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On the domains of convergence of the

branched continued fraction expansion of

ratio H4(a, d + 1; c, d; z)/H4(a, d + 2; c, d + 1; z)

Abstract. The paper considers the problem of establishing the
convergence criteria of the branched continued fraction expansion of the
ratio of Horn's hypergeometric functions H4. To solve it, the technique
of expanding the domain of convergence of the branched continued fracti-
on from the known small domain of convergence to a wider domain of
convergence is used. For the real and complex parameters of the Horn
hypergeometric function H4, a number of convergence criteria of the
branched continued fraction expansion under certain conditions to its
coe�cients in various unbounded domains of the space have been establi-
shed.
Key words: Horn hypergeometric function, branched continued fraction,
holomorphic function of several complex variables, convergence

Àíîòàöiÿ. Ó ñòàòòi ðîçãëÿäà¹òüñÿ çàäà÷à âñòàíîâëåííÿ êðèòåði¨â çái-
æíîñòi ãiëëÿñòîãî ëàíöþãîâîãî äðîáîâîãî ðîçâèíåííÿ âiäíîøåííÿ ãi-
ïåðãåîìåòðè÷íèõ ôóíêöié Ãîðíà H4. Äëÿ ¨¨ ðîçâ'ÿçàííÿ âèêîðèñòîâó-
¹òüñÿ ìåòîäèêà ðîçøèðåííÿ îáëàñòi çáiæíîñòi ãiëëÿñòîãî ëàíöþãîâîãî
äðîáó iç âiäîìî¨ ìàëî¨ îáëàñòi çáiæíîñòi ó øèðøó îáëàñòü çáiæíîñòi.
Äëÿ äiéñíèõ òà êîìïëåêñíèõ ïàðàìåòðiâ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨
Ãîðíà H4 âñòàíîâëåíî ðÿä êðèòåði¨â çáiæíîñòi ãiëëÿñòîãî ëàíöþãîâî-
ãî äðîáîâîãî ðîçâèíåííÿ çà ïåâíèõ óìîâ íà éîãî êîåôiöi¹íòè ó ðiçíèõ
íåîáìåæåíèõ îáëàñòÿõ ïðîñòîðó C2.

Êëþ÷îâi ñëîâà: ãiïåðãåîìåòðè÷íà ôóíêöiÿ Ãîðíà, ãiëëÿñòèé ëàíöþ-
ãîâèé äðiá, ãîëîìîðôíà ôóíêöiÿ áàãàòüîõ êîìïëåêñíèõ çìiííèõ, çái-
æíiñòü
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1. Introduction

Hypergeometric functions and their generalizations occur naturally in vari-
ous problems of applied mathematics, statistics, chemistry, biology, mathemati-
cal physics, and engineering sciences [22, 26, 28, 29, 30, 31, 32].

The paper is a continuation of research [5, 23] related to the Horn hyper-
geometric function H4 de�ned as double power series (see, [34])

H4(a, b; c, d; z) =

∞∑
r,s=0

(a)2r+s(b)s
(c)r(d)s

zr1
r!

zs2
s!
, |z1| < p, |z2| < l,

where a, b, c, d ∈ C; c, d 6∈ {0,−1,−2, . . .}; z = (z1, z2) ∈ C2; 4p = (l− 1)2 and
l 6= 1; (α)k = α(α+ 1)k−1, k ≥ 1, (α)0 = 1.

The problem of construction and investigation of branched continued fracti-
on expansions other hypergeometric functions from the Horn's list (see, [34]
and also [29, Section 5.7]) was considered in [21, 35] for F1, in [19, 37] for F3,
in [33] for F4, in [2, 10] for H3, in [6] for H6, and in [3] for H7.

2. Convergence of branched continued fraction expansion

It follows from [5, Theorem 1] that the ratio

H4(a, d+ 1; c, d; z)

H4(a, d+ 2; c, d+ 1; z)

has the formal branched continued fraction expansion

1 +
p0z2

1 + p1z2 +
q1z1

1 + p2z2 +
q2z1

1 + . . .

, (1)

where

p0 =
a

d(d+ 1)
, p1 =

a

d+ 1
− 1, q1 = −2(a+ 1)

c
, (2)

pk = −1, qk = −(2c− a+ k − 3)(a+ k)

(c+ k − 2)(c+ k − 1)
, k ≥ 2. (3)

Remark 1. If the expression (1) is considered as a continued fraction, then
the sequence of its approximants will be the sequence of �gured approximants
for the branched continued fraction (1) (see, [18, p. 18]). Studies of branched
continued fractions related to their �gured approximants can be found in
papers [11, 12, 16, 17].

From [24, Theorem 1] we have the following result.
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CONVERGENCE OF BRANCHED CONTINUED FRACTION EXPANSION

Corollary 1. Let g0,k, k ≥ 1, be real numbers such that 0 < g0,k ≤ 1 for
all k ≥ 1. Then the branched continued fraction

1 +
g0,1z0,1

1 + (1− g0,1)z1,1 +
g0,2(1− g0,1)z0,2

1 + (1− g0,2)z1,2 +
g0,3(1− g0,2)z0,3

1 + ...

converges for |z1,k| ≤ 1/2 and |z0,k| ≤ 1/2 for all k ≥ 1.

Let F
(n)
n (z) = 1, n ≥ 1, and, for 1 ≤ k ≤ n− 1, n ≥ 2,

F
(n)
k (z) = 1 + pk+1z2 +

qk+1z1

1 + pk+2z2 +
qk+2z1

1 + . . .+pn−1z2 +
qn−1z1

1 + pnz2 + qnz1

.

Then,

F
(n)
k (z) = 1 + pk+1z2 +

qk+1z1

F
(n)
k+1(z)

, 1 ≤ k ≤ n− 1, n ≥ 2, (4)

and nth approximant of (1) we write as

fn(z) = 1 +
p0z2

F
(n)
1 (z)

. (5)

Let us prove the following theorem.

Theorem 1. Let a, c and d be complex constants such that

|pk|+ 2|qk| − Re(pk + 2qk) ≤
r

2
for all k ≥ 1, (6)

where pk, qk, k ≥ 1, are de�ned by (2) and (3), r is a positive number, and
d 6= 0. Then the branched continued fraction (1) converges uniformly on every
compact subset of the domain

Ωr =

{
z ∈ C2 : |zk| <

1 + cos(arg(z1))

r
, arg(z1) = arg(z2), k = 1, 2

}
(7)

to a holomorphic function in Ωr.

Proof. We set arg(z1) = ϕ. Let n an arbitrary natural number, z be an
arbitrary �xed point in (7). In the neighborhood of z, by induction on k, we
prove the following inequalities

Re(F
(n)
k (z)e−iϕ/2) >

cos(ϕ/2)

2
≥ c > 0, 1 ≤ k ≤ n, n ≥ 1. (8)
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Since z is an arbitrary �xed point from domain (7), then for its arbitrary
neighborhood there exists δ, 0 < δ ≤ π/2, such that |ϕ/2| ≤ π/2 − δ and,
therefore,

cos(ϕ/2)

2
≥ cos(π/2− δ)

2
=

sin(δ)

2
= c > 0.

Let us show the validity of the �rst inequality in (8). At k = n, this inequali-
ty is obvious. Assuming that the �rst inequality in (8) are true if k = s+1 ≤ n,
we prove it for k = s. From (4) we obtain

F (n)
s (z)e−iϕ/2 = e−iϕ/2 +

ps+1z2e
−iϕ

e−iϕ/2
+

qs+1z1e
−iϕ

F
(n)
s+1(z)e−iϕ/2

. (9)

Using [27, formula (9)] (see also [36, Lemma 4.41]), (6), (7), from (9) we have

Re(F (n)
s (z)e−iϕ/2)

≥ cos(ϕ/2)− |ps+1| − Re(ps+1)

2 Re(e−iϕ/2)
|z2| −

|qs+1| − Re(qs+1)

2 Re(F
(n)
s+1(z)e−iϕ/2)

|z1|

> cos(ϕ/2)− [|ps+1| − Re(ps+1) + 2(|qs+1| − Re(qs+1))]
1 + cos(ϕ)

2r cos(ϕ/2)

> cos(ϕ/2)− cos(ϕ/2)

2
=

cos(ϕ/2)

2
.

Thus, F
(n)
1 (z) 6= 0 for all n ≥ 1 and z ∈ Ωr, i.e., that each approximant (5)

is a holomorphic function in (7).
Let Ξ be an arbitrary compact subset of (7). Then there exists an open

bi-disk
ΓR = {z ∈ C2 : |zk| < R, k = 1, 2}

of radius R, R > 0, such that Ξ ⊂ ΓR.Moreover, for any n ≥ 1 and z ∈ Ωr∩ΓR
from (5) we obtain

|fn(z)| ≤ 1 +
|p0|R

Re(F
(n)
1 (z)e−iα/2)

< 1 +
2|p0|R

cos(α/2)
= C(Ξ),

i.e., the sequence {fn(z)} is uniformly bounded on every compact subset of Ωr.
Since

p1 =
a

d+ 1
− 1, pk = −1 for all k ≥ 2, and lim

k→+∞
qk = −1,

then exists a constant M > 0 such that

|pk| ≤M and |qk| ≤M for all k ≥ 1. (10)

It is easy to see that for every L such that

0 < L < min

{
1

4M
,

1

8M
,
2

r

}
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the domain

ΥL = {z ∈ R2 : 0 < zk < L, k = 1, 2}

contained in Ωr, in particular ΥL/2 ⊂ Ωr.

Using (10), for any k ≥ 1 and z ∈ ΥL, ΥL ⊂ Ωr, it is easy to shown
that |pkz2| < 1/4 and |qkz1| < 1/8 for all k ≥ 1, i.e. the elements of (1)
satisfy the Corollary 1, with g0,k = 1/2, k ≥ 1. It follows from this corollary
that (1) converges in ΥL, ΥL ⊂ Ωr. Hence, by [2, Theorem 3] (see also [18,
Theorem 2.17]), the convergence of (1) is uniform on compact subsets of Ωr.

From this theorem we have the following result.

Theorem 2. Let a, c, and d be real numbers such that d 6= 0, pk > 0
and qk > 0 for all k ≥ 1, where pk and qk, k ≥ 1, are de�ned by (2) and
(3). Then the branched continued fraction (1) converges uniformly on every
compact subset of the domain

Ω =
{
z ∈ C2 : | arg(zk)| < π, arg(z1) = arg(z2), k = 1, 2

}
(11)

to a holomorphic function in Ω.

Proof. If pk > 0 and qk > 0 for all k ≥ 1, then the condition (6) holds for all
r > 0. Let Ξ be an arbitrary compact set contained in (11). Then Ξ ⊆ Ωr ⊆ Ω
for some r su�ciently small, whose Ωr is an open bi-cardioid (7). Theorem 2
is thus an immediate consequence of Theorem 1.

The following theorem can be proved in much the same way as Theorem 1.

Theorem 3. Let a, c, and d be real numbers such that d 6= 0, −r < qk < 0
for all k ≥ 1, where qk, k ≥ 1, are de�ned by (2), r is a positive number. Then
(1) converges uniformly on every compact subset of the domain

Θr =

{
z ∈ C2 : z1 6∈

[
1

8r
,+∞

)
, z2 6∈

[
1

4 max{1, 1− a/(d+ 1)}
,+∞

)}
to a holomorphic function in Θr.

Remark 2. To prove the theorem 3, the domain Θr should be written in
the form

Θr =
⋃

−π/2<ϕ<π/2

{
z ∈ C2 : |z1|+ Re(z1e

−2iϕ) <
cos2(ϕ)

4r
,

Re(z2e
−iϕ) <

cos(ϕ)

4 max{1, 1− a/(d+ 1)}

}
.

The following result is an application of Theorem 2 [5].
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Theorem 4. Let a, c, and d be real numbers such that

d 6= 0, 0 < max

{
1, 1− a

d+ 1

}
− qk < r for all k ≥ 1,

where qk, k ≥ 1, are de�ned by (2), r is a positive number. Then the branched
continued fraction (1) converges uniformly on every compact subset of the
domain

Πr =
{
z ∈ C2 : zk 6∈ [1/(4(1 + r)),+∞), k = 1, 2

}
,

to a holomorphic function in Πr.

3. Conclusions

Branched continued fraction expansions of hypergeometric functions and
their relations are fantastic in the variety of structures and endowed with good
approximate properties [1, 3, 4, 6, 10]. The obtained criteria of convergence for
the branched continued fraction (1) provide wider domains for calculating the
values of the ratio of Horn's hypergeometric functions H4 in comparison with
the corresponding double power series. The problem of investigating domains
of convergence of the general expansions, constructed in [5], remains open.
Also, the problem of establishing estimates of the rate of convergence of the
considered branched continued fraction expansion remains open. In solving
these problems, the results obtained in papers [8, 9, 13, 14, 15, 16, 20, 25] can
be applied.
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