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A study on uni�cation of generalized

hypergeometric function and Mittag-Le�er

function with certain integral transforms of

generalized basic hypergeometric function 1

Abstract. This research article explores some new properties of generali-
zed hypergeometric function and its q-analogue. The connections between

2R1
υ(z), the Wright function, and generalized Mittag-Le�er functi-

ons are explored. The authors introduce the q-analogue of generalized
hypergeometric function denoted by 2R1

υ,q(z) and discuss its properti-
es and connections with q-Wright function and q-versions of generalized
Mittag-Le�er functions. We get the q-integral transforms such as q-Mellin,
q-Euler (beta), q-Laplace, q-sumudu, and q-natural transforms of Wright-
type generalized q-hypergeometric function. This article contributes to the
understanding of hypergeometric functions in q-calculus.

Key words: basic hypergeometric functions in one variable rφs, q-
calculus and related topics, Mittag-Le�er functions and generalizations,
integral transforms of special functions

Àíîòàöiÿ. Â äàíié íàóêîâié ñòàòòi äîñëiäæóþòüñÿ äåÿêi íîâi âëà-
ñòèâîñòi óçàãàëüíåíî¨ ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨ òà ¨¨ q-àíàëîãà. Äî-
ñëiäæóþòüñÿ çâ'ÿçêè ìiæ 2R1

υ(z), ôóíêöi¹þ Ðàéòà òà óçàãàëüíåíèìè
ôóíêöiÿìè Ìiòòà -Ëåôôëåðà. Àâòîðè ââîäÿòü q-àíàëîã óçàãàëüíåíî¨
ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨, ïîçíà÷åíî¨ ÿê 2R1

υ,q(z), òà îáãîâîðþþòü ¨¨
âëàñòèâîñòi òà çâ'ÿçêè ç q-ôóíêöi¹þ Ðàéòà òà q-âåðñiÿìè óçàãàëüíåíèõ
ôóíêöié Ìiòòà -Ëåôôëåðà. Ìè îòðèìó¹ìî q-iíòåãðàëüíi ïåðåòâîðåí-
íÿ, òàêi ÿê q-Ìåëëiíîâå, q-Åéëåðîâå (áåòà), q-Ëàïëàñîâå, q-ñóìóäó, òà
q-íàòóðàëüíi ïåðåòâîðåííÿ óçàãàëüíåíî¨ q-ãiïåðãåîìåòðè÷íî¨ ôóíêöi¨
òèïó Ðàéòà. Öÿ ñòàòòÿ ñïðèÿ¹ ðîçóìiííþ ãiïåðãåîìåòðè÷íèõ ôóíêöié
ó q-÷èñëåííi.
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RE fellowship award (Award No. IF220147). Additionally, the authors extend their profound
gratitude to the editor and reviewers for providing valuable and thorough input on our
manuscript.
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A STUDY ON UNIFICATION OF GENERALIZED HYPERGEOMETRIC...

Êëþ÷îâi ñëîâà: îñíîâíi ãiïåðãåîìåòðè÷íi ôóíêöi¨ â îäíié çìiííié

rφs, q-÷èñëåííÿ òà ïîâ'ÿçàíi òåìè, ôóíêöi¨ Ìiòòà -Ëåôôëåðà òà ¨õ óçà-
ãàëüíåííÿ, iíòåãðàëüíi ïåðåòâîðåííÿ ñïåöiàëüíèõ ôóíêöié
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1. Introduction

C. F. Gauss [10] derived the hypergeometric function as

2F1 (µ, η;λ; z) =
∞∑
`=0

(µ)`(η)`
(λ)`

z`

`!
(1.1)

Heine [12, 13] derived the q-analogue of 2F1 (also known as basic
hypergeometric function) as

2φ1 (µ, η;λ; q, z) =
∞∑
`=0

(µ; q)`(η; q)`
(λ; q)`(q; q)`

z`, (1.2)

where <(µ),<(η),<(λ) > 0, 0 < |q| < 1 and |z| < 1. Ernst [6] reintroduced
(1.2) by taking qµ instead of µ and gave the new notation (qµ; q)` ≡ 〈µ; q〉` to
make the expression more natural and gave the comprehensive treatment of
q-calculus.

The generalization of (1.1) is derived as [27]

2R1
υ (z)≡2R1 (µ, η;λ; υ; z) =

Γ (λ)

Γ (η)

∞∑
`=0

(µ)`Γ (µ+ υ`)

Γ (λ+ υ`)

z`

`!
, (1.3)

where <(µ),<(η),<(λ) > 0, υ > 0 and |z| < 1. Rao et al. [19�24] studied
extensively this generalization, which also has been used e�ectively in the study
of generalization of Jacobi polynomial [28]. In this article, we derived some
important connections of 2R1

υ (z) with Wright function [31], Mittag-Le�er
(M-L) function [16] and its generalizations [17,26,30].

In this sequel of study, we established the q-extension of 2R1
υ (z) which is

denoted and de�ned as below in (1.4).

2R1
υ,q (z) ≡ 2R1 (µ, η;λ; υ; q, z) =

Γq (λ)

Γq (η)

∞∑
`=0

〈µ; q〉`
〈1; q〉`

Γq (η + υ`)

Γq (λ+ υ`)
z`, (1.4)

where <(µ),<(η),<(λ) > 0, υ > 0, 0 < |q| < 1 and |z| < 1. Also, Some
properties of 2R1

υ,q (z) and its relations between q-wright function [4], q-M-L
function and its generalizations [4, 8] have been included in this article.

Jackson [14] provided a thorough explanation of q-Jackson integral and
methodically created a q-calculus. Due to its shown applicability in numerous,
at �rst glance disparate domains of science and engineering, q-calculus has
consequently grown in signi�cance and popularity. In theory of quantum
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calculus, some signi�cant integral transforms have various q-analogues. Among
those, we are introducing the integral transforms of 2R1

υ,q (z) which are q-
Euler (beta) transform [9], q-extension of Laplace transform [11], the quantum
sumudu integral transform [1,2] and quantum natural transform [3].

2. Preliminaries and Notations

Here, we mentioned some de�nition and important results that have been
used in our study.

De�nition 1. For z ∈ C and 0 < |q| < 1, the q-shifted factorial is given
by [9]

(z; q)r =


1, r = 0
r−1∏
`=0

(
1− zq`

)
, r ∈ N (2.1)

Ernst [6] reintroduced the q-shifted factorial for z ∈ C as below;

〈z; q〉r =


1, r = 0
r−1∏
`=0

(
1− qz+`

)
, r ∈ N (2.2)

Here, observe that, 〈z; q〉` ≡ (qz; q)`. For [z]q · [z + 1]q · ... · [z + `− 1]q, here we

adopt the notation [z]`q (namely KS-q-pochhammer symbol), thus

[z]`q = [z]q · [z + 1]q · ... · [z + `− 1]q,where [z]q =
1− qz

1− q
. (2.3)

De�nition 2. For |z| < 1 and 0 < |q| < 1, the q-extension of binomial
series is given by [6, 9]

1φ0 (µ;−; q, z) ≡
∞∑
`=0

〈µ; q〉`
〈1; q〉`

z` =
(qµz; q)∞
(q; q)∞

=
1

(z; q)µ
. (2.4)

De�nition 3. The q-integration of f(z) is de�ned as [9]

b∫
a

f (z) dqz =

b∫
0

f (z) dqz−
a∫

0

f (z) dqz, (2.5)

where

n∫
0

f (z) dqz = n (1− q)
∞∑
`=0

f
(
nq`
)
q`. (2.6)
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De�nition 4. For z ∈ C and 0 < |q| < 1, the q-formula of gamma function
is given as [9]

Γq (z) =
〈1; q〉∞
〈z; q〉∞

(1− q)1−z ≡
(q; q)∞
(qz; q)∞

(1− q)1−z, (2.7)

Γq (z) has poles at z = 0,−1,−2, ... The integral expression of q-gamma is given
as [7]

Γq (z) = q−
z(z+1)

2

∞∫
0

xz−1eq (−x) dqx, (2.8)

where eq (x), the q-exponential function, is de�ned as [7]

eq (x) =

∞∑
j=0

xj · (1− q)j

(q; q)j
. (2.9)

The relation between q-gamma and q-shifted factorial is given by [5]

〈z; q〉n ≡ (qz; q)n =
Γq (z + n)

Γq (z)
(1− q)n. (2.10)

De�nition 5. The q-expression of beta function is given as [6, 9]

Bq (z1, z2) = (1− q)
∞∑
`=0

〈`+ 1; q〉∞
〈`+ z2; q〉∞

q`z1 ≡ (1− q)
∞∑
`=0

(
q`+1; q

)
∞

(q`+z2 ; q)∞
q`z1 , (2.11)

where <(z1),<(z2) > 0 and its integral expression is given as [9]

Bq (z1, z2) =

1∫
0

xz1−1 (xq; q)∞
(xqz2 ; q)∞

dqx. (2.12)

The q-beta function is described in terms of q-gamma function as [9]

Bq (z1, z2) =
Γq (z1) Γq (z2)

Γq (z1 + z2)
. (2.13)

De�nition 6. For h ∈ C;<(h) > 0, 0 < |q| < 1 and
∣∣z(1− q)h∣∣ < 1, the

q-analogue of Mittag-Le�er function is given as [4]

eh(z; q) =

∞∑
`=0

z`

Γq(`h + 1)
, (z ∈ C). (2.14)

For h, g ∈ C;<(h) > 0, 0 < |q| < 1 and
∣∣z(1− q)h∣∣ < 1, Mansour [15]

introduced the q-M-L function as

eh,g(z; q) =
∞∑
`=0

z`

Γq(`h + g)
, (z ∈ C). (2.15)
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For z, h, g, d ∈ C;<(h) > 0,<(d) > 0, 0 < |q| < 1 and |z| < (1 − q)−h, then
the q-extension of M-L function of three parameter is de�ned as [25]

edh,g(z; q) =

∞∑
`=0

(
qd; q

)
`
z`

Γq(h`+ g)(q; q)`
, (z ∈ C). (2.16)

Garg et al. [8] introduced the q-version of four parameter Mittag-Le�er
function as

ed,ζh,g(z; q) =

∞∑
`=0

(
qd; q

)
`ζ
z`

Γq(h`+ g) [`]!
, (z ∈ C), (2.17)

where z, h, g, d ∈ C;<(h),<(g),<(d) > 0, ζ ∈ N ∪ {0}, 0 < |q| < 1 and |z| <
(1−q)−h. Since lim

q→1
ed,ζh,g(z(1−q)

−d; q) = Ed,ζh,g (z) de�ned by Shukla and Prajapati

given as in [26].

De�nition 7. For <(h),<(g) > 0, 0 < |q| < 1 and |z| < (1 − q)−h, the
q-generalization of Wright function is given as [4]

wh,g(z; q) =
∞∑
`=0

z`

Γq(h`+ g)Γq(`+ 1)
, (z ∈ C). (2.18)

De�nition 8. The q-extension of Fox-Wright function is de�ned by [4]

rψs

[
(a1,A1) , . . . , (ar ,Ar )
(b1,B1) , . . . , (bs,Bs)

| q, z
]

=

∞∑
`=0

r∏
i=1

Γq (ai + Aik)

s∏
j=1

Γq (bj + Bj k)

q
 k

2


p

zk

Γq(k + 1)
, (2.19)

where <(ai),<(bj ) > 0, i = 1, 2, . . . , r , j = 1, 2, . . . , s,

and p =
s∑

j=1
Bj −

r∑
i=1

Ai + 1 ≥ 0.

If
∑s

j=1 bj >
∑r

i=1 ai − 1 then the domain of convergence is
s∑

j=1
Bj =

r∑
i=1

Ai − 1 and the series in (2.19) converges only for |z| < 1.

De�nition 9. The q-Euler (beta) transform of f (z) [9]

Bq {f (z) ; a, b} =

∫ 1

0
za−1 (zq; q)∞

(zqb; q)∞
f (z) dqz, (<(a),<(b) > 0). (2.20)
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De�nition 10. Hahn [11] derived the Laplace transform in q-theory as

qL (f(t)) (s) =
1

(1− q)

∫ ∞
0

eq(−st)f(t)dqt, (<(s) > 0). (2.21)

De�nition 11. The sumudu transform of f(t) over the set A2 in q-calculus
is de�ned as [1, 2]

qS(f(t))(u) =
1

u(1− q)

∫ ∞
0

f(t)eq

(
− t

u

)
dqt, (u ∈ (ι1, ι2)), (2.22)

where

A2 =

{
f(t) |∃M, ι1, ι2 > 0,| f(t) |< M · eq

(
|t|
ιj

)
, t ∈ (−1)

j × [0,∞)

}
. (2.23)

De�nition 12. For <(s) > 0, u ∈ (ι1, ι2), the natural transform of f(t)
over the set de�ned in (2.23) (i.e., A2) in q-calculus is de�ned as [3]

qN(f(t))(u; s) =
1

(1− q)

∫ ∞
0

f(t)eq

(
− s

u
t
)
dqt. (2.24)

3. Wright-type generalized basic hypergeometric function

The Wright-type generalized q-hypergeometric function is de�ned as in
(1.4).

Special Cases

1. (1.4) reduces to 2R
υ
1(z) as q → 1. Thus, 2R

υ,q
1 (z) is q-analogue of 2R

υ
1(z).

2. By taking υ = 1, the q-analogue of 2R
υ
1(z) reduces to (1.2).

3. If λ = η then 2R1 (µ, η;λ; υ; q, z) reduces to the q-binomial series.

4. If µ = 1 and λ = η then (1.4) reduces to the geometric series.

3.1. Convergence of 2Rυ,q
1 (z)

In this section, we discussed the convergence of (1.4) using ratio test. To
show the convergence for |z| < 1, let us begin by considering

2R1
υ,q (z) ≡ 2R1 (µ, η;λ; υ; q, z) =

Γq (λ)

Γq (η)

∞∑
`=0

〈µ; q〉`
〈1; q〉`

Γq (η + υ`)

Γq (λ+ υ`)
z`,

= 1 +

∞∑
`=1

〈µ; q〉`
〈1; q〉`

Γq (η + υ`)

Γq (λ+ υ`)

Γq (λ)

Γq (η)
z`.
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Let
∞∑
`=1

u` =

∞∑
`=1

〈µ; q〉`
〈1; q〉`

Γq (η + υ`)

Γq (λ+ υ`)

Γq (λ)

Γq (η)
z`.

Now,

lim
`→∞

∣∣∣∣u`+1

u`

∣∣∣∣ = lim
`→∞

∣∣∣∣∣∣
〈µ;q〉`+1

〈1;q〉`+1

Γq(η+υ(`+1))
Γq(λ+υ(`+1))

Γq(λ)
Γq(η) z

`+1

〈µ;q〉`
〈1;q〉`

Γq(η+υ`)
Γq(λ+υ`)

Γq(λ)
Γq(η) z

`

∣∣∣∣∣∣
= lim
`→∞

∣∣∣∣∣
(
1− qµ+`

)
· 〈η + υ`; q〉∞ · 〈λ+ υ (`+ 1) ; q〉∞

(1− q`+1) · 〈η + υ (`+ 1) ; q〉∞ · 〈λ+ υ`; q〉∞

∣∣∣∣∣ |z|
= 1 · |z|.

So, if |z| < 1 then
∞∑̀
=1

u` converges.

Now, we'll show that lim
`→∞

∣∣∣1−qµ+`

1−q`+1

〈η+υ`;q〉∞
〈η+υ(`+1);q〉∞

〈λ+υ(`+1);q〉∞
〈λ+υ`;q〉∞

∣∣∣ = 1.

Let us begin with

lim
`→∞

∣∣∣∣∣
(
1− qµ+`

)
· 〈η + υ`; q〉∞ · 〈λ+ υ(`+ 1); q〉∞

(1− q`+1) · 〈η + υ(`+ 1); q〉∞ · 〈λ+ υ`; q〉∞

∣∣∣∣∣
= 1 · lim

`→∞

∣∣∣∣∣∣∣∣
∞∏

m=0

(
1− qη+υ`+m

) ∞∏
m=0

(
1− qλ+υ(`+1)+m

)
∞∏

m=0

(
1− qη+υ(`+1)+m

) ∞∏
m=0

(1− qλ+υ`+m)

∣∣∣∣∣∣∣∣
= lim

`→∞

∣∣∣∣∣∣∣∣
lim
n→∞

n∏
m=0

(
1− qη+υ`+m

)
lim
n→∞

n∏
m=0

(
1− qη+υ(`+1)+m

) lim
n→∞

n∏
m=0

(
1− qλ+υ(`+1)+m

)
lim
n→∞

n∏
m=0

(1− qλ+υ`+m)

∣∣∣∣∣∣∣∣
= lim

`→∞

∣∣∣∣∣ lim
n→∞

exp

(
n∑

m=0

log

(
1− qη+υ`+m

) (
1− qλ+υ(`+1)+m

)(
1− qη+υ(`+1)+m

)
(1− qλ+υ`+m)

)∣∣∣∣∣ = 1.

4. Some new results on 2R
υ
1(z) and 2R

υ,q
1 (z)

4.1. Relations of 2Rυ
1(z) and 2Rυ,q

1 (z)

In this subsection, we have de�ned relations of generalized hypergeometric
function and its q-analogue with Mittag-Le�er, Wright function and their q-
analogues. These established relations may prove potentially valuable in vari-
ous applications, particularly when one considers limiting cases.
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Theorem 1. For a = c = 1,<(b) > 0, υ ∈ N and z ∈ C, if |z| < bυ then

lim
b→∞

2R1

(
1, b; 1; υ;

z

bυ

)
= Eυ (z) , (4.1)

where Eυ (z) is in the form of Mittag-Le�er function as de�ned in [16].

Proof. To prove this, let us consider

lim
b→∞

2R1
υ
( z

bυ

)∣∣∣∣
a=c=1

≡ lim
b→∞

2R1

(
1, b; 1; υ;

z

bυ

)
= lim

b→∞

Γ (1)

Γ (b)

∞∑
k=0

(1)k
k!

Γ (b+ υk)

Γ (1 + υk)

( z

bυ

)k
= lim

b→∞

∞∑
k=0

(b)υk
bυk

zk

Γ (1 + υk)

=

∞∑
k=0

zk

Γ (υk + 1)
= Eυ (z) .

Theorem 2 to theorem 5 can be proved in the same manner.

Theorem 2. For a = 1,<(b),<(c) > 0, υ ∈ N and z ∈ C, if |z| < bυ then

1

Γ(c)
lim
b→∞

2R1

(
1, b; c; υ;

z

bυ

)
= Eυ,c (z) , (4.2)

where Eυ,c (z) is in the form of generalized Mittag-Le�er function given by
Wiman [30].

Theorem 3. For <(a),<(b),<(c) > 0, υ ∈ N and z ∈ C, if |z| < bυ then

1

Γ(c)
lim
b→∞

2R1

(
a, b; c; υ;

z

bυ

)
= Eaυ,c (z) , (4.3)

where Eaυ,c (z) is in the form of generalized Mittag-Le�er function of three
parameters given by Prabhakar [17].

Theorem 4. For <(a),<(b),<(c) > 0, υ ∈ N and z ∈ C, if |z| < a then

1

Γ(c)
lim
a→∞ 2R1

(
a, b; c; υ;

z

a

)
= Eb,υυ,c (z) , (4.4)

where Eb,υυ,c (z) is in the form of generalized Mittag-Le�er function of four
parameters given by Shukla and Prajapati [26].

Theorem 5. For <(a),<(b),<(c) > 0, υ ∈ N and z ∈ C, if |z| < a then

1

Γ(c)
lim
a→∞

lim
b→∞

2R1

(
a, b; c; υ;

z

abυ

)
= φ (υ, c, z) , (4.5)

where φ (υ, c, z) is in the form of Wright function given by E. M. Wright [31].
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Theorem 6. For a = c = 1,<(b) > 0, υ > 0, 0 < |q| < 1 and z ∈ C, if
|z(1− q)υ| < 1 then

lim
b→∞

2R1 (a, b; c; υ; q, (1− q)υz)
∣∣∣∣
a=c=1

= eυ (z; q) . (4.6)

Proof. Let us consider

lim
b→∞

2R1
υ,q ((1− q)υz)

∣∣∣∣
a=c=1

≡ lim
b→∞

2R1 (1, b; 1; υ; q, (1− q)υz)

= lim
b→∞

Γq (1)

Γq (b)

∞∑
k=0

〈1; q〉k
〈1; q〉k

Γq (b+ υk)

Γq (1 + υk)
(1− q)υkzk

=
∞∑
k=0

zk

Γq (υk + 1)
= eυ (z; q) (by using (2.14)) .

In the same manner, we can prove theorem 7 to theorem 10.

Theorem 7. For a = 1,<(b),<(c) > 0, υ > 0, 0 < |q| < 1 and z ∈ C, if
|z(1− q)υ| < 1 then

1

Γq (c)
lim
b→∞

2R1 (a, b; c; υ; q, (1− q)υz)
∣∣∣∣
a=1

= eυ,c (z; q) . (4.7)

Theorem 8. For <(a),<(b),<(c) > 0, υ > 0, 0 < |q| < 1 and z ∈ C, if
|z(1− q)υ| < 1 then

1

Γq (c)
lim
b→∞

2R1 (a, b; c; υ; q, (1− q)υz) = eaυ,c (z; q) . (4.8)

Theorem 9. For <(a),<(b),<(c) > 0, υ > 0, 0 < |q| < 1 and z ∈ C, if
|z(1− q)υ| < 1 then

1

Γq (c)
lim
a→∞ 2R1 (a, b; c; υ; q, (1− q)υz) = eb,υυ,c (z; q) . (4.9)

Theorem 10. For <(a),<(b),<(c) > 0, υ > 0, 0 < |q| < 1 and z ∈ C, if
|z(1− q)υ| < 1 then

1

Γq (c)
lim
b→∞

2R1 (a, b; c; υ; q, (1− q)υz) = wυ,c(z; q). (4.10)
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4.2. Some important on 2Rυ,q
1

In 1910, Watson [29] gave the q-analogue of Barnes' contour integral of 2F1

using Euler re�ection formula for 0 < |q| < 1 as

2φ1(a, b; c; q, z) =
(a, b; q)∞
(q, c; q)∞

(
−1

2πi

) i∞∫
−i∞

(
q1+s, cqs; q

)
∞

(aqs, bqs; q)∞

π(−z)s

sinπs
ds. (4.11)

By Euler re�ection formula Γ (x) Γ (1− x) = π
sinπx , (4.11) can be expressed

as [6]

2φ1(a, b; c; q, z) =

=
Γq(c)

Γq(a)Γq(b)

1

2πi

i∞∫
−i∞

Γq(a+ s)Γq(b+ s)Γ(−s)Γ(1 + s)

Γq(c+ s)Γq(1 + s)
(−z)sds. (4.12)

Theorem 11. (Barnes' contour integral representation of 2R
υ,q
1 (z)) For

<(a),<(b),<(c), υ > 0, |z| < 1 and <(s) > 0, Barnes' contour integral
representation of 2R

υ,q
1 (z) (1.4) is given by

2R1 (a, b; c; υ; q, z) =
Γq (c)

Γq (a) Γq (b)
· 1

2πi
×

×
+i∞∫
−i∞

Γq (a− s) Γq (b− υs) Γ (s) Γ (1− s)
Γq (c− υs) Γq (1− s)

(−z)−sds. (4.13)

where <(a),<(b),<(c) > 0, υ > 0 and |z| < 1.

Proof. Let us consider the q-analogue of Wright-type generalized
hypergeometric function as

2R1 (a, b; c; υ; q, z) =
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)
zk

=
Γq (c)

Γq (a) Γq (b)

∞∑
k=0

(−1)kΓq (a+ k) Γq (b+ υk)

Γq (1 + k) Γq (c+ υk)
(−z)k. (4.14)

Now, consider the right hand side of (11);
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Γq (c)

Γq (a) Γq (b)
· 1

2πi
·

+i∞∫
−i∞

Γq (a− s) Γq (b− υs) Γ (s) Γ (1− s)
Γq (c− υs) Γq (1− s)

(−z)−sds

=
Γq (c)

Γq (a) Γq (b)

∞∑
k=0

res
s=−k

[
Γq (a− s) Γq (b− υs) Γ (s) Γ (1− s)

Γq (c− υs) Γq (1− s)
(−z)−s

]

=
Γq (c)

Γq (a) Γq (b)

∞∑
k=0

lim
s→−k

[
π (s+ k)

sin (πs)

Γq (a− s) Γq (b− υs)
Γq (c− υs) Γq (1− s)

(−z)−s
]

=
Γq (c)

Γq (a) Γq (b)

∞∑
k=0

(−1)kΓq (a+ k) Γq (b+ υk)

Γq (1 + k) Γq (c+ υk)
(−z)k, (4.15)

(4.14) and (4.15) completes the proof of (11), which is the Barnes' contour
integral representation of 2R1 (a, b; c; υ; q, z), where 0 < |q| < 1, |z| < 1,
|arg(−z)| ≤ π − δ, δ > 0. The contour integration runs from −i∞ to +i∞,
and separate the poles of integrand at s = −k, k ∈ N ∪ {0} to the left and all
the poles s = n+ a, n ∈ N ∪ {0} as well as s = n+b

υ , n ∈ N ∪ {0} to the right.
Note that, there are three special cases of (11). If υ = 1, then (4.12)

is �rst special case. Letting limit q → 1, we get the Mellin-Barnes integral
representation of 2R

υ
1(z) as de�ned in [22], and if we combine both special

cases, we get the barnes' contour integral representation of 2F1(z) [18].

Theorem 12. For <(a),<(b),<(c),<(δ) > 0, υ > 0, 0 < |q| < 1, z ∈ C, if
|zuυ| < 1 then

1∫
0

uc−1 (uq; q)∞
(uqδ; q)∞

2R
υ,q
1 (zuυ) dqu = Bq (c, δ) ·2R1 (a, b; c+ δ; υ; q, z) . (4.16)

Proof. We have
1∫

0

uc−1 (uq; q)∞
(uqδ; q)∞

2R
υ,q
1 (zuυ) dqu

=
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉k
〈1; q〉k

Γq (b+ υk)

Γq (c+ υk)
zkBq (c+ υk, δ)

= Bq (c, δ)
Γq (c+ δ)

Γq (b)

∞∑
k=0

〈a; q〉k
〈1; q〉k

Γq (b+ υk)

Γq (c+ δ + υk)
zk.

Theorem 13. For <(a),<(b),<(c) > 0, υ > 0, 0 < |q| < 1, z ∈ C, if
|ωsυ| < 1 then

[c]q

z∫
0

sc−1
2R

υ,q
1 (a, b; c; υ; q, ωsυ)dqs = zc2R

υ,q
1 (a, b; c+ 1; υ; q, ωzυ). (4.17)

26



A STUDY ON UNIFICATION OF GENERALIZED HYPERGEOMETRIC...

Proof. Consider,

z∫
0

sc−1
2R

υ,q
1 (ωsυ) dqs =

Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉k
〈1; q〉k

Γq (b+ υk)

Γq (c+ υk)
ωk

z∫
0

sc+υk−1dqs

=
zc

[c]q

Γq (c+ 1)

Γq (b)

∞∑
k=0

〈a; q〉k
〈1; q〉k

Γq (b+ υk)

Γq (c+ 1 + υk)
(ωzυ)k.

Theorem 14. For <(a),<(b),<(c) > 0, υ > 0 and 0 < |q| < 1, if |qz| < 1
and |qb| < 1 then

2R1 (a, b; c; υ; q, qz) =
〈a+ z; q〉∞〈b; q〉∞
〈c; q〉∞〈z; q〉∞

2R1

(
c− b, z; a+ z; υ; q, qb

)
. (4.18)

Proof. Starting the proof by taking qz instead of z in (1.4), we get

2R1 (a, b; c; υ; q, qz) =
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉k
〈1; q〉k

Γq (b+ υk)

Γq (c+ υk)
qzk

=
〈b; q〉∞
〈c; q〉∞

∞∑
k=0

〈a; q〉k
〈1; q〉k

〈c+ υk; q〉∞
〈b+ υk; q〉∞

qzk

=
〈b; q〉∞
〈c; q〉∞

∞∑
j=0

〈c− b; q〉j
〈1; q〉j

qjb
〈z + a+ jυ; q〉∞
〈z + jυ; q〉∞

=
〈a+ z; q〉∞〈b; q〉∞
〈c; q〉∞〈z; q〉∞

· Γq (z + a)

Γq (z)

∞∑
j=0

〈c− b; q〉j
〈1; q〉j

Γq (z + υj)

Γq (z + a+ υj)

(
qb
)j
,

which leads us to (4.18).

5. Some q-integral transforms on generalized
hypergeometric function

Theorem 15. (q-Euler (beta) transform of 2R
υ,q
1 (xsσ)) For

<(α),<(β),<(a),<(b),<(c) > 0; τ > 0 and |xsσ| < 1, the q-Euler integral
transform of 2R1

τ,q(xsσ) ≡ 2R1 (a, b; c; τ ;xsσ) can be obtained as

Bq {2R1
υ,q (xsσ) : α, β}

=
Γq (c) Γq (β)

Γq (a) Γq (b)
3ψ2

[
(a, 1) , (b, υ) , (α, σ)
(c, υ) , (α+ β, σ)

| q, x
]
. (5.1)
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Proof. We start this proof by taking 2R1 (a, b; c; υ;xsσ) instead of f(z) in
(2.20), so we get

Bq{2R1
υ,q (xsσ) : α, β}

=

1∫
0

sα−1 (sq; q)∞
(sqβ; q)∞

(
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)
(xsσ)k

)
dqs

=
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)
xk

1∫
0

sα+σk−1 (sq; q)∞
(sqβ; q)∞

dqs

=
Γq (c) Γq (β)

Γq (a) Γq (b)

∞∑
k=0

Γq (a+ k) · Γq (b+ υk) · Γq (α+ σk) · xk

Γq (c+ υk) · Γq (α+ β + σk) · Γq (1 + k)
. (5.2)

Using (2.19), we get

Bq {2R1
υ,q (xsσ) : α, β} =

Γq (c) Γq (β)

Γq (a) Γq (b)
3ψ2

[
(a, 1) , (b, υ) , (α, σ)
(c, υ) , (α+ β, σ)

| q, x
]
,

which is our q-Euler (beta) transform of 2R1
υ,q(xsσ).

Theorem 16. (q-Laplace transform of 2R1
υ,q(t)) For <(s) > 0, the q-

Laplace transform of 2R1
τ,q(t) ≡ 2R1(a, b; c; τ ; q, t) is given as

qL (2R1
τ,q(t)) (s)

=
(s(1− q))−1Γq (c)

Γq (a) Γq (b)

∞∑
k=0

Γq (a+ k) Γq (b+ τk)

Γq (c+ τk)

q
(k+1)(k+2)

2

sk
, (5.3)

where <(a),<(b),<(c) > 0; τ > 0 and |t| < 1.

Proof. By taking f(t) = 2R1
υ,q(t) in (2.21), we get

qL (2R1
υ,q(t)) (s) =

1

(1− q)

∞∫
0

eq(−st)
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)
tkdqt

=
1

(1− q)
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)

∞∫
0

tkeq(−st)dqt.

Let st = x, we have t = x
s . Thus, when x = 0⇒ t = 0, x→∞⇒ t→∞ and

dqt =
dqx
s . Finally the above expression is written as

qL (2R1
υ,q(t)) (s)

=
1

s(1− q)
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)

(
1

s

)k ∞∫
0

xkeq(−x)dqx.
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By using (2.8), we get

qL (2R1
υ,q(t)) (s) =

1

s(1− q)
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)

q
(k+1)(k+2)

2

(s)k
Γq (k + 1) .

Which leads us to (5.3).

Theorem 17. (q-Sumudu transform of 2R1
υ,q (t)) The q-sumudu transform

of 2R1
τ,q (t) ≡ 2R1(a, b; c; τ ; q, t) on the set A2 is de�ned as

qS (2R1
τ,q (t)) (u)

=
1

(1− q)
Γq (c)

Γq (a) Γq (b)

∞∑
k=0

Γq (a+ k) Γq (b+ τk)

Γq (c+ τk)
q

(k+1)(k+2)
2 uk, (5.4)

where <(a),<(b),<(c), τ > 0, |t| < 1, u ∈ (−c1, c2) and

A2 =

{
f(t) |∃M, c1, c2 > 0,| f(t) |< M · eq

(
|t|
cj

)
, t ∈ (−1)j × [0,∞)

}
.

Proof. Let f (t) = 2R1
υ,q (t) in (2.22), we get

qS (2R1
υ,q (t)) (u)

=
1

(1− q)u

∞∫
0

(
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)
tk

)
eq

(
− t
u

)
dqt

=
1

(1− q)u
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)

∞∫
0

tkeq

(
− t
u

)
dqt.

Let t
u = x⇒ dqt = u ·dqx. Thus, t = 0⇒ x = 0 and t→∞⇒ x→∞. Hence,

we can rewrite the above equation as

qS (2R1
υ,q (t)) (u)

=
1

(1− q)u
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)
uk+1

∞∫
0

xkeq (−x) dqx.

By applying (2.8), we get

qS (2R1
υ,q (t)) (u)

=
1

(1− q)
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)
ukq

(k+1)(k+2)
2 Γq (k + 1).
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Theorem 18. (q-Natural transform of 2R1
υ,q (t)) The q-natural transform

of 2R1
τ,q (t) ≡ 2R1(a, b; c; τ ; q, t) on the set A2 (2.23) is de�ned as

qN (2R1
τ,q (t)) (u; s)

=
1

s(1− q)
Γq (c)

Γq (a) Γq (b)

∞∑
k=0

Γq (a+ k) Γq (b+ τk)

Γq (c+ τk)
q

(k+1)(k+2)
2

(u
s

)k
, (5.5)

where <(a),<(b),<(c),<(s), τ > 0, |t| < 1, u ∈ (−c1, c2) and

A2 =

{
f(t) |∃M, c1, c2 > 0,| f(t) |< M · eq

(
|t|
cj

)
, t ∈ (−1)j × [0,∞)

}
.

Proof. Taking f (t) = 2R1
υ,q (t) in (2.24), we get

qN (2R1
υ,q (t)) (u; s)

=
1

(1− q)

∞∫
0

(
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)
tk

)
eq

(
− s
u
t
)
dqt

=
1

(1− q)
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)

∞∫
0

tkeq

(
− s
u
t
)
dqt.

Let s
u t = x ⇒ dqt = u

s · dqx. Thus, t = 0 ⇒ x = 0 and t → ∞ ⇒ x → ∞.
Hence, the above expression can be rewritten as

qN (2R1
υ,q(t)) (u; s)

=
1

s(1− q)
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)

(u
s

)k ∞∫
0

xkeq(−x)dqx.

By using (2.8), we get

qN (2R1
υ,q (t)) (u; s)

=
1

s(1− q)
Γq (c)

Γq (b)

∞∑
k=0

〈a; q〉kΓq (b+ υk)

〈1; q〉kΓq (c+ υk)

(u
s

)k
q

(k+1)(k+2)
2 Γq (k + 1),

which leads us to (5.5). Here, we can conclude that

qN (2R1
υ,q (t)) (1; s) = qL (2R1

υ,q(t)) (s) , (5.6)

qN (2R1
υ,q (t)) (u; 1) = qS (2R1

υ,q(t)) (u) . (5.7)
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