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A Note on Sequence of Functions associated
with the Generalized Jacobi polynomial

Abstract. An attempt is made to introduce and use operational techni-
ques to study about a new sequence of functions containing generalized
Jacobi polynomial. Some generating relations, finite summation formulae,
explicit representation of a sequence of function Sfffk’v’é) (z; a,u,v) associ-
ated with the generalized Jacobi polynomial P{%” ") (z) have been
deduced.
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Amwnoranisi. 3pobiena crpoba MpeacTaBUTH Ta BHKOPUCTATH OIEpAriiii
MEeTO/I! JI/Ist MOCJTITZKEHHsT HOBOI TIOC/IIIOBHOCTI (DYHKITH, M0 MICTATD y3a-
rajgpHeHni momiHoM fk06i. Bysin moBemeni mesiki mopo/Kyiodi CIiBBiaHO-
meHHst, (POPMYJIN CKIHYEHOTO TMiJCYMOBYBAHHS, IBHE ITPEJICTABJICHHS TI0-
chigoBHOCTI DyHKIIH S flaf k’“”‘s) (z;a,u,v) NOB’A3aHUX 3 y3araJbHEHUM TIO-
mimomom STxoGi PSP (x).

Kurouosi ciioBa: nominom ko6i, yzarambaenuil mosinom $kobi, mopo-
MKYIOYl CHiBBiAHOUIEHHS, (POPMYJIH CKIHIEHOTO IIi/ICyMOBYBAaHHS

MSC2020: Pr1 33E20, SEc 44A99, 33C45, 33E30, 33E12, 33E99
1. Introduction and Preliminaries

1.1. Introduction

One of the most important polynomials in the theory of special functions, is
the Jacobi polynomial P,Sa’ 2 (z). Many special functions of applied mathemati-
cs can be expressed in terms of Jacobi polynomial, Legendre polynomial,
Gegenbauer polynomial (Ultraspherical polynomial), Chebyshev polynomial
of first and second kind, and this has motivated us to define its generalization
and study / derive several properties of which. Operational techniques, also

known as Operational calculus, have drawn attention of several researchers in
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the study of sequence of functions and polynomials. By operational technique,
the problems in analysis, in particular differential equations are transformed
into algebraic problems, usually the problem of solving a polynomial equati-
on. In this paper, a new sequence of functions has been introduced containing
Generalized Jacobi polynomial defined as below in (1.13) and obtained its
various properties using operational techniques.

Jacobi polynomial is defined [4], as

(1+a),

Pl B () = [ -

1—
}2F1<—n,a+ﬁ+n—|—1;1+a;2x>, (1.1)

where Re (a) > (—1), Re(8) > 0,z € C;n € NU{0}.
Equivalent definitions of which are as listed below [4]:

n! 2

Péa, ’8)<$) — |:(1+a)”] (1 +x>n2F1 <—n, -n—B; 1+ i:—i) ) (1'2)

_Wﬁl <—n,a—|—,8+n+1; 1+B;x;1), (1.3)

(@, ) _ (a+B+1),, <—1+x>n
b (z) e+ B+ 12)n 2

2
o F (—n, —a—n; —a—2n—0; > , (1.4)
1—=x

n! 2 z—1

Pl B)(z) = L+ 5)y <1+x>n2F1 <—n, —a—mn; 1+ 3; 1+x> , (1.5)

(@, B) (4 a+p8),, (z+1)\"
P (x)_n!(1+a+62)n< 2 )

oy <—n, —B—mn; —2n—a—5;1ix>. (1.6)

In a nut-shell, Legendre, Chebyshev, Ultraspherical and Gegenbauer polynomi-
als can be viewed as a particular case or can be expressed by use of Jacobi
polynomial [4], as listed below:

1. When o = 8 =0, we get the Legendre polynomial

2 (1) (3)(2)"
k=0 k! (n — 2k)!

P, (x) =
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2. When a = = , we get the Chebyshev polynomials of the first kind
Un(z) = (1+n)2F1 (—n, 2+mn; 3; =5H).

3. When a == % we get the Chebyshev polynomials of the second kind
Ta(w) = 2By (=n,m; 35 =5).

4. When a = 3, we get the Ultraspherical polynomial

~ (a+1),
n!

1—
o Fy <—n71+2a—|—n;1+o¢; 5 x> . (1.8)

The Gegenbauer Polynomial
CMa) = BnyFy (—n, 20+ A + L5 152),
has the following relation with above Ultraspherical polynomial as given

below [4]:
a+1/2
(0 a) () = @+ Dy o T(2)
Pl (o) = (O S0, (1.9
or
(A=1/2 , A—1/2)
O (z) = Pt (=) (1.10)

(A+1/2),

The Classical Gauss Hypergeometric function is given by [4]

e k
o F1 (a,b;¢;2) Z k ( ) (1.11)
C

=0

where Re(a) > 0,Re(b) > 0,Re(c) > 0 when |2|] < 1 and Re(c —a —0) >0
when |z] = 1.

Virchenko et al. [19] introduced the generalization of Gauss hypergeometric
function in the terms of

(¢) = (a), T (b+7k)
b; c; = kL 1.12
QRl(CL, ;G TS Z b kzo C+T]€ (k">’ ( )

where Re(a) > 0,Re(b) > 0,Re(c) > 0,7 > 0 when |z] < 1 and
Re(c—a—1b) > 0,7 > 0 when |z| = 1.

Rao et al. have studied many properties of this Wright-type Generalized
Hypergeometric Function in [5, 6, 7, 8, 9, 10].

Using Wright-type generalized Hypergeometric function oR; (a,b;c;T;2),

the present work aims to generalize the definition of Jacobi polynomial as
below.

We define, Generalized Jacobi polynomial as:
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1 1—
Pl B) () = [(OHF')”] oR; (—n, n+a+pf+1; v+ 1; 7 233) ,  (1.13)
’ n.

which reduces to qua’ 6)(56) for v = a« and 7 = 1, where z,a,8,7 €

Cand > 0;ne NJ{0}, Re(a), Re(y) > (1) and Re () > 0.

1.2. Preliminaries

e Srivastava and Singhal [16] introduced a general class of polynomials in
1971 as

:Cfafkn

60 orpk) =2 e ) (551 )’

: [:):O‘ exp (—pz")], (1.14)

where Laguerre, Hermite and Konhauser polynomials are the special
case of (1.14).

e In 1979 Srivastava and Singh [14] introduced a general sequence of functi-
ons {Vn(a) (z;a,k,s) /n=0,1,2,.. .};

—Q

Vn(“) (z;a,k,s) :xn—! exp {pr ()} [z* (s + xD)]"
-[2%exp {—pi, (2)}], (1.15)

Where py, () is a polynomial in = of degree k, a and s are constants.

e In 2007, Shukla and Prajapati [13] introduced a general class of polynomi-
als

—d—an

AP (saiks) = T BT (pu(a) 6"

[ B -m(@)}] (1.16)

where pg(z) is a polynomial of degree k in x and «,f,7,d,a,k,s
are real or complex constants, the differential operator defined [3] as

oo
0 = 2%(s +2D),D = 2 and EN%(2) = 2 Wan_ 2 55 5 generalized
' n=0

T'(an+pB) n!
Mittag-Leffler function defined by Shukla and Prajapati [12].
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e In 2012 Ajudia and Prajapati |1] introduced a sequence of function as,

-8
Vn(a,ﬁ,é) (z;a,k,5) = $—'W(a75;pk($)) 0"
.
(xBW (a, 6; —pk(x))) ) (1.17)

where W («, d; z) is a Wright function defined as

(e @] Zn
W (a,d;2) = Z_%n'F(om+5) (1.18)

e In 2013, Rao & Shukla [9] introduced a sequence of functions containing
Generalized Hypergeometric function as:

x—ﬁ—an n
GUwe (w3 sk, 5) == —a R (a, b 75 pi (2) ()
229 Ry (a,b; ;7 —pi ()] (1.19)

where pg (z) is a polynomial in x of degree k; z € (0,00); a, k, s
are constants; 7 € Ry = (0, 00); a,b, ¢ € C; Re(a) > 0, Re(b) >
0, Re(c) > 0; and (,12)" = 2"*(s+xD)(s+a+xD)(s+2a+x D)
.(s+(n—1)a+zD), with D= <.

e New sequence of functions:
Let us introduce, mnewly defined sequence of functions
oo

{Sﬁf;’i’%é) (z; a,u,v)}n:1, containing Generalized Jacobi polynomi-
al Pé?é}%ﬁ) (z) as:
—d0—ak
S s, 0) =T PGP (21— 2py(a)
(T [P (1 + 2pu(2)], (1.20)

where p,(x) is a polynomial in z of degree u and x € (0,00),a,d,u,v
are constants, «,,y € C and 7 € Ry = (0,00);k € Nyu,n €
N{J{0},Re (a), Re(vy) > (—1) and Re(B) > 0 and

(T)* = 2% (v + 2D)(v + a + xD)...(v + (k — 1)a + zD) (1.21)

: — d

Special Cases
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e}
1. Fory =a,7=11in {Sfla;i% )(x;a,u,v)} , the analogue of sequence

of functions associated with Jacobi polynomial p{*P) (x) is

o

{Sr(fl’ia’a) (z;a,u, v)} . (1.22)

n=1

2. Fora=p=v=0,7=11in {S(a’ﬁ’%é)(x; a, u, v)}oo 0 the analogue of
n=

n,7,k

sequence of functions associated with Legendre polynomial P, () is

0,0,0, o

{57(171,13 )(:L’; a,u, v)}n:1 . (1.23)

3. Fora=pf=y==5,7=1in {Sfl Tﬁk'y )(x a,u v)}oo X the analogue of

sequence of functlons associated with Chebyshev polynomial of the first
kind U, (z) is

=1 -1 -1 &
{57(112 %) (z; a, u,v)} . (1.24)
n=1

1 - (8,70 >
4. Fora = =v=5,7=1in S\ (z;a,u,v) 1‘cheanalogue

n, 7,k
of sequence of functions associated with Chebyshev polynomlal of the
second kind T;, () is

111 o0
{57(121’,1’2’6) (z;a, u,v)} . (1.25)

Some important results are listed below for our further study

1. The operational formulae based on [2, 3]:

otaTs (mﬁf($)> — (tz*(s+aD) (xﬂf(x))
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(1—at) = (1—at) i (O‘ — B) (at)™ (1.29)

a m)!
m=0

The Stirling number of second kind (Riordan [11]|) denoted by S (n, k)
is defined as:

k
AﬂmMZQER%Wj<§>ﬂ~ (1.30)
j=1

. Srivastava [17] proved the following theorem:

Let the sequence {&, (z)},2, be generated by

S (1" ) en@d = re ey
k=0
6. (h (2, 1)), (n € CU{0}), (13])

where f, g, h are suitable functions of x and ¢, then the following generati-
ng relation in terms of Stirling number S (n, k), holds true, provided each
number of following equation (1.28) exists.

Zk"@; (2, —2)) <g(j_z)>k=

= {f(z, —2) Zk:'S n, k)& (z) 2~ (1.32)

. In 1975 Srivastava and Lavoie [18] proved the following result:

If sequence {A, () : pis a complex number} is generated by

ZW A (2) 1" =0 (2, ) {6 (2, 8)} HAL (¥ (2,1)), (1.33)

where 7, , are arbitrary constants and 0, ¢ and v are arbitrary functions
of x and t, and let

D, [,1] Zay 2Dyign ()", (8m #0), (1.34)

where ¢ is a positive integer and v is an arbitrary complex number, then

Y Auin (@) R, (y) " =0 (2,1) {6 (2,)}
n=0

Py [w (2,1) w{wi’t) }q} : (1.35)
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where R} , (y) is a polynomial of degree [n/q ] in y, which is defined as

[n/q]

R;]z,u (y) = Z Vv+qk, nquézx,k yk- (1.36)
k=0

Srivastava and Manocha [15] mentioned the following series
rearrangement technique:

ZZA(m,n):ZZA(m,n—m). (1.37)

n=0m=0 n=0m=0

4. We are using the operational formula based on [15, 16]

(T3)" (%) = a” <k+v> na:’””“. (1.38)

a

2. Generating relations for the function ng‘fk’"”é)(x;a,u,v)

A considerably large number of special functions (including all the
classical orthogonal polynomials) are known to possess generating relati-
ons. Using operational techniques, by employing ,77¥ (as in (1.21)) as a di-

fferential operator, we obtain following generating relations of the function
S(Oéﬁf%(;)

ok (z;a,u,v).

Theorem 1. Let p,(z) be a polynomial in x of degree u and x €
(0,00), a, u,0, v are constants and «,f,v,t € C and 7 > 0; k € Nyn €
NU{0},Re(a), Re(vy) > (—1) and Re(B) > 0, then

_((6+)
1) Z Sfla;ﬁk/y ) (x;a,u,v) tf = (1—at) ( /a) Pé‘f;%ﬁ)(—l — 2pu(z))
k=0

ple) (1 + 2y <x(1 - a,t)_Tl)) .(21)

1 ((6+v)
stm N oy}t (14 at) /Q)Pé?‘ﬂﬂ><—1—2pu<m>>

n,7,k

ples®) (1 + 2, ( (1+ at)%)) (2.2)

)

3)§:<m$k>5(aﬁvé)(x a,u,v)t"™ = (1 —at)” k- (5+U)/a

n,7,m+k
m=0

(e, 7, B) _
Pz (ZLo2pule)) o gleotond) <a:(1 —at) Va a,u,v) (2.3)
pler?) (1 + 2p, (m(l — at) /a))
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E kK™ n;ﬁk% xa,ujv)zk

1
=(14az) T ~
PO (=1 = 2p, (a))

k
Zk'S n;iw) (x(1+az)_1/a;a,u,v> ( : ) (2.4)

1+az

Proof.
Part: 1) From equation (1.20), we have

o

Z akal r’ﬂlj ) (z;a,u,v)th
k=0

— T P (<1 = 2p (@) T o

:<“+a%

n| > x762R1 (_n7n+a+ﬁ+1,1+’7,T,1+pu(x)) et'aT;

PP (14 2pu(2))]

P%Rm—mn+a+ﬁ+hl+vwrmmwﬂ

and use of above identity (1) gives simplification of above equation as:

o0
Z aksr(ta'rﬁk’y & (.%‘; a,u, U)tk
k=0

1+a),)\ 5
—a (e 2R (—nyn+a+ B+ 114571+ p, (7)) z

_((5+v)/ > 1
(1= azt) %) 3Ry (—n,n +a+ B8+ 1147 —pu {:z:(l —azv) /a}>

Replacing t by ¢t - =% in this, we get the proof of part 1.
Special cases:

(e.)
1. Generating relation for {Séal’i’a’é) (z;a,u, v)} ) associated with Jacobi
polynomial: "

~ _((6+v)
ZS 7’6’6“3 (z;a,u,v) tF =(1 — at) ( /a) PP (1 = 2p,(x))
k=0

.plep) <1 + 2py {az(l - at)_l/a}> . (2.5)

70



SEQUENCES OF FUNCTIONS FOR THE GENERALIZED JACOBI POLYNOMIAL

. . (0,0,0,8) e . .
2. Generating relation for {S Lk (x;a,u,v)} ) associated with
n=
Legendre polynomial:
o0 _((6+v)
3 SO0 (@ a,u,0) t* =(1 — at) ( /“)Pn<—1—2pu<x>>
k=0

P, (1 + 2py {x(l - at)_l/a}> . (26)

-1 -1 -1g e
3. Generating relation for 7(112 r2re )(x;a,u,v)} associated with
n=1
Chebyshev polynomial of the first kind:
O (i1 _15 _((6+v)
S G = a8y, (1 - 2 0)
k=0
Uﬁ<1+%m{ﬂ1—aﬂ_@}> (2.7)
(1,1,15) o0
4. Generating relation for {S,.%72"%"/(z;a,u, v)} associated with
n=1
Chebyshev polynomial of the second kind:
N (L1 _((6+0)
ZS 21”272’6 (z;a,u,v)tF =(1 — at) ( /a) T (=1 — 2py(x))

k=0

T, (1 + 2p, {x(l - at)_l/a}> . (2.8)

Part: 2) From equation (1.20), we have

ZS(a 8,7,6-ak) (z;a,u,v)th

n,T,k
k=0

s (0+a),\?
=o ™ () SR (nn b ot B L1 %7 L+ 2, (2)

et aTs . [z‘s*ak oR (—n,n+a+ B+ 1;1+7;7; fpu(x))]

n:

_ (64 v) 1
(1+at) . /a>2Rl <”’"+a+6+ L1477 —pu {x(lﬂﬂf) /a})

0+
:(1_’_at)71+<( " )/Q)Péfx;_'y,ﬂ)(_l_qu(x))

1
PmP) (1 + 2p, <x(1 + at) /a)) .

) (1+a)n ? 1)
=z ——) 2R (-nntat+ B+ 1L1+y71+pu(z)
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This completes the proof of part 2).
Part: 3) Writing equation (1.20), as

et (@T2) <(GT;)’“ {gﬁ <(1J;'O‘)”> 2R (—n,n+a+ B+ L1477 —pu (@ ))D

N glhB7:9) T a,u,v
_ k'e (aTy) $6+ak o n, 7,k ( ) (2.9)
(7’”) oRy (—n,n+a+ B+ 1;14+v;7;1 4 py, (2))

n!

the above equation, using (1) can be re-written as

o0 tm TU m-+k 1
Z ) |:$6 <(_|;L'a)n) oR (—n,n+a+ﬁ+1;1+’y;7; —Pu (x))]
m=0 ’

n,7,k

_ — (2.10)
(%) 2Ry (—n,n ta+B+L14+y7m14py {w(l — ax?t) /a}>

N -1
Eladtak (1 — ax“t)_k_(6 4. §lbB7,9) ( (1 — ax®t) /a; a,u,v)

Therefore, using (1.20) we have,

e’} a(m a,8,7,6
Z (m +k)! ghralmk) . glabo)

mmo MK (%) 2Ry (—n,n+a+ B4+ L1 +5751 4 py (x))

(z; a,u,v) t™

n,7,k

. -1
af+ak (1 — qgag) K (52) L gloBd) <x<1 —az"t) " au, U)

_ — (2.11)
(“*“ ) 2Ry <—n,n+a+ﬂ+ L1471 +py {x(l — ax’t) /a}>
Replacing t by ¢ - 7%, immediately leads to equation (2.3).
Part: 4) Comparing equations (2.3) and (1), we get
(1—at)" /% 5 Ry (—nntat B+ 1147575 14+pu (@) —(1—
fla )= 2Ry (—nntatB+1s1+ymtapy {a(itat) = /o }) g(@, )= (1-at),
1
hiz,t)==2(1—at)” /* and & (z) — ST(LQTB,J’ )(x; a,u,v);
.f.7.6) 1/ i ’
Zk’m n;k,% ((1+CLZ) a;a,u,v) <(1—+—a2j))
(14az2)0 /%y Ry (‘n7n+a+ﬁ+1;1+w;r;1+pu z(l-az) " /a}>
- 2R (—nntatB+ 114751 4pu(2))
Z k'S (k,m)S, ;i% )(x; a,u, v)zk. (2.12)

—1/a

For z — z/(1+ az), x — (1 + az)” /%, the above equation immediately leads

to (2.4) in terms of part 4).
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3. Finite summation formulae for the function
SleB, )(x; a,u,v)

n,7,k

In this section, we obtain two finite summation formulae for equation (1.13).
Theorem 2. Let p, (x) be a polynomial in x of degree u and x € (0,00),
a,u,v are constants and o, 3,7 € C and 7 > 0;n € NJ{0},Re («),Re (y) >

(—=1) and Re(B) > 0, then

k
B8 1 g B0
DS e = 32 (7). S, e, (3.1
m=0 m
(@,B,7.0) "o d—o (0,B,7,0)
2) Sn;k7 (x;a,u,v) = Z %am <a> S’naTkZ:; (x; a,u,v). (3.2)
m=0 m
Proof.
Part: 1) By employing the operational formula (1.28) to (1.20), we get,
Séa;i’%&) (z; a,u,v)
—0—ak /(1 4 q) \?
_Z o <( = )”> oRi(—nyn+a+ B8+ 1L 14+v7m1+py (2)x

k
Z< ) @I "Ry (—nyn+ a+ B+ 1514375 —pu (@) (oTy) "2

=0
1+a),\? S
o oR1 (—nyn+a+ B+ 114,71+ py () =)

m=0

k—m—1 m ) _
I (wH+ia+zD)2Ri(—n,n+a+ B+ 1;14+v71—pu(z))a <7) ! (3.3)

=0 a
Using (1.20), we have
1 k—m—1

Ty AL (vriataD)aRi(nntat B4 11477 —pu (@)

9 b ’0
B Sfjﬁ,:_%) (z;a,u,v) (3.4)
R (-t a4 B+ 1147714 pu(2) '
Part: 2) Using (1), in (1.20) gives
Zx“kST(LaTﬁkv 9) (z;a,u,v)tk
2
=(1- axat)_(éj’r'w ((1‘;?)n> oRy (—n,n+a+ B8+ 1;14+v;7;1 4 py, (7))
-1
<oy (—n,n +a+B+1;14+77;—py (x(l — ax®t) /a)> (3.5)
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which on application of (1.29) yields

nTk

oo (629 2] 120

m=0

R (—n,n+a+ B+ 1147751+ py (2))

-1
- oy <—n7n +a+ B+ 11+ —p, <x(1 — ax’t) /a>> (3.6)

Use of (1) again gives simplification of above expression in the form of

ak 7/375 k
Zx STZT]{Z (x;a,u,v)t

zn: §—o\ (az®)™| ((14a),\>
= a ), m! n!
Ry (—n,n+ a4 B+ 11471 4 py (z) 27 tleTs)

2% Ry (—nyn+a+ B+ 11+ v 75 —py (2)) (3.7)

Further simplification and using, (1.37), we have

ak 7575 k
Z:c SnTk (z; a,u,v)t

33 (1) G e (e

=0 m=0
Ry (—n,n+a+ B4+ 11+ 14 py (2))
T (@79 Ry (—nyn 4+ B+ 15143575 —pu () (3.8)

Equating the coefficients of t* on left and right sides of above expression, we
have

S(OC,B,"/,(S)

n,7,k
k 1 . 5 — m—a’—a(k—m) (1 +04)n 2
£= m! a ), (k—m)! n!
R (—n,n+a+ B+ L1+ 714 py ()

T (@R (—nyn + @+ B+ L1+ ;7 —py (2)))

k
= iam <5_0> gleB:7.0) (z; a,u,v).
a m

(z;a,u,v)

m)! n,T,k—m
m=0
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4. Bilateral-generating relation for the function
(e,8,7,6)

n,7.k (ZL’, a,u, U)
Comparing (1.33) with (2.3) and replacing p of (1.33) by k and n of (1.33)
by m, observe that we have i, = < k :;Lm ), o (z,t) =1,

0(z,t) = (1— at)—k—((5+v)/a) 2R1 (—nynta+B+1;147;7m514py (2))

—1 )
2R (n,n+a+ﬁ+l;1+7;7;1+pu{x(lat) /a}>

-1
A (x) = gleeP) (z;a,u,v) and ¢ (z,t) = z(1 — at) /a, then from (1.35) we

n, 7,k
get the following bilateral-generating relation for Sfla;ﬁk’%é) (z;a,u,v), which is

given by

o0

o, D, 76 m
S (i a,u, v)RY, , ()

m=0

— 00 o) 0 [0 w0 {55 b |

where @, , [z,t] and R%,, (y) are as defined in (1.34) and (1.36) respectively,
with ¢ is a positive integer and v is an arbitrary complex number.

S(Ot ,B8,7,0)

5. Explicit representation of 5, '} (x;a,u,v)

In this section we introduce the Explicit Representation of
S(OCVBa'Yaé)

o (w5 a,u,v) as defined in (1.20), in terms of the following result.

Theorem 3.

Sr(f;i’%a)(:ﬁ'auv)
ak[oz—i-l ] ZZ T(y+1)°T(n+a+B+1+71m)
— n! e 7+1+7m)(F(n+a+ﬁ+1))Qm!

)
l
(=1)'(=n), (n+a+5+1+7l)xul(1+xU)m<5+”+“l>k), (5.1)

F(y+ 14710l a

where py(x) is a polynomial in x of degree u and x € (0,00),a,d are constants
and o, 3,7 € C and 7 > 0; n € NJ{0}, Re(a), Re(y) > (—1) and Re(ﬁ) >
0; and (,T°)* = 2% (v + 2D)(v + a+ zD)...(v + (k — 1)a + zD) with D = 4.

The following is the proof of above theorem.
For simplicity purpose, putting p,(x) = z% in (1.20), we get
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Sr(za‘zlﬁk’y 0 (.Z'; a,u, ’U)
$—6 ak

= T P (<1 = 2p, () (T2) |2 P (14 2pu (o)

—3—ak T 12
€T a+1
TR : n! e o1 (—n,n+a+ B+ 1y + 171+ pu(2))

(T)F [2°2Ry (—n,n+ o+ B+ Ly + L 75 —pu(a))]

—d0—ak T 12
+1
:xk' (an' Jn oRi(—n, n+a+8+1; v+ 1; 7514 2%)

(aT:)k [x52R1 (—n, ’I’L—|—O¢—|—B—|—1’ v+1; 7 —qu)]

—0—ak T 12
T a—+1
k! ( n! )n 2Ry (—n, n+a+B+1; v+ 1; 73 1+2)

z”: (—1)1(—n)lf(7-+1)1“(n+a+5+1+Tl)
F'y+14+7)(n+a+B+1)!

(T2)" (2+)

=0

Using (1.38) gives us,

S(aﬂv"/ﬁ)

n,7,k
g—o—ak (a+1)

k! n!
i (—1)1(_7,)[ Fry+ )T (n+a+8+1+ Tl)ak o+v+ul S+ultka
— Fy+14+7)T(n+a+ 8+ 1)1 a K

(z;a,u,v)

2
”} oRi(—n, n+a+8+1; v+ 1; 73 1+2%)

FM(a+1) 17
:C]Z'[( o )"} oRi(—n, n+a+8+1; v+ 1; 75 1+a%)

" (—1)1(—n)lF(’y+1)F(n+a+ﬁ+1—|—Tl)zul §+v+ul
> (=),

pre F'y+14+7)T(n+a+B+1)! a

k Oé 2 n « T™m

'y+1+7'm)(F(n+oz+ﬂ+1))2m'

" (—1)l(—n)lF(n+a+ﬁ+1+TZ) wfl0+v+ul
D T(y+1+7) 1l * < a )kn

m=0

B (a+1) L& F(fy—|—1)) Pn+a+B+1+71m)

k[ } Z:Z ( +1+Tm)(F(n+a+ﬂ+l))2m

(—1)1(—n) Tn+a+B+1+7l) , v (04 v+ul
Pl(v+1+7l)l! (1) ( a )k'

This proves the identity (5.1).
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Some particular cases

o0
1. Explicit representation for sequence of functions {Sflaf’b;;a’é)(x;a,u,v)} ,

n=1

associated with the Jacobi polynomial P{*”) (x): Sflalia 5)(33; a,u,v) =

_a I(a+1))’T(n+a+8+1+m)
{ ] mzng a+1+m)(r(n+a+ﬁ+1))2mv

(—1)!(—n), F(n+a+ﬁ—|—1+l)xul(1+xu)m(5+v+ul) .
k

5.2
Ma+1+1) 1! a (52)
ici i i (0,0,0.8) (.. >
2. Explicit representation for sequence of functions {5, 7; " (%;a,u,v) ,
i n=1
associated with the Legendre polynomial P, () is given as:

FEN & P(n+14+m)
Sflo’lo;ﬂo’é) (x; a,u,v) . Jm
o k'zmz m) (T (n+1)) m
(—)(n%Fm+1+D . §+v+ul
“A4z)"| — 5.3
T+ 1) 1 w (e a ), 63
3. Explicit representation for sequence of functions
—1 —1 -1 o
Sﬁfk 77 ) (z;a,u,v) , associated with the Chebyshev polynomi-
n=1
al of the 1st kind U, (z) is given as:
111 k22 (— 1 2F +
57(1,1,21; B 2’(S)(»”E a,u,v) = % ( I‘n) ( (2)) (n m)x“m
© m=01=0 (3+m) (T
1) (—n), T(n +1
( )( ln)l (TL-l— )xul(l_’_xu)m(é—i_v—i_U’l) (5-4)

111 0
4. Explicit representation for sequence of functions 5(2 z z )(x;a,u,v)} ,
n=1

associated with the Chebyshev polynomial of the 2nd kind T, (x) is given as:
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