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Projective tensor products of approximation

spaces associated with positive operators

Abstract. In this paper the projective tensor products of approximation
spaces associated with positive operators in Banach spaces are characteri-
zed. We show that the tensor products of approximation spaces can be
considered as the interpolation spaces generated by K-method of real
interpolation. The inequalities that provide a sharp estimates of best
approximations by analytic vectors of positive operators on projective
tensor products are established. Application to spectral approximations
of the regular elliptic operators on projective tensor products of Lebesgue
spaces is shown.
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Àíîòàöiÿ. Ó ñòàòòi îïèñàíî ïðî¹êòèâíi òåíçîðíi äîáóòêè àïðîêñè-
ìàöiéíèõ ïðîñòîðiâ, àñîöiéîâàíèõ ç ïîçèòèâíèìè îïåðàòîðàìè â áà-
íàõîâèõ ïðîñòîðàõ. Ïîêàçàíî, ùî òåíçîðíi äîáóòêè àïðîêñèìàöiéíèõ
ïðîñòîðiâ ìîæíà ðîçãëÿäàòè ÿê iíòåðïîëÿöiéíi ïðîñòîðè, ïîðîäæåíi
K-ìåòîäîì äiéñíî¨ iíòåðïîëÿöi¨. Âñòàíîâëåíî íåðiâíîñòi, ùî äàþòü òî-
÷íi îöiíêè íàéêðàùèõ íàáëèæåíü àíàëiòè÷íèìè âåêòîðàìè ïîçèòèâ-
íèõ îïåðàòîðiâ íà ïðî¹êòèâíèõ òåíçîðíèõ äîáóòêàõ. Ïîêàçàíî çàñòî-
ñóâàííÿ äî ñïåêòðàëüíèõ àïðîêñèìàöié ðåãóëÿðíèõ åëiïòè÷íèõ îïåðà-
òîðiâ íà ïðî¹êòèâíèõ òåíçîðíèõ äîáóòêàõ ïðîñòîðiâ Ëåáåãà.

Êëþ÷îâi ñëîâà: òåíçîðíi äîáóòêè, ïîçèòèâíi îïåðàòîðè, àïðîêñèìà-
öiéíi ïðîñòîðè, íåðiâíîñòi Áåðíøòåéíà i Äæåêñîíà

MSC2020: Pri 47A58, Sec 46M05, 41A17

1. Introduction

One of the basic notion of approximation theory is the concept of
best approximations by E-functional, through which approximation spaces
are determined [3, 16, 18]. A close connection between approximation and
interpolation spaces allows to obtain the explicit formulas for estimating the
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approximations. The results obtained in this direction are formulated as inverse
and direct theorems or Bernstein-Jackson inequalities [1, 2, 10,12].

Applications of analytic vectors associated with the unbounded linear
operators to approximation problems can be found in [8, 11, 17]. A relation
between spectral subspaces and invariant subspaces of analytic vectors allows
considering spectral approximations [9].

A special scale of approximation spaces associated with positive operators
are investigated in [4]. Estimates of best approximations by exponential type
analytic functions in Gaussian random variables with respect to the Malliavin
derivative are established in [13].

Our goal is to extend inverse and direct theorems in the form of Bernstein-
Jackson inequalities on a case of best approximations on the projective tensor
products of approximation spaces associated with positive operators in Banach
spaces, and furthermore to calculate the explicit formulas for constants in these
inequalities. We also consider the spectral approximations of the regular elliptic
operators on projective tensor products of Lebesgue spaces.

2. Positive operators on projective tensor products of
Banach spaces

Let
{
Xj , ‖.‖Xj

}J
j=1

be a �nite collection of Banach spaces on C and ⊗jXj :=
X1 ⊗ . . .⊗ XJ be a tensor product with projective norm

‖w‖⊗jXj = inf
w=

∑
n⊗jx

j
n

N∑
n=1

‖x1
n‖X1 · . . . · ‖xJn‖XJ ,

where inf takes on all representation of w ∈ ⊗jXj as w =
∑N

n=1⊗jx
j
n with

�nite N, xjn ∈ Xj and ⊗jxjn := x1
n ⊗ . . . ⊗ xJn ∈ ⊗jXj . Completeness of ⊗jXj

on the projective norm we denote by ⊗̃jXj := X1⊗̃ . . . ⊗̃XJ .
Let Aj (j = 1, . . . , J) be a positive operator with dense domain C1(Aj)

in Xj (see [19, De�nition 1.14.1]. Then there exists a number c > 0 such that
‖(Aj − tI)−1‖ ≤ c/(1 + |t|), t ∈ (−∞, 0]. An example of a positive operator
is any positive-de�nite self-adjoint operator in a Hilbert space. If Aj is the
in�nitesimal operator of strongly continuous semi-group U(t), and there exist
M ≥ 0, β < 0, such that ‖U(t)‖ ≤ Meβt, 0 ≤ t < ∞, then by Hille-Iosida
theorem, −Aj is a positive operator. However, there exist positive operators
which are not in�nitesimal operators of suitable semi-groups.

Let C(Akj ) (k ∈ Z+) be a domain of Akj and C(A∞j ) :=
⋂
k∈Z+

C(Akj ). We
also consider a fractional power Aαj for α ∈ C [19, Section 1.15.1]. The domain
C(Aαj ) of Aαj we consider as a Banach space with the norm ‖x‖C(Aαj ) = ‖Aαj x‖Xj ,
x ∈ C(Aαj ). Aαj is a continuous operator for Reα < 0 and Aαj is an isomorphic
mapping from C(Aαj ) onto Xj for Reα > 0 [19, Theorem 1.15.2].

Following [4], for any ν > 0 we de�ne the spaces of analytic vectors of Aj

Eν(Aαj ) =
{
x ∈ C(A∞j ) : ‖x‖Eν(Aαj ) =

∑
k∈Z+

‖(Aj/ν)kx‖C(Aαj ) <∞
}
.
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Let E(Aαj ) =
⋃
ν>0 Eν(Aαj ) be a subspace with the quasi-norm

‖x‖E(Aαj ) = ‖x‖Xj + inf
{
ν > 0: x ∈ Eν(Aαj )

}
,

so that ‖x + y‖E(Aαj ) ≤ ‖x‖E(Aαj ) + ‖y‖E(Aαj ) for all x, y ∈ E(Aαj ). Denote by

⊗jE(Aαj ) := E(Aα1 )⊗ . . .⊗E(AαJ ) the tensor product with the projective quasi-
norm

‖w‖⊗jE(Aαj ) = inf
w=

∑
n⊗jx

j
n

N∑
n=1

‖x1
n‖E(Aα1 ) · . . . · ‖xJn‖E(AαJ ),

and ⊗̃jE(Aαj ) := E(Aα1 )⊗̃ . . . ⊗̃E(AαJ ) its completeness on this quasi-norm.

Note that any element w of completeness ⊗̃jE(Aαj ) is the sum of an

absolutely convergent series w =
∑

n⊗jx
j
n, where ⊗jxjn ∈ ⊗jE(Aαj ).

Indeed, ∀ ε > 0, ∃wn ∈ ⊗jE(Aαj ) such that ‖w − wn‖⊗̃jE(Aαj ) < ε/2n+2.

Since ‖wn+1 − wn‖⊗jE(Aαj ) ≤ ‖wn+1 − w‖⊗̃jE(Aαj ) + ‖w − wn‖⊗̃jE(Aαj ) <

ε/2n+1 for all n ∈ N, then every wn+1 − wn in ⊗jE(Aαj ) has representati-

on wn+1 − wn =
∑l(n+1)

l=ln+1⊗jx
j
l , where

∑l(n+1)

l=ln+1 ‖x
1
l ‖E(Aα1 ) . . . ‖xJl ‖E(AαJ ) ≤

‖wn+1 − wn‖⊗jE(Aαj )+ε/2n+1 ≤ ε/2n. Taking into account that ‖w1‖⊗jE(Aαj ) ≤
‖w‖⊗̃jE(Aαj ) + ‖w − w1‖⊗̃jE(Aαj ) < ‖w‖⊗̃jE(Aαj ) + ε/2, an element w1

can be representation in the form w1 =
∑l1

l=1⊗jx
j
l , such that∑l1

l=1 ‖x1
l ‖E(Aα1 ) . . . ‖xJl ‖E(AαJ ) ≤ ‖w1‖⊗jE(Aαj ) + ε/2 ≤ ‖w‖⊗̃jE(Aαj ) + ε.

So, we have ∀ ε > 0, w = w1 +
∑

n(wn+1 − wn) =
∑

l⊗jx
j
l , while∑

l ‖x1
l ‖E(Aα1 ) . . . ‖xJl ‖E(AαJ ) ≤ ‖w‖⊗̃jE(Aαj ) + ε+

∑∞
n=1 ε/2

n = ‖w‖⊗̃jE(Aαj ) + 2ε.

Let us de�ne the approximation E-functional E(t, w; ⊗̃jE(Aαj ), ⊗̃jXj) =

inf
{
‖w − w0‖⊗̃jXj : w0 ∈ ⊗̃jE(Aαj ), ‖w0‖⊗̃jE(Aαj ) ≤ t

}
for all w ∈ ⊗̃jXj .

For a pair indexes {0 < s <∞, 0 < τ ≤ ∞} the approximation spaces is
de�ned as

Bs,ατ,⊗j := Bsτ (⊗̃jE(Aαj ), ⊗̃jXj) = {w ∈ ⊗̃jXj : ‖w‖Bs,ατ,⊗j <∞},

with the quasi-norm

‖w‖Bs,ατ,⊗j =


(∫ ∞

0

[
tsE(t, w; ⊗̃jE(Aαj ), ⊗̃jXj)

]τ
dt/t

)1/τ
, 0 < τ <∞,

sup
t>0

tsE(t, w; ⊗̃jE(Aαj ), ⊗̃jXj), τ =∞.

For 0 < θ < 1 and 1 ≤ q ≤ ∞, we de�ne the interpolation space(
⊗̃jE(Aαj ), ⊗̃jXj

)
θ,q

=
{
w ∈ ⊗̃jXj : ‖w‖(⊗̃jE(Aαj ),⊗̃jXj)θ,q

<∞
}
,
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with the quasi-norm

‖w‖(⊗̃jE(Aαj ),⊗̃jXj)θ,q
=


(∫ ∞

0

[
t−θK(t, w; ⊗̃jE(Aαj ), ⊗̃jXj)

]q dt
t

) 1
q
, q <∞,

sup
t>0

t−θK(t, w; ⊗̃jE(Aαj ), ⊗̃jXj), q =∞,

where K(t, w; ⊗̃jE(Aαj ), ⊗̃jXj) = inf
w=w0+w1

(
‖w0‖2⊗̃jE(Aαj )

+ t2 ‖w1‖2⊗̃jXj
)1/2

,

w0 ∈ ⊗̃jE(Aαj ), w1 ∈ ⊗̃jXj , for t > 0.

For details of K-method real interpolation of quasi-normed spaces we refer
the reader to [3, 16].

Theorem 1. For 0 < θ < 1, τ = θq, s = 1/θ−1 the following isomorphism
holds,

Bsτ (⊗̃jE(Aαj ), ⊗̃jXj) =
(
⊗̃jE(Aαj ), ⊗̃jXj

)1/θ
θ,q

, (2.1)

where
(
⊗̃jE(Aαj ), ⊗̃jXj

)1/θ

θ,q
is de�ned to be

(
⊗̃jE(Aαj ), ⊗̃jXj

)
θ,q

endowed with

the quasi-norm ‖w‖1/θ
(⊗̃jE(Aαj ),⊗̃jXj)θ,q

.

Proof. Let (xn)∞n=1 ⊂ E(Aαj ) be a fundamental sequence, i.e., ∀ε > 0, ∃nε :
‖xn − xm‖E(Aαj ) < ε, (∀n,m ≥ nε). Then

inf{ν : xn − xm ∈ Eν(Aαj )} < ε and ‖xn − xm‖Xj < ε,

in particular, xn − xm ∈ Eε0(Aαj ), (∀n,m ≥ nε) for ε0 < ε. By Laplace's
transform L, for each x ∈ Eε(Aαj ) there exists the entire function x(λ) in
variable λ ∈ C of an exponential type hx < ε,

x(λ) =
∑
k∈Z+

‖Akjx‖C(Aαj )λ
k/k!

such that

‖εx‖Eε(Aαj ) = L[x(t)] =

∫ ∞
0

x(t) exp (−εt) dt,

where g(z) = ‖zx‖E |z|(Aαj ) is the function in variable {z ∈ C : |z| > hx}. Using
an inverse transformation L−1, we obtain

x(λ) = L−1[g(z)] =
1

2πi

∮
exp(λz)‖zx‖E |z|(Aαj )dz, |z| = ε0, λ ∈ C,

where hx < ε0 < ε. Since xn − xm ∈ Eε0(Aαj ), (∀n,m ≥ nε), that a set of
functions

Φ =
{

exp (−ε0t)‖xn − xm‖E |z|(Aαj ) : n,m ≥ nε, |z| = ε0, t ∈ [0,∞)
}

36



PROJECTIVE TENSOR PRODUCTS OF APPROXIMATION SPACES

is uniformly bounded in {z ∈ C : |z| = ε0} × [0,∞). Thus, a set of functions

{[0,∞) 3 t 7→ (xn − xm)(t) exp (−ε0t) : n,m ≥ nε}

is uniformly bounded by a constant Kε for all t ≥ 0 and n,m ≥ nε.
By Bernstein's compactness theorem [15, Theorem 3.3.6] there exists a

convergent subsequence (xni − xmi)(t) exp (−ε0t), (i ∈ N) with respect to the
topology of uniform convergence in variable t ∈ [0, r] for all r > 0. Thus,
∀ni,mi ≥ nε :

‖xni − xmi‖Eε(Aαj ) =
1

ε
L[(xni − xmi)(t)] =

1

ε

∫ ∞
0

(xni − xmi)(t) exp (−εt)dt

=
1

ε

∫ ∞
0

[(xni − xmi)(t) exp (−ε0t)] exp [−(ε− ε0)t] dt

=
1

ε
lim
r→∞

∫ r

0
[(xni − xmi)(t) exp (−ε0t)] exp [−(ε− ε0)t] dt

≤ 1

ε
Kε lim

r→∞

∫ r

0
exp [−(ε− ε0)t] dt = Mε.

Since ‖xni − xmi‖Eε(Aαj ) =
∑

k ‖(Aj/ε)k(xni − xmi)‖C(Aαj ), that

‖Akj (xni−xmi)‖C(Aαj ) ≤ εk‖xni−xmi‖Eε(Aαj ) ≤ εkMε, (∀ni,mi ≥ nε, ∀k ≥ 1).

So,
(
Akjxni

)∞
i=1

, (∀k ≥ 1) are fundamental in C(Aαj ).

If xn → 0 in C(Aαj ), then ‖Akxni‖C(Aαj ) → 0, (∀k ≥ 1) and xni → 0 as i→
∞ in Eε(Aαj ), (∀ε > 0). Thus,

∀ε > 0, ∃nε : ‖xni‖E(Aαj ) = ‖xni‖Xj+inf{ν : xni ∈ Eν(Aαj )} < 2ε, (∀ni ≥ nε).

It means that xni → 0 as i→∞ and, as a consequence, xn → 0 in E(Aαj ).

Considering a fundamental sequence (wn)∞n=1 in ⊗̃jE(Aαj ) such that wn → 0

in ⊗̃jXj , we get wn → 0 in ⊗̃jE(Aαj ). Taking into account the continuous

embedding ⊗̃jE(Aαj ) # ⊗̃jXj , the required equality (2.1) directly follows from
[3, Theorem 7.1.7].

3. Estimates of best approximations on projective tensor
products

In this section, we prove the inverse and direct approximation theorems
on the projective tensor products of Banach spaces in the form of Bernstein-
Jackson inequalities with exact constants. Such inequalities are expressed by
the quasi-norms of approximation spaces Bsτ (⊗̃jE(Aαj ), ⊗̃jXj) associated with
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the positive operators Aj (j = 1, . . . , J). The approximation constants determi-
ned by the normalization factor

Nθ,q :=


(∫ ∞

0
tq(1−θ)−1(1 + t2)−q/2dt

)−1/q
, 1 ≤ q <∞,

θ−θ/2(1− θ)−(1−θ)/2, q =∞.

We note that Nθ,q = N1−θ,q and

min(1, s)/
√

2 ≤ s/
√

1 + s2 ≤ min(1, s),

so that N ′θ,q ≤ Nθ,q ≤
√

2N ′θ,q, where

N ′θ,q :=

{
[qθ(1− θ)]1/q, 1 ≤ q <∞,
1, q =∞.

The normalization factors Nθ,q and N
′
θ,q are used in [5,6] and [9] correspondi-

ngly.

Theorem 2. Let 0 < s < ∞, 0 < τ ≤ ∞ and κs,τ = (τ2(1 + s))1/τ . The
following inequalities hold:

‖w‖Bs,ατ,⊗j ≤ cs,τ‖w‖
s
⊗̃jE(Aαj )‖w‖⊗̃jXj , w ∈ ⊗̃jE(Aαj ), (3.1)

E(t, w; ⊗̃jE(Aαj ), ⊗̃jXj) ≤ Cs,τ t−s‖w‖Bs,ατ,⊗j , w ∈ B
s
τ (⊗̃jE(Aαj ), ⊗̃jXj), (3.2)

with cs,τ = κs,τN
−(1+s)
1/(1+s),τ(1+s), Cs,τ = 2(1+s)/2κ−1

s,τN
(1+s)
1/(1+s),τ(1+s) if τ <∞ and

cs,∞ = N
−(1+s)
1/(1+s),∞, Cs,∞ = 1.

Proof. Let 1 ≤ q <∞ and w 6= 0. We have

‖w‖q
(⊗̃jE(Aαj ),⊗̃jXj)θ,q

≤ ‖w‖q⊗̃jXj

∫ r

0
t−1+q(1−θ)dt+ ‖w‖q⊗̃jE(Aαj )

∫ ∞
r

t−1−θqdt

=
1

q(1− θ)
rq(1−θ)‖w‖q⊗̃jXj +

1

θq
r−θq‖w‖q⊗̃jE(Aαj )

=
1

qθ(1− θ)

(
‖w‖1−θ⊗̃jE(Aαj )

‖w‖θ⊗̃jXj

)q
with r = ‖w‖⊗̃jE(Aαj )/‖w‖⊗̃jXj .

If q =∞, then

‖w‖(⊗̃jE(Aαj ),⊗̃jXj)θ,∞ ≤ sup
t>0

t1−θ√
1 + t2

‖w‖1−θ⊗̃jE(Aαj )
‖w‖θ⊗̃jXj .

Thus, for 1 ≤ q ≤ ∞, we get

‖w‖(⊗̃jE(Aαj ),⊗̃jXj)θ,q ≤ N
−1
θ,q ‖w‖

1−θ
⊗̃jE(Aαj )

‖w‖θ⊗̃jXj . (3.3)
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Consider the functional

K∞(t, w; ⊗̃jE(Aαj ), ⊗̃jXj) = inf
w=w0+w1

max
(
‖w0‖⊗̃jE(Aαj ), t‖w1‖⊗̃jXj

)
.

As follows from [16, Remark 3.1],

K∞(t, w; ⊗̃jE(Aαj ), ⊗̃jXj) ≤ K(t, w; ⊗̃jE(Aαj ), ⊗̃jXj)

≤
√

2K∞(t, w; ⊗̃jE(Aαj ), ⊗̃jXj). (3.4)

Integrating by parts with the change v = t/E(t, w; ⊗̃jE(Aαj ), ⊗̃jXj), we get∫ ∞
0

(v−θK∞(v, w; ⊗̃jE(Aαj ), ⊗̃jXj))qdv/v

= − 1

θq

∫ ∞
0

K∞(v, w; ⊗̃jE(Aαj ), ⊗̃jXj)qdv−θq

=
1

θq

∫ ∞
0

v−θqdK∞(v, w; ⊗̃jE(Aαj ), ⊗̃jXj)q

=
1

θq

∫ ∞
0

(t/E(t, w; ⊗̃jE(Aαj ), ⊗̃jXj))−θqdtq

=
1

θq2

∫ ∞
0

(tsE(t, w; ⊗̃jE(Aαj ), ⊗̃jXj))θqdt/t with s = 1/θ − 1.

Using (3.4), we have

1

θq2
‖w‖θqBs,ατ,⊗j

=
1

θq2

∫ ∞
0

(tsE(t, w; ⊗̃jE(Aαj ), ⊗̃jXj))θqdt/t

=

∫ ∞
0

(v−θK∞(v, w; ⊗̃jE(Aαj ), ⊗̃jXj))qdv/v

≤
∫ ∞

0
(v−θK(v, w; ⊗̃jE(Aαj ), ⊗̃jXj))qdv/v

= ‖w‖q
(⊗̃jE(Aαj ),⊗̃jXj)θ,q

.

On the other hand,

‖w‖q
(⊗̃jE(Aαj ),⊗̃jXj)θ,q

=

∫ ∞
0

(v−θK(v, w; ⊗̃jE(Aαj ), ⊗̃jXj))qdv/v

≤ 2q/2
∫ ∞

0
(v−θK∞(v, w; ⊗̃jE(Aαj ), ⊗̃jXj))qdv/v

= 2q/2
1

θq2

∫ ∞
0

(tsE(t, w; ⊗̃jE(Aαj ), ⊗̃jXj))θqdt/t

= 2q/2
1

θq2
‖w‖θqBs,ατ,⊗j

.
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As a result, we get

‖w‖q
(⊗̃jE(Aαj ),⊗̃jXj)θ,q

≤ 2q/2(θq2)−1‖w‖θqBs,ατ,⊗j
≤ 2q/2‖w‖q

(⊗̃jE(Aαj ),⊗̃jXj)θ,q
(3.5)

with τ = θq.
Using [3, Lemma 7.1.2], we get

tsE(t, w; ⊗̃jE(Aαj ), ⊗̃jXj))θ ≤ v−θK∞(v, w; ⊗̃jE(Aαj ), ⊗̃jXj)

≤
(
tsE(t− 0, w; ⊗̃jE(Aαj ), ⊗̃jXj)

)θ
, (3.6)

which gives ‖w‖θBs,α∞,⊗j
≤ ‖w‖(⊗̃jE(Aαj ),⊗̃jXj)θ,∞

.

On the other hand,

v−θK(v, w; ⊗̃jE(Aαj ), ⊗̃jXj) ≤
√

2v−θK∞(v, w; ⊗̃jE(Aαj ), ⊗̃jXj)

≤
√

2(tsE(t− 0, w; ⊗̃jE(Aαj ), ⊗̃jXj))θ

≤
√

2(sup
t>0

tsE(t, w; ⊗̃jE(Aαj ), ⊗̃jXj))θ,

which gives ‖w‖(⊗̃jE(Aαj ),⊗̃jXj)θ,∞
≤
√

2‖w‖θBs,α∞,⊗j
. Now applying (3.3), we get

‖w‖θBs,ατ,⊗j
≤

(θq2)1/qN−1
θ,q ‖w‖

1−θ
⊗̃jE(Aαj )

‖w‖θ⊗̃jXj , q <∞

N−1
θ,∞‖w‖

1−θ
⊗̃jE(Aαj )

‖w‖θ⊗̃jXj , q =∞.
(3.7)

Setting s = 1/θ− 1 and τ = θq in (3.7), we get the required inequalities (3.1).
By integration of both sides of

min(1, v/t)K(t, w; ⊗̃jE(Aαj ), ⊗̃jXj) ≤ K(v, w; ⊗̃jE(Aαj ), ⊗̃jXj)

we get(∫ ∞
0

(
v−θ min(1, v/t)

)q dv
v

)1/q

K(t, w; ⊗̃jE(Aαj ), ⊗̃jXj) ≤

≤
(∫ ∞

0

(
v−θK(v, w; ⊗̃jE(Aαj ), ⊗̃jXj)

)q dv
v

)1/q

= ‖w‖(⊗̃jE(Aαj ),⊗̃jXj)θ,q
,(∫ ∞

0

(
v−θ min(1, v/t)

)q dv
v

)1/q

=

(∫ t

0
v(1−θ)q−1t−qdv +

∫ ∞
t

v−θq−1dv

)1/q

=
1

[qθ(1− θ)]1/qtθ
.

It follows that

K(t, w; ⊗̃jE(Aαj ), ⊗̃jXj) ≤ [qθ(1− θ)]1/qtθ‖w‖(⊗̃jE(Aαj ),⊗̃jXj)θ,q
.
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Taking into account (3.4) and (3.6), we have

v1−θE(v, w; ⊗̃jE(Aαj ), ⊗̃jXj)θ ≤ t−θK∞(t, w; ⊗̃jE(Aαj ), ⊗̃jXj)

≤ [qθ(1− θ)]1/q‖w‖(⊗̃jE(Aαj ),⊗̃jXj)θ,q
.

Applying (3.5), we get

v1−θE(v, w; ⊗̃jE(Aαj ), ⊗̃jXj)θ ≤
√

2(θq2)−1/qNθ,q‖w‖θBs,ατ,⊗j
.

So, if s = (1− θ)/θ and τ = θq, one obtains that (3.2) for 1 ≤ q <∞. If q =∞
then

tsE(t, w; ⊗̃jE(Aαj ), ⊗̃jXj) ≤ sup
t>0

tsE(t, w; ⊗̃jE(Aαj ), ⊗̃jXj) = ‖w‖Bs,α∞,⊗j

for all w ∈ Bs,α∞,⊗j . Thus, the inequality (3.2) is valid and proof is complete.

Remark 1. If τ = 2/(1+s) then for w ∈ Bs2/(1+s)(⊗̃jE(Aαj ), ⊗̃jXj), we have

E(t, w; ⊗̃jE(Aαj ), ⊗̃jXj) ≤ Cst−s‖w‖Bs,α
2/(1+s),⊗j

, (3.8)

with Cs = [((1 + s)/π) sin(π/(1 + s))](1+s)/2.

Indeed, by [14, Exercise B.5], we have Nθ,2 = ((2/π) sin(πθ))1/2. So, if
τ = 2/(1 + s) the inequality (3.2) yields (3.8).

4. Application

In this section, we consider the projective tensor products of approximation
spaces associated with the regular elliptic di�erential operators.

In the space Lpj (Ω) (1 < pj < ∞, j = 1, . . . , J) over an open
bounded set Ω ⊂ Rn with the in�nitely smooth boundary ∂Ω, we
consider the closed linear operator Aj with the domain W 2m

pj ,Aj
(Ω) ={

u ∈W 2m
pj (Ω): bjlu |∂Ω= 0, l = 1, . . . ,m

}
via the regular elliptic system [19,

De�nition 5.2.1/4]

(Aju)(ξ) =
∑
|β|≤2m

ajβ(ξ)Dβu(ξ), ajβ ∈ C∞(Ω̄), Ω̄ = Ω ∪ ∂Ω,

(bjlu)(ξ) =
∑
|β|≤ml

bjl,β(ξ)Dβu(ξ), bjl,β ∈ C∞(∂Ω), l = 1, . . . ,m.

We assume that 0 ∈ ρ(Aj). Then for su�ciently large positive numbers ρ ≥ ρ0

the operator Aj + ρ is a positive [19, Theorem 4.9.1]. Since the spaces E(Aαj )
and E((Aj + ρ)α) coincide, we can assume that Aj is a positive operator in
Lpj (Ω). It follows that the spectrum σ(Aj) is discrete and is independent on
pj [19, Section 5.4.4].
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Let Rλn(Aj) =
{
u ∈ Lpj (Ω): (λn −Aj)rnu = 0

}
be the spectral subspace,

corresponding to the eigenvalue λn of multiplicity rn. In [7, Theorem 2.2] it is
proved that the following equality holds,

Eν(Akj ) = span
{
Rλn(Aj) : |λn|k+1 < ν

}
(4.1)

for any k ∈ N. Let 0 < θ < 1, k0, k1 ∈ N and α = (1−θ)k0 +θk1. Applying [19,
Theorem 1.15.3], as well as, taking into account (4.1), we obtain

Eν(Aαj ) = span
{
Rλn(Aj) : |λn| < min

(
ν1/(k0+1), ν1/(k1+1)

)}
. (4.2)

Denote by Rν(Aαj ) the complex linear span in Lpj (Ω) of all spectral

subspaces Rλn(Aj) such that |λn|α+1 < ν. Let us de�ne on R(Aαj ) =⋃
ν>0Rν(Aαj ) the quasi-norm

‖u‖R(Aαj ) = ‖u‖Lpj (Ω) + inf
{
ν > 0: u ∈ Rν(Aαj )

}
.

Thus, we have

E(Aαj ) = R(Aαj ), ‖u‖E(Aαj ) = ‖u‖R(Aαj ), u ∈ E(Aαj ). (4.3)

Theorem 3. The following inequalities hold:

‖w‖Bs,ατ,⊗j ≤ cs,τ‖w‖
s
⊗̃jR(Aαj )‖w‖⊗̃jLpj (Ω), w ∈ ⊗̃jR(Aαj ), (4.4)

E(t, w; ⊗̃jR(Aαj ), ⊗̃jLpj (Ω)) ≤ Cs,τ t−s‖w‖Bs,ατ,⊗j , (4.5)

for w ∈ Bsτ (⊗̃jR(Aαj ), ⊗̃jLpj (Ω)), with the constants cs,τ and Cs,τ
from Theorem 2, where is denoted E(t, w; ⊗̃jR(Aαj ), ⊗̃jLpj (Ω)) =

inf
{
‖w − w0‖⊗̃jLpj (Ω) : w0 ∈ ⊗̃jR(Aαj ), ‖w0‖⊗̃jR(Aαj ) ≤ t

}
for w ∈ ⊗̃jLpj (Ω).

In addition, for τ = 2/(1 + s) the following inequality holds,

E(t, w; ⊗̃jR(Aαj ), ⊗̃jLpj (Ω)) ≤ Cst−s‖w‖Bs,α
2/(1+s),⊗j

, (4.6)

w ∈ Bs2/(1+s)(⊗̃jR(Aαj ), ⊗̃jLpj (Ω)), with Cs = [((1+s)/π) sin(π/(1+s))](1+s)/2.

Proof. Using (4.3) and Theorem 1, one obtains that

Bsτ (⊗̃jE(Aαj ), ⊗̃jLpj (Ω)) = Bsτ (⊗̃jR(Aαj ), ⊗̃jLpj (Ω))

=
(
⊗̃jR(Aαj ), ⊗̃jLpj (Ω)

)1/θ
θ,q

,

with 0 < θ < 1, τ = θq and s = 1/θ − 1.
Thus, the inequalities (4.4) and (4.5) follow directly from (3.1) and (3.2),

while (4.6) follows from (3.8).
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5. Conclusions

The approach to approximation problems considered by us is constructive
because it combines approximation with the interpolation theory that allows
to obtain the explicit formulas for estimating the approximations. The obtai-
ned inequalities that provide a sharp estimates of best approximations by
analytic vectors of positive operators on projective tensor products are only
initial results in this direction. The problem of investigating tensor products of
approximation spaces in norms other than the projective one, remains open.
Also, the problem of establishing estimates of best approximations by analytic
vectors of di�erent classes of operators on tensor products remains open.
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