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Kolmogorov-type inequalities for functions
with asymmetric restrictions on the highest
derivative

Abstract. For k,7r € N, £k < 7, ¢ > 1, p > 0 o8 >
0 and for functions z € LJ (R) inequalities that estimate the
norm Hx(ik)HLq[a’b] on an arbitrary segment [a,b] C R such that
™ (a) = x(k)(b) = 0 via a local norm of the function |||z™|||, :=
sup { Eo(x) T)p,lap) ¢ E2'(t) >0Vt € (a,b), a,be R}, and the asymmetric
norm |la™ lxs_r) + B~ 1ZE(_T)||OO of its highest derivative are proved, where
Eo(z) L, ((a) = inf{|lz — ¢||L,((a,5)) : ¢ € R}. As a consequence, generali-
zations of a number of well-known Kolmogorov-type inequalities are obtai-
ned.
Key words: Sharp Kolmogorov-type inequality, asymmetric case, local
norm.

Awnorania. [z k,r € N, k < r; ¢ > 1, p > 0; o, > 01
miaa dyskuin x € LT (R) jnosexeni Touni HepiBHOCTI, sKi OIHIOIOTH
HOPMY Hxﬁ?HLq[a,b] Ha J0BlIbHOMY Biapisky [a,b] C R, rakomy, mo
+®(a) = w(k>(b) = 0 uepes gokambry mopmy dymkmii |[|2™||,
sup {Eo() 1 [a,p) : +2'(t) > 0Vt € (a,b), a,b€ R}, Ta Hecmmerpumuny
HOpMY ||a_1 ) 4 712" || o T crapmoi noxigmoi, me Eo(z). Lp(lab) =
inf {2 el (o) : € € R).

SIK HACIIIZOK, OTPUMAHO y3arajbHEHHsI sy BiIOMEX HepiBHOCTeH KoJl-
MOIOPOBCBHKOTO THILY.

Key words: Touna HepiBHICTb KOJIMOTOPOBCHKOTO THILY, HECUMETPUIHHI
BUIIA/IOK, JIOKAJIbHA HOPMA.

MSC2020: Pri 41A17, SEC 41A44, 42A05, 41A15
1. Introduction. The symbol G will denote a segment [a, b], the real axis
R or the circle T realized as a segment [0, 27] with identified ends. We will

consider the spaces L,(G) of measurable functions x: G — R such that ||z||, =
# 1,y < oo, where

1/p
]l = (/ \x(t)]pdt> if1<p< oo,
G
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KOLMOGOROV-TYPE INEQUALITIES WITH ASYMMETRIC RESTRICTIONS

||| oo := vraisup |z(t)].
teG
Set Eo(x), = Eo(7)r,(q) = inf{|lz —¢cl|r, @) : c € R}

Denote by L[ (G) the space of functions * € Lo (G) having locally
absolutely continuous derivatives up to (r — 1)-th order, and such that z(") €
Loo(G).

For a, f > 0 and = € Loo(G) set

[2]lo0.0,8 = llaw+ 4 Ba—]loo,

where x4 (t) := max{x4(t),0}.
In many extremal problems of analysis, an important role is played by the
Kolmogorov-type inequalities

o], <ot ]

(1.1)

for differentiable functions on the axis, and for 2w-periodic functions, where
k,re N, k<r;q,p,s€[l,o0];a € (0,1).

Of the greatest interest are inequalities (1.1) with the maximum possible
exponent « and the smallest possible constant C. A detailed bibliography of
inequalities of this type can be found in [1]-[3]. Note that in [4] the question
of the coincidence of sharp constants in the inequalities of the type (1.1) for
periodic functions and non-periodic functions on the axis was investigated.

In a number of papers the method of local norms was used in the proofs
of Kolmogorov-type inequalities. In particular, it was used to obtain the most
general sharp Bernstein-type inequalities for polynomials and splines (see [5]
and [6]), as well as to prove a theorem on sharp constants in inequalities for
functions € LL_(T) (see [7]). In addition, using this method for functions
of small smoothness, an analogue of Ligun’s inequality 8] was obtained for a
sharp estimate of the quasinorms of derivatives in the spaces LZ(T), qe€[0,1)
(see [9]). We also note the paper [10], in which, using the method of local norms,
sharp constants in inequalities with different metrics for periodic functions
were found. Related problems for functions with asymmetric constraints were
considered in [11] - [16].

Let us give the necessary definitions. We set

|||, := sup {Eo(x)Lp[a,b] : 2'(t) >0 Vt € (a,b), a,beR},

|[|2H|], := sup {Eo(x)Lp[a,b} : 2'(t) <0 Vte (a,b), a,beR}

and
Nl = wmax {1l 11l } -

Let further [17]
L(z)p :=sup {[|z[|p, a0 1 |2(t)] >0 Vte (a,b) a,beR}.
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V. A. KOFANOV

The symbol cpff’ﬁ, r € N, a,8 > 0, denotes the r-th 27-periodic integral
with zero mean over the period of the 27-periodic function gpg’ﬁ defined on the

segment [0, 27] as follows: ¢ >8(0) = (pg’B(QW) :=0, and
23 (1) =, 1€ (0,2n6/(a+ B,

o7 (t) = =B, te@np/(atp),2m).
Note that ¢, := @' is the Euler spline of the order r. Let’s put @A’ﬁ( t) =
A% P (M) for A > 0. We'll need

Theorem A [15]. Let k,r e R,k <r,G=R or G =T and o, 5 > 0.
Then for functions x € Ll (G) the following sharp inequality

" ||<soT )l AR,
[ h T e E (1.2)

holds. For ¢ > 1 and functions x € LL_(T) the following sharp inequality

a,

ol zy < b= @ o 1
[ller™"[[lo

holds. Equality in (1.2) is achieved for the functions x(t) = apy’; B(t)+b,a >0,
beR, A>0forG=R, and A € N for G =T. Equality in (1 3) is achieved
for the functions x(t) —agpnr( )+b,a>0,beR, neN.

Inequalities (1.2) and (1.3) strengthen the X6rmander [18]| and the Babenko
[19] inequalities, respectively, in which Fy(z)~ is replaced by the local norm
||z|||co- It is clear that |||z]||cc < Eo(%)so, but it is easy to give examples of
infinitely differentiable functions = for which the fraction % is arbitrarily
small.

The proof of Theorem A in [15] is based on the following refinement of
Kolmogorov’s comparison theorem in the asymmetric case, necessary in the

paper.
Theorem B. Let r € N, a, >0, z € L._( Hm(’"‘ 16131 and
the number X be chosen from the condition |||x|||c = |||g0)\ . Let further a

segment [a, b], where the function x increases (decreases), satzsfy the condition
Z'(t) # 0,t € (a,b), and 2'(a) = 0, if a # —o0, 2/(b) = 0, if b # +0o0, and a
segment [, ], where the function goi“f increases (resp. decreases), be such that

cpi‘f (&) = goi‘f 1(n) =0, and let v be the point of the local extremum of the

function goA _, on the interval (§,7).
If for a point t € [a,b] the point y € [€,n] is chosen so that

l2(b) — ()] = |57 (7)) — 257 W),

or so that

() — @(a)] = |52 (1) — X2 (),
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KOLMOGOROV-TYPE INEQUALITIES WITH ASYMMETRIC RESTRICTIONS

then
' ()] < 152 ().

In this paper, we obtain (Theorem 2) a generalization of inequality (1.3) to
the classes L (R) of non-periodic functions on the axis, in which the uniform
local norm |||z|||~ is replaced by the local norm |||z|||,, p > 0. In addition, an
inequality of the same type, which takes into account the number of intervals
of constant sign of the derivative (Theorem 3), is proved. The central place
in the proofs of these results is occupied by new inequalities for local norms
(Theorem 1) obtained with the help of Theorem B.

2. Main results. We set

M(m%u)_mw{|mwp a1l }
e S N5l

The symbol r(x,t), t > 0, denotes the permutation (see, for example, |20,
§1.3]) of the function |x|, € Li[a,b]. Wherein we agree that r(z,t) = 0 for
t>b—a.

Theorem 1. Let r,k € N, k <r, g € [1,00], p € (0,00], a, 8 > 0. Then
for any function x € LT (R) such that |||z|||, < oo, the following inequalities
hold:

1)
L) <L(@s) - <w> [«

r—k+1/q
r+1/p 7

s, \ ™
mm&<mw%&»w<(1p

’H‘Prﬁ‘”p

1-6

Oo7a_17ﬁ_1

and

where 6 =

1/p
el | K (2.2)

oo,a—1,5-1

Inequalities (2.1) and (2.2) are sharp and turn into equality for the functi-
ons of the form x(t) = acp?’ﬁ()\t +b); A\,a>0,beR.

Proof. In view of the homogeneity of inequalities (2.1) and (2.2), we can
assume that

127|001 51 = 1. (2.3)

Let’s choose A\ from the condition

Nzl = 111257 loo- (2.4)

M (’mep> > 1. (2.5)
[itwall®

Let’s prove that
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Let us prove (2.5) under the assumption |||z]||oc = |||27|||co ((2.5) is proved
similarly under the assumption |||2]|/oc = |||2*]]]o0)-
From the assumption |||z]||sc = |||2"|||co it follows that for any & > 0 there

exists an interval [a, b], where the function z strictly increases, and such that

2'(a) = 2/(b) = 0, and
Eo (@) Lofap) 2 (|20 — € (2.6)

We denote by ¢, = ¢p(x) the constant of the best L,-approximation of the
function x on the segment [a,b] i.e., such a constant that Eo(z)r,ap =
|z — cp(:n)||Lp[a7b} . It is clear, that z(t) — ¢p(x) has a zero on [a, b]. We denote
this zero by the letter z, so that

z(z) = ¢p. (2.7)

Let [m, M] be an interval, where the spline cpi‘f strictly increases, where

cpi"fil(m) = gpi"fil(M) = 0. We choose points u; = ui(e), us = us(e),
u,uz € [m, M] so that

P37 (M) = o5 (ur) = 2(b) — (2) (2.8)
and

P57 (ug) — 37 (m) = a(2) — a(a). (2.9)
It is clear that ug < ug, while ug = ug(e) increases, and u; = uj(e) decreases,
as € — 0. Moreover, u; — us — 0 for ¢ — 0. Therefore, there is a point
u € [m, M| such that u; — u for e =0, i =1,2.

It follows from (2.8) and (2.9) that for any ¢ € [z,b] (or ¢t € [a, z]) there
exists a point y € [u1, M| (or y € [m,us]) such that

or (M) = @37 (y) = w(b) — a(t) (2.10)
P () — @y (m) = x(t) — (a), (2.11)

By virtue of Theorem B, for any such pair of points (¢, y), the following inequali-
ty holds

2’ ()] < 1o, ()], (2.12)

while, obviously,
b—z>M—u;, z—a>us—m. (2.13)

From (2.8) — (2.12) we obtain the following inequalities:
2(b—s) —2(2) > oyF (M —s) =3 (w) 20, s€[0,M—w] (214)
and

z(a+s) —2(2) <3P (m+s) — 3P (ug) <0, s€[0,up—m]. (2.15)

)T )T
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KOLMOGOROV-TYPE INEQUALITIES WITH ASYMMETRIC RESTRICTIONS
From (2.7) and (2.13) — (2.15) we have

a5 > Nl = epllf 0 = 2 = 2] 10y =

-/ ln(s) — a() s + [ 1ee) = atoras =

b—z z—a
_ / (b — s) — 2(2)Pds +/ @(2) — a(a + )|Pds >
0 0
Mo o s
(e a,
> /0 628 (M — 8) — 8 (uy) Pds+
Y s Mo s s
o, (e a, Q,
T /0 628 (m+ 5) — 28 (up)Pds = / 627 (5) — 2P (un) s+
ul

v Ol,ﬂ C!,B P
+ ‘90)\77‘ (S) - ()0)\,7‘ (uz)‘ ds'
m

Passing in the resulting estimate to the limit as e — 0, we obtain |||zT||[) >
M
fm |<p?\‘: (s) — go)\r( u)|Pds > |||(g0/\r)T|Hp This immediately implies (2.5).
Let us now prove

L (xgiv))q <L ((w‘;“ffk)i)q. (2.16)

Let ¢ = 1 first. We fix an arbitrary interval (a,b) such that |#*)(¢)| > 0 for
t € (a,b) and the constant sign interval (A, B) of the function goA N ,, between
its adjacent zeros A and B. Then from (1.2), in view of (2.3) and (2.4), we
obtain the inequalities

125 oo < 1) 2lloes k=1,2,...,7 — 1. (2.17)
That’s why [||2~D][]ee < |[|57 _plllec and

b
[a®®t| = [o D) - 2 @)] < 2All6 Dl < 20655yl =

2y (B) = o5 (4)] = / Sl (O] = L2 ).

(The last equality follows from the fact that the spline ¢ /\’B i is equal to zero

on the period on average). This immediately implies (2.6) for ¢ = 1.

Let now ¢ > 1. Note that if the function f € L3 (R), s € N, satisfies the
condition L(f), < oo for some p > 0 and |f(t)| > 0, t € (a,b), with a = —o0
or b = 400, then f(t) — 0, for t = —o0 or t — +oo. In this case, we will set
f(=00) =0 and f(+o00) = 0.
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Since inequality (2.16), proved for ¢ = 1, implies the estimate L (x(f )>1 <

oo, then if |x$) (t)] > 0 on the infinite interval (a,b), we can assume that
:L‘gf)(—oo) =0 (if a = —o0) and ng)(—i—oo) =0 (if b = +00).

Proceeding to the proof of (2.16) for ¢ > 1, we fix the segment [a, b] (finite or
infinite) for which ]a:gf) (t)] > 0 for t € (a,b) and denote by 2 the restriction

of the function $§f) to [a, b]. Since the derivative 2(¥) is continuous and, in view
of the above, it is sufficient to take the least upper bound in the definition of
L(xz™)), over segments [a, b] such that

2" (a) = ) (b) = 0. (2.18)

Let further the interval (A, B) of constant sign of the spline wi’f_k between
its adjacent zeros A and B be such that the sign of the spline on (A, B) is the
same as the sign of the derivative (%) (t) on (a,b). We denote by (goA’T’B i)o the

restriction of the spline 4,0/\"8 to the segment [A, B|.
Let’s prove the mequahty

9 1
/ r(a®, t)dt < / (@0 Do t)dt, €0, (2.19)

0 0
First of all, we note that since the permutation preserves the uniform norm,
then (2.17) implies the inequalities r(xﬁ,k),O) (((pi"fﬁk)g,()). Let us show

further that the difference A(t) := r(xg )t t)— ((go)\f i )o»t) changes sign (from
—to +) at most once. To do this, note that, in view of (2.17) and (2.18), for any

y € (0, ||;1:£,k)Hoo) there are points t; € (a, b) i=1,...,m, m > 2, and two points
€ (A, B) such that y = \xg (ti)] = (cp/\ ‘r—)o(y5)- According to Hormander’s
comparison theorem [18] applied to the function :):(k) (its conditions are sati-

sfied due to (2.3) and (2.17)), the inequality \xg ( )| < |((p>\r e_1)o ()]
holds. Therefore, by the permutation derivative theorem (see, for example,
[20, Proposition 1.3.2]), if the points 6; and 6, are chosen so that

y=r@@P, o) = T((@ijf,k)m 02), (2.20)
then

m —1
| (28, 61)| = [Z ’$§k+l)(tz‘)!1] <
=1

-1

ZV koW = (PN ) 02)]. (2.21)

It follows from this that the difference A does not change sign (from — to +)

¢
more than once. Consider the integral I(£) := [ [r(:rgk),t) - r((goi"fik)g, t)| dt.
0 )
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It is clear that 7(0) = 0. Further, in view of (2.16) for ¢ =1

b
=:/Wx9°@thsz4x§h1<

B—A
<L((‘PM K)o / r %\r })os t)dt.
0

S

—a

o\
<
8
=

Therefore, if we put M := max{b — a, B — A}, then I(M) < 0. In addition,
I'(t) = A(t) changes sign (from — to +) no more than once. Thus, I(§) < 0 for
all £ > 0 i.e., inequality (2.19) is proved. From (2.19), in virtue of the Hardy—
Littlewood—Polya theorem (see, for example, [20, Statement 1.3.11]) inequality
(2.16) follows.

Let us finally prove (2.1) and (2.2). Using (2.16), (2.5), the obvious equali-
ties
+1

LU52)1)g = AT L") 1)as M52 [, = A5

and the definition of §, we have

1), <2 (o) (k) -

=

T xr P —
r T p

)
L Hm)
(#r5)2)a (erﬁmp

Now (2.1) follows in view of (2.3). Similarly, from (2.3) — (2.5) inequality (2.2)
can be deduced. Theorem 1 is proved.
For a function f continuous on a segment [a,b], we put u(f) = p{t €

[a,b] : f(t) > 0}. In particular, M(@A’f)i = pft € [0,2m/A] : (o5 f) (t) > 0}.

Theorem 2. Let k,r € N, k < r, ¢q > 1,p > 0, o,8 > 0. For any
function x € LL_(R) satisfying condition |||x|||, < oo, and an arbitrary segment

[a,b] C R such that

S M, (2:22)

2" (a) = 2% (b) = 0, (2.23)
the inequality

o,B 5

k

2 (¢ww) e —_

— <|——F || Mg ) IO (229)
pwzy”) Lgla,b] N(‘Pr )+ "Il

q
holds, where § = (r — k)/(r + 1/p).
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Proof. In view of the homogeneity of inequality (2.24), we can assume that

27 o, 0-1,5-1 = 1. (2.25)
Let’s choose A from the condition
M (W’H”> =1. (2.26)
I3l
Then inequality (2.1) implies that
L) <L((els) - (2.27)

Let us first prove (2.24) in the case when
W (@) =2z® @)y =0, 2P (@) >0, te(a,b). (2.28)

We denote by (A, B) an interval of constant sign of the spline goi"f _;, between
its adjacent zeros A and B such that the sign of the spline on (A, B) is the

same as the sign of the derivative (%) (t) on (a,b). We denote by (gp/\’f i)o the
(k

restriction of the spline gpi’P . to the segment [A, B], and by x4 ) the restriction
of the derivative z(*) to the segment [a,b]. We put [ := b—a, L :== B— A. Then
from inequality (2.27) we have fé rq(wgk), t)dt < fOL rq((cpf\yffk)g, t)dt. The last
inequality implies the existence of a point y € [0, L] for which

l L
/ 2 t)d /rq PN p)ost)dt. (2.29)
0 Y

Note that in the proof of Theorem 1 it was established that if the points 64
and 6y are chosen so that (2.20) holds i.e., r(xgk), 01) = r((npi‘:f_k)a,ﬁg), then

inequality (2.21) holds i.e., [r'(z$,6,)] < |r’((g0§f i)or 02)|. Hence, in view

of equality (2.29), the estimate | > L — y follows. Moreover, it is easy to

y
see that the function ﬁ { ((cpA’f i)o»>1)dt decreases on [0, L]. That’s why

l L—y L
Jra( 2 ,Hdt < Ly [r ((@A’f plost)dt < %frq((gpi‘f_k)g,t)dt. Hence,
0 0

0
in view of (2 25) and (2.26), the following inequality holds:

/ ‘:U(k)

dq
’SO,\ k )| x -5
i) OF % [l (2.30)
1( SOAT Ko |HQ0>\,T

~I=
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Using equalities (2.22) and ,ui(npkr) = A 1us (027, we see that the right-
hand side of this inequality does not depend on A. Thus (2.24) in case (2.28)
is proved.

Let us now prove (2.24) in the general case. Consider the collections I of

all segments [a; ,b]i] [a, b] such that ar(k)(af) = m(k)(bj:) =0, xf)(t) > 0,

te (aji, bji) It’s clear that

b
Z(b}t_af):/ﬁ@f)), fo)‘iq[a,b]:%:i /‘:cﬁf)(t)’th. (2.31)
a

by
Let us estimate the integrals fa:Jt

as(ik) (t)’q dt in (2.31) using inequality (2.30).

a,B q
Sorf €T
( ’“)j: M(H‘ilyﬁ\) || (r) ||(1 0)a from

Setting for brevity Sy :=
5 Yoo “(‘Pffk)i l|ler” 00, 15 b

(2.31) we deduce the estimate H.%(i)

+ + _ (k)
oo < jgi(bj —a;)St = p(zy’)Ss,
which is equivalent to (2.24). Theorem 2 is proved.
Corollary 1. If under the conditions of Theorem 2 the number r is even
or p = oo, then

a,B 5
k

- @ 00, -1 19
IELEDY M PO RN -

q

where § = (r — k)/(r + 1/p).
Corollary 2. If under the conditions of Theorem 2 the number r — k is

odd, then
(2 [EIRY
] (BE2) ol () -
and
Wl < (b= [ETER—
| \Lq[a,b]—( ) ARy (H@ ,ﬂm) e

with the same exponent §.
Corollary 3 [21]. Under the conditions of Theorem 2

1
k)\\ @ 5
Pt (2 x -
P ; ) Hsor_kllq<” m”) e
ala.b] m [l lllp

|
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b—a\i ]l \°
C << _C‘)" < v p) a0
X r— x oo
S e liedl,) 1=

where § = (r — k)/(r + 1/p).

Remark 1. Theorems 1, 2 and Corollaries 1 — 3 are analogues of the
statements obtained in [11], in which the local norms L(x), were used instead
of the local norms |||z||[,. Note that the use of |||z]||, is preferable, because
[|z]|[5 < L(z4)b + L(xz_)b, but it is easy to give examples of infinitely di-

fferentiable functions x for which the fraction m?;”)‘: is arbitrarily small.

and

It is easy to check that in all the inequalities obtained above, the exponent
at |[|z]||, is the maximum possible. Ligun [22] found that if the number of
sign changes of the derivative is taken into account in the Kolmogorov-type
inequality, then the exponent at the norm of the function can be increased.
The following theorem shows that this Ligun effect is preserved in inequalities
with local norms.

For a function f continuous on a segment [a, b], denote by Fl, ) the set of
its zeros on this segment, and by the symbol v, y) (f) the number of constituent
intervals of an open set (a,b) \ Fj, -

Theorem 3. Let k,r ¢ N, k<7, r—k be odd, ¢ > 1,p >0, o, > 0.
For any function x € L. (R) satisfying |||z|||, < oo, and an arbitrary segment
[a,b] C R such that £ (a) = 2*)(b) = 0, the following inequality

Lyla b]

[=*)
Via (@ [[]]],
( 2 ) H (HI agm) [l o (2.32)

holds, where v = (r —k+1/q)/(r +1/p).

Proof. Following the proof of Theorem 2, we assume that condition
(2.25) is satisfied, and we choose A from condition (2.26). Then inequality
(2.1) implies (2.27) ie., L<x§f))q < L((%’f Dt )q. Let us represent the
k)

segment [a,b] as UY_,[a;, a;11], where a; are the zeros of the derivative

a1 =a, ayi1 =b, V=V (z®)). Since 7 — k is odd, we have L ((goi‘:f_k)+)q

= L((go)\’f o) — )q. Therefore, applying (2.27), we obtain H:L‘(k)HLq

[a,b]

Vi @®) 1 (i K o — Yay @) v
S I i) < Moo (6370, = 52

From here, in virtue of (2.25) and (2.26) the inequality Hm(k HL (a,0]

ql%,

1

Ya) @)\ 9 || a, i

(wz . H M m!}'f% || M7 1, follows, whose right-

hand side, in view of equalities (2.22) and the definition of 7, does not depend
on \. Theorem 3 is proved.
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Remark 2. For @ = 3 inequalities (2.1), (2.2), (2.24), and (2.32) were
obtained in [21].

The exponent « in (2.32) is larger than the corresponding exponent §
in (2.24). This happens because (2.32) takes into account the characteristic
Via,b) (%)), which is (under the conditions of Theorem 3) equal to the number
of zeros of the derivative (*) on the interval [a, b).
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