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On the algebra of derivations of some
nilpotent Leibniz algebras

Abstract. We describe the algebra of derivations of some nilpotent Lei-
bniz algebra, having dimensionality 3.
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1. Introduction

Let L be an algebra over a field F' with the binary operations + and [-,-].
Then L is called a left Leibniz algebra if it satisfies the left Leibniz identity

Ha’v b]? C} = [a’v [b’ CH - [b’ [a’v CH
for all a,b,c € L. We will also use another form of this identity:
[a, [b, c]] = [[a, b], c] + [b, [a, c]].

Leibniz algebras appeared first in the paper of A. Blokh [2], but the term
“Leibniz algebra” appears in the book of J.-L. Loday [11], and the article of
J.-L. Loday [12]. In [13| J.-L. Loday and T. Pirashvili began the real study of
the properties of Leibniz algebras. The theory of Leibniz algebras has developed
very intensively in many different directions. Some of the results of this theory
were presented in the book [1].

As in Lie algebras, the structure of Leibniz algebras is greatly influenced
by their algebras of derivations.
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Denote by End[(L) the set of all linear transformations of L, then L is
an associative algebra by the operation + and o. As usual, End[j(L) is a
Lie algebra by the operations + and [,], where [f,g] = fog—go f for all
f.g€ End[v] (L).

A linear transformation f of a Leibniz algebra L is called a derivation, if

F([a,b) = [f(a),b] + [a, f(b)] for all a,b € L.

Let Der(j(L) be the subset of all derivations of L. It is possible to prove
that Der((L) is a subalgebra of a Lie algebra End[j(L). Der|j(L) is called
the algebra of derivations of a Leibniz algebra L.

The following result shows the influence on the structure of the Leibniz
algebra of their algebras of derivations: if A is an ideal of a Leibniz algebra, then
the factor-algebra of L by the annihilator of A is isomorphic to some subalgebra
of Der(A) [4, Proposition 3.2]. Therefore, elucidating the structure of algebras
of derivations of Leibniz algebras is one of the important tasks of this theory. It
should be noted that the automorphism groups of Leibniz algebras have been
studied very little. It is natural to start studying the algebra of derivations of
a Leibniz algebra, the structure of which has been studied quite extensively. A
description of the structure of the algebra of derivations of finite dimensional
one-generator Leibniz algebras was given in paper [8, 14] and infinite dimensi-
onal one-generator Leibniz algebras was given in papers [10]. The question
naturally arises about the algebra of derivations of a Leibniz algebra of small
dimension. In contrast to Lie algebras, the situation with Leibniz algebras of
dimension 3 is very diverse [3, 6, 7]. Leibniz algebras of dimension 3 are mai-
nly described, their most detailed description can be found in the work [5],
the description of Leibniz algebras of dimension 4, 5 is carried out in a rather
intensive way. The list of papers devoted to these studies is quite large and
we will not give it in full here. The description of the algebra of derivations
of Leibniz algebras of dimension 3 was started in [9]. This description is qui-
te extensive, describing the algebra of derivations of two types of nilpotent
Leibniz algebras of dimension 3.

First type of nilpotent Leibniz algebras, whose dimension is 3, is the ni-
Ipotent Leibniz algebras, whose nilpotency class is 3. There exists only one
type of such algebras, it is the following algebra:

Ly =Leii(3,F) = Fa; @ Fas ® Fags
where
la1, a1] = ag, a1, az] = as, [a1, a3] = 0,
[az, a1] = [as, a1] = [ag, a2] = [az, as] = [as,a3] = 0.
It is one-generator Leibniz algebra,
Leib(L1) = ¢**"(Ly) = [Ly, L1] = Fay ® Fay,
C"M(Ly) = ((L1) = 3(L1) = Fag,
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Let now L be a nilpotent Leibniz algebra, whose nilpotency class is 2. Of
course we suppose that L is not a Lie algebra. Then the center ((L) has dimensi-
on 2 or 1. Suppose that dimg(((L)) = 2. Since L is not a Lie algebra, there is
an element a; such that [a1,a;] = ag # 0. Since a Leibniz algebra of dimensi-
on 1 is abelian, ag € ((L). It follows that [a1,a3] = [as,a1] = [as,a3] = 0.
Being an abelian algebra of dimension 2, ((L) has a direct decomposition
¢(L) = Fay @ Fag for some element ag, thus we come to the following type of
nilpotent Leibniz algebra:

Ly = Leiz(3,F) = Fa; @ Fas ® Fas
where

[a1,a1] = as, [a1,a2] = [as, a1] = [as,as] = 0, [az, as] = 0,

[a27a1] = [a3,a2] = [ag,ag] = [a1,a2} =0.

In other words, Lo is a direct sum of two ideals A = Fa; ® Fas and
B = Fag, moreover, A is a nilpotent cyclic Leibniz algebra of dimension 2,
Leib(Ly) = [La, L] = Fas, ('*(Ly) = ¢80 (Ly) = ((Ly) = Fas @ Fas.

We note that the structure of the automorphism groups of Leibniz algebras
Lei; (3, F') and Leia(3, F') has been described in a paper [9].

Suppose now that L is a nilpotent Leibniz algebra, whose nilpotency class
is 2 and the center of L has dimension 1. Since L is not a Lie algebra, there is an
element a; such that [a1,a1] = az # 0. Since a factor-algebra L/((L) is abelian,
ag € ¢(L). It follows that [a1,a3] = [a3,a1] = [a3,a3] = 0. Then ((L) = Fas.
For every element z € L we have [ay,z], [z,a1] € {((L) < (a1) = Fa; & Fas.
It follows that a subalgebra (a;) is an ideal of L. Since dimp({a1)) = 2,
(a1) # L. Choose an element b such that b ¢ (a1). We have [b,a1] = ~as
for some v € F. If v # 0, then put by = y~'b — a;. Then [by,a;] = 0. The
choice of by shows that by ¢ (ap). If follows that a subalgebra Annl[?]ft (a1) has

dimension 2. Suppose first that Annﬁft(al) is an abelian subalgebra, then it

has a direct decomposition Annl‘7aft (a1) = Fag @ Fby for some element by such
that [ba, ba] = 0. Since dimp(((L)) = 1,b2 ¢ ((L). Then [ay, ba] = Aag where
0 # X\ € F. Put now as = A" 'by. Thus we come to the following type of
nilpotent Leibniz algebra:

L3 = Lei3(3,F) = Fa; ® Fas ® Fag where
[al,al] = [al,ag] = as, [al,ag] = [a3,a1] = [ag,ag] = 0,

[CLQ, al] = [ag, ag] = O, [ag, CLQ] = [az, a3] = 0.

In other words, L3 is a direct sum of ideals A = Fa; @ Fas and a subalgebra
B = Fas, moreover, A is a nilpotent cyclic Leibniz algebra of dimension 2,
Leib(L3) = [L3, L3] = Fas, ("*%(L3) = Fay ® Fas, (8" (L3) = ((L3) = Fas.

The description of this type of nilpotent Leibniz algebras is the subject of
this paper.
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2. An algebra of derivations of the Leibniz algebra Lei;(3, F)

Let’s start with some general properties of the algebra of derivations of
Leibniz algebras. We show here some basic elementary properties of derivations,
which have been proved in a paper [10]. We recall some definitions.

Every Leibniz algebra L has one specific ideal. Denote by Leib(L) the
subspace, generated by the elements [a,a],a € L. It is possible to prove that
Leib(L) is an ideal of L. The ideal Leib(L) is called the Leibniz kernel of
algebra L. By its definition, a factor-algebra L/Leib(L) is a Lie algebra. And
conversely, if K is an ideal of L such that L/K is a Lie algebra, then K includes
a Leibniz kernel.

Let L be a Leibniz algebra. Define the lower central series of L

L=y(L)Z27(L) =2 ...7%(L) Z vat1 = ... 7s(L) = Yoo(L)

by the following rule: v1(L) = L,~v2(L) = [L, L], and recursively v441(L) =
[L,7a(L)] for all ordinals a and yA(L) = (1, V(L) for the limit ordinals A.
The last term v5(L) = 7oo(L) is called the lower hypocenter of L. We have
Ys(L) = [L,7s(L)]-

As usually, we say that a Leibniz algebra L is called nilpotent, if there
exists a positive integer k such that vx(L) = (0). More precisely, L is said to
be nilpotent of nilpotency class c if ye41(L) = (0), but ~v.(L) # (0).

The left (respectively right) center C'°(L) (respectively ¢"8M(L)) of a
Leibniz algebra L is defined by the rule:

(L) = {xz € L | [x,y] = 0 for each element y € L}
(respectively, ("8 (L) = {z € L | [y, 2] = 0 for each element y € L}).

It is not hard to prove that the left center of L is an ideal, but it is not true
for the right center. Moreover, Leib(L) < ¢!*®(L), so that L/¢"*(L) is a Lie
algebra. The right center is an subalgebra of L, and, in general, the left and
right centers are different; they even may have different dimensions (see [|4]).

The center (L) of L is defined by the rule:

((L)y={x€ L|[z,y) =0=[y,x] for each element y € L}.

The center is an ideal of L.
Starting of the center we can construct the upper central series

(0) = Co(L) < QL) < QL) < ... CalL) < Cat1(L) < ... G(L) = (o(L)

of a Leibniz algebra L by the following rule: (;(L) = ((L) is the center
of L, and recursively, (o+1(L)/Ca(L) = ((L/Ca(L)) for all ordinals «, and
(L) = U<y u(L) for the limit ordinals A. By definition, each term of this
series is an ideal of L. The last term (s (L) of this series is called the upper
hypercenter of L. If L = (o (L) then L is called a hypercentral Leibniz algebra.
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Lemma 1. Let L be a Leibniz algebra over a field F' and f be a derivation
of L. Then f(¢'*™"(L)) < {*M(L), f(C€"(L)) < ¢ (L) and f(C(L)) < ¢(L).

Corollary 1. Let L be a Leibniz algebra over a field F' and f be a derivation
of L. Then f(Ca(L)) < Co(L) for every ordinal .

Theorem 1. Let D be an algebra of derivations of the Leibniz algebra
Leis(3, F). Then the following assertions hold:

1) D is a semidirect sum of an ideal A and a subalgebra of dimension 1,
generated by derivation fi such that fi(a1) = a1, fi(a2) = a2, f1(as) = 2as;

2) A is a semidirect sum of an ideal N of D and a subalgebra of di-
mension 1, generated by derivation fo such that fa(a1) = az, fa(az2) = ag,
fa(a3) = as;

3) an ideal N is abelian, N = F f3 ® F fy, where

f3(a1) = as, f3(az2) =0, f3(a3) = 0, fa(a1) = 0, fa(az) = a3, fa(az) = 0.

MO’/’GO’UST, [f17f4} = f4; [flva] = f3; {flva] =0, [f27f4] = _f3; [f?vfd] = f3'

4) An algebra D is isomorphic to a Lie subalgebra of matrices, having the
following form

a1 0 0
ag a1 + oo 0 , where a1, as, ag, B3 € F.
Qg B3 201 + ao

Proof of Theorem 1. Let L = Leij(3,F) and let f € Der(L). We have
fla1) = aia1 + agas + asas, then

flaz) = f(la1,a1]) = [f(a1),a1] + [a1, f(a1)] =
= [ma1 + apas + azasz, a1] + [a1, c1a1 + agag + azas) =

= aqla1, a1] + asglay, as] + aslar, as] = (201 + az)as.

By Lemma 1 f({'%(L)) < ¢'*f(L). It follows that f(a2) = Beas + B3as.
Then

f(a3) = f(la1,a2]) = [f(a1),a2] + [a1, f(a2)] =
= [a1a1 + azag + azas, az] + [a1, B2az + [3a3] =
= aila1, as] + azaz, az] + aslas, ag) + Balai, az] + B3lai, as] =
= oaz + Paraz = (aq + P2)as.
It follows that (2&1 + Oég)ag = (Otl + ,32)&3 and 20q + a9 = a1 + Bo. It

follows that By = a1 + ao.
Thus a derivation f has in a basis {a1, ag, as} the following matrice

aq 0 0
o Q1 + Qo 0
Qa3 ,83 2041 + (%)
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Put N={f| f € Der(L) and f(a1), f(a2) € Faz = ¢((L)}. By Lemma 1
f(C(L)) < ¢(L) for every derivation f of L. Therefore it is not hard to see,
that IN is a subalgebra of Der(L). Moreover, N is an ideal of Der(L). Indeed,
let f € N, g € Der(L). Then

9, f](a1) = (go f — fog)(ar) = (go f)(a1) — (fog)(a) =
9(f(a1)) — f( ( );

9, f](a2) = (go f — fog)(az) = (go f)az) — (f o g)(az) =
9(f(a2)) — f( ( )-

We have g(a1) = fra1 + faaz + f3as, g(az) = (261 + B2)as, then
flg(ar)) = f(Brar + Baaz + B3az) = B1f(ar) + Baf(a2) + Baf(az).

Lemma 1 implies that 83f(a3) € ((L). By f € N, f(a1), f(a2) € (L), so
again, leveraging Lemma 1 we obtain that f(g(a1) € ((L) and f(g(az2) € ¢(L).
Lemma 1 and the fact that f(a1), f(a2) € (L) imply that g(f(a1))g(f(az)) €
¢(L) € ¢*(L). Hence [g, f](a1),[g, f](a2) € ¢(L). This means that N is an
ideal of D.

Denote by = the canonical monomorphism of End[(L) in M3(F) (i.e.
E(f) is a matrice of f in the basis {a1, a2, as}). Then Z(N) is a subset M3(F),
consisting of the matrices, having a following form

0O 0 O
0 0 O .
a3 f3 0

Define a linear transformation f3 of L by the following rule:
if x = &1a1 + &a + §3a3 then f3(x) = &1a3.

Let x,y be the arbitrary elements of L, z = &a1 + &as + Esas,
y = mai + n2a2 + n3a3, where &1, 82,83, m1,72, 13 € F. Then

[z, y] = [€1a1 + E2aa + E3a3, may + m2a2 + N3a3] =
= &imlar, a1] + &imelar, az] + &imslar, as]+
&amlaz, a1] + &amalaz, a] 4 Lamzlaz, as]+
+&3nifas, a1] + E3nelas, az] + E3nslas, az] =
&imas + &1mpas = §1(m + n2)as,
[f3(x),y] = [£1a3,ma1 + n2az + n3az] = 0,

[z, f3(y)] = [§1a1 + &2a2 + E3a3,mas] =0,
fa(lz,y]) = f3(&(m + m2)as) = 0.

In particular, f3([z,y]) = [f3(x),y] + [z, f3(y)], so that f3 is a derivation of L.
By its definition, f3 € N.
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Define a linear transformation f; of L by the following rule:
if ¥ = &1a1 + &2a2 + &3a3 then fiy(x) = &oas.

Let x,y be arbitrary elements of L, x = &1a1 + &a0 + &3a3, y = niag +
n2a2 + nzaz, where &1, 82,83, M1, 12,13 € F. Then

[z, y] = & (m + n2)as,
[fa(z),y] = [§2a3,ma1 + n2a2 + n3a3] =
[z, fa(y)] = [§1a1 + &aa2 + E3a3, m2a3] =
fa([z,y]) = fa(&(m +n2)as) = 0.

In particular, fa([z,y]) = [fa(z),y] + [z, fa(y)], so that fy is a derivation of
L. By its definition, f4 € N. It is not hard to see that the derivations fs, f4
are linearly independent. Using a monomorphism Z we can see that N has
dimension 2. Hence N = F'f3 @ F' f;. Furthermore,

(f3 0 fa)(z) = f3(fa())
(fao f3)(z) = fa(f3(z))

It follows that an ideal N is abelian.

Let’s put A = {f| f € Deryj(L) and f(a1) € Fag & Fay = ¢'*f(L)}. By
Lemma 1 f(¢*®(L)) < ¢!%(L) for every derivation f of L. Therefore it is not
hard to see, that A is a subalgebra of Der(j(L). Moreover, A is an ideal of
Der(j(L). Indeed, let f € A, g € Der(L). Then

f3(&a3) =0,
fa(§1asz) = 0.

9, f](a1) = (9o f = fog)(ar) = (go f)(a1) = (fog)(ar) = g(f(a1)) — f(g(ar)).
We have g(a1) = f1a1 + B2a2 + Psas, then
f(g(a1)) = f(Bra1 + Paaz + Bzaz) = B1f(a1) + f(B2a2 + B3az).

Lemma 1 implies that f(fra2+B3a3) € C**(L). By f € A, f(ay) € (L), so
again, leveraging Lemma 1 we obtain that f(g(a;)) € ¢*(L). Lemma 1 and

the fact that f(a;) € ¢'*(L) imply that g(f(a1)) € ¢'**(L). Hence [g, f](ay) €
¢'f(L). This means that A is an ideal of D. We can see that Z(A) is a subset
M;3(F), consisting of the matrices, having a following form

0O 0 O
Qg (9 0
az B3

Define a linear transformation fo of L by the following rule:

if © = &a1 + &az + &3a3 then fo(z) = (& + &2)az + &3a3.
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Let z,y be the arbitrary elements of L, x = &a1 + a0 + E3as,

Yy = mia1 + n2az + n3a3, where &1,&2,&3,m1,1m2,m3 € F. As we have proved
above

[z,y] = &1(m + m2)as.
We have

[f2(2),y] = [(§1 + &2)az + E3as3, mar + n2az + n3as] =
= (& + &2)mlaz, a1] + (&1 + §2)melaz, az] + (§1 + E2)nslaz, as] =0,
[z, f2(y)] = [§1a1 + &2a2 + &3a3, (1 + n2)az + nzas] =
= &i(m +m2)lar, az] + &a(m + n2)[az, az] = &1(n1 + n2)as,
fa([z,y]) = fo(&a(m +n2)az) = E1(m + n2)as.
In particular, fa([z,y]) = [fo(x),y] + [z, f2(y)], so that fo is a derivation of
L. By its definition, fo € A. It is not hard to see that the derivations fa,

f1, f2, f3 are linearly independent. Using a monomorphism = we can see that
A =N & F'f3. Furthermore,

(fao fa)(x) = fo(fa(x)) = fo(&2a3) = &2 fa(az) = §aa3 = fa(x),
(fao f2)(z) = fa(fo(z)) = fa((1 + &2)as + &3a3) = (&1 + &2)as =
= &1a3 + §a3 = f3(z) + fa(x) = (f3 + f1)(2);

(f2o f3)(2) = fo(f3(2)) = fa(§ra3) = & fa(as) = &ras = f3(2),
(f30 f2)(x) = f3(f2(2)) = f3((§1 + &2)az + &za3) = 0.

Thus

[f2, fa] = fao fa— fao fo= fo— (f3+ fa) = —f3,
[fo, f3] = fao fzs— fao fa=fz3— 0= fs.

Finally, define a linear transformation f; of L by the following rule:
if = &1a1 + &aa2 + &3as then fi(x) = §1a1 + §aa2 + 283a3.

Let z,y be the arbitrary elements of L, x = &a1 + a0 + &3as,

Yy = mai + n2az + n3az, where £1,&2,£3,m,m2,m3 € F. As we have proved
above

[z,y] = &1(m + m2)as.
We have

[f1(z),y] = [§1a1 + §2a2 + 2&3a3, mar + n2ag + n3a3] =
= &imlar, ar] + &imzlar, ag] = E1maz + Eimeaz = &1 (m + n2)as,
[z, fi(y)] = [§1a1 + &aa2 + E3a3, mar + n2az + 2n3a3] =
= &imlar, a1] + &imzlar, ag] = E1mas + &imeaz = &1(m + n2)as,
fillz,yl) = fi(&(m + m2)as) = 26 (m + n2)as.
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In particular, fi([z,y]) = [fi(z),y] + [z, fi(y)], so that fi is a derivation of

L.

By its definition, fo € A. Using a monomorphism = we can see that the

derivations f1, f1, f1, fs, f1, fo are linearly independent and D = A & F'f;.
Furthermore,

(fio fa)(x) = fi(fa(®)) = fi(€eas) = 262a3 = 2 fa(7),
(fao fi)(x) = fa(fi(x)) = fa(&rar + &2a2 + 2&3a3) = aa3 = fa(),
(fro f3)(x) = fi(fs(x)) = fi(&ras) = 2§1a3 = 2f3(2),
(f3o fi)(x) = f3(fi(z)) = f3(&1a1 + 202 + 283a3) = &1az = f3(7),
(fio fo)(x) = filfa(z)) = fr((&1 4 &2)as + &3a3) = (&1 + &2)az + 2&3a3,
(f20 f1)(z) = fa(f1(x)) = fa(§1a1 + &aaz + 2&3a3) = (§1 + &2)az + 283a3.

Thus
[fi,fal = frofa— fao fr =2fs— fa = [,
[fi.fsl=fiofs—faofi=2fs— f3 = f,
[fi,fol = fiofo— fao f1 =0.
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