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On Landau-Kolmogorov type inequalities for

charges and their applications

Abstract. In this article we prove sharp Landau-Kolmogorov type
inequalities on a class of charges de�ned on Lebesgue measurable subsets
of a cone in Rd, d ≥ 1, that are absolutely continuous with respect to the
Lebesgue measure. In addition we solve the Stechkin problem of approxi-
mation of the Radon-Nikodym derivative of such charges by bounded
operators and two related problems. As an application, we also solve
these extremal problems on classes of essentially bounded functions f such

that their distributional partial derivative ∂df
∂x1...∂xd

belongs to the Sobolev

space W 1,∞.

Key words: Landau-Kolmogorov type inequality, Stechkin's problem,
gradient, charge, mixed derivative

Àíîòàöiÿ. Ìè äîâîäèìî òî÷íi íåðiâíîñòi òèïó Ëàíäàó-Êîëìîãîðîâà
íà êëàñàõ çàðÿäiâ, ùî âèçíà÷åíi íà âèìiðíèõ çà Ëåáåãîì ïiäìíîæèíàõ
äåÿêîãî êîíóñà ó Rd, d ≥ 1, i ÿêi ¹ àáñîëþòíî íåïåðåðâíèìè âiäíîñíî
ìiðè Ëåáåãà. Êðiì òîãî, ìè ðîçâ'ÿçó¹ìî çàäà÷ó Ñò¹÷êiíà ïðî íàáëè-
æåííÿ ïîõiäíî¨ Ðàäîíà-Íiêîäèìà öèõ çàðÿäiâ çà äîïîìîãîþ îáìåæå-
íèõ îïåðàòîðiâ i äâi ïîâ'ÿçàíi çàäà÷i. Ó ÿêîñòi çàñòîñóâàíü, ìè òàêîæ
ðîçâ'ÿçó¹ìî öi åêñòðåìàëüíi çàäà÷i íà êëàñàõ ñóòò¹âî îáìåæåíèõ ôóí-

êöié f , ÷àñòèííà ïîõiäíà ∂df
∂x1...∂xd

ÿêèõ íàëåæèòü äî ïðîñòîðà Ñîáî-

ë¹âà W 1,∞.
Êëþ÷îâi ñëîâà: íåðiâíiñòü òèïó Ëàíäàó-Êîëìîãîðîâà, çàäà÷à Ñò¹-
÷êiíà, ãðàäi¹íò, çàðÿä, çìiøàíà ïîõiäíà

MSC2020: Pri 26D10, Sec 41A17, 41A44

1. Introduction

Inequalities that estimate norms of intermediate derivatives of univariate
or multivariate functions using the norms of the functions and their derivati-
ves of higher order play an important role in many branches of Analysis and
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its applications. It appears that the richest applications are obtained from
sharp inequalities of this kind, which attracts much interest to the inequali-
ties with the smallest possible constants. For univariate functions, the results
by Landau [15], and Kolmogorov [13], are among the brightest ones in this
topic. Inequalities of this kind are often called the Landau-Kolmogorov type
inequalities. A survey on the results for univariate and multivariate functions
for the case of derivatives of integer order and further references can be found
in [1, 9, 14, 11, 20, 19, 8, 7].

Let X and Y be linear spaces equipped with a seminorm ‖ · ‖X and a norm
‖ · ‖Y respectively. A linear operator A : X → Y is called bounded if

‖A‖ = ‖A‖X→Y := sup
‖x‖X≤1

‖Ax‖Y <∞.

Otherwise, the operator A is called unbounded. By L(X,Y ) we denote the
space of all linear bounded operators S : X → Y .

Let A : X → Y be an operator (not necessarily linear) with a domain
DA ⊂ X. Let also M ⊂ DA be some class of elements. The problem to �nd
the modulus of continuity of the operator A on the class M i.e., the function

Ω(δ) = Ω(A,M; δ) := sup{‖Ax‖Y : x ∈M, ‖x‖X ≤ δ}, δ ≥ 0, (1.1)

is an abstract version of the problem about the Landau � Kolmogorov type
inequalities.

For the operator A and an operator S ∈ L(X,Y ) we set

U(A,S;M) := sup{‖Ax− Sx‖Y : x ∈M}.

The Stechkin problem of approximation of a generally speaking unbounded
operator A by linear bounded operators is stated as follows. For a given number
N > 0 �nd the quantity

EN (A,M) := inf {U(A,S;M) : S ∈ L(X,Y ), ‖S‖ ≤ N} , (1.2)

and an operator S on which the in�mum is attained, if such an operator exists.
The statement of this problem, �rst important results, and solutions to this
problem for di�erential operators of small orders were presented in [18]. For a
survey of further results on this problem see [1].

The Stechkin problem, in turn, is intimately connected to Landau-
Kolmogorov type inequalities. The following theorem describes this connection,
see [18].

Theorem 1. For any x ∈ M and arbitrary S ∈ L(X,Y ) the following
inequality holds

‖Ax‖ ≤ ‖Ax− Sx‖+ ‖S‖‖x‖ ≤ U(A,S;M) + ‖S‖ · ‖x‖,
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and, therefore,

∀x ∈M, ∀N > 0, ‖Ax‖ ≤ EN (A,M) +N‖x‖.

Moreover
Ω(A,M, δ) ≤ inf

N>0
{EN (A,M) +Nδ}.

If in addition there exist S ∈ L(X,Y ) and x ∈ Q such that

‖Ax‖ = ‖Ax− Sx‖+ ‖S‖‖x‖ = U(A,S;M) + ‖S‖ · ‖x‖, (1.3)

then

Ω(‖x‖X) = ‖Ax‖Y and E‖S‖(A,M) = U(A,S;M) = ‖Ax‖ −
∥∥S∥∥ ‖x‖.

Thus the element x is extremal for problem (1.1), and the operator S is optimal
for problem (1.2).

Remark 1. In Stechkin's article [18] it is assumed that X and Y are Banach
spaces. However, as it is easy to see, completeness, and even presence of a norm
in X is not necessary. It is su�cient to have a seminorm in X. Completeness
of Y is also not necessary.

Let M ⊂ D(A) and S ∈ L(X,Y ). For δ ≥ 0 the value

Uδ(A,S,M) := sup{‖Ax− Sη‖Y : x ∈M, η ∈ X, ‖x− η‖X ≤ δ},

if called the deviation of the operator S ∈ L(X,Y ) from the operator A on
the class M, where elements are known with error δ. The problem of optimal
recovery of the operator A by linear operators on such class M consists of
�nding the quantity

Eδ(A,M,L(X,Y )) := inf
S∈L(X,Y )

Uδ(A,S,M)

and an operator S, on which the in�mum on the right-hand side is attained,
if it exists.

The connection of this problem with the Landau � Kolmogorov type
inequalities and the Stechkin problem is given by the following theorem, see [1,
Theorem 2.1].

Theorem 2. If M is a convex centrally-symmetric set and A is a
homogeneous operator, then for all δ > 0

Ω(A,M; δ) ≤ Eδ(A,M,L(X,Y )) ≤ inf
N>0
{EN (A,M) +Nδ}.

If in addition there exist an element x ∈M and an operator S that satisfy (1.3),
then

E‖x‖(A,M,L(X,Y )) = Ω(A,M; ‖x‖) = ‖Ax‖.
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We consider charges ν de�ned on Lebesgue measurable subsets of an open
cone C ⊂ Rd that are absolutely continuous with respect to the Lebesgue
measure µ. For such charges we obtain sharp Landau � Kolmogorov type
inequalities that estimate the L∞(C)�norm of the Radon � Nikodym derivative
Dµν using the value of some seminorm of the charge ν and the L∞(C)�norm
of the gradient ∇Dµν of this derivative. We also solve the problem of approxi-
mation of the operator Dµ by bounded operators on the class of charges ν
such that the L∞(C)�norm of the vector-function ∇Dµν does not exceed 1,
and the problem of optimal recovery of the operator Dµ on this class given the
elements known with error.

In the case C = Rm+ × Rd−m, 0 ≤ m ≤ d, we obtain inequalities that esti-
mate the L∞(C)�norm of a mixed derivative of the function f : C → R using
the L∞(C)�norm of the function and the L∞(C)�norm of the gradient of the
mixed derivative, and prove sharpness of the obtained inequalities in the cases
m = 0, 1. We also solve the problem of approximation of the mixed derivative
operator by bounded operators on the class that is de�ned by restrictions on
the L∞(C)�norm of the gradient of the mixed derivative; and the problem of
optimal recovery of the mixed derivative operator on this class with elements
known with error.

The article is organized as follows. In Section 2 we give necessary de�nitions
and state the main results of the paper. In Sections 3 and 4 we give the proofs
for the stated results.

2. De�nitions and main results

For x, y ∈ Rd, d ≥ 1, denote by (x, y) the dot product of x and y. Let
K ⊂ Rd be an open convex symmetric with respect to θ bounded set with
θ ∈ intK. For x ∈ Rd denote by |x|K the norm of x generated by the set K
i.e., |x|K := inf{λ > 0: x ∈ λK}. Denote by K◦ the polar set of the set K i.e.,

K◦ =

{
y ∈ Rd : sup

x∈K
(x, y) ≤ 1

}
.

It is well known that the norm | · |K◦ is the dual to | · |K norm i.e., |z|K◦ =
sup{(x, z) : |x|K ≤ 1}. In particular for all x, y ∈ Rd, (x, y) ≤ |x|K · |y|K◦ .
Everywhere below C ⊂ Rd is an open convex cone and µ is the Lebesgue
measure in Rd.

By N(C) we denote the set of charges ν (see e.g., [10, Chapter 5]) de�ned
on Lebesgue measurable subsets of the open cone C ⊂ Rd that are absolutely
continuous with respect to the Lebesgue measure µ. By the Radon � Nikodym
theorem, there exists a �nite integrable function f : C → R such that for each
measurable set Q ⊂ C

ν(Q) =

∫
Q

f(x)dx.
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This function f is called the Radon�Nikodym derivative of ν. We denote the
Radom�Nikodym derivative of the measure ν by Dµν i.e., Dµν(x) = f(x)
µ�almost everywhere.

The set N(C) is a linear space with respect to the standard addition and
multiplication by a real number. Consider a family of seminorms {‖ · ‖K,h, h >
0} and a seminorm ‖ · ‖K in this space as follows:

‖ν‖K,h = ‖ν(·+ hK ∩ C)‖L∞(C) and ‖ν‖K := sup
h>0
‖ν‖K,h.

Everywhere below, for a locally integrable function f by ∇f we denote
the gradient of the function f ; the partial derivatives are understood in the
distributional sense.

De�nition 1. Let Q ⊂ Rd be an open set. By W 1,∞(Q) we denote the
Sobolev space of functions f : Q→ R such that f and all their (distributional)
partial derivatives of the �rst order belong to L∞(Q).

Remark 2. Due to equivalence of norms in �nite dimensional spaces, for
each f ∈W 1,∞(Q) one has |∇f |K◦ ∈ L∞(Q).

Various extremal problems on multidimensional Sobolev classes were consi-
dered in [2, 3, 4, 5, 6]

De�nition 2. Denote by NK(C) (NK,h(C), h > 0) the set of all charges

ν ∈ N(C) that have a �nite seminorm ‖ν‖K (resp. ‖ν‖K,h), and by N1,∞
K (C)

(N1,∞
K,h(C)) the set of all charges ν ∈ NK(C) (resp. ν ∈ NK,h(C)) such that

Dµν ∈W 1,∞(C).

We prove the following theorem, which gives sharp Landau � Kolmogorov
type inequalities in both additive and multiplicative forms for charges.

Theorem 3. Let h > 0 and ν ∈ N1,∞
K,h(C). Then Dµν ∈ L∞(C) and the

following additive Landau � Kolmogorov inequality holds:

‖Dµν‖L∞(C) ≤ ‖Dµν − Shν‖L∞(C) + ‖Sh‖‖ν‖K,h

≤ dh

d+ 1

∥∥|∇Dµν|K◦
∥∥
L∞(C)

+
‖ν‖K,h

hdµ(K ∩ C)
, (2.1)

where

Shν(x) =
ν(x+ hK ∩ C)

hdµ(K ∩ C)
. (2.2)

If ν ∈ N1,∞
K (C), then inequality (2.1) holds for any h > 0, and the following

multiplicative Landau � Kolmogorov inequality holds:

‖Dµν‖L∞(C) ≤
(

d+ 1

µ(K ∩ C)

) 1
d+1 ∥∥|∇Dµν|K◦

∥∥ d
d+1

L∞(C) ‖ν‖
1
d+1

K . (2.3)
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Both inequalities are sharp. They become equalities on measures

Q 7→
∫
Q

(h− |x|K)+(x)dµ(x), (2.4)

where for α ∈ R, α+ = max{α, 0}; moreover, inequality (2.3) becomes equality
on measures (2.4) with arbitrary h > 0.

In the following theorem we �nd the modulus of continuity and solve the
Stechkin problem for the operator Dµ. We also solve the problem of optimal
recovery of the operator Dµ given the elements known with error.

Theorem 4. Denote by M the family of charges ν ∈ N1,∞
K (C) such that

‖∇Dµν‖L∞(C) ≤ 1. For all δ > 0 and N > 0 the following equalities hold:

Eδ(Dµ,M,L) = Ω(Dµ,M; δ) =

(
(d+ 1)δ

µ(K ∩ C)

) 1
d+1

; (2.5)

EN (Dµ,M) =
d

d+ 1

(
1

Nµ(K ∩ C)

) 1
d

. (2.6)

Set I = (1, . . . , 1) ∈ Rd, and for a locally integrable function f

∂If(x) =
∂df

∂x1 . . . ∂xd
(x),

where the derivatives are understood in the distributional sense.

De�nition 3. By W I,∇
∞,∞(C) we denote the space of functions f ∈ L∞(C)

such that ∂If ∈W 1,∞(C).

The following theorems holds.

Theorem 5. Let K = (−1, 1)d and therefore |x|K = max{|x1|, . . . , |xd|},
and |x|Ko =

∑d
i=1 |xi|. Let also C = Rdm,+ := Rm+ × Rd−m, 0 ≤ m ≤ d and

f ∈W I,∇
∞,∞(C). Then ∂If ∈ L∞(C) and the following inequalities hold.

1. The Landau � Kolmogorov inequality in the additive form:

∀h > 0, ‖∂If‖L∞(C) ≤ h
d

d+ 1
‖|∇∂If |K◦‖L∞(C)+

2m

hd
‖f‖L∞(C). (2.7)

2. The Landau � Kolmogorov inequality in the multiplicative form:

‖∂If‖L∞(C) ≤
(
2m(d+ 1)‖f‖L∞(C)

) 1
d+1 ‖|∇∂If |K◦‖

d
d+1

L∞(C) . (2.8)

For m = 0 and m = 1 the inequalities are sharp.
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Remark 3. It is not clear, whether the inequalities in Theorem 5 are sharp
for m = 2, . . . , d even in the case d = 2.

Theorem 6. Let C and K be as in Theorem 5. Denote by M the family of
functions f ∈W I,∇

∞,∞(C) such that ‖|∇∂If |K◦‖L∞(C) ≤ 1. For all δ > 0, N > 0
and m ∈ {0, 1} the following equalities hold.

Eδ(∂I,M) = Ω (∂I,M; δ) = (2m(d+ 1)δ)
1
d+1 ;

EN (∂I,M) =
d

d+ 1

(
2m

N

) 1
d

.

3. Inequalities of Landau � Kolmogorov type for charges
and related problems

3.1. Auxiliary results

Lemma 1. The following equality holds:∫
hK∩C

|u|Kdµ(u) =
dhd+1

d+ 1
µ(K ∩ C).

Proof. Using the layer cake representation, see e.g., [16, Theorem 1.13], we
obtain∫
hK∩C

|u|Kdµ(u) =

∫ ∞
0

µ{u ∈ hK ∩ C : |u|K > t}dt

=

h∫
0

(µ(hK∩C)−µ(tK∩C))dt = µ(K∩C)

h∫
0

(hd−td)dt =
dhd+1

d+ 1
µ(K∩C).

We need the following result, which is related to [4, Lemmas 4 and 5].

Lemma 2. For h > 0 and x ∈ C set fe,h(x) = (h − |x|K)+. Then f is
continuous and

∥∥|∇fe,h|K◦∥∥L∞(C)
= 1.

Proof. Continuity of f is obvious. We prove the remaining statement of
the lemma in the case when K is a polytope (i.e., a convex hull of a �ni-
te number of points) �rst. If γ is a face of K, δ is the distance from θ to
γ, and n = (n1, . . . , nd) is the exterior unit normal of γ, then for arbitrary
y ∈ Int (conv ({θ} ∪ γ)) one has |y|K = 1

δ (y, n). Hence

∂| · |K
∂xj

(y) = lim
η→0

|y + ηej |K − |y|K
η

= lim
η→0

(y + ηej , n)− (y, n)

ηδ
=

1

δ
(ej , n) =

1

δ
nj .
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Thus ∇|·|K(y) = 1
δn. Since |n|K◦ = δ, see [4, Lemma 4], we obtain the required

equality in the case, when K is a polytope. The general case can be obtained
by approximating the set K by polytopes.

Lemma 3. For each h > 0 the charge νe,h de�ned in (2.4) belongs

to N1,∞
K (C), and hence to N1,∞

K,h(C). Moreover, ‖Dµνe,h‖L∞(C) = h,∥∥|∇Dµνe,h|K◦
∥∥
L∞(C)

= 1, and ‖νe,h‖K = ‖νe,h‖K,h = hd+1

d+1 µ(K ∩ C).

Proof. The �rst and the second equalities follow from the fact that Dµνe,h =
fe,h and Lemma 2. Using Lemma 1, for arbitrary r > 0 we obtain

‖νe,h‖K,r = ess sup
y∈C

∫
y+rK∩C

(h− |x|K)+dµ(x)

≤
∫

hK∩C

(h− |x|K)dµ(x) =
hd+1

d+ 1
µ(K ∩ C).

At the same time, the function y 7→ νe,h(y+hK∩C) is continuous on C, hence

‖νe,h‖K,h ≥ νe,h(hK ∩ C) =
hd+1

d+ 1
µ(K ∩ C),

and the last equality from the lemma follows.

Lemma 4. Let N be NK(C) or NK,h(C), h > 0. For the operator Sh : N→
L∞(C) de�ned by (2.2), one has

‖Sh‖ = ‖Sh‖N→L∞(C) =
1

hdµ(K ∩ C)
. (3.1)

Proof. Since

‖Shν‖L∞(C) =
‖ν(x+ hK ∩ C)‖L∞(C)

hdµ(K ∩ C)
≤

‖ν‖K,h
hdµ(K ∩ C)

≤ ‖ν‖K
hdµ(K ∩ C)

,

we obtain ‖Sh‖N→L∞(C) ≤ 1
hdµ(K∩C)

. On the other hand, due to Lemma 3, we

obtain

‖Sh‖N→L∞(C) ≥
|Shνe,h(θ)|
‖νe,h‖N

=
νe,h(hK ∩ C)

hdµ(K ∩ C)‖νe,h‖K
=

1

hdµ(K ∩ C)
,

which implies the required.

Lemma 5. For each ν ∈ N1,∞
K,h(C), h > 0, one has

‖Dµν − Shν‖L∞(C) ≤
dh

d+ 1

∥∥|∇Dµν|K◦
∥∥
L∞(C)

, (3.2)

where Sh is de�ned by (2.2). Inequality (3.2) is sharp. It turns into equality
for the charge νe,h.

10
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Proof. Using the fundamental theorem of calculus for distributions, see
e.g. [16, Theorem 6.9], we obtain for almost all x ∈ C

|Dµν(x)− Shν(x)| = 1

hdµ(K ∩ C)

∣∣∣∣∣∣
∫

x+hK∩C

(Dµν(x)−Dµν(u)) dµ(u)

∣∣∣∣∣∣
=

1

hdµ(K ∩ C)

∣∣∣∣∣∣
∫

x+hK∩C

1∫
0

(u− x,∇Dµν(x+ t(u− x)))dtdµ(u)

∣∣∣∣∣∣
≤ 1

hdµ(K ∩ C)

∫
x+hK∩C

1∫
0

|u− x|K |∇Dµν(x+ t(u− x)))|K◦ dtdµ(u)

≤

∥∥|∇Dµν|K◦
∥∥
L∞(C)

hdµ(K ∩ C)

∫
x+hK∩C

|u− x|Kdµ(u)

=

∥∥|∇Dµν|K◦
∥∥
L∞(C)

hdµ(K ∩ C)

∫
hK∩C

|u|Kdµ(u) =
dh

d+ 1

∥∥|∇Dµν|K◦
∥∥
L∞(C)

,

which implies (3.2). Since for the charges νe,h

‖Dµνe,h − Shνe,h‖L∞(C) ≥ |Dµνe,h(θ)− Shνe,h(θ)|

= h− 1

hdµ(K ∩ C)

∫
hK∩C

(h− |u|K)dµ(u) =
dh

d+ 1
,

we obtain

‖Dµνe,h − Shνe,h‖L∞(C) ≥
dh

d+ 1
.

Due to Lemma 3, ‖∇Dµνe,h‖L∞(C) = 1, hence inequality (3.2) is sharp and
becomes equality for ν = νe,h.

3.2. Proof of Theorem 3

Now we are ready to prove Theorem 3.

Proof. Using the triangle inequality and inequalities (3.2) and (3.1), we
obtain (2.1). Putting

h =

(
‖ν‖K

µ(K ∩ C)
· d+ 1∥∥|∇Dµν|K◦

∥∥
L∞(C)

) 1
d+1

to the right-hand side of (2.1) (with ‖ν‖K instead of ‖ν‖K,h on the right-hand
side) we obtain inequality (2.3). Taking into account Lemma 3, we obtain
sharpness of the inequalities.
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Corollary 1. For any function f ∈ L1(C) ∩W 1,∞(C) and any h > 0 the
following sharp Nagy type inequality holds:

‖f‖L∞(C) ≤
dh

d+ 1
‖|∇f |K◦‖L∞(C) +

‖f‖L1(C)

hdµ(K ∩ C)
.

Proof. For any function f ∈ L1(C) ∩W 1,∞(C) the charge ν(Q) =
∫
Q f(x)dx

belongs to N1,∞
K (C) and ‖ν‖K ≤ ‖f‖L1(C), thus the inequality follows from

Theorem 3. Moreover, for the extremal in Theorem 3 charge νe,h, we have
‖νe,h‖K = ‖Dµνe,h‖L1(C), and hence the inequality becomes equality for the
function Dµνe,h.

The �rst result of this type was obtained in [17]. More information about
Nagy type inequalities and their connection to the Landau � Kolmogorov type
inequalities can be found in [9, Chapter 2]; some more recent results on such
inequalities are contained in [12].

3.3. Proof of Theorem 4

Proof. From Lemma 3 it follows that for each δ > 0 there exists h > 0 such
that ‖νe,h‖K = δ. Thus inequality (2.3) and the fact that it becomes equality
on each charge νe,h, h > 0, imply the second equality in (2.5).

Inequality (2.1) becomes equality for the charge νe,h for each h > 0, thus
for all h > 0,

‖Dµνe,h‖L∞(C) = ‖Dµνe,h − Shνe,h‖L∞(C) + ‖Sh‖‖νe,h‖K . (3.3)

Hence Theorem 1 implies

E‖Sh‖ (Dµ,M) = ‖Dµνe,h − Shνe,h‖L∞(C) =
dh

d+ 1
,

which in view of Lemma 4 is equivalent to (2.6). Finally, equality of the left-
most and the right-most terms in (2.5) follows from (3.3) and Theorem 2.

4. Inequalities that involve the gradient of mixed
derivatives and their applications.

4.1. Proof of Theorem 5

Proof. For C = Rdm,+ and K = (−1, 1)d, one has |x|K = max
i=1,...,d

|xi| = |x|∞,

|x|K◦ =
d∑
i=1
|xi| = |x|1 and µ(hK ∩ C) = 2d−mhd. Let {ei} be the standard

basis in Rd. For i = 1, . . . , d, we set

∆+
i,hf(x) := f(x+ hei)− f(x) and ∆i,hf(x) := f(x+ hei)− f(x− hei).

12
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In virtue of the Fubini theorem, for almost all x ∈ C one has∫
x+hK∩C

∂If(u)dµ(u) = (∆+
1,h ◦ . . . ◦∆+

m,h ◦∆m+1,h ◦ . . . ◦∆d,h)f(x). (4.1)

For each f ∈W I,∇
∞,∞(C) consider the following charge

ν∂If (Q) =

∫
Q

∂If(x)dµ(x), so that Dµν∂If = ∂If.

Equality (4.1) implies the following estimate for ‖ν∂If‖K,h with arbitrary h > 0.

‖ν∂If‖K,h = sup
x∈C

∣∣∣∣∣∣
∫

x+hK∩C

∂If(u)dµ(u)

∣∣∣∣∣∣ ≤ 2d‖f‖L∞(C), (4.2)

hence ν ∈ N1,∞
K (C). Applying inequality (2.1) and taking into account esti-

mate (4.2), we obtain

‖∂If‖L∞(C) ≤ ‖∂If − Shν∂If‖L∞(C) + ‖Sh‖‖ν∂If‖K

≤ dh

d+ 1
‖|∇∂If |K◦‖L∞(C) +

2m

hd
‖f‖L∞(C). (4.3)

This inequality, in particular, implies ∂If ∈ L∞(C). De�ne an operator
Sh : L∞(C)→ L∞(C), setting

Shf(x) =
1

2d−mhd

(
∆+

1,h ◦ . . . ◦∆+
m,h ◦∆m+1,h ◦ . . . ◦∆d,h

)
f(x), h > 0.

It is clear that for each f ∈ W I,∇
∞,∞(C), Shf(x) = (Shν∂If )(x), where the

operator Sh was de�ned by (2.2). It is also easy to see that
∥∥Sh∥∥ = 2m

hd
.

Inequality (4.3) can now be re-written as follows.

‖∂If‖L∞(C) ≤
∥∥∂If − Shf∥∥L∞(C)

+ ‖Sh‖‖f‖L∞(C)

≤ dh

d+ 1
‖|∇∂If |K◦‖L∞(C) +

2m

hd
‖f‖L∞(C), (4.4)

which implies inequality (2.7). Putting in this inequality

h =

(
2m‖f‖L∞(C)

‖|∇∂If |K◦‖L∞(C)

(d+ 1)

) 1
d+1

,

we obtain inequality (2.8).
Next we show that the obtained inequalities are sharp in the cases C = Rd

and C = R+ × Rd−1 i.e., for m = 0, 1.

13



V. F. BABENKO, V. V. BABENKO, O. V. KOVALENKO, N. V. PARFINOVYCH

We start from the case m = 0. De�ne

f(x) =

x1∫
0

. . .

xd∫
0

fe,h(u)dud . . . du1,

where fe,h is de�ned in Lemma 2. Then ∂If = fe,h and hence

‖∂If‖L∞(Rd) = h, and ‖|∇∂If |K◦‖L∞(Rd) = 1.

Moreover, applying Lemma 1 with K = (−1, 1)d and C = (0,∞)d, we obtain

‖f‖L∞(Rd) =

∫
[0,h]d

(h− |x|∞)dx =
hd+1

d+ 1
.

Direct computations show that for the function f and m = 0, inequaliti-
es (2.7), (4.4) and (2.8) become equalities.

Next we show that each of inequalities (2.7), (4.4) and (2.8) are sharp in
the case m = 1 too. There exists 0 < a < h such that∫
{x∈hK∩C : x1<a}

(h− |x|K)dx =

∫
{x∈hK∩C : x1>a}

(h− |x|K)dx

=
1

2

∫
hK∩C

(h− |x|K)dx.

The set hK ∩C consists of 2d−1 equal cubes with edges' length equal to h and
such that one of the vertices of each of the cubes is θ = θd. The hyperplane
x1 = a divides these cubes into pieces c−1 , . . . , c

−
2d−1 that have θ among vertices,

and pieces c+
1 , . . . , c

+
2d−1 that have (a, θd−1) among vertices. Then

2d−1∑
i=1

∫
c+i

(h− |x|K)dx =

∫
{x∈hK∩C : x1>a}

(h− |x|K)dx

=

∫
{x∈hK∩C : x1<a}

(h− |x|K)dx =
2d−1∑
i=1

∫
c−i

(h− |x|K)dx.

From symmetry considerations it follows that the summands in the left-most
part of the equality, and summands in the right-most part of the equality are
equal. Hence for all i, j = 1, . . . , 2d−1∫

c−i

(h− |x|K)dx =

∫
c+j

(h− |x|K)dx =
1

2d

∫
hK∩C

(h− |x|K)dx =
1

2
· h

d+1

d+ 1
.

14
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We de�ne an extremal in this case function as follows.

g(x) =

x1∫
a

x2∫
0

. . .

xd∫
0

fe,h(u)dud . . . du1,

where fe,h is de�ned in Lemma 2. Then

‖g‖L∞(C) =
1

2
· h

d+1

d+ 1
, ‖∂Ig‖L∞(C) = h, and ‖|∇∂Ig|K◦‖L∞(C) = 1.

Direct computations show that inequalities (2.7), (2.8), and (4.4) with m =
1 become equalities on the function g.

4.2. Proof of Theorem 6

Theorem 6 can be received using Theorem 5 and the same arguments that
were used to prove Theorem 4 with the help of Theorem 3.
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