Researches in Mathematics https://vestnmath.dnu.dp.ua

Res. Math. 32(2), 2024, p. 70-87 ISSN (Print) 2664-4991
doi:10.15421/242420 ISSN (Online) 2664-5009
UDK 517.5

S. O. Chaichenko*, A. L. Shidlich**

* Donbas State Pedagogical University, Sloviansk 84116.
** Institute of Mathematics of the NAS of Ukraine, Kyiv 01024;
National University of Life and Environmental Sciences of Ukraine, Kyiv 03041.

E-mails: s.chaichenko@gmail.com, shidlich@imath.kiev.ua
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Abstract. The approximation properties of various classical methods of
linear summation of Fourier series in weighted spaces of Orlicz type with
variable exponent are considered. In particular, in terms of approximation
by such methods the constructive characterizations for classes of functions
whose moduli of smoothness do not exceed some majorant are obtained.
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theorem, modulus of smoothness, spaces with variable exponent, Zygmund
means, Abel-Poisson means, Taylor-Abel-Poisson means, de la Vallée
Poussin means

Amnoramnisi. PosrisayTo anpokcuMartiiiii BIaCTUBOCTI PI3HUX KJIACHIHUX
JHIKHIX MeTo/iB mijicymMoByBaHHsI psaAiB Pyp’e y 3BarKeHUX IPOCTOPAX
Ty OpJiiva 31 3MIHHAM [TOKa3HUKOM. 30KpeMa, ¥ TepMiHaX allPOKCHMAILil
TaKUMH METOJAMU OTPUMAHO KOHCTPYKTHUBHI XapaKTEPUCTUKH TSI KJIACiB
GyHKITH, MOYJI IIaJIKOCTI IKMX He IePEBUIILYIOTH JIEAKOl MayKOPAHTH.
Kuro4goBi cioBa: npsima Teopema HaOJIMXKEHHsI, oOepHEHA TeopeMa Ha-
OMKEHHS, MOIYJIb TJIQIKOCTI, TPOCTOPU 31 3MIHHOIO EKCIIOHEHTOIO, Ce-
penni 3urmynma, cepexnni AGens-Ilyaccona, cepenni Teitopa-AGens-
IIyaccona, cepeani Base-Ilyccena

MSC2020: Prr 41A65, SEC 26A15, 41A25

1. Introduction

The paper is devoted to the study of the approximation properties of the
classical linear summation methods of Fourier series. Such methods represent
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APPROXIMATION OF FUNCTIONS BY LINEAR METHODS

a significant area of research within approximation theory. In particular, this is
due to the fact that most of these methods naturally give rise to a corresponding
set of approximations. These topics are well studied in classical function spaces
such as Lebesgue spaces Ly, spaces of continuous functions C, etc. However,
there are relatively few papers dealing with similar issues in Banach spaces
of Orlicz type. This is especially true for direct and inverse approximation
theorems by linear summation methods. Here, we study such methods in wei-
ghted Orlicz type spaces &, , with variable exponent. The spaces S, ,, are
defined in the following way. Let p = {p}?2_. be a sequence of positive
numbers such that

1<p, <K, k=0,+1,42..., (k€Z), (1.1)

where K is a positive number, and p = {1z }32_  be a sequence of nonnegative
numbers. Let S}, ,, be the space of all 27-periodic Lebesgue summable functions
f(feLy such that the following quantity (which is also called the Luxemburg
norm of f) is finite:

1Fllp. = inf{a >0l k) farr < 1}. (1.2)

kEZ

where f(k) := [f]"(k) = (27)~! f027r f(t)e™*dt, k € Z, are the Fourier coeffi-
cients of f.

The spaces S, , defined in this way are the Banach spaces. They were consi-
dered in [1]. In particular, direct and inverse approximation theorems in terms
of the best approximations of functions and moduli of fractional smoothness
are proved for the spaces Spw in [1]. In case when py, = p and pup =1, k € Z,
p > 1, they coincide with the well-known spaces SP [27|. In SP, approximative
properties of linear summation methods of Fourier series were studied in [25].
In [9], approximative properties of linear summation methods were studied
in the Orlicz spaces Sys. The purpose of this paper is to continue this study
in the Orlicz type spaces. In particular, in the spaces S, ,,, we obtain direct
and inverse approximation theorems for the Zygmund, Abel-Poisson, Taylor-
Abel-Poisson, de la Vallée Poussin methods which relate the approximation
properties of these methods to differential properties of functions.

2. Preliminaries

Let 7,, n = 0,1,..., be the set of all trigonometric polynomials 7,(z) :=
Z| k|<n cxe*® of the order n, where ¢, are arbitrary complex numbers. Let also

En(f)p,u :: inf Hf Tn”p,u

1€n

denotes the best approximation of a function f € S, , by the trigonometric
polynomials 7, € 7, in S, ,
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Further, for any function f € L, with the Fourier series of the form

= > f(k)e™,

keZ

consider the following linear transformations:

Zf ek n=0,1,...,

k=—n

29w = 3 <1— (n‘i'l)s)ﬂm&’“, s> 0,

k=
k=—n
where m = 0,1,...,n, m =m(n), and
N = 1, k=0,1,...,n—m,
km = 1—k:n"++1m, k=n—-m+1,...,n,
Pos(f)(x) =) o f(k)e**, s >0, 0€0,1),
kEZ
and o
) = ZAlkLT(Q)fkelka (21)
kEZ

where for £ =0,1,...,7 — 1, the numbers A ,(0) = 1 and

r—1
Ak (0 ZZ(> 0", k=rr+1,..., 0€l0,1]. (2.2)

J=

The expressions Sy (f), Z{) (f), Vam(f) and P, s(f) are called the partial
Fourier sum, the Zygmund sum, the de la Vallée Poussin sums and the generali-
sed Abel-Poisson sum of the function f, respectively.

If s = 1, then the sum ZT(LS)(f) coincides with the Fejér sum of f, i.e.,

— 1 - _ - ‘k| ny ikz
)= g S = 3 (1= ) Flke

Also note that Vi, o(f) = Sp(f) and V, n(f) = on(f).

The expression A, (f) is called the Taylor-Abel-Poisson sum of the functi-
on f. Note that the transformation A4, , can be considered as a linear operator
on Lj into itself. Indeed, for £ = 0,1,...,r — 1, the numbers X\; (o) =1 and

Z( > ] k—j < qukr 1, where ¢ = max{1 — p, o},
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APPROXIMATION OF FUNCTIONS BY LINEAR METHODS

and hence, for any f € L1 and 0 < ¢ < 1, the series on the right-hand side of
(2.1) is majorized by the convergent series 27“||f||L1 S, qkkrL

The operators A, , were first studied in [24], where in the terms of these
operators, the author gives the structural characteristic of Hardy-Lipschitz
classes of one variable functions, holomorphic in the unit disc in the complex
plane. These operators possess the main properties of the Abel-Poisson and
Taylor operators, but they can also be adapted to the smoothness properties
of functions of arbitrarily large order. Their approximative properties were also
considered in [25, 20, 21, 22|. In general case, the operators P, ; were perhaps
first considered as the aggregates of approximation of functions of one variable
in |6, 7|. In the case when r = s = 1, the operators A, and P, ; coincide with
each other and generate the Abel-Poisson summation method of Fourier series.
The problem of approximation of 2w-periodic functions by the classical linear
methods (methods of Zygmund, Abel-Poisson, Fejér, de la Vallée Poussin) in
Lebegue spaces L, and spaces of continuous functions C' has a long history,
full of many results (see, for example, the monographs [4, 29, 8, 28|). In the
Orlicz type spaces such methods were studied in [15, 11, 2, 3, 13, 14] etc.

3. Derivatives and moduli of smoothness

Let ¢ = {¢(k)}rez be a numerical sequence whose members are not all
zero and

ZW) ={keZ:y¢(k)=0}.

In what follows, assume that the number of elements of the set Z(¢) is finite.
If for a function f € Lq, there exists a function g € L1 with the Fourier

series of the form R
Slg)(x) = D F(k)e™ /o), (3.1)

keZ\Z (¥)

then we say that for the function f, there exists y-derivative g, for which we
use the notation g = f¥.

This definition of 1-derivative is adapted to the needs of the research descri-
bed in this paper and it is not fundamentally different from the established
concept of ¢-derivative of A.I. Stepanets |28, Ch. XI].

In the paper, we consider -derivatives defined by the sequences of the
following two forms: 1) (k) = |k|™°, k € Z, s > 0, and 2) ¢(k) = 0 for
|k| <r—1and ¥(k) = (|k| —r)!/(|k|!) for |k| > r, where € N. In the first
case, for )-derivative of f, we use the notation f(*) and in the second case,
we use the notation fI1. If » = 0 then we set f(© = fl0l = f. Also note that
fO = plil,

Denote by P(f)(0,z), 0 < p < 1, the Poisson integral (the Poisson
operator) of f, i.e.,

1 2
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where P(p,t) = m is the Poisson kernel.
According to the decomposition of the Poisson kernel in powers of p, for
any function f € Ly, its Poisson integral P(f)(o,x), with o € [0,1) and 2 € T

can be written in the form

= Z ol Frehe. (3.3)

kEZ

In the terms of Poisson integrals, we give the following interpretation of
the derivative f[:

1A

P()e) = ¢ 5 PTe.0). o€ [0,1) (3.4

and by virtue of the well-known theorem on radial limit values of the Poisson
integral (see, e.g., [23]), for almost all z € T

fIl(z) = lim 9

Jim 2 P(f)(0.).

The modulus of smoothness of f € S, |, of the index a > 0 is defined by

ol g = 10 84l = st HZ I

pi/”‘

where § > 0, (8‘) =1, (‘;‘) =afa—1)-...-(a—j+1)/jl, jeN
Let w be a function defined on the interval [0, 1]. For o > 0, we set

Sp  HE = {f €8y, walf,0)p, = Ow(S), &—0+}.

p,pttw

Let £ and %, s € N, denote the sets of all continuous strictly increasing
functions w(t), t € [0,1], with w(0) = 0 satisfying the following conditions
(3.5) and (3.6), respectively:

o0

Z v ww™) =0wmr™)], n— oo, (3.5)
v=n+1
and
sz_l wv™) =Onfwn™)], n— . (3.6)

Conditions (3.5) and (3.6) are well-known (see, for example, [5]).
Remark 1. From condition (3.6) it follows that li(smoiilf(éfsw(é)) > 0 or
—>
that for any r > s, the quantity (1 — 0)" *w(1 —0) > Co(1l — p)" as 0 — 1—.
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APPROXIMATION OF FUNCTIONS BY LINEAR METHODS

Hereinafter, Cy, Cq, ... are some positive constants that do not depend on
the values that are parameters in this consideration (in the considered case,
independent of the variable p).

4. The main results.

4.1. Approximations of functions by the Zygmund and Fejér
methods and the best approximations

Here and below, we assume that p = {pp}3>_. and p = {up}p> . are
sequences of nonnegative numbers such that condition (1.1) holds.

Theorem 1. Assume that f € L1, s > 0 and w € AB. The following
statements are equivalent:

) 152 (fN)lp, . = On*w(n™)), n— oo;
Hf ZS) H =O(w(n™1), n— oo
3) feS, H

Furthermore, if one of the statements 1), 2) or 3) is satisfied, then
1) En(f)p, = Ow(n™)), n— oo
If we BN B, then the statements 1)-4) are equivalent.

Note that in the case when s € N and w € %, the relation 1) of Theorem
1 is equivalent to the corresponding relation for the derivative f[s:

180 (fED)|p, 0 = O(n*w(n™h), n — co. (4.1)
Indeed, by the definition 0 = |f1¥(k)| < |f) (k)] for |k| < s, and for |k| > s
T = Kl = 1) .- (k] = 5+ DFR) < [KIELFR)] = [FO0R).
Therefore, if the statement 1) of Theorem 1 holds, then

1S, (1)

On the other hand, for |k| > s, we have

\ﬁs1<k>\:rk\3~(1_“1‘)._...(1_ - )W > |k|

Therefore, taking into account Remark 1, we see that relation (4.1) yields the
statement 1):

pou = 19 (F¢ M, p = O w(n™ M), n—oo.

f(k) = 5| (k)].

> (k[ F(k)ett

s<|k|<n

150 (F N, < 1Ss=1(F ) Ip, e +

N
< S 1(FDlp, o + 5150 (fF)lp, 0 = O(*w(n™)), 0 — oc.
Hence, the following assertion is valid:
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Theorem 2. Assume that f € L1, s € N and w € BN Bs. The following
statements are equivalent:
1) HSn(f{s})Hp’“ = O(n*w(n™)), n — oo, where f1} is one of the deri-

vatives f18 or f(5);

2) [£-200)|  =own ) o
3) fes LHS mr
4 () —O(w(n_l)), n — 0.

In the case When s =1, we have f(1) = 1 and z{! )(f) = on(f).

Corollary 1. Assume that f € L1 and w € B N %By. The following
statements are equivalent:

1) (18 (FM)llp, . = O(nw(n~ 11)) n — 00;

2) Ilf = oulDll, , = Own ), n— oo
3) fe8,, H
4) En(f)p, 4 = O(w(n™')), n— oco.

Before proving Theorem 1 let us make a few comments. Note that in the
proposed assertions, the implication 1) = 3) gives a condition for any function
f € Ly to belong to the set S, ,HZ and, in particular, to the space &, ,

The equivalence 2) < 3) is the statement of the type direct and inverse
theorem for Zygmund and Fejér method [8].

Since for any f € S, , the following relation holds [1]:

Z f 1km

|k[>n

, (4.2)
p?“

En(f)p,u = Hf - S ”p w =

the implications 1) = 4) are the statements of the Sunouchi type [26].

In 16, 17, 18, 19|, Mdricz investigated properties of 2m-periodic functions
represented by Fourier series, which convergent absolutely. In particular, in
[16] and [19], he found the conditions under which such functions satisfy the
Lipshitz and Zygmund condition respectively.

In the cases where py = p, p = 1 and w(t) = t7, the implication 1) = 3)
of Corollary 1 (8 € (0,1)) coincides with the statements (i) of Theorem 1 [16]
and the implication 1) = 3) of Theorem 1 (8 € (0,2)) coincides with the
statements () of Theorem 1 [17].

In [25] and [9], some statements similar to those in this subsection were
proved for spaces SP and Orlicz spaces S, ,. Here, in the proof of Theorems 1
and 4 we mostly use the scheme similar to [25, 9], modifying it to take into
account the peculiarities of the spaces Sp, ,

)

Proof of Theorem 1. Implication 1) = 2). For any n € N, we have

YOIk F(k)e > flk)e

|k|<n [k|>n

. (4.3)
P, p

| =200

P, u D, [
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Therefore, if relation 1) holds, then

> k[ F (ke

Ikl<n

= (n+1)7°[Su(f

Abel transformation,

Z f(k)elkx

n<|k|<N

156

p7/"L

“Nlp,

To estimate the second term in (4.3

P,

n+ 1 Z ]/c\(s) 1ka:
|k|<n P, 1
=0w(n™), n— oo (4.4)

), fix an integer N > n and apply the

ORI

n<\kz\§N P, p
1 .
N A(S)(k')elkx
—) > 7
U0 i
o n+1 Z J/c\(s) 1ka:
k|<n P,
<s Z 5SS (F )l

j=n+1

Nlp, e+ 0+ 17150 (F)lp, -

If relation 1) holds, then there exist a number Cy > 0 such that for all integers

+N—8 Z f(s)(k)eika:
[k|<N
Then
Z J/c\(k)eikx

n<|k|<N P, 1

+N )| S (f
N > n,

Z J/c\(k)elkaz < Cl(
TL<‘]{2‘§N 292

§01< i

j=n+1

N-1
WG/ +w(NTH +wn ™))
j=n-+1

w(G ) i+ 2w(n ).

In view of the condition (3.5), this yields that

Z f(k)elkaj

|k|>n

= O(w(n™Y), n— . (4.5)

P, u

Combining relations (4.3)-(4.5), we get the relation 2). Furthermore, since
w(d) = 0 as 0 — 0+, then from 2) it follows that f € S, .
2) = 3). For any a > 0, h € R and k € Z, we have

A [ij

(%) - im] 0
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— (-1 (Q)e“ﬂ'h = (1— Y (k). (4.6)

J

Let us set n :=[1/6] — 1. Then for any |h| < 6 and |k| < n, we have

. ~ hki1s ~
AR (R)] = 11 = 2| F(k)| = 2sin 2| 1F )

~ ~

S SRPIf(R)] < (n+ 1)K f(R)]

and [[ASf]7 (k)| < |F(k)| when |k| > n. Let ay == ||f — Z(f)|l,, ,. Then

o, -

> (AL /@) < 37 (0 4+ D)7 k1T R)] far )™

keZ k|<n

+> Mk(\f(k)!/al)pk <1.

|k|>n

Therefore, for any |h| < 4,

1AF Fllp, e < ILf = Z32(F)

and hence f € S, |, Hj.
3) = 1). Setting hy, :=7/n, n € N, and a := (n/2)*||A} [l ., by virtue
of the inequality th,, < 7sin(th,,/2), which is valid for all ¢ € [0, n], we see that

S (191 /a2)" = 3 e (k1 Fk) | azh)) "

P = O(w(n™)) = Ow(6)), & — 0+,

k|<n |k|<n
khp |5 ~ Pk
< S : S
_lk§l<j pr (7 sin =5 17 (k) 1/ a2hy))

< Zuk<(2sin k;L" s _1fw) )p'“ <1

35l

Thus,
19 (F N p, e < (0/2)° 1A, Fllp,

< (/2 ws(f.7/n)p, = O'w(n™), n — .

The implication 1) = 4) follows from relations (4.2) and (4.5). The impli-
cation 4) = 3) for w € s, follows from the following assertion, which was
actually proved in [1]:

Theorem A [1, Theorem 6.1]. Assume that w(t), t € [0,1], is a conti-
nuous strictly increasing function, w(0) = 0, and f € Sy, HY, s > 0. Then
the best approzimation Ey(f)y, ,, satisfies the relation 4) of Theorem 1. On the

other hand, if w € Hs, then any function f € S, , satisfying 4) belongs to the
set S, H.
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O
Note that in the case where w(t) = t%, 8 > 0, and all j, = pp = 1 the
equivalence of the relations 1) and (4.5) was also proved in [16, Lemma 1].
Analyzing the proof of Theorem 1, we see that condition (3.5) was only
used for the estimate (4.5). Therefore, taking into account Theorem A and
relation (4.2), we can formulate the following corollary from Theorem 1:

Corollary 2. Assume that w(t), t € [0, 1], is a continuous strictly increasi-
ng function, w(0) = 0, and s > 0. If f € S, ,H,, then the statements 1), 2)

and 4) hold. On the other hand, if f € S, , and w € Bs, then the statements
2), 3) and 4) are equivalent and each of them gives the statement 1).

4.2. Approximation of functions by the de la Vallée Poussin method

Theorem 3. Assume that f € Ly, s > 0, and n and m = m(n) are
arbitrary nonnegative integers, m < n. If w € & and

lim “ =0 or 0<Cy< 2, (4.7)
n

n—oo N

then the statement
D) 182 (F)llp, . = O(n*w(n™)), n— oo,
gives
2 1 = Ve (D), = Ow(n ™), n— .
Ifwe A, then 2) = 1). If w € BN By, then 1) and 2) are equivalent.

Proof of Theorem 3. First of all, note that in the case w € %, implication
2) = 1) follows from the definition of the quantity E,(f), , and Corollary 2.
Let us prove the implication 1) = 2). For any n € N, we have

k| — - -
I~ Vam Dy, =] 30 I Fgee 57 Fayeite
n—m+1<|k|<n |k|>n P, 1
k| — o o
<| > ECmEm e > Fikyet (18)

n—m+1<|k|<n p; p P, i

We use the estimate (4.5) for the second term on the right-hand side of (4.8).
If we have a similar estimate

Z |k|_n+mf(k)eikx

m+1
n—m+1<|k|<n

|k|>n

My = =O(w(n™h), n = co. (4.9)

p7l’L

for the first term, then the statement 2) can simply be obtained by combining
relations (4.8), (4.5) and (4.9).
To show the validity of (4.9) we use the following considerations. Set

Pnm = pn,m(f) = f - Vn,m(f)
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For n —m+ 1 < |k| < n the Fourier coefficient modules

|F) (k)|

k| —n+m
(n—m—i—l)s'

m-+1

]k\ n+m

(s)

B (k)] = (k)| =

Therefore, if ILm ™ =0, then relation (4.9) holds:

REATI

S h—m1)s = Ow(n™)), n — oco.

My =

Z ﬁn,m (k)eikz

n—m+1<|k|<n

P, @

Now let 0 < Cy < . Using the Abel transformation, we obtain

1 k| —n+m ;
Mo — () JAPRLE:
2T 1 2. AN G
n—m+1<[k|<n P
1 i, <j—n+m j—l—l—n—i—m) e
o] DS T > T ket
mA L S 7 G+ 8
m 7(s) kelkr _ A(s ik 4.1
+5 D FPke <n_m+1 >, ¥ (4.10)
|k|<n |[k|<n—m P, 1
For fixed s > 0, n and m, 1 < m < n, consider the function F(t) = ’S_Tt‘#,
t>0.Foranyte[jj+1] C[n—m+1,n]its derivative
, s(n—m) s—1 _ s(asn—m)
F (t) = ts+1 o s js+1 ’
where a; := max{1, 1}. Therefore,
j+l—-n+m j—n+m ) ) s(asn —m)
— = |F 1)-F < -
and from (4.10) we obtain
s(asn —m) —- 155 (F )|
< s 5 ISl
m+ Jj=n—m+1 J
m n = m [|Sn-m(fP)|
+57H5”(f(s))|p,u+ — Sﬂp,u
ns(m+1) m+1 (n—m)

By virtue of the inequality 0 < Cy < ™%, there exist a number C3 > 0 such

that .
= 1SN 152 (F DN lp,
M2 § 03< Z js+1 + ns :

j=n—m
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Since
”z_:l 1S5 (FNlp e % 1Si—m—1(F)lp, .
s5+1 - . _ 1)s+1
j=n—m J " i=n-+1 (Z m 1) *
< %ﬂ i1 ”Sl(f(s))”p,u
- (l —m — 1)s+1 gs+1
i=n+1

m+ 1yt S (),

< - = e e

< <1+ - 1) zzn;1 S (4.11)

taking into account (3.5), we see that in this case relation (4.9) also holds:

M, < C’4< Z i@t —i—w(n_l)) = O(w(n™h), n — .
i=n+1

4.3. Approximation of functions by the generalised Abel-Poisson
and the Taylor-Abel-Poisson methods

In the following theorem, we give the direct and inverse theorem of the
approximation of functions by the linear operator A, ; in the space S, ,, and
constructive characteristics for classes of functions of S, ,, such that the moduli

of smoothness of their generalized derivatives do not exceed majorants w.

Theorem 4. Assume that f € L1, s,7 € N, s <r andw € BN ABs. The
following statements are equivalent:

DN =Apr(Dllp, . =01 = 0wl —0), o0—1-;
2) [P e, , =01 -0 w(l—e)), e— 1=
3) 1S (fM)lp, . = O(n*w(n™h)), n— oo;

4) fr=sles, H;.

Let us note that the implication 2) = 3) is the statement of the Hardy-
Littlewood type theorems [12].

Remark 2. In Remark 1 it is noted that from the condition (%;) it follows
that (1—0)" *w(1—p) > Co(1—p)" as p — 1—. Therefore, if the condition (%)
is satisfied, then the quantity on the right-hand side of the relation in statement
1) decreases to zero as ¢ — 1— not faster, than the function (1 —p)". Also note
that the relation ||f — Ay (f)llp, . =0 ((1=20)")), @ — 1—, holds only in the
trivial case when f(z) = Z| k|<r—1 fkeikm , and in such case, the theorems are
easily true. This is related to the fact that the linear approximation method,
generated by the operator A, ,, is saturated with the saturation order (1 — )"
(see, for example [24, 22]).
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Consider approximative properties of the sums P, s(f) in the space S, L

Let us prove that for any function f € S , such that the derivative f () e

S the following relation holds as o — 1—:

p?ll”

1f = Pos(F)llp, o ~ 1FE = Poa (FSNDlppp ~ (1= D p e (412)

For this, let us show that

1f = Pos(Pllp,pe ~ 1= g, 01— (4.13)

The second relation in (4.12) is proved similarly.
For any n € N, we have 1 — 0" = (1 — 0)(1 + 0+ ...+ 0" !). Then setting
by = (1— g)”]"(S)Hp’u7 we get for all g € (0,1),

> (1= TR o0)™ < S e (1= o) K IF R/ ) ™ < 1.
kEZ keZ

Therefore, |[f = Pos(f)|lp, . < (1 =) f)
On the other hand side, since () ¢ Sp, i
a number N € N such that for alln > N

||Sn(f(5))”p,u > Hf(S)Hp,,u, - 5/4

and by the definition of the norm

LR\ [k|°f (k) "
> ([ 0-e) 2 2 (5 —et) >

<N I, M, u

I,
then for any € > 0 there exists

Choosing gp such that for all p € (9o, 1) and |k| < N, the following inequality
holds:

UFNp, e —e/2(A+ 04+ ) S RS, — )

we see that for such g and by := (1 — Q)(Hf(S)Hp,p —€)

S (1= FR)I/82)™ = S (1= o)1+ 00 ) Fl) /2) ™

kEZ lk|<N

- (14 .+ M1y F(R) \ P kP IFR) P
‘Z”’“< 1O, —e > >Z“’“<Hf<s> —5/2) >

k<N P,y <N 7

Thus, for all ¢ € (o, 1), we have ||f — P, s(f)llp,, = (1— )(Hf
hence relation (4.13) holds.
It is clear that

Hp,u —e¢) and

Por(f)(x) = Apa(f) ().

Therefore, applying Theorem 4 to the function f = ¢*~» with r = 1 and
taking into account relation (4.12), we obtain the following result.
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Theorem 5. Assume that f € L1, s € N, and w € BN ABs. The following
statements are equz’valent

)f- Pg,s( Np,p = Owl —0), o0—1-;

2) [P e, , = OFER), o= 1
3) fl=b) esp JHL.

In [25] and [9], statements similar to Theorem 4 and Theorem 5 in this
subsection were proved for spaces SP and Orlicz spaces S,
Proof of Theorem 4. It is shown above that the Theorem 5 follows from
Theorem 4. Therefore, it remains to prove the truth of Theorem 4.
1) = 2). Since
12
> (;>(1 —0)" 7 =(1-0)+0)"=1,v=0,1,..., (4.14)

§=0

then for a3 := |[f — Agr(f)llp, ., We have

12 3 (1= Ay (N F ) fas) ™

k>
=|k|2>ruk<]1 z;(’ )= oo flan )
- uk(i ("= apetita )
> %uk(("“) (1= 0 W) foa) (4.15

On the other hand, by virtue of (3.4),

1P e = o 5PN
1nf{a>0 |lc|z>:ruk<r'< )lkyf |/a> <1}.

Combining these relations and equality (3.4), we see that for o — 1—,

1P (03I, < 710" (1= 0) 7 1f = Aoy (Hllp, e = O((1 = 0) (1 — 0)).

2) = 3). For asq := ||P(f')(o, lp,,, and for any numbers n > r and
0 €[0,1), we have
|k!> rlo™|F(k )|)
1> p <<
|k[>7 aa
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L) g (e

r<lkl<n r<[kl<n

This yields ||y, (f [T])Hp p < o "I P(fI") (o, lp, ., and putting o =1—1/n and
taking into account statement 2), we see that

180 (SN p. 0 < (1= 1/n)"O(n*w(n™)) = O(n*w(n™)), as n — 0.
3) = 4). Let us set g := f['=5l. By the definition, for |k| > 7, we have

FFR)
(k] =)t

o D)k —r+2) - (k] =7+ )
B[k —1) .- (k[ —s+1)

> g8 (1= ) = )

Therefore, taking into account Remark 1, we get

1500 llp. o < USe-1(g™ )l + [ 2 oM ()™

71| =

19 () 1

r<[k|<n
< 1S 1(g* N lp, o + 190 (FT D lp, 0 = O w(n™)), 1 — oo.
By virtue of Theorem 2, we see that ||g — Z$) Dy = Ow(n™1)), n = oo,
hence, g = fIr—s) ¢ Sp, s | €8p,, and flr=sl ¢ Sp, i He-
4)=3). If g := f[" 5] then according to Proposition 2, we get
192(g")llp, . = O(*w(n™)), n — oo.

For |k| < r we have Fl(k) = 0 and for |k| >,

! ]!
(k] = &)t ([k] =7+ 9)!

(k)| = (k)| < A F ) = 19 ().

(i )

Thus
IS0 (F D)o < 1S (@ N)lp. . = O(*w(n™)), 1 — 0.

3) = 1). From identity (4.14)), it follows that for any o € [0, 1],

> (”.)(1 i<l v
J

j=r

This implies the relation
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k| n .
k . iy f k Pk
=§:uk<§:(bo(l—gyak ”(;”) <> u ( ) <1,
K>r N j=r k| >r
where a5 := ||f||p ,, and therefore, we have ||f — Ay (f)llp 0 < I1fllp, . < 00

From this relation, we conclude that for any £ > 0 there exists the number ng
such that for all n > ng and all p € [0,1),

|K|

> 3 (M)a- oot i

r<|k:|<n] =r

1f = Agr(Dllp, e < +e. (4.16)

P, p

Let us use the following inequality

(v — v
> (Na-oei< (V)a-or (117)
j=r

which is valid for all v > r and ¢ € [0,1] (see, for example [25]). Putting
ag == (1 — Q)THSn(f[T])Hp’#/T!, we get

L 7y

Zuk(z(“j‘f‘)< _ i |<>|>

r<lkl<n N j=r 6

o~

< > mc((l—@) (“j‘) féﬁ)’>pk <1

r<|k|<n

Thus,

K|

ZZ( ) o) o*1=7 F(k)eike

r<|k|<n j=r

<5, (418)

p?l’L

Combining relations (4.16)) and (4.18)) and putting n := n, = [(1 — ¢)~!],
where [-] means the integer part of the number, we get

(1

17~ Aor s < S+

= (1-0)"O(ngw(ng ') +e=0((1 - o) w(l - 0)) +e,

as 0 — 1—. By virtue of arbitrary e, from this relation it follows that the
implication 3) = 1) is true.
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