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Kolmogorov-type inequalities for functions
with asymmetric restrictions on the highest
derivative

Abstract. For k, r ∈ N, k < r; q ≥ 1, p > 0; α, β >
0 and for functions x ∈ Lr∞(R) inequalities that estimate the
norm ‖x(k)

± ‖Lq [a,b] on an arbitrary segment [a, b] ⊂ R such that
x(k)(a) = x(k)(b) = 0 via a local norm of the function |||x↑↓|||p :=
sup

{
E0(x)Lp[a,b] : ±x′(t) > 0 ∀t ∈ (a, b), a, b ∈ R

}
, and the asymmetric

norm ‖α−1x
(r)
+ + β−1x

(r)
− ‖∞ of its highest derivative are proved, where

E0(x)Lp([a,b]) := inf{‖x− c‖Lp([a,b]) : c ∈ R}. As a consequence, generali-
zations of a number of well-known Kolmogorov-type inequalities are obtai-
ned.
Key words: Sharp Kolmogorov-type inequality, asymmetric case, local
norm.

Анотацiя. Для k, r ∈ N, k < r; q ≥ 1, p > 0; α, β > 0 i
для функцiй x ∈ Lr∞(R) доведенi точнi нерiвностi, якi оцiнюють
норму ‖x(k)

± ‖Lq [a,b] на довiльному вiдрiзку [a, b] ⊂ R, такому, що
x(k)(a) = x(k)(b) = 0 через локальну норму функцiї |||x↑↓|||p :=
sup

{
E0(x)Lp[a,b] : ±x′(t) > 0 ∀t ∈ (a, b), a, b ∈ R

}
, та несиметричну

норму ‖α−1x
(r)
+ + β−1x

(r)
− ‖∞ ї ї старшої похiдної, де E0(x)Lp([a,b]) :=

inf{‖x− c‖Lp([a,b]) : c ∈ R}.
Як наслiдок, отримано узагальнення ряду вiдомих нерiвностей кол-
могоровського типу.
Key words: Точна нерiвнiсть колмогоровського типу, несиметричний
випадок, локальна норма.

MSC2020: Pri 41A17, Sec 41A44, 42A05, 41A15

1. Introduction. The symbol G will denote a segment [a, b], the real axis
R or the circle T realized as a segment [0, 2π] with identified ends. We will
consider the spaces Lp(G) of measurable functions x : G→ R such that ‖x‖p =
‖x‖Lp(G) <∞, where

‖x‖p :=

(∫
G
|x(t)|p dt

)1/p

, if 1 ≤ p <∞,
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‖x‖∞ := vrai sup
t∈G
|x(t)|.

Set E0(x)p = E0(x)Lp(G) := inf{‖x− c‖Lp(G) : c ∈ R}.
Denote by Lr∞(G) the space of functions x ∈ L∞(G) having locally

absolutely continuous derivatives up to (r − 1)-th order, and such that x(r) ∈
L∞(G).

For α, β > 0 and x ∈ L∞(G) set

‖x‖∞,α,β := ‖αx+ + βx−‖∞,

where x±(t) := max{x±(t), 0}.
In many extremal problems of analysis, an important role is played by the

Kolmogorov-type inequalities∥∥∥x(k)
∥∥∥
q
≤ C ‖x‖αp

∥∥∥x(r)
∥∥∥1−α

s
(1.1)

for differentiable functions on the axis, and for 2π-periodic functions, where
k, r ∈ N, k < r; q, p, s ∈ [1,∞];α ∈ (0, 1).

Of the greatest interest are inequalities (1.1) with the maximum possible
exponent α and the smallest possible constant C. A detailed bibliography of
inequalities of this type can be found in [1]–[3]. Note that in [4] the question
of the coincidence of sharp constants in the inequalities of the type (1.1) for
periodic functions and non-periodic functions on the axis was investigated.

In a number of papers the method of local norms was used in the proofs
of Kolmogorov-type inequalities. In particular, it was used to obtain the most
general sharp Bernstein-type inequalities for polynomials and splines (see [5]
and [6]), as well as to prove a theorem on sharp constants in inequalities for
functions x ∈ Lr∞(T) (see [7]). In addition, using this method for functions
of small smoothness, an analogue of Ligun’s inequality [8] was obtained for a
sharp estimate of the quasinorms of derivatives in the spaces Lrq(T), q ∈ [0, 1)
(see [9]). We also note the paper [10], in which, using the method of local norms,
sharp constants in inequalities with different metrics for periodic functions
were found. Related problems for functions with asymmetric constraints were
considered in [11] – [16].

Let us give the necessary definitions. We set

|||x↑|||p := sup
{
E0(x)Lp[a,b] : x′(t) > 0 ∀t ∈ (a, b), a, b ∈ R

}
,

|||x↓|||p := sup
{
E0(x)Lp[a,b] : x′(t) < 0 ∀t ∈ (a, b), a, b ∈ R

}
and

|||x|||p := max
{
|||x↑|||p, |||x↓|||p

}
.

Let further [17]

L(x)p := sup
{
‖x‖Lp[a,b] : |x(t)| > 0 ∀t ∈ (a, b) a, b ∈ R

}
.
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The symbol ϕα,βr , r ∈ N, α, β > 0, denotes the r-th 2π-periodic integral
with zero mean over the period of the 2π-periodic function ϕα,β0 defined on the
segment [0, 2π] as follows: ϕα,β0 (0) = ϕα,β0 (2π) := 0, and

ϕα,β0 (t) := α, t ∈ (0, 2πβ/(α+ β)],

ϕα,β0 (t) := −β, t ∈ (2πβ/(α+ β), 2π).

Note that ϕr := ϕ1,1
r is the Euler spline of the order r. Let’s put ϕα,βλ,r (t) :=

λ−rϕα,βr (λt) for λ > 0. We’ll need
Theorem А [15]. Let k, r ∈ R, k < r, G = R or G = T and α, β > 0.

Then for functions x ∈ Lr∞(G) the following sharp inequality

‖x(k)
± ‖∞ ≤

‖(ϕα,βr−k)±‖∞
|||ϕα,βr |||1−k/r∞

|||x|||1−k/r∞ ‖x(r)‖k/r∞;α−1,β−1 , (1.2)

holds. For q ≥ 1 and functions x ∈ Lr∞(T) the following sharp inequality

‖x(k)
± ‖Lq(T) ≤

‖(ϕα,βr−k)±‖Lq(T)

|||ϕα,βr |||1−k/r∞
|||x|||1−k/r∞ ‖x(r)‖k/r∞;α−1,β−1 . (1.3)

holds. Equality in (1.2) is achieved for the functions x(t) = aϕα,βλ,r (t)+b, a > 0,
b ∈ R, λ > 0 for G = R, and λ ∈ N for G = T. Equality in (1.3) is achieved
for the functions x(t) = aϕα,βn,r (t) + b, a > 0, b ∈ R, n ∈ N.

Inequalities (1.2) and (1.3) strengthen the Xörmander [18] and the Babenko
[19] inequalities, respectively, in which E0(x)∞ is replaced by the local norm
|||x|||∞. It is clear that |||x|||∞ ≤ E0(x)∞, but it is easy to give examples of
infinitely differentiable functions x for which the fraction |||x|||∞

E0(x)∞
is arbitrarily

small.
The proof of Theorem A in [15] is based on the following refinement of

Kolmogorov’s comparison theorem in the asymmetric case, necessary in the
paper.

Theorem B. Let r ∈ N, α, β > 0, x ∈ Lr∞(G),
∥∥x(r)

∥∥
∞,α−1,β−1 ≤ 1, and

the number λ be chosen from the condition |||x|||∞ = |||ϕα,βλ,r |||∞. Let further a
segment [a, b], where the function x increases (decreases), satisfy the condition
x′(t) 6= 0, t ∈ (a, b), and x′(a) = 0, if a 6= −∞, x′(b) = 0, if b 6= +∞, and a
segment [ξ, η], where the function ϕα,βλ,r increases (resp. decreases), be such that
ϕα,βλ,r−1(ξ) = ϕα,βλ,r−1(η) = 0, and let γ be the point of the local extremum of the
function ϕα,βλ,r−1 on the interval (ξ, η).

If for a point t ∈ [a, b] the point y ∈ [ξ, η] is chosen so that

|x(b)− x(t)| = |ϕα,βλ,r (η)− ϕα,βλ,r (y)|,

or so that
|x(t)− x(a)| = |ϕα,βλ,r (y)− ϕα,βλ,r (ξ)|,
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KOLMOGOROV-TYPE INEQUALITIES WITH ASYMMETRIC RESTRICTIONS

then
|x′(t)| ≤ |ϕα,βλ,r−1(y)|.

In this paper, we obtain (Theorem 2) a generalization of inequality (1.3) to
the classes Lr∞(R) of non-periodic functions on the axis, in which the uniform
local norm |||x|||∞ is replaced by the local norm |||x|||p, p > 0. In addition, an
inequality of the same type, which takes into account the number of intervals
of constant sign of the derivative (Theorem 3), is proved. The central place
in the proofs of these results is occupied by new inequalities for local norms
(Theorem 1) obtained with the help of Theorem B.

2. Main results. We set

M

(
|||x|||p
|||ϕα,βλ,r |||p

)
:= max

{
|||x↑|||p

|||(ϕα,βλ,r )↑|||p
,

|||x↓|||p
|||(ϕα,βλ,r )↓|||p

}
.

The symbol r(x, t), t > 0, denotes the permutation (see, for example, [20,
§1.3]) of the function |x|, x ∈ L1[a, b]. Wherein we agree that r(x, t) = 0 for
t ≥ b− a.

Theorem 1. Let r, k ∈ N, k < r, q ∈ [1,∞], p ∈ (0,∞], α, β > 0. Then
for any function x ∈ Lr∞(R) such that |||x|||p < ∞, the following inequalities
hold:

L
(
x

(k)
±

)
q
≤ L

(
(ϕα,βr−k)±

)
q
·M

(
|||x|||p
|||ϕα,βr |||p

)δ ∥∥∥x(r)
∥∥∥1−δ

∞,α−1,β−1
, (2.1)

where δ = r−k+1/q
r+1/p , and

|||x|||∞ ≤ |||ϕα,βr |||∞ ·M

(
|||x|||p
|||ϕα,βr |||p

) r
r+1/p ∥∥∥x(r)

∥∥∥ 1/p
r+1/p

∞,α−1,β−1
. (2.2)

Inequalities (2.1) and (2.2) are sharp and turn into equality for the functi-
ons of the form x(t) = aϕα,βr (λt+ b); λ, a > 0, b ∈ R.

Proof. In view of the homogeneity of inequalities (2.1) and (2.2), we can
assume that

‖x(r)‖∞,α−1,β−1 = 1. (2.3)

Let’s choose λ from the condition

|||x|||∞ = |||ϕα,βλ,r |||∞. (2.4)

Let’s prove that

M

(
|||x|||p
|||ϕα,βλ,r |||p

)
≥ 1. (2.5)
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Let us prove (2.5) under the assumption |||x|||∞ = |||x↑|||∞ ((2.5) is proved
similarly under the assumption |||x|||∞ = |||x↓|||∞).

From the assumption |||x|||∞ = |||x↑|||∞ it follows that for any ε > 0 there
exists an interval [a, b], where the function x strictly increases, and such that
x′(a) = x′(b) = 0, and

E0(x)L∞[a,b] ≥ |||x|||∞ − ε. (2.6)

We denote by cp = cp(x) the constant of the best Lp-approximation of the
function x on the segment [a, b] i.e., such a constant that E0(x)Lp[a,b] =
‖x− cp(x)‖Lp[a,b] . It is clear, that x(t)− cp(x) has a zero on [a, b]. We denote
this zero by the letter z, so that

x(z) = cp. (2.7)

Let [m,M ] be an interval, where the spline ϕα,βλ,r strictly increases, where
ϕα,βλ,r−1(m) = ϕα,βλ,r−1(M) = 0. We choose points u1 = u1(ε), u2 = u2(ε),
u1, u2 ∈ [m,M ] so that

ϕα,βλ,r (M)− ϕα,βλ,r (u1) = x(b)− x(z) (2.8)

and
ϕα,βλ,r (u2)− ϕα,βλ,r (m) = x(z)− x(a). (2.9)

It is clear that u2 < u1, while u2 = u2(ε) increases, and u1 = u1(ε) decreases,
as ε → 0. Moreover, u1 − u2 → 0 for ε → 0. Therefore, there is a point
u ∈ [m,M ] such that ui → u for ε→ 0, i = 1, 2.

It follows from (2.8) and (2.9) that for any t ∈ [z, b] (or t ∈ [a, z]) there
exists a point y ∈ [u1,M ] (or y ∈ [m,u2]) such that

ϕα,βλ,r (M)− ϕα,βλ,r (y) = x(b)− x(t) (2.10)

or
ϕα,βλ,r (y)− ϕα,βλ,r (m) = x(t)− x(a). (2.11)

By virtue of Theorem B, for any such pair of points (t, y), the following inequali-
ty holds

|x′(t)| ≤ |ϕα,βλ,r−1(y)|, (2.12)

while, obviously,
b− z ≥M − u1, z − a ≥ u2 −m. (2.13)

From (2.8) — (2.12) we obtain the following inequalities:

x(b− s)− x(z) ≥ ϕα,βλ,r (M − s)− ϕα,βλ,r (u1) ≥ 0, s ∈ [0,M − u1] (2.14)

and

x(a+ s)− x(z) ≤ ϕα,βλ,r (m+ s)− ϕα,βλ,r (u2) ≤ 0, s ∈ [0, u2 −m] . (2.15)
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From (2.7) and (2.13) — (2.15) we have

|||x↑|||pp ≥ ‖x− cp‖
p
Lp[a,b] = ‖x− x(z)‖pLp[a,b] =

=

∫ b

z
|x(s)− x(z)|pds+

∫ z

a
|x(z)− x(s)|pds =

=

∫ b−z

0
|x(b− s)− x(z)|pds+

∫ z−a

0
|x(z)− x(a+ s)|pds ≥

≥
∫ M−u1

0
|ϕα,βλ,r (M − s)− ϕα,βλ,r (u1)|pds+

+

∫ u2−m

0
|ϕα,βλ,r (m+ s)− ϕα,βλ,r (u2)|pds =

∫ M

u1

|ϕα,βλ,r (s)− ϕα,βλ,r (u1)|pds+

+

∫ u2

m
|ϕα,βλ,r (s)− ϕα,βλ,r (u2)|pds.

Passing in the resulting estimate to the limit as ε→ 0, we obtain |||x↑|||pp ≥∫M
m |ϕ

α,β
λ,r (s)− ϕα,βλ,r (u)|pds ≥ |||(ϕα,βλ,r )↑|||pp. This immediately implies (2.5).

Let us now prove

L
(
x

(k)
±

)
q
≤ L

(
(ϕα,βλ,r−k)±

)
q
. (2.16)

Let q = 1 first. We fix an arbitrary interval (a, b) such that |x(k)(t)| > 0 for
t ∈ (a, b) and the constant sign interval (A,B) of the function ϕα,βλ,r−k between
its adjacent zeros A and B. Then from (1.2), in view of (2.3) and (2.4), we
obtain the inequalities

‖x(k)
± ‖∞ ≤ ‖(ϕ

α,β
r−k)±‖∞, k = 1, 2, . . . , r − 1. (2.17)

That’s why |||x(k−1)|||∞ ≤ |||ϕα,βλ,r−(k−1)|||∞ and∣∣∣∣∣∣
b∫
a

x(k)(t)dt

∣∣∣∣∣∣ =
∣∣∣x(k−1)(b)− x(k−1)(a)

∣∣∣ ≤ 2|||x(k−1)|||∞ ≤ 2|||ϕα,βλ,r−(k−1)|||∞ =

=
∣∣∣ϕα,βλ,r−(k−1)(B)− ϕα,βλ,r−(k−1)(A)

∣∣∣ =

∣∣∣∣∣∣
B∫
A

ϕα,βλ,r−k(t)dt

∣∣∣∣∣∣ = L((ϕα,βλ,r−k)±)1.

(The last equality follows from the fact that the spline ϕα,βλ,r−k is equal to zero
on the period on average). This immediately implies (2.6) for q = 1.

Let now q > 1. Note that if the function f ∈ Ls∞(R), s ∈ N, satisfies the
condition L(f)p < ∞ for some p > 0 and |f(t)| > 0, t ∈ (a, b), with a = −∞
or b = +∞, then f(t) → 0, for t → −∞ or t → +∞. In this case, we will set
f(−∞) = 0 and f(+∞) = 0.
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Since inequality (2.16), proved for q = 1, implies the estimate L
(
x

(k)
±

)
1
<

∞, then if |x(k)
± (t)| > 0 on the infinite interval (a, b), we can assume that

x
(k)
± (−∞) = 0 (if a = −∞) and x(k)

± (+∞) = 0 (if b = +∞).
Proceeding to the proof of (2.16) for q > 1, we fix the segment [a, b] (finite or

infinite) for which |x(k)
± (t)| > 0 for t ∈ (a, b) and denote by x(k)

σ the restriction
of the function x(k)

± to [a, b]. Since the derivative x(k) is continuous and, in view
of the above, it is sufficient to take the least upper bound in the definition of
L(x(k))p over segments [a, b] such that

x(k)(a) = x(k)(b) = 0. (2.18)

Let further the interval (A,B) of constant sign of the spline ϕα,βλ,r−k between
its adjacent zeros A and B be such that the sign of the spline on (A,B) is the
same as the sign of the derivative x(k)(t) on (a, b). We denote by (ϕα,βλ,r−k)σ the
restriction of the spline ϕα,βλ,r−k to the segment [A,B].

Let’s prove the inequality

ξ∫
0

r(x(k)
σ , t)dt ≤

ξ∫
0

r((ϕα,βλ,r−k)σ, t)dt, ξ > 0. (2.19)

First of all, we note that since the permutation preserves the uniform norm,
then (2.17) implies the inequalities r(x(k)

σ , 0) ≤ r((ϕα,βλ,r−k)σ, 0). Let us show

further that the difference ∆(t) := r(x
(k)
σ , t)−r((ϕα,βλ,r−k)σ, t) changes sign (from

– to +) at most once. To do this, note that, in view of (2.17) and (2.18), for any
y ∈ (0, ‖x(k)

σ ‖∞) there are points ti ∈ (a, b), i = 1, ...,m, m ≥ 2, and two points
yj ∈ (A,B) such that y = |x(k)

σ (ti)| = (ϕα,βλ,r−k)σ(yj). According to Hörmander’s
comparison theorem [18] applied to the function x(k) (its conditions are sati-
sfied due to (2.3) and (2.17)), the inequality |x(k+1)

σ (ti)| ≤ |(ϕα,βλ,r−k−1)σ(yj)|
holds. Therefore, by the permutation derivative theorem (see, for example,
[20, Proposition 1.3.2]), if the points θ1 and θ2 are chosen so that

y = r(x(k)
σ , θ1) = r((ϕα,βλ,r−k)σ, θ2), (2.20)

then

|r′(x(k)
σ , θ1)| =

[
m∑
i=1

|x(k+1)
σ (ti)|−1

]−1

≤

≤

 2∑
j=1

|(ϕα,βλ,r−k−1)σ(yj)|−1

−1

= |r′((ϕα,βλ,r−k)σ, θ2)|. (2.21)

It follows from this that the difference ∆ does not change sign (from – to +)

more than once. Consider the integral I(ξ) :=
ξ∫
0

[
r(x

(k)
σ , t)− r((ϕα,βλ,r−k)σ, t)

]
dt.
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It is clear that I(0) = 0. Further, in view of (2.16) for q = 1

b−a∫
0

r(x(k)
σ , t)dt =

b∫
a

|x(k)
σ (t)|dt ≤ L(x(k)

σ )1 ≤

≤ L((ϕα,βλ,r−k)σ)1 =

B−A∫
0

r((ϕα,βλ,r−k)σ, t)dt.

Therefore, if we put M := max{b − a,B − A}, then I(M) ≤ 0. In addition,
I ′(t) = ∆(t) changes sign (from – to +) no more than once. Thus, I(ξ) ≤ 0 for
all ξ ≥ 0 i.e., inequality (2.19) is proved. From (2.19), in virtue of the Hardy–
Littlewood–Polya theorem (see, for example, [20, Statement 1.3.11]) inequality
(2.16) follows.

Let us finally prove (2.1) and (2.2). Using (2.16), (2.5), the obvious equali-
ties

L((ϕα,βλ,r )±)q = λ−
rq+1

q L((ϕα,βr )±)q, |||(ϕα,βλ,r )↑↓|||p = λ−
rp+1

p |||(ϕα,βr )↑↓|||p, (2.22)

and the definition of δ, we have

L
(
x

(k)
±

)
q
≤ L

(
(ϕα,βλ,r−k)±

)
q
M

(
|||x|||p
|||ϕα,βλ,r |||p

)δ
=

= λ−(r−k)−1/q · L((ϕα,βr−k)±)q

(
λr+1/p ·M

(
|||x|||p
|||ϕα,βr |||p

))δ
=

= L((ϕα,βr−k)±)q ·M

(
|||x|||p
|||ϕα,βr |||p

)δ
.

Now (2.1) follows in view of (2.3). Similarly, from (2.3) — (2.5) inequality (2.2)
can be deduced. Theorem 1 is proved.

For a function f continuous on a segment [a, b], we put µ(f) := µ{t ∈
[a, b] : f(t) > 0}. In particular, µ(ϕα,βλ,r )± := µ{t ∈ [0, 2π/λ] : (ϕα,βλ,r )±(t) > 0}.

Theorem 2. Let k, r ∈ N, k < r, q ≥ 1, p > 0, α, β > 0. For any
function x ∈ Lr∞(R) satisfying condition |||x|||p <∞, and an arbitrary segment
[a, b] ⊂ R such that

x(k)(a) = x(k)(b) = 0, (2.23)

the inequality∥∥∥∥∥ x
(k)
±

µ(x
(k)
± )

∥∥∥∥∥
Lq [a,b]

≤

∥∥∥∥∥∥∥
(
ϕα,βr−k

)
±

µ(ϕα,βr−k)±

∥∥∥∥∥∥∥
q

M

(
|||x|||p
|||ϕα,βr |||p

)δ
‖x(r)‖1−δ∞,α−1,β−1 (2.24)

holds, where δ = (r − k)/(r + 1/p).
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Proof. In view of the homogeneity of inequality (2.24), we can assume that

‖x(r)‖∞,α−1,β−1 = 1. (2.25)

Let’s choose λ from the condition

M

(
|||x|||p
|||ϕα,βλ,r |||p

)
= 1. (2.26)

Then inequality (2.1) implies that

L
(
x

(k)
±

)
q
≤ L

(
(ϕα,βλ,r−k)±

)
q
. (2.27)

Let us first prove (2.24) in the case when

x(k)(a) = x(k)(b) = 0, |x(k)(t)| > 0, t ∈ (a, b). (2.28)

We denote by (A,B) an interval of constant sign of the spline ϕα,βλ,r−k between
its adjacent zeros A and B such that the sign of the spline on (A,B) is the
same as the sign of the derivative x(k)(t) on (a, b). We denote by (ϕα,βλ,r−k)σ the

restriction of the spline ϕα,βλ,r−k to the segment [A,B], and by x(k)
σ the restriction

of the derivative x(k) to the segment [a, b]. We put l := b−a, L := B−A. Then
from inequality (2.27) we have

∫ l
0 r

q(x
(k)
σ , t)dt ≤

∫ L
0 rq((ϕα,βλ,r−k)σ, t)dt. The last

inequality implies the existence of a point y ∈ [0, L] for which

l∫
0

rq(x(k)
σ , t)dt =

L∫
y

rq((ϕα,βλ,r−k)σ, t)dt. (2.29)

Note that in the proof of Theorem 1 it was established that if the points θ1

and θ2 are chosen so that (2.20) holds i.e., r(x(k)
σ , θ1) = r((ϕα,βλ,r−k)σ, θ2), then

inequality (2.21) holds i.e., |r′(x(k)
σ , θ1)| ≤ |r′((ϕα,βλ,r−k)σ, θ2)|. Hence, in view

of equality (2.29), the estimate l ≥ L − y follows. Moreover, it is easy to

see that the function 1
L−y

L−y∫
0

rq((ϕα,βλ,r−k)σ, t)dt decreases on [0, L]. That’s why

1
l

l∫
0

rq(x
(k)
σ , t)dt ≤ 1

L−y

L−y∫
0

rq((ϕα,βλ,r−k)σ, t)dt ≤
1
L

L∫
0

rq((ϕα,βλ,r−k)σ, t)dt. Hence,

in view of (2.25) and (2.26), the following inequality holds:

b∫
a

|x(k)
σ (t)|q

µ(x
(k)
σ )

dt ≤

≤
B∫
A

|(ϕα,βλ,r−k)σ(t)|q

µ(ϕα,βλ,r−k)σ
dtM

(
|||x|||p
|||ϕα,βλ,r |||p

)δq
‖x(r)‖(1−δ)q∞,α−1,β−1 . (2.30)
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Using equalities (2.22) and µ±(ϕα,βλ,r ) = λ−1µ±(ϕα,βr ), we see that the right-
hand side of this inequality does not depend on λ. Thus (2.24) in case (2.28)
is proved.

Let us now prove (2.24) in the general case. Consider the collections I± of
all segments [a±j , b

±
j ] ⊂ [a, b] such that x(k)(a±j ) = x(k)(b±j ) = 0, x(k)

± (t) > 0,
t ∈ (a±j , b

±
j ). It’s clear that

∑
j∈I±

(b±j − a
±
j ) = µ(x

(k)
± ),

∥∥∥x(k)
±

∥∥∥q
Lq [a,b]

=
∑
j∈I±

b±j∫
a±j

∣∣∣x(k)
± (t)

∣∣∣q dt. (2.31)

Let us estimate the integrals
∫ b±j
a±j

∣∣∣x(k)
± (t)

∣∣∣q dt in (2.31) using inequality (2.30).

Setting for brevity S± :=

∥∥∥∥∥
(
ϕα,βr−k

)
±

µ(ϕα,βr−k)±

∥∥∥∥∥
q

q

M
(
|||x|||p
|||ϕα,βr |||p

)δq
‖x(r)‖(1−δ)q∞,α−1,β−1 , from

(2.31) we deduce the estimate
∥∥∥x(k)
±

∥∥∥q
Lq [a,b]

≤
∑
j∈I±

(b±j − a
±
j )S± = µ(x

(k)
± )S±,

which is equivalent to (2.24). Theorem 2 is proved.
Corollary 1. If under the conditions of Theorem 2 the number r is even

or p =∞, then

∥∥∥∥∥ x
(k)
±

µ(x
(k)
± )

∥∥∥∥∥
Lq [a,b]

≤

∥∥∥∥∥∥∥
(
ϕα,βr−k

)
±

µ(ϕα,βr−k)±

∥∥∥∥∥∥∥
q

(
|||x|||p
|||ϕα,βr |||p

)δ
‖x(r)‖1−δ∞,α−1,β−1 ,

where δ = (r − k)/(r + 1/p).
Corollary 2. If under the conditions of Theorem 2 the number r − k is

odd, then

∥∥∥x(k)
±

∥∥∥
Lq [a,b]

≤

(
µ(x

(k)
± )

2π

) 1
q ∥∥∥ϕα,βr−k∥∥∥

q
M

(
|||x|||p
|||ϕα,βr |||p

)δ
‖x(r)‖1−δ∞,α−1,β−1

and

∥∥∥x(k)
∥∥∥
Lq [a,b]

≤
(
b− a
2π

) 1
q
∥∥∥ϕα,βr−k∥∥∥

q
M

(
|||x|||p
|||ϕα,βr |||p

)δ
‖x(r)‖1−δ∞,α−1,β−1

with the same exponent δ.
Corollary 3 [21]. Under the conditions of Theorem 2

∥∥∥x(k)
±

∥∥∥
Lq [a,b]

≤

(
µ±(x(k))

2π

) 1
q

‖ϕr−k‖q
(
|||x|||p
|||ϕr|||p

)δ
· ‖x(r)‖1−δ∞
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and ∥∥∥x(k)
∥∥∥
Lq [a,b]

≤
(
b− a
2π

) 1
q

‖ϕr−k‖q
(
|||x|||p
|||ϕr|||p

)δ
· ‖x(r)‖1−δ∞ ,

where δ = (r − k)/(r + 1/p).
Remark 1. Theorems 1, 2 and Corollaries 1 — 3 are analogues of the

statements obtained in [11], in which the local norms L(x)p were used instead
of the local norms |||x|||p. Note that the use of |||x|||p is preferable, because
|||x|||pp < L(x+)pp + L(x−)pp, but it is easy to give examples of infinitely di-
fferentiable functions x for which the fraction |||x|||pL(x)p

is arbitrarily small.
It is easy to check that in all the inequalities obtained above, the exponent

at |||x|||p is the maximum possible. Ligun [22] found that if the number of
sign changes of the derivative is taken into account in the Kolmogorov-type
inequality, then the exponent at the norm of the function can be increased.
The following theorem shows that this Ligun effect is preserved in inequalities
with local norms.

For a function f continuous on a segment [a, b], denote by F[a,b] the set of
its zeros on this segment, and by the symbol ν[a,b](f) the number of constituent
intervals of an open set (a, b) \ F[a,b].

Theorem 3. Let k, r ∈ N, k < r, r − k be odd, q ≥ 1, p > 0, α, β > 0.
For any function x ∈ Lr∞(R) satisfying |||x|||p <∞, and an arbitrary segment
[a, b] ⊂ R such that x(k)(a) = x(k)(b) = 0, the following inequality∥∥∥x(k)

∥∥∥
Lq [a,b]

≤

(
ν[a,b](x

(k))

2

) 1
q ∥∥∥ϕα,βr−k∥∥∥

q
M

(
|||x|||p
|||ϕα,βr |||p

)γ
‖x(r)‖1−γ∞,α−1,β−1 (2.32)

holds, where γ = (r − k + 1/q)/(r + 1/p).

Proof. Following the proof of Theorem 2, we assume that condition
(2.25) is satisfied, and we choose λ from condition (2.26). Then inequality
(2.1) implies (2.27) i.e., L

(
x

(k)
±

)
q
≤ L

(
(ϕα,βλ,r−k)±

)
q
. Let us represent the

segment [a, b] as ∪νi=1[ai, ai+1], where ai are the zeros of the derivative x(k),
a1 = a, aν+1 = b, ν = ν[a,b](x

(k)). Since r − k is odd, we have L
(

(ϕα,βλ,r−k)+

)
q

= L
(

(ϕα,βλ,r−k)−

)
q
. Therefore, applying (2.27), we obtain

∥∥x(k)
∥∥
Lq [a,b]

=∑ν[a,b](x
(k))

1

∥∥x(k)
∥∥
Lq [ai,ai+1]

≤ ν[a,b](x
(k))L

(
(ϕα,βλ,r−k)

)
q

=
ν[a,b](x

(k))

2

∥∥∥ϕα,βλ,r−k∥∥∥
q
.

From here, in virtue of (2.25) and (2.26), the inequality
∥∥x(k)

∥∥
Lq [a,b]

≤(
ν[a,b](x

(k))

2

) 1
q
∥∥∥ϕα,βλ,r−k∥∥∥

q
M

(
|||x|||p
|||ϕα,βλ,r |||p

)γ
‖x(r)‖1−γ∞,α−1,β−1 , follows, whose right-

hand side, in view of equalities (2.22) and the definition of γ, does not depend
on λ. Theorem 3 is proved.
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Remark 2. For α = β inequalities (2.1), (2.2), (2.24), and (2.32) were
obtained in [21].

The exponent γ in (2.32) is larger than the corresponding exponent δ
in (2.24). This happens because (2.32) takes into account the characteristic
ν[a,b](x

(k)), which is (under the conditions of Theorem 3) equal to the number
of zeros of the derivative x(k) on the interval [a, b).
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