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A Note on Sequence of Functions associated

with the Generalized Jacobi polynomial

Abstract. An attempt is made to introduce and use operational techni-
ques to study about a new sequence of functions containing generalized
Jacobi polynomial. Some generating relations, �nite summation formulae,
explicit representation of a sequence of function S

(α,β,γ,δ)
n,τ,k (x; a, u, v) associ-

ated with the generalized Jacobi polynomial P
(α, γ, β)
n, τ (x) have been

deduced.
Key words: Jacobi polynomial, generalized Jacobi polynomial, generati-
ng relations, �nite summation formulae

Àíîòàöiÿ. Çðîáëåíà ñïðîáà ïðåäñòàâèòè òà âèêîðèñòàòè îïåðàöiéíi
ìåòîäè äëÿ äîñëiäæåííÿ íîâî¨ ïîñëiäîâíîñòi ôóíêöié, ùî ìiñòèòü óçà-
ãàëüíåíèé ïîëiíîì ßêîái. Áóëè äîâåäåíi äåÿêi ïîðîäæóþ÷i ñïiââiäíî-
øåííÿ, ôîðìóëè ñêií÷åíîãî ïiäñóìîâóâàííÿ, ÿâíå ïðåäñòàâëåííÿ ïî-
ñëiäîâíîñòi ôóíêöié S

(α,β,γ,δ)
n,τ,k (x; a, u, v) ïîâ'ÿçàíèõ ç óçàãàëüíåíèì ïî-

ëiíîìîì ßêîái P
(α, γ, β)
n, τ (x).

Êëþ÷îâi ñëîâà: ïîëiíîì ßêîái, óçàãàëüíåíèé ïîëiíîì ßêîái, ïîðî-
äæóþ÷i ñïiââiäíîøåííÿ, ôîðìóëè ñêií÷åíîãî ïiäñóìîâóâàííÿ
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1. Introduction and Preliminaries

1.1. Introduction

One of the most important polynomials in the theory of special functions, is

the Jacobi polynomial P
(α, β)
n (x). Many special functions of applied mathemati-

cs can be expressed in terms of Jacobi polynomial, Legendre polynomial,
Gegenbauer polynomial (Ultraspherical polynomial), Chebyshev polynomial
of �rst and second kind, and this has motivated us to de�ne its generalization
and study / derive several properties of which. Operational techniques, also
known as Operational calculus, have drawn attention of several researchers in
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the study of sequence of functions and polynomials. By operational technique,
the problems in analysis, in particular di�erential equations are transformed
into algebraic problems, usually the problem of solving a polynomial equati-
on. In this paper, a new sequence of functions has been introduced containing
Generalized Jacobi polynomial de�ned as below in (1.13) and obtained its
various properties using operational techniques.

Jacobi polynomial is de�ned [4], as

P (α, β)
n (x) =

[
(1 + α)n

n!

]
2F1

(
−n, α+ β + n+ 1; 1 + α;

1− x
2

)
, (1.1)

where Re (α) > (−1) , Re (β) > 0, x ∈ C;n ∈ N ∪ {0}.
Equivalent de�nitions of which are as listed below [4]:

P (α, β)
n (x) =

[
(1 + α)n

n!

](
1 + x

2

)n
2F1

(
−n, −n− β; 1 + α;

x− 1

x+ 1

)
, (1.2)

P (α, β)
n (x) =

(−1)n (1 + β)n
n!

2F1

(
−n, α+ β + n+ 1; 1 + β;

x+ 1

2

)
, (1.3)

P (α, β)
n (x) =

(α+ β + 1)2n

n!(α+ β + 1)n

(
−1 + x

2

)n
·2F1

(
−n, −α− n; −α− 2n− β;

2

1− x

)
, (1.4)

P (α, β)
n (x) =

(1 + β)n
n!

(
−1 + x

2

)n
2F1

(
−n, −α− n; 1 + β;

1 + x

x− 1

)
, (1.5)

P (α, β)
n (x) =

(1 + α+ β)2n

n!(1 + α+ β)n

(
x+ 1

2

)n
2F1

(
−n, −β − n; −2n− α− β ;

2

1 + x

)
. (1.6)

In a nut-shell, Legendre, Chebyshev, Ultraspherical and Gegenbauer polynomi-
als can be viewed as a particular case or can be expressed by use of Jacobi
polynomial [4], as listed below:

1. When α = β = 0, we get the Legendre polynomial

Pn(x) =
[n/2]

Σ
k=0

(−1)k
(

1
2

)
n−k(2x)n−2k

k! (n− 2k)!
. (1.7)
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2. When α = β = −1
2 , we get the Chebyshev polynomials of the �rst kind

Un(x) = (1 + n) 2F1

(
−n, 2 + n; 3

2 ; −x+1
2

)
.

3. When α = β = 1
2 , we get the Chebyshev polynomials of the second kind

Tn(x) = 2F1

(
−n, n; 1

2 ; −x+1
2

)
.

4. When α = β, we get the Ultraspherical polynomial

P (α, α)
n (x) =

(α+ 1)n
n!

2F1

(
−n, 1 + 2α+ n; 1 + α;

1− x
2

)
. (1.8)

The Gegenbauer Polynomial

Cλn(x) =
(2λ)n
n! 2F1

(
−n, 2λ+ n ;λ+ 1

2 ; 1−x
2

)
,

has the following relation with above Ultraspherical polynomial as given
below [4]:

P (α, α)
n (x) =

(α+ 1)nC
α + 1/2
n (x)

(2α+ 1)n
, (1.9)

or

C(λ)
n (x) =

(2λ)n P
(λ−1/2 , λ−1/2 )
n (x)

(λ+ 1/2 )n
. (1.10)

The Classical Gauss Hypergeometric function is given by [4]

2F1 (a, b; c; z) =

∞∑
k=0

(a)k(b)k
(c)k

(
zk

k!

)
, (1.11)

where Re(a) > 0,Re(b) > 0,Re(c) > 0 when |z| < 1 and Re(c − a − b) > 0
when |z| = 1.

Virchenko et al. [19] introduced the generalization of Gauss hypergeometric
function in the terms of

2R1 (a, b; c; τ ; z) =
Γ (c)

Γ (b)

∞∑
k=0

(a)kΓ (b+ τk)

Γ (c+ τk)

(
zk

k!

)
, (1.12)

where Re(a) > 0,Re(b) > 0,Re(c) > 0, τ > 0 when |z| < 1 and
Re(c− a− b) > 0, τ > 0 when |z| = 1.
Rao et al. have studied many properties of this Wright-type Generalized
Hypergeometric Function in [5, 6, 7, 8, 9, 10].

Using Wright-type generalized Hypergeometric function 2R1 (a, b; c; τ ; z),
the present work aims to generalize the de�nition of Jacobi polynomial as
below.

We de�ne, Generalized Jacobi polynomial as:

64



SEQUENCES OF FUNCTIONS FOR THE GENERALIZED JACOBI POLYNOMIAL

P (α, γ, β)
n, τ (x) =

[
(α+ 1)n

n!

]
2R1

(
−n, n+ α+ β + 1; γ + 1; τ ;

1− x
2

)
, (1.13)

which reduces to P
(α, β)
n (x) for γ = α and τ = 1, where x, α, β, γ ∈

C and τ > 0; n ∈ N
⋃
{0} , Re (α) , Re (γ) > (−1) and Re (β) ≥ 0.

1.2. Preliminaries

� Srivastava and Singhal [16] introduced a general class of polynomials in
1971 as

G(α)
n (x, r, p, k) =

x−α−kn

n!
exp (pxr)

(
xk+1D

)n
· [xα exp (−pxr)] , (1.14)

where Laguerre, Hermite and Konhauser polynomials are the special
case of (1.14).

� In 1979 Srivastava and Singh [14] introduced a general sequence of functi-

ons
{
V

(α)
n (x; a, k, s) / n = 0, 1, 2, . . .

}
;

V (α)
n (x; a, k, s) =

x−α

n!
exp {pk (x)} [xa (s+ xD)]n

· [xα exp {−pk (x)}] , (1.15)

Where pk (x) is a polynomial in x of degree k, a and s are constants.

� In 2007, Shukla and Prajapati [13] introduced a general class of polynomi-
als

A(α,β,γ,δ)
qn (x; a; k, s) =

x−δ−an

n!
Eγ,qα,β {pk(x)} θn[

xδEγ,qα,β {−pk(x)}
]
, (1.16)

where pk(x) is a polynomial of degree k in x and α, β, γ, δ, a, k, s
are real or complex constants, the di�erential operator de�ned [3] as

θ ≡ xa(s + xD), D ≡ d
dx and Eγ,qα,β(z) =

∞∑
n=0

(γ)qn
Γ(αn+β)

zn

n! is a generalized

Mittag-Le�er function de�ned by Shukla and Prajapati [12].
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� In 2012 Ajudia and Prajapati [1] introduced a sequence of function as,

V (α,β,δ)
n (x; a, k, s) =

x−β

n!
W (α, δ; pk(x)) θn(

xβW (α, δ;−pk(x))
)
, (1.17)

where W (α, δ; z) is a Wright function de�ned as

W (α, δ; z) =

∞∑
n=0

zn

n!Γ (αn+ δ)
. (1.18)

� In 2013, Rao & Shukla [9] introduced a sequence of functions containing
Generalized Hypergeometric function as:

G(a,b,c,δ)
τ, n (x; α, k, s) =

x−δ−αn

n!
2R1 (a, b; c; τ ; pk (x)) (αT

s
x)n[

xδ2R1 (a, b; c; τ ;−pk (x))
]
, (1.19)

where pk (x) is a polynomial in x of degree k; x ∈ (0,∞); α, k, s
are constants; τ ∈ R+ = (0, ∞) ; a, b, c ∈ C; Re (a) > 0, Re (b) >
0, Re (c) > 0; and (αT

s
x)n = xnα (s+ xD) (s+ α+ xD) (s+ 2α+ xD)

... (s+ (n− 1)α+ xD), with D ≡ d
dx .

� New sequence of functions:
Let us introduce, newly de�ned sequence of functions{
S

(α,β,γ,δ)
n,τ,k (x; a, u, v)

}∞
n=1

, containing Generalized Jacobi polynomi-

al P
(α, γ, β)
n, τ (x) as:

S
(α,β,γ,δ)
n,τ,k (x; a, u, v) =

x−δ−ak

k!
P (α, γ, β)
n, τ (−1− 2pu(x))

(aT
v
x )k[xδP (α,γ,β)

n, τ (1 + 2pu(x))], (1.20)

where pu(x) is a polynomial in x of degree u and x ∈ (0,∞), a, δ, u, v
are constants, α, β, γ ∈ C and τ ∈ R+ = (0,∞); k ∈ N, u, n ∈
N
⋃
{0},Re (α), Re (γ) > (−1) and Re (β) ≥ 0 and

(aT
v
x )k ≡ xak(v + xD)(v + a+ xD)...(v + (k − 1)a+ xD) (1.21)

with D ≡ d
dx .

Special Cases
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1. For γ = α, τ = 1 in
{
S

(α,β,γ,δ)
n,τ,k (x; a, u, v)

}∞
n=1

, the analogue of sequence

of functions associated with Jacobi polynomial P
(α, β)
n (x) is{

S
(α,β,α,δ)
n,1,k (x; a, u, v)

}∞
n=1

. (1.22)

2. For α = β = γ = 0, τ = 1 in
{
S

(α,β,γ,δ)
n,τ,k (x; a, u, v)

}∞
n=1

, the analogue of

sequence of functions associated with Legendre polynomial Pn (x) is{
S

(0,0,0,δ)
n,1,k (x; a, u, v)

}∞
n=1

. (1.23)

3. For α = β = γ = −1
2 , τ = 1 in

{
S

(α,β,γ,δ)
n,τ,k (x; a, u, v)

}∞
n=1

, the analogue of

sequence of functions associated with Chebyshev polynomial of the �rst
kind Un (x) is {

S
(−1

2
,−1

2
,−1

2
,δ)

n,1,k (x; a, u, v)

}∞
n=1

. (1.24)

4. For α = β = γ = 1
2 , τ = 1 in

{
S

(α,β,γ,δ)
n,τ,k (x; a, u, v)

}∞
n=1

, the analogue

of sequence of functions associated with Chebyshev polynomial of the
second kind Tn (x) is {

S
( 1
2
, 1
2
, 1
2
,δ)

n,1,k (x; a, u, v)

}∞
n=1

. (1.25)

Some important results are listed below for our further study

1. The operational formulae based on [2, 3]:

et·αT
s
x

(
xβ f (x)

)
= et x

α(s+xD)
(
xβ f (x)

)

= xβ (1− αxαt)−(β+sα )f
[
x(1− αxαt)−1/α

]
, (1.26)

et·αT
s
x

(
xβ−αn f (x)

)
= et x

α(s+xD)
(
xβ−αn f (x)

)
= xβ (1 + αt)−1+(β+sα )f

[
x(1 + αt)1/α

]
(1.27)

(αT
s
x)n (xuv) = x

n∑
m=0

(
n
m

)
(αT

s
x)n−m (v)

(
αT

1
x

)m
(u) , (1.28)
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(1− at)−α/a = (1− at)−β/a
∞∑
m=0

(
α− β
a

)
m

(at)m

m!
. (1.29)

The Stirling number of second kind (Riordan [11]) denoted by S (n, k)
is de�ned as:

S (n, k) =
1

k!

k∑
j=1

(−1)k−j
(
k
j

)
jn. (1.30)

2. Srivastava [17] proved the following theorem:
Let the sequence {ξn (x)}∞n=0 be generated by

∞∑
k=0

(
n+ k
k

)
ξn+k (x) tk = f (x, t) {g (x, t)}−n

ξn (h (x, t)) , (n ∈ C ∪ {0}) , (1.31)

where f, g, h are suitable functions of x and t, then the following generati-
ng relation in terms of Stirling number S (n, k), holds true, provided each
number of following equation (1.28) exists.

∞∑
k=0

kn ξk (h (x, −z))
(

z

g (x, −z)

)k
=

= {f (x, −z)}−1 ·
n∑
k=0

k!S (n, k) ξk (x) zk. (1.32)

3. In 1975 Srivastava and Lavoie [18] proved the following result:
If sequence {∆µ (x) : µ is a complex number} is generated by

∞∑
n=0

γµ, n ∆µ+n (x) tn = θ (x, t) {φ (x, t)}−µ∆µ (ψ (x, t)) , (1.33)

where γµ,n are arbitrary constants and θ, φ and ψ are arbitrary functions
of x and t, and let

Φq,ν [x, t] =
∞∑
n=0

δν, n∆ν+qn (x) tn , (δν,n 6= 0) , (1.34)

where q is a positive integer and ν is an arbitrary complex number, then

∞∑
n=0

∆µ+n (x)Rqn,ν (y) tn =θ (x, t) {φ (x, t)}−ν

Φq,ν

[
ψ (x, t) , y

{
t

φ (x, t)

}q]
, (1.35)
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where Rqn,ν (y) is a polynomial of degree [n/q ] in y, which is de�ned as

Rqn,ν (y) =

[n/q ]∑
k=0

γν+qk, n−qkδν,k y
k. (1.36)

Srivastava and Manocha [15] mentioned the following series
rearrangement technique:

∞∑
n=0

∞∑
m=0

A (m,n) =
∞∑
n=0

n∑
m=0

A (m,n−m). (1.37)

4. We are using the operational formula based on [15, 16]

(aT
v
x )n(xk) = an

(
k + v

a

)
n

xk+na. (1.38)

2. Generating relations for the function S
(α,β,γ,δ)
n,τ,k (x; a, u, v)

A considerably large number of special functions (including all the
classical orthogonal polynomials) are known to possess generating relati-
ons. Using operational techniques, by employing aT

v
x (as in (1.21)) as a di-

�erential operator, we obtain following generating relations of the function

S
(α,β,γ,δ)
n,τ,k (x; a, u, v).

Theorem 1. Let pu (x) be a polynomial in x of degree u and x ∈
(0,∞), a, u, δ, v are constants and α, β, γ, t ∈ C and τ > 0; k ∈ N, n ∈
N
⋃
{0} ,Re (α) , Re (γ) > (−1) and Re (β) ≥ 0, then

1)

∞∑
k=0

S
(α,β,γ,δ)
n,τ,k (x; a, u, v) tk = (1− at)

−
(

(δ + v)/a

)
P (α,γ,β)
n,τ (−1− 2pu(x))

P (α,γ,β)
n, τ

(
1 + 2pu

(
x(1− at)

−1
a

))
. (2.1)

2)
∞∑
k=0

S
(α,β,γ,δ−ak)
n,τ,k (x; a, u, v)tk =(1 + at)

−1+

(
(δ + v)/a

)
P (α,γ,β)
n,τ (−1− 2pu(x))

P (α, γ,β)
n, τ

(
1 + 2pu

(
x(1 + at)

1
a

))
. (2.2)

3)

∞∑
m=0

(
m+ k
m

)
S
(α,β,γ,δ)
n,τ,m+k (x; a, u, v) tm = (1− at)−k−

(δ + v)/a

P
(α, γ, β)
n, τ (−1− 2pu(x))

P
(α, γ, β)
n, τ

(
1 + 2pu

(
x(1− at)

−1/a
)) × S(α,β,γ,δ)

n,τ,k

(
x(1− at)

−1/a; a, u, v

)
(2.3)
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4)
∞∑
k=0

km S
(α,β,γ,δ)
n,τ,k (x; a, u, v)zk

= (1 + az)−(δ+v)/a
P

(α, γ, β)
n, τ

(
−1− 2pu

{
x(1 + az)

1/a

})
P

(α, γ, β)
n, τ (−1− 2pu(x))

m∑
n=0

k!S (k , m)S
(α,β,γ,δ)
n,τ,k

(
x(1 + az)−1/a; a, u, v

) ( z

1 + az

)k
(2.4)

Proof.

Part: 1) From equation (1.20), we have

∞∑
k=0

xakS
(α,β,γ,δ)
n,τ,k (x; a, u, v) tk

= x−δP (α, γ, β)
n, τ (−1− 2pu(x))et·αT

v
x [xδ P (α,γ,β)

n, τ (1 + 2pu(x))]

=

(
(1 + α)n

n!

)2

x−δ2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu(x)) et·αT
s
x[

xδ2R1 (−n, n+ α+ β + 1; 1 + γ; τ ;−pu(x))
]

and use of above identity (1) gives simpli�cation of above equation as:

∞∑
k=0

xakS
(α,β,γ,δ)
n,τ,k (x; a, u, v)tk

= x−δ
(

(1 + α)n
n!

)2

2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))xδ

· (1− axat)
−
(

(δ + v)/a

)
2R1

(
−n, n+ α+ β + 1; 1 + γ; τ ;−pu

{
x(1− axav)

−1/a
})

Replacing t by t · x−a in this, we get the proof of part 1.
Special cases:

1. Generating relation for
{
S

(α,β,α,δ)
n,1,k (x; a, u, v)

}∞
n=1

associated with Jacobi

polynomial:

∞∑
k=0

S
(α,β,α,δ)
n,1,k (x; a, u, v) tk =(1− at)

−
(

(δ + v)/a

)
P (α,β)
n (−1− 2pu(x))

·P (α,β)
n

(
1 + 2pu

{
x(1− at)

−1/a

})
. (2.5)
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2. Generating relation for
{
S

(0,0,0,δ)
n,1,k (x; a, u, v)

}∞
n=1

associated with

Legendre polynomial:

∞∑
k=0

S
(0,0,0,δ)
n,1,k (x; a, u, v) tk =(1− at)

−
(

(δ + v)/a

)
Pn (−1− 2pu(x))

·Pn
(

1 + 2pu

{
x(1− at)

−1/a

})
. (2.6)

3. Generating relation for

{
S

(−1
2
,−1

2
,−1

2
,δ)

n,1,k (x; a, u, v)

}∞
n=1

associated with

Chebyshev polynomial of the �rst kind:

∞∑
k=0

S
(− 1

2
,− 1

2
,− 1

2
,δ)

n,1,k (x; a, u, v) tk =(1− at)
−
(

(δ + v)/a

)
Un (−1− 2pu(x))

Un

(
1 + 2pu

{
x(1− at)

−1/a

})
. (2.7)

4. Generating relation for

{
S

( 1
2
, 1
2
, 1
2
,δ)

n,1,k (x; a, u, v)

}∞
n=1

associated with

Chebyshev polynomial of the second kind:

∞∑
k=0

S
( 1
2
, 1
2
, 1
2
,δ)

n,1,k (x; a, u, v) tk =(1− at)
−
(

(δ + v)/a

)
Tn (−1− 2pu(x))

Tn

(
1 + 2pu

{
x(1− at)

−1/a

})
. (2.8)

Part: 2) From equation (1.20), we have

∞∑
k=0

S
(α,β,γ,δ−ak)
n,τ,k (x; a, u, v) tk

=x−δ
(

(1 + α)n
n!

)2

2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + 2pu (x))

et aT
v
x ·
[
xδ−ak · 2R1 (−n, n+ α+ β + 1; 1 + γ; τ ;−pu(x))

]
=x−δ

(
(1 + α)n

n!

)2

2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))xδ

(1 + at)
−1+

(
(δ + v)/a

)
2R1

(
−n, n+ α+ β + 1; 1 + γ; τ ;−pu

{
x(1 + at)

1/a
})

=(1 + at)
−1+

(
(δ + v)/a

)
P (α, γ, β)
n, τ (−1− 2pu(x))

P (α,γ,β)
n,τ

(
1 + 2pu

(
x(1 + at)

1/a
))

.
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This completes the proof of part 2).
Part: 3) Writing equation (1.20), as

et (aT
v
x )

(
(aT

v
x )
k

[
xδ
(

(1 + α)n
n!

)
2R1 (−n, n+ α+ β + 1; 1 + γ; τ ;−pu (x))

])

= k!et (aT
v
x )

xδ+ak S
(α,β,γ,δ)
n,τ,k (x; a, u, v)(

(1+α)n
n!

)
2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))

 (2.9)

the above equation, using (1) can be re-written as

∞∑
m=0

tm(aT
v
x )
m+k

m!

[
xδ
(

(1 + α)n
n!

)
2R1 (−n, n+ α+ β + 1; 1 + γ; τ ;−pu (x))

]

=

k!xδ+ak (1− axat)−k−( δ+va ) · S(α,β,γ,δ)
n,τ,k

(
x(1− axat)

−1/a; a, u, v

)
(

(1+α)n
n!

)
2R1

(
−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu

{
x(1− axat)

−1/a
}) (2.10)

Therefore, using (1.20) we have,

∞∑
m=0

(m+ k)!

m!k!

xδ+a(m+k) · S(α,β,γ,δ)
n,τ,m+k (x; a, u, v) tm(

(1+α)n
n!

)
2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))

=

xδ+ak (1− axat)−k−( δ+va ) · S(α,β,γ,δ)
n,τ,k

(
x(1− axat)

−1/a; a, u, v

)
(

(1+α)n
n!

)
2R1

(
−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu

{
x(1− axat)

−1/a
}) (2.11)

Replacing t by t · x−a, immediately leads to equation (2.3).
Part: 4) Comparing equations (2.3) and (1), we get

f (x, t) = (1−at)−(δ+v)/a ·2R1(−n,n+α+β+1;1+γ;τ ;1+pu(x))

2R1

(
−n,n+α+β+1;1+γ;τ ;1+pu

{
x(1+at)−

1/a
}) , g (x, t) = (1− at),

h (x, t) = x(1− at)−
1/a and ξk (x) 7→ S

(α,β,γ,δ)
n,τ,k (x; a, u, v);

∞∑
k=0

km S
(α,β,γ,δ)
n,τ,k

(
(1 + az)−1/a; a, u, v

) ( z

(1 + az)

)k

=
(1+az)(δ+v)/a·2R1

(
−n,n+α+β+1;1+γ;τ ;1+pu

{
x(1−az)−

1
/a
})

2R1(−n,n+α+β+1;1+γ;τ ;1+pu(x))

·
m∑
n=0

k!S (k,m)S
(α,β,γ,δ)
n,τ,k (x; a, u, v)zk. (2.12)

For z 7→ z/(1 + az), x 7→ x(1 + az)−1/a, the above equation immediately leads
to (2.4) in terms of part 4).
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3. Finite summation formulae for the function
S

(α,β,γ,δ)
n,τ,k (x; a, u, v)

In this section, we obtain two �nite summation formulae for equation (1.13).

Theorem 2. Let pu (x) be a polynomial in x of degree u and x ∈ (0,∞),
a,u,v are constants and α, β, γ ∈ C and τ > 0;n ∈ N

⋃
{0},Re (α),Re (γ) >

(−1) and Re (β) ≥ 0, then

1)S
(α,β,γ,δ)
n,τ,k (x; a, u, v) =

k∑
m=0

1

m!
am
(
δ

a

)
m

S
(α,β,γ,0)
n,τ,(k−m) (x; a, u, v) . (3.1)

2)S
(α,β,γ,δ)
n,τ,k (x; a, u, v) =

k∑
m=0

1

m!
am
(
δ − σ
a

)
m

S
(α,β,γ,σ)
n,τ,k−m (x; a, u, v). (3.2)

Proof.

Part: 1) By employing the operational formula (1.28) to (1.20), we get,

S
(α,β,γ,δ)
n,τ,k (x; a, u, v)

=
x−δ−ak

k!

(
(1 + α)n

n!

)2

2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))x

·
k∑

m=0

(
k
m

)
(aT

v
x )k−m2R1 (−n, n+ α+ β + 1; 1 + γ; τ ;−pu (x))

(
aT

1
x

)m
xδ−1

=

(
(1 + α)n

n!

)2

2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))
k∑

m=0

x1−δ

m! (k−m)!

·
k−m−1

Π
i=0

(v + ia+ xD) 2R1 (−n, n+ α+ β + 1; 1 + γ; τ ;−pu (x)) am
(
δ

a

)
m

xδ−1 (3.3)

Using (1.20), we have

1

(k −m)!

k−m−1
Π
i=0

(v + ia+ xD) 2R1 (−n, n+ α+ β + 1; 1 + γ; τ ;−pu (x))

=
S

(α,β,γ,0)
n,τ,(k−m) (x; a, u, v)

2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))
. (3.4)

Part: 2) Using (1), in (1.20) gives

∞∑
k=0

xakS
(α,β,γ,δ)
n,τ,k (x; a, u, v)tk

= (1− axat)−( δ+va )
(

(1 + α)n
n!

)2

2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))

· 2R1

(
−n, n+ α+ β + 1; 1 + γ; τ ;−pu

(
x(1− axat)

−1/a
))

(3.5)
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which on application of (1.29) yields

∞∑
k=0

xakS
(α,β,γ,δ)
n,τ,k (x; a, u, v)tk

=

[
(1− axat)−(σ+va )

∞∑
m=0

(
δ − σ
a

)
m

(axat)m

m!

](
(1 + α)n

n!

)2

· 2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))

· 2R1

(
−n, n+ α+ β + 1; 1 + γ; τ ;−pu

(
x(1− axat)

−1/a

))
(3.6)

Use of (1) again gives simpli�cation of above expression in the form of

∞∑
k=0

xakS
(α,β,γ,δ)
n,τ,k (x; a, u, v)tk

=

[
n∑

m=0

(
δ − σ
a

)
m

(axat)m

m!

](
(1 + α)n

n!

)2

· 2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))x−σet(aT
v
x )

· xσ2R1 (−n, n+ α+ β + 1; 1 + γ; τ ;−pu (x)) (3.7)

Further simpli�cation and using, (1.37), we have

∞∑
k=0

xakS
(α,β,γ,δ)
n,τ,k (x; a, u, v) tk

=
∞∑
k=0

k∑
m=0

(
δ − σ
a

)
m

(axa)mtk

m! (k −m)!
x−σ

(
(1 + α)n

n!

)2

· 2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))

· (aT vx )k−m (xσ2R1 (−n, n+ α+ β + 1; 1 + γ; τ ;−pu (x))) (3.8)

Equating the coe�cients of tk on left and right sides of above expression, we
have

S
(α,β,γ,δ)
n,τ,k (x; a, u, v)

=

k∑
m=0

1

m!
am
(
δ − σ
a

)
m

x−σ−a(k−m)

(k −m)!

(
(1 + α)n

n!

)2

· 2R1 (−n, n+ α+ β + 1; 1 + γ; τ ; 1 + pu (x))

· (aT vx )k−m (xσ2R1 (−n, n+ α+ β + 1; 1 + γ; τ ;−pu (x)))

=
k∑

m=0

1

m!
am
(
δ − σ
a

)
m

S
(α,β,γ,σ)
n,τ,k−m (x; a, u, v).
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4. Bilateral-generating relation for the function

S
(α,β,γ,δ)
n,τ,k (x; a, u, v)

Comparing (1.33) with (2.3) and replacing µ of (1.33) by k and n of (1.33)

by m, observe that we have γk,m =

(
k +m
m

)
, φ (x, t) = 1,

θ (x, t) = (1− at)−k−((δ+v)/a) 2R1(−n,n+α+β+1;1+γ;τ ;1+pu(x))

2R1

(
−n,n+α+β+1;1+γ;τ ;1+pu

{
x(1−at)

−1
/a
}) ,

∆k (x) = S
(α,β,γ,δ)
n,τ,k (x; a, u, v) and ψ (x, t) = x(1− at)

−1/a, then from (1.35) we

get the following bilateral-generating relation for S
(α,β,γ,δ)
n,τ,k (x; a, u, v), which is

given by

∞∑
m=0

S
(α,β,γ,δ)
n,τ,(m+k)(x; a, u, v)Rqm,ν (y) tm

= θ (x, t) {φ (x, t)}−νΦq,ν

[
ψ (x, t) , y

{
t

φ (x, t)

}q]
(4.1)

where Φq, ν [x, t] and Rqm,ν (y) are as de�ned in (1.34) and (1.36) respectively,
with q is a positive integer and ν is an arbitrary complex number.

5. Explicit representation of S
(α,β,γ,δ)
n,τ,k (x; a, u, v)

In this section we introduce the Explicit Representation of

S
(α,β,γ,δ)
n,τ,k (x; a, u, v) as de�ned in (1.20), in terms of the following result.

Theorem 3.

S
(α,β,γ,δ)
n,τ,k (x; a, u, v)

=
ak

(k!)

[
(α+ 1)n

n!

]2

·
n∑

m=0

n∑
l=0

(
(−n)m(Γ(γ + 1))2Γ(n+ α+ β + 1 + τm)

Γ(γ + 1 + τm)(Γ(n+ α+ β + 1))2m!

·
(−1)l(−n)lΓ(n+ α+ β + 1 + τ l)

Γ(γ + 1 + τ l) l!
xul(1 + xu)m

(
δ + v + ul

a

)
k

)
, (5.1)

where pu(x) is a polynomial in x of degree u and x ∈ (0,∞), a, δ are constants
and α, β, γ ∈ C and τ > 0; n ∈ N

⋃
{0} , Re (α) , Re (γ) > (−1) and Re (β) ≥

0; and (aT
v
x )k ≡ xak(v + xD)(v + a+ xD)...(v + (k − 1)a+ xD) with D ≡ d

dx .

The following is the proof of above theorem.

For simplicity purpose, putting pu(x) = xu in (1.20), we get
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S
(α,β,γ,δ)
n,τ,k (x; a, u, v)

=
x−δ−ak

k!
P (α,γ,β)
n,τ (−1− 2pu(x))(aT

v
x )k

[
xδP (α,γ,β)

n,τ (1 + 2pu(x)
]

=
x−δ−ak

k!

[
(α+ 1)n

n!

]2
2R1 (−n, n+ α+ β + 1; γ + 1; τ ; 1 + pu(x))

(aT
v
x )k

[
xδ2R1 (−n, n+ α+ β + 1; γ + 1; τ ;−pu(x))

]
=
x−δ−ak

k!

[
(α+ 1)n

n!

]2
2R1 (−n, n+ α+ β + 1; γ + 1; τ ; 1 + xu)

(aT
v
x )k

[
xδ2R1 (−n, n+ α+ β + 1; γ + 1; τ ; −xu)

]
=
x−δ−ak

k!

[
(α+ 1)n

n!

]2
2R1 (−n, n+ α+ β + 1; γ + 1; τ ; 1 + xu)

n∑
l=0

(−1)
l
(−n)l Γ(γ + 1) Γ(n+ α+ β + 1 + τ l)

Γ(γ + 1 + τ l) Γ(n+ α+ β + 1) l!
(aT

v
x )k (xδ+ul)

Using (1.38) gives us,

S
(α,β,γ,δ)
n,τ,k (x; a, u, v)

=
x−δ−ak

k!

[
(α+ 1)n

n!

]2
2R1 (−n, n+ α+ β + 1; γ + 1; τ ; 1 + xu)

n∑
l=0

(−1)
l
(−n)l Γ(γ + 1) Γ(n+ α+ β + 1 + τ l)

Γ(γ + 1 + τ l) Γ(n+ α+ β + 1) l!
ak
(
δ + v + ul

a

)
k

xδ+ul+ka

=
ak

k!

[
(α+ 1)n

n!

]2
2R1 (−n, n+ α+ β + 1; γ + 1; τ ; 1 + xu)

n∑
l=0

(−1)
l
(−n)l Γ(γ + 1) Γ(n+ α+ β + 1 + τ l)

Γ(γ + 1 + τ l) Γ(n+ α+ β + 1) l!
xul
(
δ + v + ul

a

)
k

=
ak

k!

[
(α+ 1)n

n!

]2 n∑
m=0

(−n)m (Γ(γ + 1))
2

Γ(n+ α+ β + 1 + τm)

Γ(γ + 1 + τm) (Γ(n+ α+ β + 1))
2
m!

(1 + xu)
m

n∑
l=0

(−1)
l
(−n)l Γ(n+ α+ β + 1 + τ l)

Γ(γ + 1 + τ l) l!
xul
(
δ + v + ul

a

)
kn

=
ak

k!

[
(α+ 1)n

n!

]2 n∑
m=0

n∑
l=0

(−n)m (Γ(γ + 1))
2

Γ(n+ α+ β + 1 + τm)

Γ(γ + 1 + τm) (Γ(n+ α+ β + 1))
2
m!

(−1)
l
(−n)l Γ(n+ α+ β + 1 + τ l)

Γ(γ + 1 + τ l) l!
xul(1 + xu)m

(
δ + v + ul

a

)
k

.

This proves the identity (5.1).
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Some particular cases

1. Explicit representation for sequence of functions
{
S
(α,β,α,δ)
n,1,k (x; a, u, v)

}∞
n=1

,

associated with the Jacobi polynomial P
(α,β)
n (x): S

(α,β,α,δ)
n,1,k (x; a, u, v) =

=
ak

k!

[
(α+ 1)n

n!

]2
·

n∑
m=0

n∑
l=0

(−n)m (Γ(α+ 1))
2

Γ(n+ α+ β + 1 +m)

Γ(α+ 1 +m) (Γ(n+ α+ β + 1))
2
m!

(−1)
l
(−n)l Γ(n+ α+ β + 1 + l)

Γ(α+ 1 + l) l!
xul(1 + xu)m

(
δ + v + ul

a

)
k

. (5.2)

2. Explicit representation for sequence of functions
{
S
(0,0,0,δ)
n,1,k (x; a, u, v)

}∞
n=1

,

associated with the Legendre polynomial Pn (x) is given as:

S
(0,0,0,δ)
n,1,k (x; a, u, v) =

ak

k!

n∑
m=0

n∑
l=0

(−n)m Γ(n+ 1 +m)

Γ(1 +m) (Γ(n+ 1))
2
m!

(−1)
l
(−n)l Γ(n+ 1 + l)

Γ(1 + l) l!
xul(1 + xu)m

(
δ + v + ul

a

)
k

(5.3)

3. Explicit representation for sequence of functions{
S

(−1
2 ,−1

2 ,−1
2 ,δ)

n,1,k (x; a, u, v)

}∞
n=1

, associated with the Chebyshev polynomi-

al of the 1st kind Un (x) is given as:

S
(− 1

2 ,−
1
2 ,−

1
2 ,δ)

n,1,k (x; a, u, v) =
ak

k!

n∑
m=0

n∑
l=0

(−n)m
(
Γ
(
1
2

))2
Γ(n+m)

Γ
(
1
2 +m

)
(Γ(n))

2
m!

xum

(−1)
l
(−n)l Γ(n+ l)

Γ
(
1
2 + l

)
l!

xul(1 + xu)m
(
δ + v + ul

a

)
k

(5.4)

4. Explicit representation for sequence of functions

{
S

( 1
2 ,

1
2 ,

1
2 ,δ)

n,1,k (x; a, u, v)

}∞
n=1

,

associated with the Chebyshev polynomial of the 2nd kind Tn (x) is given as:

S
( 1

2 ,
1
2 ,

1
2 ,δ)

n,1,k (x; a, u, v) =
ak

k!

[(
3
2

)
n

n!

]2
·

n∑
m=0

n∑
l=0

(−n)m

(
Γ
(
3
2

)2)
Γ (n+ 2 +m)

Γ
(
3
2 +m

)
(Γ(n+ 2))

2
m!

(−1)
l
(−n)l Γ(n+ 2 + l)

Γ
(
3
2 + l

)
l!

xul(1 + xu)m
(
δ + v + ul

a

)
k

(5.5)
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