov type inequality, Stechkin’s problem,
gradient, charge, mixed derivative

Awnoragisi. Mu noBogumo Touni mepisuocti tumy Jlanmay-Kosimoroposa
Ha KJIaCaX 3aPsi/IiB, M0 BU3HAYEH] Ha BUMIPHUX 3a Jleberom miaMHOKUHAX
nesxoro xomyca y R d > 1, i gki € abCOMIOTHO HEIepePBHUMY BiIHOCHO
mipu JleGera. Kpim Toro, mu poss’asyemo 3amady Creukina npo zabiiu-
KeHHs moxigHoi Pamona-Hikogmma 1iux 3apsiB 3a JOMTOMOTOI0 O0OMeKe-
HUX OIIepaTOpiB 1 1Bi moB’s3aHi 334a4i. Y AKOCTI 3aCTOCYBaHb, MU TAKOXK
PO3B’sI3y€MO IIi €KCTPEeMAJIbHI 33139l Ha KIacaX CYTTEBO 0OMekeHnX dyH-
Kl f, 9acTMHHA IOXigHA ﬁ AKUX HaJsexkutb 10 npocropa Cobo-
nesa W1,

Kuro4dosi cisioBa: mepisuicts Tumy Jlangay-Komamoroposa, 3amaga Cre-
YKiHa, TPAJI€HT, 3ap4l, 3MilIaHa IOXiTHa

MSC2020: Pri 26D10, SEc 41A17, 41A44

1. Introduction

Inequalities that estimate norms of intermediate derivatives of univariate
or multivariate functions using the norms of the functions and their derivati-
ves of higher order play an important role in many branches of Analysis and
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its applications. It appears that the richest applications are obtained from
sharp inequalities of this kind, which attracts much interest to the inequali-
ties with the smallest possible constants. For univariate functions, the results
by Landau [15], and Kolmogorov [13], are among the brightest ones in this
topic. Inequalities of this kind are often called the Landau-Kolmogorov type
inequalities. A survey on the results for univariate and multivariate functions
for the case of derivatives of integer order and further references can be found
in 1,9, 14, 11, 20, 19, 8, 7|.

Let X and Y be linear spaces equipped with a seminorm || - || x and a norm
Il - ||y respectively. A linear operator A: X — Y is called bounded if

[All = [[Allx»y == sup [ Az]y < oc.

[zl x <1

Otherwise, the operator A is called unbounded. By £(X,Y) we denote the
space of all linear bounded operators S: X — Y.

Let A: X — Y be an operator (not necessarily linear) with a domain
Dy C X. Let also 9 C D4 be some class of elements. The problem to find
the modulus of continuity of the operator A on the class 91 i.e., the function

Q(0) = QA,M;6) :=sup{||Az|ly : z € M, ||z||x <d},0 >0, (1.1)

is an abstract version of the problem about the Landau — Kolmogorov type
inequalities.
For the operator A and an operator S € L(X,Y) we set

U(A,S;M) :=sup{||Az — Sz||y: v € M}.

The Stechkin problem of approximation of a generally speaking unbounded
operator A by linear bounded operators is stated as follows. For a given number
N > 0 find the quantity

En(A,M) = inf {U(A, S;M): S € L(X,Y),||S| < N}, (1.2)

and an operator S on which the infimum is attained, if such an operator exists.
The statement of this problem, first important results, and solutions to this
problem for differential operators of small orders were presented in [18]. For a
survey of further results on this problem see [1].

The Stechkin problem, in turn, is intimately connected to Landau-
Kolmogorov type inequalities. The following theorem describes this connection,
see [18].

Theorem 1. For any x € M and arbitrary S € L(X,Y) the following
wmequality holds

[Az| < [|Az = Szf| + [[S]l]|z]] < U(A, S5900) +[[S] - [l]],
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and, therefore,
Ve e M, VN >0, |Az| < En(A,M)+ N|z|.

Moreover

Q(A, M, 0) < ]%I;fO{EN(A,fm) + No}.
If in addition there exist S € L(X,Y) and T € Q such that
|Az]| = | Az — S| + [|S|l||z]| = U(A, $;200) + [[S] - |1z, (1.3)
then

Q7] x) = |AZ|ly and EHgH(A,fm) =U(A,S;m) = || Az|| — ||S]| I|z]-

Thus the element T is extremal for problem (1.1), and the operator S is optimal
for problem (1.2).

Remark 1. In Stechkin’s article [18] it is assumed that X and Y are Banach
spaces. However, as it is easy to see, completeness, and even presence of a norm
in X is not necessary. It is sufficient to have a seminorm in X. Completeness
of Y is also not necessary.

Let 9 C D(A) and S € L(X,Y). For 6 > 0 the value
Us(A, S, M) := sup{|| Az — Snlly : 2 € M, n € X, ||z —nllx < d},

if called the deviation of the operator S € £(X,Y) from the operator A on
the class 91, where elements are known with error §. The problem of optimal
recovery of the operator A by linear operators on such class 9t consists of
finding the quantity

Es(AM L(X,Y)):= inf Us(A,S,M
5 ( (X,Y)) seid s 5( )
and an operator S, on which the infimum on the right-hand side is attained,
if it exists.
The connection of this problem with the Landau — Kolmogorov type

inequalities and the Stechkin problem is given by the following theorem, see [1,
Theorem 2.1].

Theorem 2. If M is a conver centrally-symmetric set and A is a
homogeneous operator, then for all § > 0

QA,9;0) < E5(A, M, L(X,Y)) < inf {Ey(4,9) + N6},
>

If in addition there exist an element T € M and an opemtorg that satisfy (1.3),
then
Ez| (A, M, L(X,Y)) = QA, I |z]) = || AzZ].
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We consider charges v defined on Lebesgue measurable subsets of an open
cone C C RY that are absolutely continuous with respect to the Lebesgue
measure u. For such charges we obtain sharp Landau — Kolmogorov type
inequalities that estimate the Lo (C)-norm of the Radon — Nikodym derivative
D,,v using the value of some seminorm of the charge v and the L, (C)-norm
of the gradient VD, v of this derivative. We also solve the problem of approxi-
mation of the operator D, by bounded operators on the class of charges v
such that the Lo (C)-norm of the vector-function VD, v does not exceed 1,
and the problem of optimal recovery of the operator D, on this class given the
elements known with error.

In the case C' = R x RI=™ (0 < m < d, we obtain inequalities that esti-
mate the Lo (C)norm of a mixed derivative of the function f: C'— R using
the Loo(C)—norm of the function and the Lo (C)—norm of the gradient of the
mixed derivative, and prove sharpness of the obtained inequalities in the cases
m = 0,1. We also solve the problem of approximation of the mixed derivative
operator by bounded operators on the class that is defined by restrictions on
the Loo(C)—norm of the gradient of the mixed derivative; and the problem of
optimal recovery of the mixed derivative operator on this class with elements
known with error.

The article is organized as follows. In Section 2 we give necessary definitions
and state the main results of the paper. In Sections 3 and 4 we give the proofs
for the stated results.

2. Definitions and main results

For z,y € R%, d > 1, denote by (z,y) the dot product of z and y. Let
K C R be an open convex symmetric with respect to 6 bounded set with
6 € int K. For x € R? denote by |z|x the norm of x generated by the set K
ie., |z|g :=inf{\ > 0: x € AK}. Denote by K° the polar set of the set K i.e.,

K° = {y e R?: sup(z,y) < 1}.
zeK

It is well known that the norm |- |go is the dual to | - |x norm i.e., |z|ge =
sup{(z,2): |z|x < 1}. In particular for all z,y € R?, (2,y) < |z|x - |y|Ko.
Everywhere below C' C R? is an open convex cone and p is the Lebesgue
measure in R?.

By M(C) we denote the set of charges v (see e.g., [10, Chapter 5]) defined
on Lebesgue measurable subsets of the open cone C' C R? that are absolutely
continuous with respect to the Lebesgue measure pu. By the Radon — Nikodym
theorem, there exists a finite integrable function f: C' — R such that for each
measurable set Q C C

1@ = [ sy,
Q
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This function f is called the Radon—Nikodym derivative of v. We denote the
Radom-Nikodym derivative of the measure v by D,v i.e., Dyv(z) = f(x)
p—almost everywhere.

The set M(C) is a linear space with respect to the standard addition and
multiplication by a real number. Consider a family of seminorms {|| - || xn, h >
0} and a seminorm || - || in this space as follows:

llcn =l +RE N C)llra (o) and [|¥]lx := sup|
>

Everywhere below, for a locally integrable function f by Vf we denote
the gradient of the function f; the partial derivatives are understood in the
distributional sense.

Definition 1. Let Q@ C RY be an open set. By W1H*(Q) we denote the
Sobolev space of functions f: @ — R such that f and all their (distributional)
partial derivatives of the first order belong to Lo (Q).

Remark 2. Due to equivalence of norms in finite dimensional spaces, for
each f € W1°(Q) one has |V f|xe € Leo(Q).

Various extremal problems on multidimensional Sobolev classes were consi-

dered in [2, 3, 4, 5, 6]

Definition 2. Denote by Mg (C) (Mg, n(C), h > 0) the set of all charges
v € N(C) that have a finite seminorm ||v||x (resp. ||v| k), and by ‘)T}QOO(C’)
(‘JI}(OZ(C)) the set of all charges v € Nk (C) (resp. v € Nk 1 (C)) such that
D,v e Whe(C).

We prove the following theorem, which gives sharp Landau — Kolmogorov
type inequalities in both additive and multiplicative forms for charges.

Theorem 3. Let h > 0 and v € m}(OZ(C) Then D,v € Loo(C) and the
following additive Landau — Kolmogorov mequalzty holds:

”Du’/”Lm(c) < || Dpv — ShVHLOO(c) + [1SulllIv] &

dh vl x n
< D . 7’, 2.1
< 27 VDl @ Y i noy 2V
where ( K C’)
v(z + N
_v(@@+hKENC) 2.2
Snv (@) hiu(K N C) 22

Ifv e ‘ﬁ};oo(C), then inequality (2.1) holds for any h > 0, and the following
multiplicative Landau — Kolmogorov inequality holds:

d+1 a1
HD.UVHLOO(C) S <M> H‘VDHV|K°

(1+1

HMW~ (2.3)
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Both inequalities are sharp. They become equalities on measures

Qs / ~lelx)+ (@) du(z), (2.4)

where for a € R, ay = max{«,0}; moreover, inequality (2.3) becomes equality
on measures (2.4) with arbitrary h > 0.

In the following theorem we find the modulus of continuity and solve the
Stechkin problem for the operator D). We also solve the problem of optimal
recovery of the operator D, given the elements known with error.

Theorem 4. Denote by M the family of charges v € ‘ﬁl’oo(C) such that
VDl pc) < 1. Forall § >0 and N > 0 the following equalities hold:

gé(D/um? £> = Q(DIM?Im 5) = <((d];—ml)céf)>d ; (2-5)
d 1 d
Eyn (Du,f)ﬁ) d—i—l(Nu(KﬁC’)) . (2.6)

Set I=(1,...,1) € R? and for a locally integrable function f

o
0x1...0xy

Orf(x) = (z),

where the derivatives are understood in the distributional sense.

Definition 3. By W;;YOO(C) we denote the space of functions f € Lo (C)
such that dpf € Whee(C).

The following theorems holds.

Theorem 5. Let K = (—1,1)¢ and therefore |x|x = max{|z1],...,|zq|},
and |x|go = 2?21 |z;|. Let also C = anHr =RT xRI™™. 0 <m < d and
fe W;;YX,(C). Then Orf € Loo(C) and the following inequalities hold.

1. The Landau — Kolmogorov inequality in the additive form:

d m
Vh >0, |0ifllr.c) < hﬁ H’valﬂKO||LOO(C’)+ﬁ||f||LOO(C)- (2.7)

2. The Landau — Kolmogorov inequality in the multiplicative form:

10t/ (e < 2™+ D)l e) ™ H\V&f!Kolld“ (2.8)

For m =0 and m =1 the inequalities are sharp.

8
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Remark 3. It is not clear, whether the inequalities in Theorem 5 are sharp
for m = 2,...,d even in the case d = 2.

Theorem 6. Let C and K be as in Theorem 5. Denote by M the family of
functions f € W;’)YOO(C’) such that |[[Vorf|kellr.c) < 1. Forall 6 >0,N >0
and m € {0,1} the following equalities hold.

Es(dr, ) = Q 9y, M; ) = (2™(d + 1)) 7+ ;

1
d 2m\ d
EN(aI’m):dJrl<N> -

3. Inequalities of Landau — Kolmogorov type for charges
and related problems

3.1. Auxiliary results
Lemma 1. The following equality holds:

dhd—H
= K .
[ tulkdnt) = i ne)
hKNC

Proof. Using the layer cake representation, see e.g., [16, Theorem 1.13], we
obtain

/ lu| kdp(u) = / uf{u e hRKNC: |ulg > t}dt
hKNC 0

h h dhd+1
:/(u(hKﬁC)—u(tKﬁC))dt:u(KﬂC)/(hd—td)dt: L H(ENC).
0 0

We need the following result, which is related to |4, Lemmas 4 and 5.

Lemma 2. For h > 0 and x € C set fop(x) = (h— |z|k)+. Then f is
continuous and |||V fe o =1.

Loo(C)

Proof. Continuity of f is obvious. We prove the remaining statement of
the lemma in the case when K is a polytope (i.e., a convex hull of a fini-
te number of points) first. If v is a face of K, § is the distance from 6 to
v, and n = (n1,...,ng) is the exterior unit normal of 7, then for arbitrary
y € Int (conv ({8} U~)) one has |y|x = 3(y,n). Hence

Ol () _ oy 11 1esl = Iyl
81‘]' n—0 n
o (yt+men)—(y,n) 1 _
_117% p”; _S(e],n)—gnj.
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Thus V|- |x (y) = $n. Since |n|ge = &, see [4, Lemma 4|, we obtain the required
equality in the case, when K is a polytope. The general case can be obtained
by approximating the set K by polytopes.

Lemma 3. For each h > 0 the charge v.y defined in (2.4) belongs
to MR°(C), and hence to N (C). Moreover, [1Dpvenlls o) h,

H|VDMV€JL|K°

d+1
Loy = L and [ve |l = |venllxn = b K NCO).

Proof. The first and the second equalities follow from the fact that D v, =
fe,n and Lemma 2. Using Lemma 1, for arbitrary » > 0 we obtain

[Ve.n]

o =esssup [ (= [olu)dula)
yeC
y+rKNC

d+1

h
< h— d = Kn<aO).
< [ (= leli)dnta) = u(K 0 C)

RKNC
At the same time, the function y — v, p(y+hKNC) is continuous on C, hence
d+1

d+1

|Venllgn = ven(hKNC) = WK NCO),

and the last equality from the lemma follows.

Lemma 4. Let 9 be N (C) or Nk p(C), h > 0. For the operator Sp: N —
Loo(C) defined by (2.2), one has

1
Sull = IS = . 3.1
ISkl = [ISkllnt= Lo (o) WK A O (3.1)
Proof. Since
_ v+ hK N O)lLe (o) [l x.m vl

HShVHLoo(C) = d < d Y )

hiu(K N C) hip(KNC) — hu(KNC)
we obtain ||Sh[lm—r.(0) < m. On the other hand, due to Lemma 3, we

obtain

1 U Swen(®)| _ ven(hKnC) 1
e P hp(K N C)|[venllx  hiu(KNC)’

which implies the required.

Lemma 5. For each v € ‘ﬁ}(o,f(C), h >0, one has

dh
|1Dpv = Suvlly_ oy < 50 IV Duv| o (3.2)
@ = d+1

Lo(C)’

where Sy, is defined by (2.2). Inequality (3.2) is sharp. It turns into equality
for the charge v, .

10
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Proof. Using the fundamental theorem of calculus for distributions, see
e.g. [16, Theorem 6.9], we obtain for almost all x € C

1
|Dyv(x) — Spv(z)| = WO / (Dyv(x) — Dyv(u)) dp(u)
z+hKNC
. 1
" hiu(KNC) / /(u — 2, VDyv(x +t(u— x)))dtdp(u)
z+hKNC 0
) 1
<wmgee | [l el VD = ) ()
z+hKNC 0
H|VDMV’K° Loo(C)
=~ — d
hiu(K N C) / fu = alwdu(u)
z+hKNC
[V Dy o Loo(C) dh
= hdM(Kﬂ C) / ‘U|Kdu(u) = d+1 H‘V‘DNV‘KO Lo (C)”
hKNC
which implies (3.2). Since for the charges v, j,
||DMV€,h - Sh]/e,hHLoo(C) > |DMV8,h(6) — ShVe,h(9)|
1 dh
e [ (-l = 5
RENC
we obtain ”
HD#Ve,h - ShVe,hHLOO(C) Z m

Due to Lemma 3, HVDuVe,hHLOO(C) = 1, hence inequality (3.2) is sharp and
becomes equality for v = v, 3.
3.2. Proof of Theorem 3

Now we are ready to prove Theorem 3.

Proof. Using the triangle inequality and inequalities (3.2) and (3.1), we
obtain (2.1). Putting

A P T
WENC) IVDuV] Loo(C)

to the right-hand side of (2.1) (with ||v| x instead of |||k, on the right-hand
side) we obtain inequality (2.3). Taking into account Lemma 3, we obtain
sharpness of the inequalities.

11
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Corollary 1. For any function f € L1(C)NW1(C) and any h > 0 the
following sharp Nagy type inequality holds:

dh 1Nz, o)
1Al Loy < i+l IV kel o)+ hi(KNC)

Proof. For any function f € Li(C) N WH*(C) the charge v(Q) = fQ f(z)dx

belongs to ‘II};OO(C) and |[v[|x < [[fllz,(c), thus the inequality follows from
Theorem 3. Moreover, for the extremal in Theorem 3 charge v, we have
lvenllk = I DuVenllL, (), and hence the inequality becomes equality for the

function D, v, 3.

The first result of this type was obtained in [17|. More information about
Nagy type inequalities and their connection to the Landau — Kolmogorov type
inequalities can be found in [9, Chapter 2|; some more recent results on such
inequalities are contained in [12].

3.3. Proof of Theorem 4

Proof. From Lemma 3 it follows that for each § > 0 there exists h > 0 such
that ||ve ||k = . Thus inequality (2.3) and the fact that it becomes equality
on each charge v, p, h > 0, imply the second equality in (2.5).

Inequality (2.1) becomes equality for the charge vej for each h > 0, thus
for all h > 0,

HDuVe,hHLOQ(c) = |Dyuven — ShVe,h”Loo(c) + [|Sullllve,nll & - (3.3)
Hence Theorem 1 implies

dh

Ejsy | (Dys M) = |Dve.n = Swvenllr o) = g7

which in view of Lemma 4 is equivalent to (2.6). Finally, equality of the left-
most and the right-most terms in (2.5) follows from (3.3) and Theorem 2.

4. Inequalities that involve the gradient of mixed
derivatives and their applications.

4.1. Proof of Theorem 5

Proof. For C = Rfm+ and K = (—1,1)%, one has |z|x = 'maxd|xi| = |Z|oo,

=1,...,

d

12| = > |zi| = |x|1 and p(hK N C) = 297™h?. Let {e;} be the standard
i=1
basis in R%. For i = 1,...,d, we set

A;rhf(x) = f(x+ he;) — f(x) and Ay f(x) := f(x + he;) — f(x — he;).

12
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In virtue of the Fubini theorem, for almost all € C one has

/ Orf(u)du(u) = (Ai’:h 0...0 A;;’h oAyt p0...00gp)f(x). (4.1)
z+hKNC

For each f € Wig,,voo(c*) consider the following charge

vof(Q) = /&f(a:)du(x), so that D,vg 5 = O1f.
Q
Equality (4.1) implies the following estimate for ||vg, ¢ ||k, with arbitrary A > 0.

vl = s / ouf(wdp(w)| <2 flimiey  (42)
e x+hKNC

hence v € ‘JI}%OO(C). Applying inequality (2.1) and taking into account esti-
mate (4.2), we obtain

101 f || Loy < N101F = Suvansll oy + I15nllllvars |l
dh

2m
< d+1 |||V31f|KoHLN(C) + ﬁ”fHLoo(C)- (4.3)

This inequality, in particular, implies dif € Lo(C). Define an operator
Shi Loo(C) — Loo(C), setting

— 1
Shf(x) = W (Aih O0...0 A:'?_l,h 0] Am—i—l,h O0...0 Ad,h) f(.T), h > 0.

It is clear that for each f € Wh(C), Spf(z) = (Swhvoyf)(x), where the
operator Sy was defined by (2.2). It is also easy to see that HShH = 2

W.
Inequality (4.3) can now be re-written as follows.
100 e < 100 = Sully_ oy + 1Bl
dh 2m
< a1 1IVOLf kel ooy + WHfHLOO(C), (4.4)

which implies inequality (2.7). Putting in this inequality

1

2™ fll Lo (o) aH

h = s d+1 ,
(Hvalﬂxoan(@( :

we obtain inequality (2.8).
Next we show that the obtained inequalities are sharp in the cases C' = R?
and C =R, x R 1 ie., for m =0,1.

13
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We start from the case m = 0. Define

f(z) = 7 . 7fe7h(u)dud . duy,
0

0

where f 3 is defined in Lemma 2. Then 01 f = f,, and hence
101 | Lo ey = by and [[[VOLf kol may = 1.

Moreover, applying Lemma 1 with K = (—1,1)¢ and C = (0, 00)¢, we obtain

hd-i-l
iy = [ (b= leldo = 5.
[0,h]¢
Direct computations show that for the function f and m = 0, inequaliti-

s (2.7), (4.4) and (2.8) become equalities.
Next we show that each of inequalities (2.7), (4.4) and (2.8) are sharp in
the case m = 1 too. There exists 0 < a < h such that

[ ko= [ (b=l

{zehKNC': z1<a} {zxehKNC': z1>a}
1
- / (h — |2])da

hKNC

The set hIX N C consists of 297! equal cubes with edges’ length equal to h and
such that one of the vertices of each of the cubes is § = 64. The hyperplane

x1 = a divides these cubes into pieces ¢, ..., ¢,,_; that have 0 among vertices,
and pieces ¢}, ... ,c;d,l that have (a,04_1) among vertices. Then
2d 1

> / e = [ = felis

{zehKNC': z1>a}
9d—1

= / (h — |z|x) dm—Z/ — |a|x)d

{zehKNC': z1<a}

From symmetry considerations it follows that the summands in the left-most
part of the equality, and summands in the right-most part of the equality are
equal. Hence for all 4,j =1,...,2¢"1

h d h dw = h P S
/( _$|K>x—/( —|CC\K)55—@ /( —\$|K)J:—§‘d+1.

c. C;_ hKNC

K3

14
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We define an extremal in this case function as follows.

g(z) = // .. 7fe,h(u)dud . du,
a 0 0

where fp is defined in Lemma 2. Then

l9l ey = 5 - 55 1919llc ) = by and |[|VOrgl kel o) = 1.

Direct computations show that inequalities (2.7), (2.8), and (4.4) with m =
1 become equalities on the function g.

4.2. Proof of Theorem 6

Theorem 6 can be received using Theorem 5 and the same arguments that
were used to prove Theorem 4 with the help of Theorem 3.
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