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A study on unification of generalized

hypergeometric function and Mittag-Leftler
function with certain integral transforms of
generalized basic hypergeometric function *

Abstract. This research article explores some new properties of generali-
zed hypergeometric function and its g-analogue. The connections between
2R1Y(3), the Wright function, and generalized Mittag-Leffler functi-
ons are explored. The authors introduce the g-analogue of generalized
hypergeometric function denoted by 2R:1”%(3) and discuss its properti-
es and connections with g-Wright function and g-versions of generalized
Mittag-Lefller functions. We get the g-integral transforms such as g-Mellin,
g-Euler (beta), g-Laplace, g-sumudu, and g-natural transforms of Wright-
type generalized g-hypergeometric function. This article contributes to the
understanding of hypergeometric functions in g-calculus.

Key words: basic hypergeometric functions in one variable ,¢s, g-
calculus and related topics, Mittag-Leffler functions and generalizations,
integral transforms of special functions

Awnorauisi. B ganiii maykosiit crarTi mHOC/HRKYIOTHCH JlesdKi HOBI Biia-
CTHBOCTI y3arajbHEHOI rirmepreoMeTpudHol (pyHKIHl Ta 11 g-amasora. lo-
CKYIOThCA 3B’ a3Km Mixk 2R1Y(3), dynkmieo Paiita Ta y3arajapaernvun
dyukuigsmu Mirrar-JIeddiiepa. ABropu BBOAATH (-aHAJIOr y3arajabHEHOL
rimepreomerpuaHoi ¢yHKIII, Mo3HAUEHO! K 2 R1"'%(3), Ta 06roBOPIOIOTH i1
BJIACTUBOCTI Ta 3B’s13KH 3 q-dyHKIi€o Paiita Ta ¢-BepcisiMu y3araabHeHIX
byukmiit Mirrar-J/leddiepa. Mu orpuMmyemMo g-iHTErpaJibHi I€pEeTBOPEH-
He, Taki 9k q-Mesninose, g-Eftepose (6era), g-Jlammacose, g-cymymy, Ta
(-HaTypaJbHI II€PEeTBOPEHHS y3arajbHEHOI (-rimepreoMeTpu<HOl GyHKILT
tuny Paiita. Ila crarTa cipusic po3yMiHHIO TimepreoMeTpuIHuX (OyHKIHN
V Q-9HUCJIeHH].
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A STUDY ON UNIFICATION OF GENERALIZED HYPERGEOMETRIC...

Kuro4oBi cisioBa: ocuoBHi rinepreomerpudsi GyHkiil B oxHill 3MiHHIN
r@s, q-9IUCIEHHS Ta NOB’ s13aHi Temu, dyukuii Mitrar-Jled drepa ra ix y3a-
TaJIbHEHHSI, IHTerpaJjIbHi IepeTBOPEHHS CHeniaIbHuX (PYHKIHN

MSC2020: Pri 33D15, SEC 05A30, 33E12, 44A20
1. Introduction

C. F. Gauss [10] derived the hypergeometric function as

o0

o F1 (1,15 A3 3) Z (1.1)
£=0 0

Heine |12, 13| derived the g-analogue of 2F; (also known as basic
hypergeometric function) as

[ee]

201 (11,1 X 4,3) = ) Waé, (1.2)

/=0 ) )é q; Q)ﬁ

where R(p), R(n), R(A) > 0,0 < |¢|] < 1 and |3 < 1. Ernst [6] reintroduced
(1.2) by taking ¢* instead of 1 and gave the new notation (¢*;q), = (u;¢), to
make the expression more natural and gave the comprehensive treatment of
g-calculus.

The generalization of (1.1) is derived as [27]

" I'()\) + vl) 3t
SR (3) Zo R (s A v 3) = Z ()L 1+ vE) (1.3)
=0

3
I (n) C(A+ovl) £

where R(u), R(n), R(\) > 0,v > 0 and [3] < 1. Rao et al. [19-24] studied
extensively this generalization, which also has been used effectively in the study
of generalization of Jacobi polynomial [28]|. In this article, we derived some
important connections of 9R;V (3) with Wright function [31], Mittag-Leffler
(M-L) function [16] and its generalizations [17,26,30].

In this sequel of study, we established the g-extension of 9 R;" (3) which is
denoted and defined as below in (1.4).

(\) = +v£)
v (3) = A; Lo ( 1.4
2117 (3) = 2Ru (1,15 A5 05 6, 3) T, () Z /\+U€) (1.4)

where R(p),R(n),R(A) > 0,v > 0,0 < |¢| < 1 and |3] < 1. Also, Some
properties of 9 R1"? (3) and its relations between g-wright function [4], ¢-M-L
function and its generalizations [4,8] have been included in this article.
Jackson [14] provided a thorough explanation of g-Jackson integral and
methodically created a g-calculus. Due to its shown applicability in numerous,
at first glance disparate domains of science and engineering, g-calculus has
consequently grown in significance and popularity. In theory of quantum
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calculus, some significant integral transforms have various g-analogues. Among
those, we are introducing the integral transforms of o R1¢ (3) which are g-
Euler (beta) transform [9], q-extension of Laplace transform [11], the quantum
sumudu integral transform [1,2]| and quantum natural transform [3].

2. Preliminaries and Notations

Here, we mentioned some definition and important results that have been
used in our study.

Definition 1. For 3 € C and 0 < |g| < 1, the g-shifted factorial is given
by [9]

1,v=0

(3:9) = tﬁl (1—3q€),t€N (2.1)

=0
Ernst [6] reintroduced the g-shifted factorial for 3 € C as below;
1,vt=0

G0l =9 T (1—g*)ren (22)
=0

Here, observe that, (3;q), = (¢;¢),- For [3],-[5 + 1], ... [5 + £ — 1], here we

adopt the notation [3]5 (namely KS-g-pochhammer symbol), thus
¢ 1—¢
5], =), 3+ 1, - [3+ £~ 1], where [3], = s (2.3)

Definition 2. For |3 < 1 and 0 < |g| < 1, the g-extension of binomial
series is given by [6,9]

_ = 5t = (9"3:9) o 1
100 (45 =5 :3) = ; Liq @0 G:0), 24

Definition 3. The g-integration of f(3) is defined as [9]

/bf(s) dq3 z/bf(za) dqa—/af(za) dg3, (25)
0 0

a

where

[1@ ds=na-03 s (n) 20)
£=0

0

18



A STUDY ON UNIFICATION OF GENERALIZED HYPERGEOMETRIC...

Definition 4. For 3 € C and 0 < |¢| < 1, the g-formula of gamma function
is given as [9]
(L;q)

L) = (- =

(6 Doo 11—
(qj;q)oo(l Q) (2.7)

I'; (3) has poles at 3 = 0, —1, —2, ... The integral expression of ¢-gamma is given
as [7]

[e.9]

3(3+1)
Ty (3 / v le dyt, (2.8)
0

where e4 (1), the g-exponential function, is defined as [7]

Zﬂ 1_q : (2.9)
=0

The relation between g-gamma and g-shifted factorial is given by [5]

(i) = (10), = 50

Definition 5. The g-expression of beta function is given as [6,9|

00 (4+17q)oo .

(1—¢q)"™ (2.10)

o0

B , =(1-—gq =(1—gq , (2.11
q(51 32) ( )[ZO <£+52’q>oo ( )EZO (qg+327q)oo ( )
where R(31), R(32) > 0 and its integral expression is given as [9]
1
(rq; g
g (31,32) /?31 ! q32 dq?- (2.12)
0
The g-beta function is described in terms of q-gamma function as [9]
Ly (1) I'g (32
By (31,32) = 0 (1)1 (32) (2.13)

Ly (31 +32)

Definition 6. For h € C;R(h) > 0,0 < [¢| < 1 and [3(1 — )| < 1, the
g-analogue of Mittag-Leffler function is given as [4]

o0
= —*—— (€0 (2.14)
2Ty eh T1y

For h,g € C;R(h) > 0,0 < |q|] < 1 and ‘5(1—q)h] < 1, Mansour [15]
introduced the g-M-L function as

eh,9(3§ q) = 2 m7

(3 €C). (2.15)
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For 3,b,9,0 € C;R(h) > 0,R(0) > 0,0 < |¢| < 1 and |3] < (1 — ¢)7", then
the g-extension of M-L function of three parameter is defined as [25]

:OO (4%:4) 8" C). 2.16
. (:9) ;quJrg(qq), 3€C) (2.16)

Garg et al. [8] introduced the g-version of four parameter Mittag-Leffler
function as

Lo(bl + g) [

where 3,0,9,0 € C;R(h), R(g), R(®) > 0, € NU{0},0 < |g|] < 1 and [3]| <
(1—q)~". Since hrn eh’g(g(l—q)_a; q) = 5;,}5 (3) defined by Shukla and Prajapati

i 050)cs (3€C), (2.17)
{=

given as in [26]

Definition 7. For R(h),R(g) > 0,0 < |qg| < 1 and |31 < (1 — ¢q)7, the
g-generalization of Wright function is given as [4]

wy 4(3;9) = qung FT) (3 € C). (2.18)

=0

Definition 8. The g-extension of Fox-Wright function is defined by [4]

(al,Al) gy (ar, AT)
s [ (61,B1)..... (b, By) ’q’?’}

<k> p
2
q 3"

oo I Tq(ai+Aik)
i=1
=> 5 , (2.19)
=0 [IT, (b; +B;k) lalk+1)
j=1
Where%(al) §R(b)>0 1=1,2,...,7,5=1,2,...,s,
andp—ZB —ZA +1>0.
=1 1=

S
If 3201 b; > >3_;a; — 1 then the domain of convergence is >  Bj =
j=1

T
> A; — 1 and the series in (2.19) converges only for |3| < 1.
i=1

Definition 9. The g-Euler (beta) transform of f (3) [9]

B, (f (3):0.0) = / “jqq’ q);o ()dgs. (R(@),R(B) >0).  (2.20)
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Definition 10. Hahn [11] derived the Laplace transform in g-theory as

1
(1-9)

Definition 11. The sumudu transform of f(t) over the set 205 in g-calculus
is defined as [1,2]

L (f(V) (s) = /OOO eq(=st) f(t)dgt,  (R(s) > 0). (2.21)

SO = o [ e (<L) dt we@a) @2

where

Ay = {f(t) M, 01,05 > 0, f(£) |< M - ¢ ('Lt') e (—1) x [O,oo)}. (2.23)

J

Definition 12. For R(s) > 0,u € (¢1,t2), the natural transform of f(t)
over the set defined in (2.23) (i.e., A2) in g-calculus is defined as [3]

SO s3) = = [ 10, (<30 dye. (22

3. Wright-type generalized basic hypergeometric function

The Wright-type generalized g-hypergeometric function is defined as in
(1.4).

Special Cases

1. (1.4) reduces to 2 RY(3) as ¢ — 1. Thus, o R{"(3) is q-analogue of 2 RY(3).
2. By taking v = 1, the g-analogue of 2 R{(3) reduces to (1.2).
3. If X =n then 2Ry (1, n; A\;v;q,3) reduces to the g-binomial series.

4. If p =1 and A = n then (1.4) reduces to the geometric series.

3.1. Convergence of ;R7%(3)

In this section, we discussed the convergence of (1.4) using ratio test. To
show the convergence for |3| < 1, let us begin by considering

2RV (3) = 2R (1,15 X030, 3) =

LS L=
SIS
o~

gk
=E

r
r
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Let
Z Z @) Tg (n+vl) Ty (N)
Tay Ty O\ 00) Ty (1)
/=1 /=1 l+-4q q\n
Now,
(159 g1 Dg(n+v(+1)) Tg(N) |, 041
i et | _ — lim (Li@) oy 1 Dg(A+v(€+1)) g(n)
l—o0 | Uy {—o0 (1:9) ¢ Dg(n+vb) Fq()\)jﬂ
(Lig)p Tq(Avl) Tq(n)
. (1—g") - (n+v6q) s - AN+v(l+1);59) i
tooo [ (L—g) - (n+v(l+1);q), - (N+vlq) 3
=1-3].

oo
So, if 3] < 1 then ) wuy converges.
(=1

: 1—gtt  (ntvlia)e,  A+v(l+1)ig) o |
Now, we’ll show that zlggo =T o) O ohd) =1.

Let us begin with

o [ (L= @) -+ vlia) - A+ o+ 1)i0)
tooo [ (1 =g - (n+v(l+1);q) - (N +086q)

lo_O[ (1 _ q17+v€+m) lo_o[ (1 _ q>\+v(€+1)+m)
—1- lim |[™= m=0
oo | 77 0+1 T Aol
H (1 _ q77+v( + )+m) H (1 — g +m)
m=0 m=0
n n
lim 1— qn+vé+m lim 1— q>\+v(£+1)+m
| e )
{—00 n n
; _ gntv(f+1)4+m ; _ oA tultm
dm T1 (1—g )l TT (1= gt

) (1 _ qn-‘er-‘rm) (1 _ q)\+v(€+1)+m)
= éliglo nlggo exp (Zl 08 (1 — o@D Fm) (1 — gtolrm) =1

4. Some new results on ;RY(3) and ;R}(3)

4.1. Relations of 2R} (3) and 2R7%(3)

In this subsection, we have defined relations of generalized hypergeometric
function and its g-analogue with Mittag-Leffler, Wright function and their g-
analogues. These established relations may prove potentially valuable in vari-
ous applications, particularly when one considers limiting cases.
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Theorem 1. Fora=c=1,R(b) >0,v € N and 3 € C, if |3] < b” then

- ey D) —
bli}IEo2R1 (17b7 17U7 bv) - g’u (3)7 (41)

where &, (3) is in the form of Mittag-Leffler function as defined in [16].

Proof. To prove this, let us consider

i 2y (2)

b—o0 bv a—c—1 bTJ
. T() = (1), T(b+vk) /3 \F
J— 1 =
bﬂﬁlor(b);o k! F(I—H)k)(bv)
. = (b k 3k
— 1 v
boo 2= bk T (1 + vk)
& k
3
=Y == =&10).
k:or(vk+1>

Theorem 2 to theorem 5 can be proved in the same manner.
Theorem 2. For a =1,R(b),R(c) > 0,v € N and 3 € C, if [3] < bV then

1 5
I Lbicv; ) = Ee3), 1.2
F(C) bi>IEO2R1< 7bv C; U, bv) g, (3) ( )

where &, (3) is in the form of generalized Mittag-Leffler function given by
Wiman [30].

Theorem 3. For R(a), R(b),R(c) > 0,v € N and 3 € C, if |3| < b then

1 . 3
1 Loy o) = g8 4.
gy dm o (e besvs ) = 505, (43

where £ .(3) is in the form of generalized Mittag-Leffler function of three
parameters given by Prabhakar [17].

Theorem 4. For R(a), R(b),R(c) > 0,v € N and 3 € C, if 3| < a then

1 1 ey é _ ecbu
@ alggoZRl <a’ b; ¢; v; CL) - gv,c (3) ) (4.4)

where 8313 (3) is in the form of gemeralized Mittag-Leffler function of four
parameters given by Shukla and Prajapati [26].

Theorem 5. For R(a), R(b),R(c) > 0,v € N and 3 € C, if |3| < a then

1
lim lim o Ry (a,b; c;v; i) =¢(v,¢,3), (4.5)

I'(c) a—o0 b—oo abv

where ¢ (v, ¢, 3) is in the form of Wright function given by E. M. Wright [31].
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Theorem 6. For a = c¢ = 1,R() > 0,v > 0,0 < |¢g| <1 and 3 € C, if
13(1 —¢q)"| <1 then

= ey (3;9) - (4.6)

a=c=1

lim 2Ry (a,b;¢; 0354, (1 —q)"3)
b—o00

Proof. Let us consider

lim 2R %9 (1 — q)"3) = lim 2Ry (1,55 15059, (1 — ¢)"3)

b—o0 a=c=1 b—o0
Ty (1) & (15.9), Ty (b + k) k
— I]fj q k~-4q 1— vk k
bovoc L (b) kZ:O (Lig), Tq (1 +Uk)( 0
[eS) 5k
> S~ 0) Gvuing(210)

In the same manner, we can prove theorem 7 to theorem 10.

Theorem 7. For a = 1,R(b),R(c) > 0,v > 0,0 < |¢q| < 1 and 3 € C, if
13(1 —q)"| <1 then

1
.y bieivig, (1— ) —eve(3:9). 1.
Fq (C) bi{goQRl (CL, ;G U4, ( q) 3) —t €, (3 q) ( 7)

Theorem 8. For R(a),R(b),RN(c) > 0,v > 0,0 < |g| < 1 and 3 € C, if
13(1 —¢q)"| <1 then

1
- 1' « penye 1 _ v — a . ] 4
Fq (C) birgo 2f (a’ b; ¢;vi g, ( Q) 5) Cu,c (57 Q) ( 8)

Theorem 9. For R(a), R(b),R(c) > 0,v > 0,0 < |g| < 1 and 3 € C, if
13(1 —q)"| <1 then

m ali_?olo 2R1 (Ch b, c v, q, (1 — q)Ua) = e%}é (3, q) . (49)

Theorem 10. For R(a),R(b),R(c) > 0,v > 0,0 < |¢| < 1 and 3 € C, if
13(1 —q)"| <1 then

e Jim 5 Ry (a,b;c;v5q, (1 —q)"3) = wec(35 9)- (4.10)
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4.2. Some important on 2R7?

In 1910, Watson |29] gave the g-analogue of Barnes’ contour integral of o F}
using Euler reflection formula for 0 < |g| < 1 as

100

. _ 1+s cq’: a(—2)°
2¢1(a,b;c;Q,z)=(a’b’q)°°(1‘> / (2 ca%ia) o ( Vs, (4.11)

(4,¢9) 0 \27i (ag®,bg°; q), sinms

—100

By Euler reflection formula I' () I' (1 — z) =
as [6]

(4.11) can be expressed

sinmax?

2p1(a,b;c;q,2) =

T 1 /°° Dy(a+ $)Ty(b+ $)T(—5)T(1 + 5)
~ Ty(a)Ty(b) 27i Lylc+8)Ty(1+s)

—100

(—2)°ds.  (4.12)

Theorem 11. (Barnes’ contour integral representation of oR|*?(2)) For
R(a),R(b),R(c),v > 0,|z2| < 1 and R(s) > 0, Barnes’ contour integral
representation of 2Ry (2) (1.4) is given by

2R1 (CL, b7 v g, Z) =
+i00
Iyla—s)Ty(b—wvs)I'(s)T' (1 —s)
/ Ty(c—vs)Ty(1—s)

(—2) ds. (4.13)

where R(a), R(b), R(c) > 0,v >0 and |z| < 1.

Proof. Let us consider the g-analogue of Wright-type generalized
hypergeometric function as

4 (6) = (a5 9Dy (b + vk)
2Ry (a,b; ;v q, 2) b)Z“’q: ot o) K
Ly 3 1)qu LR, (b+ok),
Fq<a Z;) T, (1+ k)T, (c+ vk) (=2)". (4.14)

Now, consider the right hand side of (11);
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Lg(e) 1 700Fq (a—s)Tq(b—vs)T (s)T' (1 — S>(—Z)_Sd$
Ly(c—ws)y(1—5)

Iy (a)Tq(b) &~ s=—k Iy(c—vs)Ty(1—5s)
O LS LR LIS
Iy (a)Ty (D) s——k | sin(ms) I'y(c—vs)Ty(1—5)

Ly() 5 (~D)'Ty (a+ )Ty (b+ vk)

= k
a Fq (a’> Fq (b) P Pq (1 —+ k) Fq (C + U]{:) (_Z) ’ (4.15)

(4.14) and (4.15) completes the proof of (11), which is the Barnes’ contour
integral representation of 9R; (a,b;c;v;q,z), where 0 < |g| < 1, |z] < 1,
larg(—z)| < m— 9, § > 0. The contour integration runs from —ico to +ioco,
and separate the poles of integrand at s = —k,k € NU {0} to the left and all
the poles s = n +a,n € NU{0} as well as s = 2 n € NU {0} to the right.

Note that, there are three special cases of (11). If v = 1, then (4.12)
is first special case. Letting limit ¢ — 1, we get the Mellin-Barnes integral
representation of 9RY(z) as defined in [22], and if we combine both special
cases, we get the barnes’ contour integral representation of 9 F1(z) [18].

Theorem 12. For R(a),R(b),R(c),R(d) > 0,v > 0,0 < |g| < 1,3 € C, if
l3u’| < 1 then

1
/ uc‘lw‘?%%mi”q (3u”) dqu = By (¢,8) 2Ry (a, b ¢ + §3v39,3) . (4.16)
(uq®; q) o
Proof. We have
1

-1 UG Do v v
u" T —"5R u?) dsu
/ (uq6; Q)oo 2 (5u") /

Theorem 13. For R(a),R(b),R(c) > 0,v > 0,0 < |¢| < 1,3 € C, if
lws?| < 1 then

3
[C]q/sc_12R§’q(a, b; ¢; v, ws?)dys = 3% Ry (a, by ¢ + 1,05 ¢, w3"). (4.17)
0
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Proof. Consider,

3 3
_ T, (c) = (a;q), Ty (b + vk) _
c—1 q q k~4q k ct+vk—1
s Ry (wsY) dgs = w /s dgs
/ T (b) kzo (1;q)y, Tg (c + vk) !
0 0
N 3¢ Iy (c+1) i (a; Q>k Iy (b + vk)

Theorem 14. For R(a), R(b),R(c) > 0,v >0 and 0 < |¢| < 1, if |¢] < 1
and |q°| < 1 then

(a+30)5(b;9) b
Ry (a,b;c;v;q,¢°) = N XoRy (¢ —b,3;a+3;v;9,¢" ). (4.18
2Ry ( ) ) (59 2 1( 3 3 ) ( )

Proof. Starting the proof by taking ¢® instead of 3 in (1.4), we get

(c) & q (b+vk
2R1(abcvq, b Z c—}—Uk;
<b;> o (a;q)y, {c+vk;q) o o
TG prd 17 b—l—vk 9o
IRCTINR= bqy Rl L I
T d)n Z (3+7vid)
_ oty q) (b; Q>
(€9) 0o <3 D oo

o0

3+a C—bq aGHvi) (5]
]Z (5+a+vg>(q>’

which leads us to (4.18).

5. Some g-integral transforms on generalized
hypergeometric function

Theorem 15. (q-Euler (beta) transform of oR{"%(xs’)) For
R(a), R(B), R(a), R(b),R(c) > 0;7 > 0 and |xs?| < 1, the ¢-Euler integral
transform of oR17(xs%) = oRy (a,b; ¢; 7;257) can be obtained as

By {2R1" (257) : o, B}

| g, x| . (5.1)
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Proof. We start this proof by taking 2R; (a,b;c;v;xs7) instead of f(3) in
(2.20), so we get

By{2R1" (257) = o, B}

1
_ [ g0t (5¢;0)oe [ Tq(c) xom {a59), T (b4 vk) N <
‘O/ (507 0) o (rq ) 2 )Ty o+ ok) ) >dq

(5473 0) o

8

1
k?q (b—{-Ul{?) k/sa—i—ak—l (Sq;Q)oo dq8
q

0
g(a+k)-Ty(b+vk) Ty(a+ok)-2F
g(c+vk) - Ty(a+B+0ck) - Ty(1+k)

(5.2)

Using (2.19), we get
Ly ()T (B) (
By {2Ri" (257) s o, B} = S-S ate
! g (a)Tq (b)
which is our g-Euler (beta) transform of o R, (zs?).

Theorem 16. (g¢-Laplace transform of oR1"4(t)) For R(s) > 0, the g-
Laplace transform of oR1™4(t) = oR1(a, b;c;T;5q,t) is given as

oL (2R ™(t)) (s)

_ (5(1=¢))7'Ty (¢) i Dy(a+ k)T, (b+7k)q 2 —
B Tq (a)Tq (0) k—0 Ly (c+Tk) ok )

where R(a), R(b), R(c) > 0;7 >0 and |t| < 1.
Proof. By taking f(t) = 2R1%(t) in (2.21), we get

N B | Ty (€) o )T
/S R0 () = 0/ WS E G D (T

— Fq
(-9 Te(b) & (L),

Let st = x, we have t = <. Thus, when 2 =0 =% = 0,2 — oo = t — oo and

dgt = qux. Finally the above expression is written as

o€ (2B1™%(2)) (s)
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By using (2.8), we get

(e41)(k+2)

(s)"

R ERUI0) (3 = S p S L ().

lc:O
Which leads us to (5.3).

Theorem 17. (¢-Sumudu transform of 2 R1Y"? (t)) The g-sumudu transform
of 2R1T(t) = 2R1(a,b;c;T;q,t) on the set Ao is defined as

¢S (2R1™ (1)) (u)

1 I'q(c) Ty (a+k)Ty(b+Tk) Gtnei
2w (5.4)
(b) kzo

_ (
T -9, @T, Tyctrk) ¢ |
where R(a), R(b), R(c), T >0, |t| < 1,u € (—c1,c2) and
Ay = {f(t) |3M, c1,c0 > 0, f(t) |< M -eq <|ct|> te(—1Y x [0,00)}.

Proof. Let f (t) = 2R (¢) in (2.22), we get

/6 GRS (1) (u)
I B R N VIRt AN A
_(1—q)u0/(Fq(b)kzo<1;q)qu(c+vk)t) Q< u> ot
1 Ty (ma Ly brok) [ (Ot
= = T, 0) 2 (LT e+ oh / tea (=)

Let £ =2 = dgt = u-dgw. Thus, t =0 = 2 =0 and t — co = x — co. Hence,
we can rewrite the above equation as

¢S (2R1™7 (1)) (u)

(¢) & q (b+vk) k+1/ i
—x) dgx.
(1—q b Z q (c+vk) eq (=) dgt

O
[e=]

By applying (2.8), we get

¢6 (21177 (1)) (u)

1 Ty(e) Z (a;q) g (b+ vk) kq(k+1)2(k+2> T, (k4 1),

(1~ q) Ty (b) 2= (Tiq) T, (c + vk)
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Theorem 18. (¢-Natural transform of 2 R1"4 (t)) The g¢-natural transform
of 2R171(t) = 92R1(a,b;c; 75 q,t) on the set Ao (2.23) is defined as
MR (1)) (u; 5)
1 Ty(c) ~=Ty(a+k)Ty(b+1k) (k1) Gh2) (g)k (5.5)
AT, @, 0 & Tyleth) » &

S

where R(a), R(b), R(c), R(s), 7 >0, [t| < 1,u € (—c1,c2) and

ngz{f(t)|E|M,cl,cQ>0,|f()<M eq<| |> e (- 1)j><[0,oo)}.

Gy

Proof. Taking f (t) = 2R (t) in (2.24), we get
MR (1)) (us8)

Let °t = x = dyt = 5 -dgw. Thus, t =0 = o =0and t = oo = = — oo.
Hence, the above expression can be rewritten as

M R(1)) (u; 5)

o0}

B T
By using (2.8), we get
q‘ﬁ(2R1U’q( ) (U'S)
1*61 Z;) bi:g( )kqqu(’“rl)’
which leads us to (5.5). Here, we can conclude that
MR ()) (1;8) = gL (2R17(1)) () , (5.6)
MR (1)) (u;1) = ¢6 (2B ™(1)) (u) - (5.7)
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