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Projective tensor products of approximation
spaces associated with positive operators

Abstract. In this paper the projective tensor products of approximation
spaces associated with positive operators in Banach spaces are characteri-
zed. We show that the tensor products of approximation spaces can be
considered as the interpolation spaces generated by K-method of real
interpolation. The inequalities that provide a sharp estimates of best
approximations by analytic vectors of positive operators on projective
tensor products are established. Application to spectral approximations
of the regular elliptic operators on projective tensor products of Lebesgue
spaces is shown.
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AmHoranisi. Y cTarTi OMMCAHO TMPOEKTHUBHI TEH30pHLI JOOYTKH AIPOKCH-
MAaIifiHUX ITPOCTOPIB, ACOIIMOBAHUX 3 ITO3UTUBHUMH OllepaTopamu B Oa-
HaxXoBHUX TpocTropax. IToka3amHo, mo TeH30pHi JOOYTKM ATPOKCUMAIHIIX
IIPOCTOPIB MOXKHA PO3IJIANATH FK IHTEPIOJIAMiiHI IPOCTOPH, HOPOMKeH]
K-meronom aiicHol iHTepmoisiii. BcTaHOB/I€HO HEPIBHOCTI, IO JAIOTH TO-
9HI OIiHKY HAMKpAINX HAOGIMKEHb AHATITHUIHUMHU BEKTOPAMY TTO3UTHB-
HUX OIIEPATOPIB HA NMPOEKTUBHUX TeH30pHMX HoOyTkax. Ilokazamo 3acTo-
CyBaHHSH 10 CIEKTPAIPHAX AIIPOKCUMAIIN PEryISPHUX eTIITUIHIX OIlePa-
TODPIiB Ha MPOEKTUBHUX TEH30PHMUX H0OyTKax mpocTopis Jlebera.
Kuro4oBi ciioBa: Ten3opHi 106y TKHU, IO3UTUBHI ONIEPATOPH, AIPOKCUMA-
wifiai nupocropu, Hepisuocri Bepunireitna i /Ixkekcona

MSC2020: Pri 47A58, SEC 46M05, 41A17

1. Introduction

One of the basic notion of approximation theory is the concept of
best approximations by FE-functional, through which approximation spaces
are determined [3,16,18]. A close connection between approximation and
interpolation spaces allows to obtain the explicit formulas for estimating the
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approximations. The results obtained in this direction are formulated as inverse
and direct theorems or Bernstein-Jackson inequalities [1,2,10,12].

Applications of analytic vectors associated with the unbounded linear
operators to approximation problems can be found in [8,11,17]. A relation
between spectral subspaces and invariant subspaces of analytic vectors allows
considering spectral approximations [9].

A special scale of approximation spaces associated with positive operators
are investigated in [4]. Estimates of best approximations by exponential type
analytic functions in Gaussian random variables with respect to the Malliavin
derivative are established in [13].

Our goal is to extend inverse and direct theorems in the form of Bernstein-
Jackson inequalities on a case of best approximations on the projective tensor
products of approximation spaces associated with positive operators in Banach
spaces, and furthermore to calculate the explicit formulas for constants in these
inequalities. We also consider the spectral approximations of the regular elliptic
operators on projective tensor products of Lebesgue spaces.

2. Positive operators on projective tensor products of
Banach spaces

Let {X;, |||, };,7:1 be a finite collection of Banach spaces on C and ®;X; :=
X1 ®...® X be a tensor product with projective norm

N
of S bl el

lwllgx, = i
w:Zn ®jx” n=1

where inf takes on all representation of w € ®;X; as w = Zf:[:l ®j$¥1 with
finite N, 2, € X, and ®jx% =zl ®...® 7] € ®;X;. Completeness of ®;X;
on the projective norm we denote by @;X; 1= ¥1®...0%.

Let A; (j = 1,...,J) be a positive operator with dense domain C!(4;)
in X; (see [19, Definition 1.14.1]. Then there exists a number ¢ > 0 such that
I(A; —tD)7Y| < ¢/(1+]t]), t € (—o0,0]. An example of a positive operator
is any positive-definite self-adjoint operator in a Hilbert space. If A; is the
infinitesimal operator of strongly continuous semi-group U (¢), and there exist
M > 0,8 < 0, such that [|U(t)]| < MePt, 0 < t < oo, then by Hille-Iosida
theorem, —A; is a positive operator. However, there exist positive operators
which are not infinitesimal operators of suitable semi-groups.

Let C(Ag?) (k € Z4) be a domain of A;? and C(A7°) := (Vyez, C(A;?). We
also consider a fractional power A$ for v € C [19, Section 1.15.1]. The domain
C(A$) of A we consider as a Banach space with the norm ||.%‘HC(A?) = [|Afz|lx;,
x € C(A?‘). A7 is a continuous operator for Rea < 0 and A} is an isomorphic
mapping from C(Af) onto X; for Rea > 0 [19, Theorem 1.15.2].

Following [4], for any v > 0 we define the spaces of analytic vectors of A;

£1(A3) = {2 € C(AD): olleviag) = 3 (A7) elleqas < o).
kE€Zy
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PROJECTIVE TENSOR PRODUCTS OF APPROXIMATION SPACES
Let £(AF) = U, E"(AF) be a subspace with the quasi-norm
Illeta = lallz, +int {v > 0: & € £7(42)}

so that ||z + yHg(Aa) ||xH5(Aa) + [lylle gy for all z,y € E(A$). Denote by

®;E(AT) == E(AT) ®. ®€(A“) the tensor product with the projective quasi-
norm

_ 1 J
Hw”@jg(Ay) = . L Z ., HE(AO‘ HanS(Aﬁ)a
®jTn p=1
and ®jS(A?) = E(AD)® ... ®E(AY) its completeness on this quasi-norm.

Note that any element w of completeness ®j5(A§‘) is the sum of an
absolutely convergent series w = Y ®;xh, where ®;x7, € ®;E(A$).

Indeed, Ve >0, Jw, € ®;E(AF) such that [lw — wn||®jg(A§_x) < g/2m+2,
Since [[wnt1 — wallg,eag) < llwnsr = wllg,eae) + [0 = wallgeas) <
g/2"*! for all n € N, then every wy.1 — wy, in ®;E(AF) has representati-

l n n
on Wp41 — Wp = Zl;l;l-&)-l ®sza where Zz( l:l-:-l HxllH‘S(Aa . Hl’l Hs A%) <
|wn+1 — wn\|®jg(A?)+5/2”+1 < ¢/2". Taking into account that [[w1||g,e( (a) <
”wuéjg(A?) + JJw — w1||®jg(A?) < Hw”®gA;v + £/2, an element w;
can be representation in the form w; = 51:1 ®jx{ , such that
!
Do szlHS(A?)---HyCZ]Hz?(Ag) < ”w1”®j5(A;) +¢e/2 < ||wH®j5(A§.f) + €
So, we have Ve > 0, w = wi + >, (Wnt1 — wyp) = Y, ®ja], while
Sullztllecasy - Nz llecag) < Hw”@Jg(Aa) +e+202,6/2" = |lwllg,e (49) + 2e.

Let us define the approximation E-functional E(t,w,®J8(AJ°‘), iX;) =
inf {||w — wollg,x, : wo € @5E(AD), lwollg,e(ar) < t} for all w € &;X;.

For a pair indexes {0 < s < 00,0 < 7 < 0o} the approximation spaces is
defined as

By, = BU®E(AD), 8,%)) = {w € §;%; : [lw]lge < oo},
with the quasi-norm

oo 1/7
ol (/O [tSE(t,w;®j€(A;“),®j3€j)]7dt/t) / , 0< 7 < o0,
w Bsa =

T suptsE(t,w;®jE(A§‘),®jf{j), T = o0.
>0

For 0 <6 <1and 1< g < o0, we define the interpolation space

(®E(A9), %), = {w € ®;%;: HwH(@js(A;c),@jxj)M < OO}’
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with the quasi-norm

1

S N o = dty :
(/0 [t "K(t,w;®j5(Aj),®j3€j)}q7) ;g < oo,

IMUH(®jg@4;L®j%a)a B

© | supt UK (tw; ©;E(AT), ©;X;), q =09,
t>0
= 5 : 2 2 2 1/2
where K(tws @,6(49),8525) = it (0ol gugy + 2 0l g )

wo € ®j5(A]a-‘), w1 € ®j.’fj, for t > 0.
For details of K-method real interpolation of quasi-normed spaces we refer
the reader to [3,16].

Theorem 1. For0 <0 < 1,7 =0q, s =1/0—1 the following isomorphism

holds,
1/6

Bﬁ(@jg(A?), ®j3€j) = (®jg(z4?), ®jx]')97q , (2.1)

~ ~ 1/6 ~ ~
where <®j€(A?‘),®j%j)9q is defined to be (@jg(A?),®jxj>9q endowed with
1/6

the quasi-norm ”wH(@J]-S(A;%),@jBEj)g,q'

Proof. Let (z,)s>; C S(Afj‘) be a fundamental sequence, i.e., Ve > 0, In, :
|xn — mm||g(AJo_¢) < g, (Vn,m > ng). Then

inf{v: z, —xm € E(AJ)} <e and |zn — zmllz; <e,

in particular, T, — Tm GEEO(AJO-‘), (Vn,m >n.) for g9 < e. By Laplace’s
transform L, for each x € £°(AJ) there exists the entire function z(}) in
variable A € C of an exponential type h” < ¢,

z(N) = Y [[Afz]lcam A /K
KeZy

such that -
Jewlesag) = Llo(0] = [~ alt) exp (<et) .

where g(z) = [22[[¢iz1( 40y is the function in variable {z € C: |z[ > h"}. Using
J

an inverse transformation L', we obtain

_ 1
o) = L)) = 5 § expOAa) sl agydz, o] =eo, A€,

where h* < gy < e. Since z, — Ty, € E0(AF), (Vn,m > n.), that a set of
functions

@ = {exp (~2ob)llen — Tmllgrs(ag): mm = ne, |2 = eo, ¢ € [0,00) |
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PROJECTIVE TENSOR PRODUCTS OF APPROXIMATION SPACES
is uniformly bounded in {z € C: |z| = 9} x [0,00). Thus, a set of functions
{[0,00) > t = (2, — Tm)(t) exp (—e0t): n,m > N}

is uniformly bounded by a constant K. for all t > 0 and n,m > n..

By Bernstein’s compactness theorem [15, Theorem 3.3.6] there exists a
convergent subsequence (x,, — o, )(t) exp (—eot), (i € N) with respect to the
topology of uniform convergence in variable t € [0,r] for all » > 0. Thus,
Vn;, m; > ne :

o, = e 4 = Ll = 2O = [ = m)0) 0 (-t
= é /OOO [(anZ - $ml)(t) exp (—50t)] exp [_(5 _ Eo)t] dt
- érlggo [(Zn, — @m, ) (t) exp (—eot)] exp [~ (e — e0)t] di
0
1 T

< -K. lim [ exp|—(e —ep)t]dt = M..

€ r—oo [q
Since [|lzn, — @m,lle=(ae) = Xp [(4;/€)* (@n, — zm,)llc(as), that
||Af($nrxmi)||cm?) < €k\|$nﬁ$mi||58(,4;v) <e"M., (Vni,mi >ne, Yk >1).

So, (A?xni)zl, (Vk > 1) are fundamental in C(A$).

If z, — 0 in C(A9), then HAka:niHC(A?) -0, (Vk>1) and ,, » 0 as i —
oo in £°(AF), (Ve > 0). Thus,

Ve >0, dn.: HxnzHé‘(A;") - meH%] —|—inf{y: Tn,; € ‘C’W(A?)} < 2, (vn% > 77‘6)'

It means that z,, — 0 as ¢ — 0o and, as a consequence, z, — 0 in E(A?).

Considering a fundamental sequence (wy,)p%; in @;€(A$) such that w, — 0
in ©;X;, we get w, — 0 in ®;E(A$). Taking into account the continuous
embedding @;E(AY) & @;X;, the required equality (2.1) directly follows from
[3, Theorem 7.1.7].

3. Estimates of best approximations on projective tensor
products

In this section, we prove the inverse and direct approximation theorems
on the projective tensor products of Banach spaces in the form of Bernstein-
Jackson inequalities with exact constants. Such inequalities are expressed by
the quasi-norms of approximation spaces B3 (®;E(A$), ®;X;) associated with
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the positive operators A; (j = 1,...,J). The approximation constants determi-
ned by the normalization factor

o0 1
(/ $a1=0)-1(1 +t2)"1/2dt) <<,
N97q = 0

9—0/2(1 _ ‘9)—(1—6)/2’ q = oo.

We note that Ny, = N1_g, and

min(1,s)/v2 < s/v/1+ s2 < min(1, s),
so that N g S Nog < \/§Né ” where
/ [q0(1 = 0)]"/9, 1< g < oo,
NGq =
’ L, q=00

The normalization factors Ny, and Ny . are used in [5,6] and [9] correspondi-
ngly.

Theorem 2. Let 0 < s < 00,0 < 7 < 00 and ks, = (T2(1+ 8))/7. The
following inequalities hold:

lwllge < esrllwly e lwlla,x, w € &E(A7), (3.1)

E(t, w; @;E(AF), @;X;) < Cortwllgzg w € B(®;E(AF), @;X;),(3.2)

. . —(1+s) 5 _ (1+s) .
with cs 7 —(K,S T)Nl/(1+s),r(1+s)f Csr = o(1+5)/2 1N1/(1+s) (14s) if T < oo and
_ 1+s _
Cs,00 = Nl/(1+s) o Cs00 = 1.

Proof. Let 1 < ¢ < oo and w # 0. We have

o.9]
q —1+¢(1-6) —1-0q
Il eas).8,%,000 < IIwH®j3€j/ t dt + vl e Aa)/T Tt

1 1
— Dl O

q(1—6) ®;iX;  fq ®;E(A9)
q
= (ol e el
q0(1 - 06) &; 5 A&, %;
with 7 = [0z, e0am /0l x,
If ¢ = o0, then
- 9
Hw”(sz:»:(A;!)7@)]95]-)@,oo < iup \/17” ||® £(A2) ||1UH®]xJ
Thus, for 1 < ¢ < oo, we get
0
0l @ e43).8, %0, < Vg 101 20 015 - (3.3)
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PROJECTIVE TENSOR PRODUCTS OF APPROXIMATION SPACES

Consider the functional
Koot w; @;€(AT), ©;%;) = _inf = max (Hw0H®jg(A;)7tleH@jasj) :
As follows from [16, Remark 3.1],
Koo (t, w; ®jg(A]a), ®j%j) < K(t, w; ®JS(AJQ), ®jfj)
< V2Rt w; @;E(AY), ®;%;).  (3.4)

Integrating by parts with the change v = t/E(t,w; ®;€(A}), ©;%;), we get
/OOO(U_HKOO(U,QU; ®j5(AJQ‘), ®;X;))%dv/v
_ _elq /OOO Koo (0, w; ;€ (A), &,2,)1du "
= qu/ooo U_quKoo(v,w; ®j5(A§‘), ®;%;)7

1 [ el ey & e
-5 / () E(t, w: 9;€(AL), &%) %10

1
= 07

Using (3.4), we have

/ (EE(t,w; ©;E(AT),®;X;))dt/t  with s=1/0—1.
0

o

1 N i
b9 (t° B(t, w; ®;E(AY), ®;%;))dt/t

Wiz, =52 ),

.
0q?
— [ Ko i 8,6(49), 8,%,)) o
0

< / (v K (v, w; ®;€(AT), ©;%;)) dv/v
0

q

= ||W ~ ~ .
| ||(®j5(A;¥),®jaej)0,q

On the other hand,

I 5,1, = | R s dseag).8,2) a0

< 99/2 /0 (077 Koo (v, w3 &5 (AF), @) dv /v

1o o

1 0
= 2‘7/29—q2||wH .

8
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As a result, we get

q_ i < 24/2(g?) 1 b < 24/2|qp]4 3.5
”w”(®j€<A?>v®m)9,q_ (6g*)~ IIwIIB 2 ||w||(® £A9.55,), (3.5)

with 7 = fq.
Using [3, Lemma 7.1.2], we get

t E(t,w; @;E(AF), ®jxj))9

IN

v Koo (v, w; ©;E(AT), ®;%;)

< (PE(—0,w;&;8(A2),8,%,) . (36)

6 .
which gives [|w]| e < ||w||( (A42).8,%,),
On the other hand
-0 =y ay S oy -0 -y ay & oy
v K (v, w; @;E(AT), ®;X;) < V2v Koo(v, w; @;E(AT), ©;X;)

IN

V2(EE(t — 0,w; ®;E(AY), ©;%;))°

< V2(sup t°E(t, w; @,6(A2), @,%))’,
t>0

which gives ||wH(®jg(A?),®jxj)9 < \/inH%s,a@ . Now applying (3.3), we get
100 00,®j
(qu)qu 2wl g A2) lwlg v, a<o0
HwHB < (3.7)

H |® E,‘(AO‘)H H® x Y q = OQ.

Setting s = 1/0 — 1 and 7 = fq in (3.7), we get the required inequalities (3.1).
By integration of both sides of

min(1,v/t) K (t, w; ®jE(A?), ®;X;) < K(v,w; ®j5(A]O~‘), ®;X;)
we get

(/oo (v_amin(l,v/t))q ?)UqK(t,w;@jg(A?)’@j%j) <

q dv

0
L, ~ ~ 1/q
< ([T (o musdie).8,%)) ) = ol e 0,1,

o0 1/q t 0o 1/q
</ (’U_e mln(17v/t))q dv) e </ U(l_e)q_lt_qdv +/ U—Gq—ldv>
0 v 0 .
1

" g0 — o)) Vu

It follows that
K(t,w; ®;E(AT), ®;%;) < [¢0(1 — 9)]1/%9!’“}“(®jg(Ag),®jxr)0 :
»q
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Taking into account (3.4) and (3.6), we have

VB (0, w; ©;E(AT),®;%;) < tTPKo(t,w; ©;E(AT), ®;%;)

N

_ p\1t/a B .
b1 = 0wl (5, 5000 0,1,

Applying (3.5), we get

VOB (0, w; B5E(A2), 8;%,)" < V3(06%) YNy gl

J
So, if s = (1 — 0)/0 and T = fq, one obtains that (3.2) for 1 < ¢ < o0. If ¢ = 00
then

PE(t w; @,E(A7), ©;%;) < sup Bt w; §;€(AT), 9;%)) = [wlsze,

for all w € Bf;f@)j. Thus, the inequality (3.2) is valid and proof is complete.

Remark 1. If 7 =2/(1+s) then for w € Bg/(1+s)(®j5(A?‘), ®;X;), we have

E(t,w; ®jg(z4?), ®j%j) < Cst_S”wHB;’/(Z1+s) .’ (3.8)
]
with Cs = [((1 + s)/7) sin(7 /(1 + 3))](1+8)/2_

Indeed, by [14, Exercise B.5], we have Npo = ((2/7)sin(n6))"/2. So, if
T =2/(1+ s) the inequality (3.2) yields (3.8).

4. Application

In this section, we consider the projective tensor products of approximation
spaces associated with the regular elliptic differential operators.

In the space L, () (1 < p; < oo,j = 1,...,J) over an open
bounded set Q@ C R"™ with the infinitely smooth boundary 0f2, we
consider the closed linear operator A; with the domain WI?]TAj(Q) =

{u € ngm(Q): bjulon=0,1=1,... ,m} via the regular elliptic system [19,
Definition 5.2.1/4]

(Aju)(©) = Y a;s()Du(g), ajp€C™(Q), Q=0QU0,
|B]<2m

(bu)(€) = Y bup©)Du(€), bjs e CX(0Q), I=1,...,m.

|B]<my

We assume that 0 € p(A4;). Then for sufficiently large positive numbers p > pg
the operator A; + p is a positive [19, Theorem 4.9.1]. Since the spaces S(A?)
and £((A; + p)®) coincide, we can assume that A; is a positive operator in
Ly;(82). Tt follows that the spectrum o(A;) is discrete and is independent on
pj [19, Section 5.4.4|.
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Let R, (Aj) = {u e Ly, (Q): (\y — A;)"u = 0} be the spectral subspace,
correspondmg to the eigenvalue \,, of multiplicity r,. In [7, Theorem 2.2]| it is
proved that the following equality holds,

EV(Aé?) = span {RAn(Aj): AP < 1/} (4.1)

forany k € N. Let 0 < 0 < 1, ko, k1 € Nand a = (1 —60)ko+0k;. Applying [19,
Theorem 1.15.3], as well as, taking into account (4.1), we obtain

£”(A%) = span {RM (4;): [An| < min (y1/<’€o+1>, y1/<k1+1>)} L (42)

Denote by R”(Af) the complex linear span in Ly (€2) of all spectral
subspaces Ry, (4;) such that |A,|*™' < v. Let us define on R(AT) =
U0 RV (4F) the quasi-norm

[ull a2y = llullL,, @) + inf {v>0:ueR(AD)}.
Thus, we have
E(AF) = R(AF),  llulleaz) = lullr(as), e E(AF). (4.3)
Theorem 3. The following inequalities hold:
lwllsg < eselloly giaslwlle, L, @) w € ©R(AT), (4.4)

E(t7 w; ®]’R(Ajo'[)v ®ijj (Q)) < Cs,ft_SHwHBf_:%j ) (45>

for w € BI®;R(AY),®;Ly,(Q)), with the constants cs, and Cs,
from  Theorem 2, where s denoted E(t,w;®;R(AS),®;Ly,(Q)) =
inf {||w —wollg,z,, (@) wo € D R(AF); wolle,r(as) < t} for w e @;L,,(Q).

In addition, for 7 =2/(1 + s) the following inequality holds,
E(t, w; @R (A7), @; L, () < Ct™*||wl| e

2/(1+9),®; (46)
w e BS/(HS)(@@J-R(A;?‘), ®; Ly, (Q)), with Cs = [((1+s)/m) sin(m/(14-s))]1+4)/2,
Proof. Using (4.3) and Theorem 1, one obtains that

B (@;E(AF), ®;Lp, () = BJ(R;R(AF), ®;Lp,(2))
o 1/6
= (&R(49), 5Ly, (),
with0 <6 <1, 7=0gand s=1/0—1.
Thus, the inequalities (4.4) and (4.5) follow directly from (3.1) and (3.2),
while (4.6) follows from (3.8).
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5. Conclusions

The approach to approximation problems considered by us is constructive
because it combines approximation with the interpolation theory that allows
to obtain the explicit formulas for estimating the approximations. The obtai-
ned inequalities that provide a sharp estimates of best approximations by
analytic vectors of positive operators on projective tensor products are only
initial results in this direction. The problem of investigating tensor products of
approximation spaces in norms other than the projective one, remains open.
Also, the problem of establishing estimates of best approximations by analytic
vectors of different classes of operators on tensor products remains open.
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