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Application of spectral decomposition to

establish inequalities for operators

Abstract.We give speci�c examples of the spectral decomposition of self-
adjoint operators in application to establish sharp inequalities for their
powers.
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1. Introduction

For any natural r let Lr2,2(R), denote the space of all functions whose x(r−1)

is locally absolutely continuous and x(r) ∈ L2(R). Let also for α > 0

βr,α =

{( r
α

)α
r

(
r

r − α

) r−α
r

} 1
2

.

In 1968, L. Taikov [9] established the sharp inequality for the functions
x ∈ Lr2,2(R) and 0 ≤ k < r

∥∥∥x(k)
∥∥∥
∞
≤

{
2r sinπ

2k + 1

2r

}− 1
2

βr,k+1/2 ‖x‖
r−k−1/2

r
2

∥∥∥x(r)
∥∥∥ k+1/2

r

2
. (1.1)

In 1990, A. Shadrin [8] obtained an analogue of Taikov inequality for the
functions x ∈ Lr2,2(T) given on the unit circle:∥∥∥x(k)

∥∥∥
∞
≤ Vr,kπ−1/2βr,k+1/2 ‖x‖

r−k−1/2
r

2

∥∥∥x(r)
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r

2
, (1.2)
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Vr,k = sup
t>0

{ ∞∑
n=1

t2k+1n2k

1 + t2rn2r

}1/2

.

The the analogues of Taikov-Shadrin inequalities for the norms of derivati-
ves in spaces L2,r;α,β((−1; 1)) and L

2;e−t2 (R) can be found in [4].

In 2010, V. Babenko and R. Bilichenko [2] generalized above results for
arbitrary powers of self-adjoint operator acting in Hilbert space:

Let H be a Hilbert space, A be a linear, unbounded, self-adjoint operator in
H, and letD(A) be its domain of de�nition, f be an arbitrary linear functional,
r, k ∈ N, k < r. For all x ∈ D (Ar) and any τ > 0 sharp inequality holds

∣∣∣(Akx, f)
∣∣∣ ≤


∞∫
−∞

t2k

1 + τt2r
d (Etf, f)


1
2 {
‖x‖2 + τ ‖Arx‖2

} 1
2
. (1.3)

Et is the resolution of the identity corresponding to the operator A. This will
be written later.

The multiplicative inequality is proposed in the same paper. If for α, z > 0
put

Vr,k,α(f, z) = zα


∞∫
−∞

t2k

1 + z2rt2r
d (Etf, f)


1
2

, Vr,k,α(f) = sup
z>0

Vr,k,α(f, z)

then the following sharp inequality in multiplicative form holds∣∣∣(Akx, f)
∣∣∣ ≤ Vr,k,α(f)βr,α ‖x‖

r−α
r ‖Arx‖

α
r , (1.4)

where Vr,k,α(f) converges.

In 2011, V. Babenko and R. Bilichenko [3] obtained results for arbitrary
powers of normal operator acting in Hilbert space.

2. Information on the spectral theory of operators

The following supporting information can be found in more detail, for
example, in [1], [6].

A resolution of the identity is a one-parameter family of projection
operators Et de�ned on a �nite or an in�nite segment [α, β] and satisfying
the following conditions:

1. EuEv = Es ∀u, v ∈ [α, β], s = min{u, v};

2. in the sence of stronge convergence, one has Et−0 = Et;

3. Eα = 0, Eβ = I.
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APPLICATION OF THE SPECTRAL DECOMPOSITION

According to the spectral theorem, every self-adjoint operator A is associ-
ated with resolution of the identity Et, t ∈ R. The equality holds for all
x ∈ D(A)

Ax =

∞∫
−∞

t dEtx,

where the integral is an operator Stieltjes integral. And

‖Ax‖2 =

∞∫
−∞

t2 d (Etx, x) <∞.

For x ∈ D(Ak), k ∈ N,

Akx =

∞∫
−∞

tk dEtx (2.1)

and ∥∥∥Akx∥∥∥2
=

∞∫
−∞

t2k d (Etx, x) .

Using the spectral decomposition (2.1) for x ∈ D (Ar) and we will have the
functional f

(
Akx, f

)
=

 ∞∫
−∞

tk dEtx, f

 =

∞∫
−∞

tk d (Etx, f) .

The purpose of our publication is to �nd out the resolution of the identity
for speci�c examples of self-adjoint operators. In order to obtain new inequali-
ties for operators based on the above results.

3. Spectral decomposition and inequalities for degrees of
speci�c self-adjoint operators

Di�erentiation operator in Lr2,2(R). As the operator present in inequali-
ties (1.3) and (1.4), we consider the operator Ax(t) = ix′(t). For s < t the
resolution of the identity corresponding to the operator A can be represented
in the form (see [1]):

(Et − Es)x(u) =
1

2π

∞∫
−∞

eit(z−u) − eis(z−u)

i(z − u)
x(z) dz.
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We choose for all ε > 0 fε(t) = 1√
2πε

e−
t2

2ε as the functional in inequality

(1.4). The following estimate is true:

Vr,k,k+1/2(fε, z) =

 1

2π

∞∫
−∞

u2k

1 + u2r
e−ε(

u
z )

2

du

 1
2

≤

 1

2π

∞∫
−∞

u2k

1 + u2r
du

 1
2

.

Substituting this into inequality (1.4), we get∣∣∣∣∣∣
∞∫
−∞

x(k)(t)fε(t)dt

∣∣∣∣∣∣ ≤
≤

 1

2π

∞∫
−∞

u2k

1 + u2r
du

 1
2

βr,k+1/2 ‖x‖
r−k−1/2

r

L2(R)

∥∥∥x(r)
∥∥∥ k+1/2

r

L2(R)
. (3.1)

Given that
∞∫
−∞

x(k)(t)f(t)dt → x(k)(0), inequality (3.1) will lead to inequality

(1.1).
Di�erentiation operator in Lr2,2(T). Now consider the di�erentiation

operator Ax(t) = ix′(t) acting in L2(T). The corresponding resolution of the
identity is determined by equality:

(Etx) (u) =
∑
n∈Z
n<t

x̂ (n) eint.

x̂(n) is the n-th Fourier coe�cient for x:

x̂(n) =
1

2π

π∫
−π

x(t)e−intdt.

We choose for m ∈ N fm(t) =
m∑

n=−m
eint, that is, in fact, the Dirichlet

kernel Dm(t). Equality holds for such a functional:

1

2π

2π∫
0

fm(t)x(t)dt = Sm(x, 0),

in which Sm(x, 0) is the n-th partial sum of the Fourier series of the function
x. So

(Akx, fm) = x(k)(0). (3.2)

In addition

Vr,k,k+1/2(fm, z) =

{
1

2π

m∑
n=−m

z2k+1n2k

1 + z2rn2r

}1/2

≤ π−
1
2Vr,k. (3.3)
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Substituting (3.2), (3.3) into inequality (1.4) written for the functional fm,
we obtain

Sm(x(k), 0) ≤ π−
1
2Vr,kβr,k+1/2‖x‖

r−k−1/2
r

L2(T) ‖x(r)‖
k+1/2
r

L2(T) .

As m→∞, since Sm(x(k), 0)→ x(k)(0), we get an inequality (1.2).

Laplace operator in L2(Rm). Let us also consider the Laplace operator:
∆ ∈ L2(Rm)toR: for x = (x1, x2, ..., xm) ∈ Rm

∆x =
∂2x

∂x2
1

+ ...+
∂2x

∂x2
m

(m ∈ N).

It is known (see,e.g., [7]) the resolution of the identity corresponding to this
operator is characterized by the relation:

(Etx) (u) =
tm/4

(2π)m/2

∫
Rm

Jm/2(
√
t|u− z|)

|u− z|m/2
x(z)dz, (3.4)

where Jm/2 � Bessel function (see, e.g., [5], [10]):

Jν(z) =

∞∑
m=0

(−1)m

m!Γ(m+ ν + 1)

(z
2

)2m+ν
, (3.5)

(the series on the right side is absolutely convergent).

For ε > 0 de�ne a functional fε(t) = 1
(2πε)m/2

e−
|z|2
2ε , z ∈ Rm. Given the

(3.4), equality
d

dt
{tνJν(t)} = tνJν−1(t), t ∈ R

estimates for the Bessel function, one can show that for all z > 0

Vr,k,k+m+1
4

(fε, z) ≤

 ∞∫
−∞

u2k+(m−1)/2

1 + u2r
du

 1
2

.

By substituting this estimates into inequality (1.4) written for the functional
fε, we obtain for x ∈ Lr2,2 (Rm) and ε > 0∣∣∣∣∣∣

∞∫
−∞

∆kx(t)fε(t)dt

∣∣∣∣∣∣ ≤
≤ Vr,k,k+m+1

4
βr,k+(m+1)/4 ‖x‖

r−k−(m+1)/4
r

L2(Rm) ‖∆rx‖
k+(m+1)/4

r

L2(Rm) . (3.6)

There ∆nx(t) = ∆
(
∆n−1x(t)

)
for x ∈ Lr2,2 (Rm).
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Given that
∞∫
−∞

∆kx(t)fε(t)dt→ ∆kx(0),

as ε→ 0, from (3.6) we get inequality for estimating the norm of the Laplace
operator∥∥∥∆kx

∥∥∥
∞
≤ Vr,k,k+m+1

4
βr,k+(m+1)/4 ‖x‖

r−k−(m+1)/4
r

L2(Rm) ‖∆rx‖
k+(m+1)/4

r

L2(Rm) .

4. Conclusion

In the present paper, we consider the main examples of spectral decomposi-
tions for various examples of self-adjoint operators. On the basis of previ-
ously obtained inequalities for intermediate degrees of operators, we establi-
shed already proven and new inequalities for speci�c operators acting in Hilbert
space.
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