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Convergence criteria of branched continued
fractions

Celebrating the 75th birthdays of Professors
V. F. Babenko and V. O. Kofanov

Abstract. The convergence criteria of branched continued fractions with
N branches of branching and branched continued fractions of the speci-
al form are analyzed. The classical theorems of convergence of continued
fractions that have become the subject of multidimensional generalizations
are formulated. The convergence conditions of branched continued fracti-
ons of the general form with positive elements are reviewed. The problem
the solution of which caused changes in the structure of such branched
continued fractions is formulated. A multidimensional generalization of
the convergence criterion of branched continued fractions of the speci-
al form is stated. A multidimensional generalization of Worpitzky’s and
van Vleck’s convergence theorems, the Sleszyniski-Pringsheim theorem for
the considered types of branched continued fractions are considered. The
obtained multidimensional analogs of the theorems are analyzed, and other
conditions of convergence, in particular, of branched continued fractions
with real elements, multidimensional Leighton’s and Wall’s theorems, and
others are given.

Key words: continued fraction, branched continued fraction, branched
continued fraction of the special form, convergence.

Amwnoranis. [Iposegeno anasiz kpurepiiB 3012KHOCTI TJUISICTUX JIAHIIOTO-
BUX Apo6iB 3 N rinkaMu po3rasyKeHHs 1 TIIISCTUX JIAHIIOTOBUX APOOIB
cuerniangbaoro Buriisy. ChopMynboBaHO KIacU4HI O3HAKM 361KHOCTI He-
mepepBHUX JIpOOIB, sIKi CTAJHM MPEIMETOM 0AraTOBUMIPDHHMX y3arajbHEeHb.
IIpoBeneno amasi3z o3Hak 301XKHOCTI TI/IACTAX JIAHIIOTOBUX ApOOIB 3a-
rajJIbHOTO BUIVISIYy 3 JojarHuMu esieMeHTaMu. ChopMyaboBaHO mpobiie-
My, JJIsl BUPIIIEHHST IKOT OTPIOHO OYJI0 3MIHUTH caMy CTPYKTYPY TaKHUX
riyutscTuX JaHmoropux Apobis. ChopmymboBaHO OaraToBUMipHE y3arasb-
HEHHsI KPUTepito 3012KHOCTI T/LUISCTUX JIAHIIOTOBUX JIPOOIB CIIemiaJ bHO-
ro Bursiy. PosrisinyTo 6araToBuMipHe y3araJbHEHHsT O3HAKHU 3012KHOCTI
Boporminpkoro, Ban ®@ieka, Caemuncbkoro-lIlpunireiiva st po3rasmy-
BaHUX THIIB TiJUISICTUX JIAaHIIOrOBUX JpobiB. IlpoanasizoBano orpumani
GaraToBUMIpHI aHAJIOrM TeOpeM, HaBEJIEHO iHII O3HAKM 3012KHOCTI 30Kpe-
Ma TJIISCTUX JIAHITIOTOBUX APOOIB 3 IiCHUMU eJleMeHTaMu, GaraToBUMipHi
o3Haku JleiiTona-Yosa Ta inmi.
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Continued fraction is an effective tool for constructing fractional rational
approximations of analytic functions. Different types of functional continued
fractions are considered C-, S-, g-, J-, T- fractions, etc. Their approximants
coincide with diagonal over- or under-diagonal approximants of the Padé table
[9, 34, 43, 48, 53, 59]. In contrast to polynomial and trigonometric approxi-
mations [40, 44, 57|, rational approximations (especially with non-fixed zeros
of the denominator) are not yet well studied [42].

Often, convergence criteria of continued fractions are formulated as
convergence sets. These convergence sets can be obtained for functional fracti-
ons by imposing certain restrictions on the fraction coefficients and variables.
The study of the convergence of continued fractions with numerical elements
is the main task in the analytic theory of continued fractions. The classical
and most commonly used convergence theorems of continued fractions are
the Seidel-Stern criterion, the necessary Stern-Stolz conditions, the suffici-
ent theorems of convergence of Worpitzky’s, and van Vleck’s, the Sleszyriski-
Pringsheim, parabolic theorems, and convergence conditions of periodic and
limit-periodic continued fractions (see [59]).

Branched continued fractions (BCFs) are multidimensional generalizati-
ons of continued fractions. Different types of functional BCFs are used to
construct fractional rational approximations of functions of many variables.
However, these approximations have nothing to do with multivariate Padé
approximations. In this paper, we propose to analyze the obtained multidi-
mensional generalizations of the classical convergence theorems of continued
fractions for BCFs with N branches of branching and BCFs with independent
variables. The latter one with fixed values of the variables are called BCFs of
the special form.

1. Some convergence criteria of continued fractions

A rigorous definition of continued fractions is stated in the monographs

[43, 59]. Let us have two sequences of complex numbers {a,},~;, {bn}ry.

an # 0, n > 1. A continued fraction is the sequence {f,},~, where
a1
fOZbOa fn:b0+ as 3 n > 1. (11)
b1 + 3
by +
b3+ an
4 B
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Formally, a continued fraction can be written in the form

ai
a2
as

bo +

(1.2)
b1 +

by +

b3+ an

but

S

To write (1.2) or its approximant f, compactly, it can be used the notation
= a “a
k k
b — =b —, n>1.
0+Rbk,fn 0+Rbk7 >

There are different interpretations of the concept of convergence of conti-
nued fractions:

e classical convergence: the continued fraction (1.2) converges if there is a
finite limit lim f, = f, f € C;
n—oo
e convergence in a wide sense (by Perron) [53]: the continued fraction (1.2)

converges if there exists a limit lim f,, (possibly equal to oo).
n—oo

It is also investigated the general convergence [48].
Let us formulate classical criteria for convergence of continued fractions.

Theorem 1 (L. Seidel, M. A. Stern). The continued fraction (1.2), where

o
ar =1, by >0, k> 1, converges if and only if the series > by diverges.
k=1

Theorem 2 (M. A. Stern, O. Stolz, H. von Koch). The continued fraction
o0
(1.2), where ap, = 1, by € C, k > 1, diverges if the series Y |bi| converges.
k=1
There are finite limits for even and odd approrimants.

Theorem 3 (J. Worpitzky). The continued fraction
oo -1
ag
1 — 1.3
(+D%) .

with complex partial numerators converges if |ag| < 1/4, k > 1, where the
constant 1/4 is the maximum possible. The values of the continued fraction and
its approzimants are in the domain |z — 4/3| < 2/3, which cannot be reduced.

Theorem 4 (W. Leighton, H. Wall). The continued fraction (1.3) with
complex partial denominators converges if |asg—1| < 1/4, |agx| > 25/4, k > 1.

Circular sets of convergence similar to the one in Leighton-Wall theorem
have been studied by W. J. Thron, L. J. Lange, V. Cowling, J. Mc Laughlin,
Nancy J. Wyshinski [33, 46, 49, 58|.
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Theorem 5 (E. B. Van Vleck). The continued fraction (1.2), where

ar =1, bp € G, k> 1, G ={2€C:2#0, |argz| <7/2—¢,},e > 0,
o0

converges if the series > |bg| diverges. The values of the continued fraction

k=1
and all its approximants lie in the domain G. There exists a limit of even and

odd approximants.

Theorem 6 (J. V. Sleszyriski, A. Pringsheim). The continued fraction
(1.2), where ay, by, € C, k > 1 converges if |bg| > |ag|+1, k > 1. The values of
the continued fraction and all its approzimants lie in the domain |z — by| < 1.

Theorem 7 (Parabolic Theorem). The continued fraction (1.3), where
ar € P, k>1, P={2€C:|z| -R(z) <1/2}, converges if there exists a
o0
number k such that a;, = 0, or all a, # 0, and the series > |by| diverges, where
k=1
bo=1, a = (bkbk,l)_l, k > 1. The values of the continued fraction and all
its approzimants are in the region |z — 1| <1, z # 0.

Various generalizations and modifications of these classical convergence
theorems of continued fractions have been established [34, 48].

2. Criteria for convergence of BCFs

The study of branched continued fractions with N branches of branching
N € N, N > 2 was initiated by V. Ya. Skorobohatko [56]. The foundati-
on of the analytical theory of BCFs was laid in the works of his students
P. I. Bodnarchuk, D. I. Bodnar, Kh. Yo. Kuchminska, M. O. Nedashkovsky,
M. S. Siavavko and their students [19, 31, 37, 45, 50, 54, 55|.

Let i(k) = (i1,42,...,1,), 1 < i, < N, p=1,k, be the shorten notation of
multiindex. Similarly, j(r) = (j1, jo, . - ., Jr). Consider the sequences of complex
numbers {a;)}, {bj}, k> 1,7 >0, with bjgy = bo.

A BCF with N branches of branching is a sequence {f,}, n > 0, where

N
a;
fo="bo, fa=bo+ Y. — >l
"y 1)+Zb
ia=1

v

+Zb

in=1

The infinite BCF can be formally written in the form

b0_|_ D Z (2.1)

Let Ty = {i(k) : 1< i, < N; p=1k}, k>1, T = Uzk
k=1
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In contrast to continued fractions, the conditions a;) # 0, i(k) € Z, are

. .0 o0 . .
not suffisient for avoiding the uncertainty 0T X ™ while calculating
00

fn-

A key point in the theory of continued fractions is the existence of
recurrence relations for the canonical numerators and denominators of approxi-
mants [59]. If f,, = P,,/Qp, then, for example,

P,=b,P,1+a,P, o, n>1 Py=by, P.1=1.

There are no such relations for BCFs.
The BCF (2.1) converges if a finite limit of its approximants f,, exists. The
oo

BCF (2.1) converges absolutely if the series Z | fn+1 — fn| converges.

n=1
An important role in the study of the convergence of the BCF was played
by the formula for the difference between the approximants through the tails
of the approximants of the BCFs [29].

Let
n al k—l—l .
Ql((,z)—b(n), ()EImQ ) = bigr) + Z L i(k) €T, 0< k<,
lpp1=1 (k+1)
with Q = fn, be the tails of f,,, n > 1.

1(0)
Assuming that m < n and all tails of f,, and f,, are nonzero, we have

m—+1
N 11 Qi (k)
fn—fm = (_l)m Z m—+1 b
11,8250 ey im+1=1 H Q H Qz(k

Let us state the theorems of convergence of a BCF with positive elements.
Let ap = mln{bl(k),z(k:) S Ik}, Br = max{bi(k),i(k:) S Ik}, k>1.

Theorem 8. The BCF (2.1), where a;gy = 1, by > 0, i(k) € Z, diverges

if the series Z B converges.

k=1
o
The sufficiency of divergence of the series Zak for convergence of this
k=1

BCF remains unproved for over 50 years. It is proved that, for example, if
o0

the series Zakakﬂ is divergent, then the BCF (2.1) where all a;4) = 1
k=1
converges. More general theorems are established in [21, 30].

It was the problem that led to the simplification of the structure of the
BCFs. BCFs with independent variables appeared [23]. When the values of the
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variables are fixed, such fractions are called BCFs of the special form. O. Baran
proposed the notation for such fractions [10]

0o k-1

bo+]) Z (2.2)

k=1i,—1 i)’

where by, a;(), bj(x) are complex numbers, i(k) € Jk,
jk = {Z(k‘) = (il,ig,...,ik) 01 < ’Lk < ik—l <...< io}, k > 1,

io = N is a fixed positive integer, also J = |Jpo | Ji.

The theory of BCFs with independent variables has been rapidly developed
recently in the papers of R. I. Dmytryshyn, T. M. Antonova, D. I. Bodnar,
I. B. Bilanyk, and others [2, 4, 6, 11, 13, 16, 14, 18, 25, 26, 27, 28, 35, 36, 39|.
One of the reasons for such situation is the efficiency of these BCFs for
approximation of functions of several variables, in particular, for the constructi-
on of expansion of the relations of Horn’s, Appell’s, Lauricella—Saran’s
hypergeometric functions [3, 7, 8, 38|.

The first theorem of convergence of the BCF (2.2), where N = 2 and all
ajky = 1,0y > 0, is established in [23], which is a necessary and sufficient
condition for the convergence of this fraction (analogous to the Seidel-Stern’s
theorem).

In [15], a multidimensional generalization of Seidel-Stern’s criterion for an
arbitrary N, N > 2 was established.

Let us define the set of multiindices for each m, 2 <m < N,

T = {i(n) = (i1, dgs . i) M <ip <ip1 <..<iol,n>1, (2.3)
where 79 = N, and let us use the notation

m[s] = (m,m,...m); m—1[s]=(m—-1,m—1,..m—1); s=1,2,... .

S S

Let us recursively define continued fractions

m— m— 1 . m
pm=t) — 2—|—D7, ’L(T)Gjr( ),m:2,N,r21,
i(r) z(r bm 2)

i(r),m—1]s]
with initial conditions b)) = bix), i(k) € T, k> 1.
Theorem 9. The BCF (2.2), where all ai(k) =1, bi(k) > 0, converges if

and only if for each m, 1 <m < N, the series Z b dzverge and for each
p=1
m, 1 <m < N, and each multiindex i(n), i(n) € j,EmH), n > 1, the series

Z bz(?:l) nz[p] diverge.
p=1
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Since the elements of the series mentioned in this theorem are not easy to
calculate, the following effective sufficient criterion of convergence was establi-

shed [15].
Theorem 10. The BCF (2.2), where all a;y = 1, by > 0, converges
o0
if for each m, 1 < m < N, the series me[p], diverge and for each m, 1 <
p=1

m < N — 1, and each multiindez i(n), i(n) € T yhe series Zbi(n),m[p}

p=1
diverge.

In addition to BCFs with positive elements, the conditions for the
convergence of BCFs with real elements are investigated [5, 22, 41]. Besides
the convergence, Gladun also studied the stability to perturbations of infinite
BCFs.

Theorem 11. [5/ Let the BCF
o~ N k-1
()" ai
DY —— (2.4)
k=1ip=1

where all a;g) > 0, satisfies the conditions

N N
Z aior) < 1= picar—1), Z ai(2k+1)/ Pi2k+1) < Piak) — 1,
iop=1 igp+1=1

where 0 < pjop—1) < 1, piar) = 1, ter—1),t2k) € Z, k > 1, are real numbers

o0

and H M = 0, where nyp = 1 — max™{piap)}, Moa—1 = max ' {p;ap_1)} —
k=1

1, k> 1.

Then the BCF (2.4) converges and the following truncation error bounds

N n
hold | f = ful < (14+m1) Y asy [[ -
k=1

i1=1

A multidimensional generalization of Worpitzky’s theorem firstly was
established for BCFs with N branches of branching [19].

Theorem 12. Let the BCF
-1

co N )
1+DZ@ , (2.5)

k=1ip=1
where a;) € C, i(k) € L, satisfy the conditions
|aj| < t(1—t)/N, 0<t<1/2, i(k) €I
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Then
1) the BCF (2.5) converge;
2) the following truncation error bound holds

(1—2t)tm
(1 _ t) [(1 _ t)m-i—l _ tm-i—l] )

|f = fml < if 0<t<1/2, (2.6)

and
= ful < 2/(m+ 1), ift=1/2, (2.7
where f is the value of BCF (2.5);
3) the best value set is the circle ‘z -1/(1 - tQ)‘ <t/(1—1t2);
4) the boundary constant 1/(4N) (t = 1/2) is unimprovable.
For a BCF of the special form

. —1
oo k-1

@i(k)
1+ A 2.8
IPU; 1 (2.8)
we can weaken the conditions by requiring that |a;p | < t(1 —t)/ix—1, i(k) €
Jk, k > 1, while preserving the inequalities (2.6) and (2.7). It is possible not to
change the conditions by requiring that |a;y)| < t(1—t)/N, i(k) € T, k > 1.
Then the truncation error bounds are improved

|f = ful < LpKy, if 0<t <1/2,

‘f_fn‘ < 2Ln/(n+1)a ift = 1/25

where K, is the right-hand side of the inequality (2.6), L,, = Cﬁ;}hl]\f_” [10].
The effect of considering BCFs of the special type instead of general BCFs is
obvious.

R. Dmytryshyn established another Worpitzky-type theorem of
convergence of BCF (2.8), different from the one stated above [36].

Theorem 13. Let the elements a;yy,i(k) € T, k > 1, of the BCF

N 0o tg—1

Qi(1) Qi (k)
Z —+D Z ; (2.9)
11=1 k=21i,=1
satisfy the conditions
laigg | < @iy aitnyy (1= i) for alli(k) € Ty, k> 1, (2.10)

where {q’i(k)}i(k)ejk, keNy is a sequence of real constants such that 0 < ;) <1
for alli(k) € T,k >0, or 0 < gjp) < 1 for alli(k) € Ji, k > 0. Then
1) the BCF with independent variables (2.9) converges absolutely, and its
value and the value of its approximants belong to the closed circle |z| < 1— q(])V;
2) if the inequality (2.10) holds q;y = 1/2 for alli(k) € Ty, k > 0, then the
closed circle |z| <1—27N is the «best» value set of the BOF with independent
variables (2.9).
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The absolute convergence of the BCF with independent variables (2.9) was
also proved in |2] under the conditions that

iy
‘ai(k)‘ <t | 1- Z tikrr) | foralli(k) € J

ik+1:1
where ;4 for all i(k) € J are nonnegative constants such that

ik
D tigern) < 1, foralli(k) € J.

igpp1=1

There is a close result to Worpitzky’s theorem, it is Leighton-Wall
convergence theorem of continued fractions [47]. The idea of its proof is
to construct a continued fraction based on the approximants {f,} of (1.3),
but arranged in a different order fa, f1, f4, f3,. .- fn, fn—1,. ... Leighton-Wall
theorem is established by applying the Worpitzky’s theorem to the obtained
fraction. This approach cannot be generalized to BCFs. The same formulati-
on of the multidimensional Leighton-Wall theorem, namely «the BCF (2.5)
converges if for some positive constants €, M the conditions are satisfied

laion—1)| <&, |aiom| > M, k=1,2,...,i(p) €L, p> 1> (2.11)

is incorrect. Y. Boltarovych showed that for any € > 0 and M > 0 one can
construct a BCF that satisfies (2.11) and is divergent [32]. Therefore, the
theorem can not be generalized to BCFs if the conditions of (2.11) are satisfied.

O. Baran established an analog of the Leighton-Wall theorem for the BCF

of the special form
00 k-1

DY @ (2.12)
k=1ip=1
k
with complex partial numerators [11]. Let | = I(i(k)) = Zéf;, where 5;; is

s=1
the Kronecker symbol. Let us divide the set of indices J into subsets that do
not intersect in pairs J = & U & U &3, where

Er={i(k):i(k) € Tn, I =1, k>1},
Ey = {i(k) : {i(k) € Tx, lis even, k > 2},
& = {i(k) : {i(k) € Ty, lisodd, I > 1, k > 3}.

Theorem 14. Let all elements of the BCF (2.12), a;yy are complex
numbers and the following conditions hold
1) N >1,
‘Cz(k)’ < Tl/(ik—l - 1), Zfl(k‘) €&,
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leiwy| <7, ifi(k) € &, (2.13)
lcigy| = 2 +71) (L4 +7), if i(k) € &, (2.14)

2) N =1, and for the elements c;yy holds (2.13), if i(k) € & U &3, or
(2.14), if i(k) € &, where ry =0 for N =1 and 0 <1y < (1 —3r)/(1+ 1) for
N >1,0<r <1/3. Then the BCF (2.12) converges and the truncation error
bound holds

f = fal < MO a™,

where M = 1 —7r if N = 1 and M = max (r/r)’ if N > 1, ¢ =
1<p<N
VE+r)r/(L—r —7).

In particular, a multidimensional generalization of the theorem on twin
convergence sets for continued fractions is considered in [13].

Theorem 15. The BCF

o0 k-1 CZZ

1+DY (T’“) (2.15)

k=114,=1

where ;) € C, converges if
a) N > 1 and the elements of c;y) satisfy the conditions

iy £ i1, | < €1 (G, + T1i )2 < (p1 —€1)/(ip_1 — 1), i(k) € &,

iy £ T34, | < &34 (83,0 + IT3.0)2 < p—e3, i(k) € &, (2.16)

ity £ 1T, | > E2,iy» (2,0, — Toi ) > 2+ p1) (1 +p14p+e2),i(k) € &,
(2.17)
or
b) N =1 and the elements of c;(y) satisfy (2.16) if i(k) € E1UEs, or (2.17)
if i(k) € &, where py =0 for N =1 and p;1 >0 for N >1, p>0, 0<e; <
p1,0 < ez < p, eg > O,Fjﬂs S C,QS > 0,7 21,73, s=1,N.

The results obtained by O. Baran are a certain strengthening and generali-
zation of the results established for continued fractions. If we set N =1, i.e.,
when the BCF degenerates into a continued fraction, then the convergence set
can be wider for certain values of the parameters. In addition to the classical
results, we obtain additional truncation error bounds for continued fractions.

Let us consider a multidimensional generalization of the Sleszynski-
Pringsheim theorem [19].

Theorem 16. The BCF (2.1) with complex elements satisfying the condi-
tions
[biwy| = |asqwy| + N, i(k) € T, (2.18)

converges absolutely and its best value set is the circle |z — by| < N.
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Theorem 17. The BCF (2.1) with complex elements satisfying the condi-
tions
iy | = N Jaigy| +1, i(k) € T, (2.19)

converges absolutely and its best value set is the circle |z — by| < 1.

For the BCF of the special form (2.2) the conditions (2.18) and (2.19) can
be replaced with the following conditions [12]

by | > |aiwy| + ik, i(k) € T,

and
‘bi(k)‘ > g1 ’ai(k)| +1, i(k) e J.

The multidimensional generalization of Perron’s theorem is the next
theorem of convergence of the BCF.

Theorem 18. The BCF (2.1) with complex elements satisfying the condi-

tions
N

|bicey| > Z |aiery| +1, i(k) € T, (2.20)
ik+1:1
N
converges absolutely. The value set is the circle {z : |z| < Z lai, |}

i1=1

This theorem was established by M. O. Nedashkovskyj [51] and extended
to matrix BCFs (2.1) when a;(), i) are square nondegenerate matrices for
i(k) € Z |52]. The conditions (2.20) should be replaced with

1

N _
b < 14 Y flawll | itk e

tp1=1

Let us consider the BCF

DZ .1 . (2.21)

o0
By analogy with Theorem 1, we could assume that if the series Zﬂk
k=1
converges, where 3y = max{|b;)|, i(k) € Ji}, k > 1, then this fraction is
divergent. But it is not. Even if this condition is met, it is possible to choose
a BCF so that it is convergent [20].
Using the multidimensional generalization of Seidel’s criterion, the multi-
dimensional analog of Van Fleck’s theorem is established [17].
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Theorem 19. Let the partial denominators of the BCF of the special form
(2.21) lie in the domain

G(e)={2€C:2#0,|argz| < 7/2 —¢€}, (2.22)

where € is an arbitrary positive integer, 0 < e < w/2. Then
1) every nth approxzimant f, of the BCF (2.21) lie in the domain (2.22);
2) there are finite limits of even and odd approximants;
3) the BCF (2.21) converges if for each m, 1 < m < N, the series
o0

Z ‘bm[p]‘ diverge as well as for each m, 1 <m < N — 1, and each multiindex

p=1
oo

i(n), i(n) € jr(bmﬂ), the series Z ’bi(n),m[p]’ diverge.
p=1

For the BCF (2.1), where all a;) = 1, bp = 0, a similar statement is true
[19]. But condition 3) of the theorem should be replaced with the condition

oo
of divergence of the series ZakSk—l, where oy, = {min |b;)|, i(k) € T},
k=2
k>25, = a+ N_lak_g + N_2Oék_4 + -+ N_[(k_l)/2]ak,2[(k,1)/2]. For
N =1, the divergence of this series is equivalent to the divergence of the series

oo
S ax.
k=2
For certain subsets of the angular domain (2.22), truncation error bounds

have been established, in particular, if the elements of the BCF of the special
form (2.21) satisfy the conditions

‘argbi(k)’ <0, 0<n/4,i(k)e T,

R(biny) = 6, R(big) > 6/, Rbiny () > /5,

s>1,0<5<1,0<B<1/2 i(n) e T2,

then

’fm_an’ <M1n71 <1+138<(n+1)1_5_1))7 m > Nn, n €N,

where o and M are positive constants independent of n and m [14].

A separate area in the theory of convergence of continued fractions is the
so-called parabolic theorems. The first proofs of this type were obtained by
W. J. Thron, W. T. Scott, and H. S. Wall in 1942. For BCFs, the first ones

were Theorems 3.22 and 3.23 [19]. Let us formulate one of these theorems for
BCFs.
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Theorem 20. Let the elements of the BCF (2.5) a;uy, i(k) € Z, lie in the

domain
P.(y) = {z €C:|z| — Re (26_2’Yi) <(2N)'(1—-¢) 00527} , (2.23)

where v, € are arbitrary small, real numbers (0 <e <1, —m/2 <~y <7/2), N
is the number of branches of branching of the BCF (2.5). Then
1) ezist finite limits of the even and odd approzimants of the BCF (2.5);
2) the BCF (2.5) is convergent if one of the following two conditions is
satisfied: there exists a number k such that all ;) = 0, i(k) € Iy, k > 1, or
the series Y po O is divergent, where 6, = min (1/ |a;g |, i(k) € Ip), k> 1.

This research is continued in the works of O. Baran, D. Bodnar,
T. Antonova, I. Bilanyk, R. Dmytryshyn |1, 13, 18, 24].

Theorem 21. [1] Let there exist positive constants €,p, € < 1 and ¢ <
7/(2(1 +€)) such that the elements of a;yy for all i(k) € Ty, k > 1, of the
BCF (2.12), satisfy the conditions

i1 ’ai(k)| — Re (ai(k)e_i(Wi(k—1)+Wi(k)))

<2(1 = e)pir—1y, ik —1) € Tp—1, k> 1,
COS Li(k) — Pi(k)

ip=1
where Yk, Pi(k) are some real numbers such that |g0Z k1 ‘ < @ foralli(k) € T, k >
0, po >0, 0 < piry < (1 —€)cospiy for all i(k) € jk, k> 1, and let {fn},cn be
the sequence of its approximants. Then

1) the approzimants of the BCF (2.12) are finite and lie in the half-plane
Re (we‘i“’o) > 1 — po;

2) there exist finite limits on the sequences of even { fan},cn and odd {fon—1},cn
approzimants of the BCF (2.12).

Let us consider a two-dimensional BCF of the special form (ig = 2)

0o k-1 az
D Z (2.24)
k=11i,=1 1

where a1y, bix) € C, i(k) € J. An analog of the Thron and Jones theorem
for these fractions [18] is established.

Theorem 22. Let the elements of the two-dimensional BCF of the special
form (2.24) satisfy the conditions

’al[n]’ —R (al[n]e_i(¢”+¢"*1)> < 2pp—1 (§R (bl[n]e_w”> — pn> ,n=1,2...;

W(Yr+hp— 1))

|agpi) 1m) | — R (agpgame” (W (bapk), 1€ ") = Skn) »

n=1,2,. e

<2
, k=
R (bz[n]e—i(argaz[n] 1—%n) ) G, n=1,2,.. .
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and for some ly, l € Z,

arg ag[g),1 + arg dgg41],1 — arg g1 = Ve + VYpy1 + 2, k=1,2,...,

where Yy, are real numbers, pn, Skn, qn, n=0,1,...; k=12,..., are some
positive constants such that each of the sequences

{ a1jn] }O" | { A2[k] 1] }"O k=12 { aafn] }oo
PnPn—1) 1 SknSkn—1) -1 qn,qn—1 ) p—1
is bounded. Then the BCF (2.24) converges.

The parabolic theorems have been used to study the convergence of functi-
onal continued fractions and functional BCFs.

We do not pretend to present all the results concerning general and speci-
al types of BCFs. The emphasis is on the analogs of the classical results of
continued fractions for the multidimensional cases.
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