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The norming set of a bilinear form
on a certain normed space R?

Abstract. In this paper we classify the norming set of a bilinear form
on the plane with a certain norm whose unit ball has only four extreme
points. We obtain the results of [6, 8] as corollary.
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Amnoraniga. ¥ uiii crarti Mu KiaacudikyeMo HOPMYIOYy MHOXKUHY OiiiHiii-
HOT (bOpMHM HA TUTOIMHI 3 TIEBHOIO HOPMOIO, OAMHUTHA KYJIST IKOT MA€ JINIIe
4oTUpH eKcTpeMaJbHl Touku. OTpumMyemo pesynbraTu [6, 8] sk HAC/IIIOK.
KurouoBi ciioBa: ekcrpemMasibHi TOYKH, OiiHiNHI (HDOpMEU, HOPMYIOYi TO-
9KH, HOPMYIOIl MHOXKWHHA
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1. Introduction

In 1961 Bishop and Phelps [2] initiated and showed that the set of norm
attaining functionals on a Banach space is dense in the dual space. Shortly
after, attention was paid to possible extensions of this result to more general
settings, specially bounded linear operators between Banach spaces. The
problem of denseness of norm attaining functions has moved to other types
of mappings like multilinear forms or polynomials. The first result about norm
attaining multilinear forms appeared in a joint work of Aron, Finet and Werner
[1], where they showed that the Radon-Nikodym property is sufficient for the
denseness of norm attaining multilinear forms. Choi and Kim [3] showed that
the Radon-Nikodym property is also sufficient for the denseness of norm attai-
ning polynomials. Jiménez-Sevilla and Pay4d [5] studied the denseness of norm
attaining multilinear forms and polynomials on preduals of Lorentz sequence
spaces.

Let n € Ny,n > 2. We write Sg for the unit sphere of a Banach space FE.
We denote by L("E) the Banach space of all continuous n-linear forms on E
endowed with the norm ||T|| = sup(y, .. z.)esmx-xsp [T (@1, x0)|. Ls("E)
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denote the closed subspace of all continuous symmetric n-linear forms on F.
An element (x1,...,z,) € E™ is called a norming point of T if ||xi|| = --- =
Joall = 1 and [T (a1, .., 0)| = 7]l

For T € L("E), we define

Norm(7T) = {(:1:1, ..., Tp) € E": (21,...,xy,) Is a norming point of T}.

Norm(T') is called the norming set of T. Notice that (x1,...,z,) € Norm(T)
if and only if (e121,...,€ey2n) € Norm(T') for some ¢, = 1 (kK = 1,...,n).
Indeed, if (z1,...,2,) € Norm(T'), then

IT(e121, ..., enxn)| = |€1- - €T (21,...,xn)| = |T(x1,...,20)| = ||T,

which shows that (e1z1,...,€e,2,) € Norm(T). If (€121, ..., €,2,) € Norm(T)
for some ¢, = £1 (k=1,...,n), then

(T1,...,xp) = (el(elxl), cee en(enxn)) € Norm(T).
The following examples show that Norm(7') = () or an infinite set.

Examples. (a) Let

oo

T((mi)iel\h (yi)ieN) = Z %%yz € ES(QCQ).

i=1

We claim that Norm(T') = §. Obviously, || 7| = 1. Assume that Norm(T') # 0.
Let ((l’z‘)ieN, (%)ieN) € Norm(T'). Then,

1 1
= |7 (@diens (idien)| €Y gilail Il <32 5 = 1,

i=1 i=1

which shows that |x;| = |y;| = 1 for all i € N. Hence, (2;)ien, (¥i)ien € co-
This is a contradiction. Therefore, Norm(T') = (.

(b) Let
T<($i)ieNa (Z/i)ieN) =21y1 € Ls(3cp).
Then,
Norm(7T) = {((il,afg,a?g, ),y (£1,y2,v8, . )) Eco Xty <1,

gy < 1for j > 2}

A mapping P : E — R is a continuous n-homogeneous polynomial if there
exists a continuous n-linear form L on the product F x --- x E such that
P(z) = L(x,...,z) for every z € E. We denote by P("E) the Banach space
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of all continuous n-homogeneous polynomials from FE into R endowed with the
norm || P = supyy iy |P(x)].

An element z € E is called a norming point of P € P("E) if ||z|| = 1 and
|P(z)| = ||P||. For P € P("E), we define

Norm(P) = {a: € E : x is a norming point of P}.

Norm(P) is called the norming set of P. Notice that Norm(P) = ) or a finite
set or an infinite set.

Kim [7] classified Norm(P) for every P € P(2¢%)), where (2, = R? with the
supremum norm.

If Norm(T) # 0, T € L(™FE) is called a norm attaining n-linear form
and if Norm(P) # 0, P € P("E) is called a norm attaining n-homogeneoue
polynomial.(See [3])

For more details about the theory of multilinear mappings and polynomials
on a Banach space, we refer to [4].

It seems to be natural and interesting to study about Norm(7') for T' €
L("E). For m € N, let £ := R™ with the the £,-norm (1 < p < oo). Notice
that if B = (7 or 2, and T € L("E), Norm(T) # () since Sg is compact. Kim
[6, 8, 9, 10] classified Norm(T) for every T € Ls(202.), L(26%), L(363), Ls(?63)
or Ls(362). Kim [11] classified Norm(T) for every T € £(2Ri(w)), where Ri(w)
denotes the plane with the hexagonal norm of weight 0 < w < 1 endowed with
@) llnwy = max {Jyl, [2] + (1= w)ly|}.

Let d.(1,w)? = R? with the octagonal norm of weight 0 < w < 1 endowed

with [|(z, )|, (1,0) = max{]x\, lyl, %} Kim [12] classified the set

NALCd,(1,w)?)) (21, Zo) :=={T € Sr2d, (1,w)2) + T attains its norm at
(Z1,Z2)} for given unit vectors Zy, Zs € d*(l,w)Q.

Throughout the paper, we let Rﬁ” denote the plane with the norm such
that {+A, £ B} is the set of all extreme points of its unit ball with A # B. We
let @ ={(A,A),(A,B),(B,A),(B,B)}.

In this paper we classify the norming set of a bilinear form on Rﬁ'H in terms
of Q. We obtain the results of [6, 8] as corollary.

2. Results

Let T((z1,41), (22,92)) = az122 + byrya + cxrye + dyroz € LOR]) for
some a,b,c,d € R.

Let
Wy = {tA+(1—t)BfA+(1—t)B):0<tt <1},
Wy = {#(A+(1—-)B,~tA+(1—t)B):0<t,t <1},
Wi {(—tA+(1—-t)B,~t A+ (1—t)B):0< t,t <1},
Wy = {(—tA+(1—t)B,~-t A+ (1—t)B):0<t,t <1}
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Theorem 1. Let T € L'(Q]Rﬁ.”). Then
1T} = max{|T'(A, A)|,[T(B, A), IT(A, B)|, |T(B, B)|}.

Proof. By the Krein-Milman Theorem, SRﬁ | is the closed convex hull
of the set {+£A,£B}. Let (X,Y) € S]R{ﬁ ;X S]Rﬁ r Without loss of
generality we may assume that (X,Y) € Uj<;cuW;. Let M =

max{|T(A, A)|,|T(B, A)|, T(4, B)|, |T(B, B)|}. Obviously, M < |T|. By the
bilinearity of T, it follows that for 0 < ¢,¢ < 1,

IT(X,Y)| < t|T(AA)|+ (1 -t [T(B,A)| + (1 —t)|T(A, B)|
+ (=11 )T(B,B)| < M,
which shows that ||T|| < M. Therefore, |T|| = M.

Lemma 1. Let n € N and wj,t; € R for j =1,...,n be such that |w;| <
1,0<t; <1and 377 tj = 1. Suppose that 1 = ‘Z?Zl tjwj‘. If lwj,| <1 for
some jo € {1,...,n}, then tj, = 0.

Proof. Assume the contrary. It follows that

n n
1 = ‘thwj‘gtjo|wjo|+ > tilwl
=1 1<j#jo<n

n
<t + Z tilw;| (because tj, > 0 and |wj,| < 1)
1<j#jo<n

n
< o+ Z tj =1,
1<j#j0<n
which is a contradiction. Therefore, we complete the proof.

Let
Q=1{(4,4),(A,B),(B,A),(B,B)}

and
i = T(A/A),la=T(B,A),ls=T(A,B),ly =T(B,B).
We are in position to prove the main result of this paper.

Theorem 2. Let T € E(Q]Rﬁ.”) with ||T|| = 1.

Then the following assertions hold:
Case 1. |[Norm(T)N Q| =1
Then
Norm(7T) = {(£X,1Y) : (X,Y) € Norm(T') N Q2}.
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Case 2. [Norm(7T)N Q| =2

Suppose that Norm(T) NQ = {(A, A),(B,B)} or {(A,B), (B,A)}.
Then
Norm(7T) = {(£X,2Y) : (X,Y) € Norm(T") N Q2}.

Suppose that Norm(T') N Q2 = {(A, A), (A, B)}.
If lllg = 1, then

Norm(T) = {(iA,i(tA +(1-1tB):0<t< 1}.
If l1l3 = —1, then
Norm(T) = {(iA,i(—tA +(1-tB):0<t< 1}.

Suppose that Norm(T) N Q = {(B, B), (B, A)}.
If Isly = 1, then

Norm(T) = {(iB,i(tB F(1—t)A):0<t< 1}.
If Isly = —1, then
Norm(T) = {(iB, +H(—tB+(1-t)A):0<t< 1}.

Suppose that Norm(T) N Q = {(A, A),(B,A)}.
If l1lo = 1, then

Norm(T) = {(i(tA +(1—t)B),£4):0<t< 1}.
If lllz = —1, then
Norm(T) = {(i(—tA F(1-t)B),£4):0<t< 1}.

Suppose that Norm(T') N Q = {(B, B), (A, B)}.
If l3l4 = 1, then

Norm(T) = {(i(tB F(1-HA),+B):0<t< 1}.
If I3ly = —1, then
Norm(T) = {(i(—tB +(1-tA),+B):0<t< 1}.

Case 3. |Norm(7)N | =3
Suppose that (A, A) ¢ Norm(T') N €.
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If lyly = lsly = 1, then
Norm(T) = { (£B, £(tA + (1 - ) B)), (£(tA + (1 — 1)B), £B) -
0<t< 1}.
Iflyly = —Isly = 1, then
Norm(T) = {(iB, L(tA+ (1 —t)B)), (£(~tA+ (1 - t)B),£B): 0 < t < 1}.
If —loly = Isly = 1, then
Norm(T) = {(iB,i(—tA +(1—t)B)), (£(tA+ (1 —t)B),£B):0<t < 1}.

If loly = l3ly = —1, then
Norm(T)

- {(iB, H(—tA+ (1 —1)B)), (£(—tA+ (1 —)B),+B): 0<t < 1}.

Suppose that (B, B) ¢ Norm(T") N .
If lgll = l3l1 = 1, then

Norm(T) = {(iA, L(tA+ (1—8)B)), (£(tA+ (1 —t)B),£4): 0 < t < 1}.
Ifloly = —lsh = 1, then

Norm(T) = {(iA, L(tA— (1—1)B)), (£(tA+ (1 —t)B),£A): 0 < t < 1}.
If —loly = Ish = 1, then

Norm(T) = {(iA, L(tA+ (1 - 1)B)), (£(tA— (1 —t)B),£A): 0 <t < 1}.
If Iyl = Isly = —1, then

Norm(T) = {(iA, H(tA— (1—8)B)), (£(tA — (1 —t)B),£4) : 0 < t < 1}.

Suppose that (A, B) ¢ Norm(T) N Q.
If l1l2 = l2l4 = 1, then

Norm(T) = {(iB,i(tA +(1—1)B)), (£(tA+ (1 —t)B),£4): 0 <t < 1}.
[flily = —lyly = 1, then

Norm(T) = {(iBji(—tA +(1—-1)B)), (£(tA+ (1—t)B),£A): 0<t < 1}.
If —lily = loly = 1, then

Norm(T) = {(iB,i(tA +(1=t)B)), (£(—tA+ (1 —)B),£A4): 0<t < 1}.

76



THE NORMING SET OF A BILINEAR FORM ON A CERTAIN NORMED SPACE R?

If lily = laly = —1, then
Norm(T)

- {(iB,i(—tA +(1—t)B)), (£(—tA+ (1 —)B),£A4): 0 <t < 1}.

Suppose that (B, A) ¢ Norm(T) N Q.
If lils = I3ly = 1, then

Norm(T) = { (£4, £(tA+ (1 - t)B)), (£(tA+ (1 — )B), +B) : 0 < t < 1},
If lyls = —Isly = 1, then

Norm(T) = {(j:A, +(tA— (1 - t)B)), (£(tA+ (1 —t)B),£B) : 0 < t < 1}.
If —lhls = Isly = 1, then

Norm(T) = {(iA,i(tA +(1-1)B)), (£(tA— (1—t)B),+B):0<t < 1}.
If Ihls = I3ly = —1, then

Norm(T) = {(iA,i(tA —(1—#)B)),(£(tA— (1 —t)B),£B):0<t < 1}.

Case 4. [Norm(T) N Q| =4
If (11,12, 13,14) = (1,1,1,1) or (—1,—1,—1,—1), then

Norm(T) = {(i(tA FA-t)B), £t A+(1-t)B)):0<tt < 1}.
If (I1,19,13,14) = (1,1,1,—-1) or (=1,—1,—1,1), then

Norm(T) = {(iA,i(tA—i—(l—t)B),(i(tA—i—(l—t)B,iA),

(£B,£(tA— (1 —t)B), (£(tA— (1 - t)B,£B) : 0 < t < 1}.
If (I Iy 15, 1) = (1,1, —1,1) or (—1,—1,1, 1), then
Norm(T) = {(iA, +(tA — (1 - t)B), (£(tA+ (1 — t)B, £A),
(£B,£(tA+ (1 —t)B), (£(tA— (1 - t)B,£B) : 0 < t < 1}.
If (I I, I3, 1) = (1,—1,1,1) or (—1,1,—1,—1), then
Norm(T) = {(iA, L(tA+ (1 —1)B), (£(tA — (1 — t)B, £A),
(£B,£(tA— (1 —)B),(£(tA+ (1 - t)B,£B) : 0 < t < 1}‘
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If (I, 10,13, 1) = (1, —1,—1,1) or (=1,1,1,—1), then
Norm(T { LA, (A — (1—1)B), (£(A — (1 - 1)B, £A),
(£B,£(tA— (1 —)B),(£(tA— (1 —t)B,£B) : 0 < t < 1}.
I (I, b, 1, 1) = (1, ~1) or (1,1, ~1,1), then
Norm(T {iA L(tA+ (1 - t)B), (£(tA— (1 —t)B,£A),
(£B,£(tA+ (1 —t)B), (£(tA— (1 —t)B,£B) : 0 < t < 1}.
I (11, 1, 1, 1) = (1, ~1) or (—1,~1,1,1), then
Norm(T { (£A, £(tA — (1 — £)B), (£(tA+ (1 — t)B, £A),
(£B,£(tA— (1 —t)B), (£(tA+ (1 - t)B,£B) : 0 < t < 1}.
I (I, b I3, 1) = (1, -1, -1, -1) or (=1,—1,—1,1), then
Norm(T { (£A, +(tA — (1 — 1)B), (£(tA — (1 — 1) B, +A),

(£B,£(tA+ (1 —)B),(£(tA+ (1 - t)B,£B): 0 <t < 1}.

Proof. Let (X,Y) € Norm(7). Without loss of generality we may assume
Let (X,Y) € Wy with X =tA+ (1 —t)B,Y =t A+ (1 —t)B for some
0 <tt <1.1Tt follows that

(1) 1 = |T(X,Y)|=|TtA+ (1 —t)B,t A+ (1 —t)B)|
= |t T(A A) + (1 — )t T(B,A) +t(1 —t)T(A,B)
+ (1-t)(1—-tT(B,B)|.
Let (X,Y) € Wy with X = tA+ (1 —t)B,Y = —t A+ (1 — t')B for some
0< ¢, t < 1. It follows that
(2) 1 = |T(X,Y)|=|T(tA+(1—t)B,—t A+ (1—t)B)|
= |—t'T(AA) - (1=t T(B,A) +t(1-t)T(A,B)
+ (1-t)(1—-t)T(B,B)|.
Let (X,Y) € W3 with X = —tA+ (1 —t)B,Y = —t' A+ (1 —t')B for some
0< t,t/ < 1. It follows that
3) 1 = |T(X,Y)|=|T(—tA+ (1—t)B,—t A+ (1 —t)B)|
= |[t'T(A,A) — (1 -t T(B,A) —t(1—t)T(A,B)
+ (1-t1—-t)T(B,B)|.
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Let (X,Y) € Wy with X = —tA+ (1 —t)B,Y =t A+ (1 —t')B for some
0 <t,t <1.1It follows that

(4) 1 = |T(X,Y)| = |T(—tA+ (1 —t)B,t A+ (1—1t)B)|
= | —tT(AA) +(1—-t)tT(B,A) —t(1—t)T(A,B)

+ (1-t)1—-tT(B,B)|.

Case 1. [Norm(T)NQ| =1

Suppose that Norm(T) N Q = {(4, A)}.

By (1) — (4) and Lemma 1, (1 —#)t =t(1—t)=(1—t)(1—-t)=0.So
t=t =1 and Norm(T) = {(£A,+A)}.

Suppose that Norm(7) N Q = {(A, B)}.

By (1)—(4) and Lemma 1, tt' = (1—t)t = (1-t)(1—t) =0.Sot =1, =0
and Norm(T") = {(+A,£B)}.

Suppose that Norm(T) N Q = {(B, A)}.

By (1)—(4) and Lemma 1, tt = t(1—t)
and Norm(T') = {(£B,+A)}.

Suppose that Norm(7) N Q = {( ,B)}.

By (1) — (4) and Lemma 1, tt' = (1 —t)t =t(1—t)=0.Sot=1t =0
and Norm(7T') = {(£B,£B)}.

Therefore, Norm(7') = {(£X,1Y) : (X,Y) € Norm(7T') N Q}.

= (1-t)(1-t)=0.S0t=0,t =1

Case 2. |[Norm(7T)N Q| =2

Suppose that Norm(7) N Q = {(A,A),(B,B)} or {(A,B), (B,A)}.

Notice that {(£X,£Y) : (X,Y) € Norm(7) N Q} C Norm(7).

Let Norm(T)NQ = {(A, A), (B, B)}. By (1)—(4) and Lemma 1, (1—t)t =
0.Ift=1,then X = Aand 1 = [t T(A,A) + (1 — t)T(A, B)|. By Lemma 1,
1 —t =0 because |T(A,B)] <1.So Y = A. Hence, (X,Y) = (4, A).

If t =0, then Y = B and 1 = [tT(A, B) + (1 — t)T(B, B)|. By Lemma 1,
t =0 because |T'(A, B)| < 1. So X = B. Hence, (X,Y) = (B, B).

Therefore, Norm(T') = {(£A, £A), (£B,+B)}.

Let Norm(T) N Q = {(A4, B), (B, A)}. By (1) — (4) and Lemma 1, tt' = 0.
If t =0, then X = Band 1 = |t T(B,A) + (1 —t)T(B, B)|. By Lemma 1,
1 —t =0 because |T(B,B)| < 1. So Y = A. Hence, (X,Y) = (B, A).

Ift =0, then Y = Band 1 = [tT(A,B) + (1 — t)T(B,B)|. By Lemma 1,
1 —1t¢ =0 because |T'(B,B)| < 1. So X = A. Hence, (X,Y) = (A, B).

Thus Norm(T) = {(£A, +B), (£B, £A)}.

Therefore, Norm(7') = {(£X, 1Y) : (X,Y) € Norm(T) N Q}.

Suppose that Norm(T) N Q = {(A4, A), (A, B)}.

Let l1l3 = 1. Notice that

(%) {(iA, LA+ (1-1)B)):0<t< 1} C Norm(T).
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By (1) — (4) and Lemma 1, (1 —t)t' = (1 —t)(1 —t') = 0. Then t = 1 and so
X = A. By (%), Norm(T) = {(j:A,i(tA +(1-t)B)):0<t< 1}.
Let l1l3 = —1. Notice that

(%) {(iA, H(—tA+(1—t)B)):0<t< 1} C Norm(T).

By (1) — (4) and Lemma 1, (1 —¢)s = (1 —¢)(1 —s) = 0. Then ¢ = 1 and so
X = A. By (+), Norm(T) = {(j:A, +(—tA+(1-)B)):0<t< 1}.
Suppose that Norm(7) N Q = {(B, B), (B, A)}.
Changing A and B by B and A and by the above result, It follows that if
laly = 1, then Norm(7T') = {(:I:B,:I:(tB +(1-1tA):0<t< 1} and that if

Ialy = —1, then Norm(T) = {(iB,i(—tB F(1-HA):0<t< 1}.

Suppose that Norm(7) N Q = {(A4, A), (B, A)}.

Let l1l» = 1. Then {(i(tA +(1—t)B),+A):0<t < 1} C Norm(T). By
(1) — (4) and Lemma 1, t(1 —t) = (1 —t)(1 —=t) = 0. Then ¢ = 1 and so
Y = A. Hence, Norm(T)) = {(i(tA +(1-t)B),£4):0<t< 1}.

Let 1l = —1. Then {(j:(—tA—|- (1-t)B),£4):0<t< 1} C Norm(T).
By (1) — (4) and Lemma 1, t(1 —¢') = (1 —#)(1 —t') = 0. Then t = 1 and so
Y = A. Hence, Norm(T) = {(i(—tA +(1—t)B),£A4):0<t< 1}.

Suppose that Norm(T) N Q = {(B, B), (A, B)}.

Changing A and B by B and A and by the above result, It follows that if
Iy = 1, then Norm(T)) = {(j:(tB F(1-t)A),£B):0<t< 1} and that if
Iy = —1, then Norm(T) = {(j:(—tB +(1-tA),+B):0<t< 1}.

Case 3. |Norm(7)N Q| =3

Suppose that (A, A) ¢ Norm(7") N Q.

By (1) — (4) and Lemma 1, tt' = 0.

Let l3ly = Il3ly = 1. Notice that {(:l:B,:i:(tA + (1 —=1t)B)), (£(tA+ (1 —
#)B),£B):0<t< 1} C Norm(T).

Ift =0, then X = Band 1 = [t T(B,A) + (1 —t)T(B,B)|. So Y =
t'A+ (1 —t)Bfor every 0 <t < 1.

Ift =0, then Y = B and 1 = |tT(A,B) + (1 — t)T(B,B)|. So X =
tA+ (1 —1t)B for every 0 <t < 1.

Hence, Norm(T') = {(iB,i(tA+ (1—t)B)), (£(tA+ (1 —)B),+B): 0 <

t<1y.
By analogous arguments, the other cases follow. We omit them.
Suppose that (B, B) ¢ Norm(7') N Q.
Changing A and B by B and A and by the above result, It follows.
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Suppose that (A, B) ¢ Norm(T") N 2.

By (1) — (4) and Lemma 1, t(1 —t') = 0.

Let l;ly = —lsly = 1. Notice that {(:l:B, +(—tA+(1—-1t)B)), (£(tA+ (1 —
#)B),£A): 0 <t < 1} C Norm(T).

Ift=0,then X =Band 1 =|—tT(B,A) + (1 —t)T(B,B)|. So Y =
—t'A+ (1 —t)Bforevery 0 <t < 1.

Ift =1,then Y = A and 1 = [tT(A,A) + (1 — )T (B, A)]. So X =
tA+ (1 —t)B for every 0 < t < 1. Thus Norm(7T) = {(:tB,:t(—tA + (1
)B)), (£(tA+ (1 — t)B), £A) : 0 < t < 1}.

By analogous arguments, the other cases follow.

Suppose that (B, A) ¢ Norm(7") N 2.
Changing A and B by B and A and by the above result, It follows.

Case 4. | Norm(T)N Q| =4

Let (Iy,12,13,14) = (1,—1,—1,1) or (=1,1,1,—1). Then (1—t)t = t(1—t') =
Oortt =(1—1t)(1—t)=0. Notice that

{(iA,i(tA (1—t)B), (£(tA— (1 —t)B,+A), (£B, £(tA — (1 — )B),

(£(tA— (1 —t)B,£B) :0<t < 1} C Norm(T).

If t =0, then X = Band 1 = | -t T(B,A) + (1 —t)T(B,B)|. So Y =
—t'A+ (1 —1t)B for every 0 <t < 1.

Ift=1,then X = Aand 1 = | =t T(A,A) + (1 —t)T(A,B)|. So Y =
—t'A+ (1 —1t)Bforevery 0 <t < 1.

Ift =0,then Y = Band 1 = | —tT(A,B) + (1 — t)T(B, B)|. So X =
—tA+ (1 —1t)B for every 0 <t < 1.

Ift =1,then Y = Aand 1 = | — tT(A, A) + (1 — t)T(B, A)|. So X =

—tA+ (1 —1t)B for every 0 <t < 1. Thus
Norm(T) = {(iA, L(tA — (1 - t)B), (£(tA— (1 — t)B, £A),
(£B,+(tA— (1 — )B), (£(tA— (1 - t)B,£B) : 0 < t < 1}.
By analogous arguments, the other cases follow. We complete the proof.

Remark 1. Let Rﬁ = = /2 be the plane with the supremum norm. Then

{£(1,1), (1, 1)} is the set of all extreme points of the unit ball of ¢2,. We
obtain the results of [6, 8] as corollary of Theorem 2.
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