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On the branched continued fraction
expansions of the complete group of ratios of
the generalized hypergeometric function ,Fj.
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V. F. Babenko and V. O. Kofanov

Abstract. The paper considers the classical problem of the rational
approximation of analytic functions of complex variable, in particulary, to
issues that arise when constructing branched continued fraction expansi-
ons for generalized hypergeometric functions. Using combinations of three-
and four-term recurrence relations of the generalized hypergeometric
function 4F3, we constructed the formal branched continued fraction
expansions of sixteen ratios of this function. These sixteen ratios are the
complete group of ratios of the generalized hypergeometric function 4F3.
This means that each of these ratios has a formal branched continued
fraction expansion that uses all of these ratios.
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AmHoTailiisi. Y crarti po3mISIAaETbCAd KJIACHYHA 3aJ1a4a  pallioHaJIbHOT
alpOKCUMAIli]l aHAITUIHUX (PYHKIH KOMILJIEKCHOI 3MiHHOI, 30KpeMa, I1-
TaHHsI, sIKi BUHUKAIOTH MPHU MOOYIOBI TIISICTUX JIAHIIOTOBUX JIPOOOBUX
PO3BUHEHD JJIs y3arajJbHEHHUX rinepreoMmerpudHux dyukiiit. Bukopucro-
BYIOUM KOMOIHAIT TpHU- Ta YOTUPUYUJIEHHUX PEKYPEHTHHUX CIIiBBiIHOIIEHB
y3arajbHEHOI rinepreoMerpuyHoOl MYHKIII 4 F3, mobymoBano (bopMmasbHi Ti-
JUISICTI JIAHIIOTOBI IpOOOBI PO3BUHEHHS MIICTHAMISTH BiTHOIIEHB ITi€l Dy H-
kil. i mricTHaAIFATH BiIHONIEHB yTBOPIOIOTH IIOBHY TI'PYILY BiJIHOIIEHB
y3arajbHeHOI rimepreomerpudnol GyHKINI 4 F3. [le oznadae, mo koxue 3
X BigHOIIEHb Mae (popMajbHE TIIISICTE JIAHIIOTOBE APOOOBE PO3BUHEH-
H¢l, II[0 BUKOPUCTOBY€E BCi MIICTHAIIATH BiHOIIEHbD.

KuarodoBi csoBa: rinepreomerpudna GyHKIS, TISCTANR JIAHIIOTOBUN
Ipib, ampokcuMAIlis parioHaJbHUMU DYHKITISIMI
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Introduction

Expansions of special functions into branched continued fractions provi-
de good approximation properties (in particular, compared with series under
certain conditions, they have wider regions of convergence [19, 21, 24, 27, 28, 31|
and are endowed with the property of numerical stability [22, 29, 32]).

In this paper, using the idea proposed in [8|, we will construct an expansion
for the ratios of the generalization hypergeometric function 4Fj.

Recall that the generalization hypergeometric function 4 F3 defined as power
series

< (a1)n(a2)n(as)n(as)n 2
4F3(a1, a2,a3,a4;b1,b2,b3;2) = E Lo 25) S A (1)
n=0 ’

where a1, az, a3, aq, b1, be, b3 € C herewith by,b9,b3 ¢ {0,—1,—2,...}, and, for
n>1, (&), = ala+ 1),-1 with (a)g = 1. For more details on generalized
hypergeometric function we refer to books [1, 14, 36].

Next, we will use the concept of defining a branched continued fraction
proposed in [11]. Let G = {1,2,3,4,5,6,7,8}. We choose from G2, G2 = G x G,
the following subset of double indices

G={(1,1),(1,2),(1,3),(1,4),(2,1),(2,2),(2,3), (2, 4),
(2,5),(2,6),(2,7),(2,8),(3,1),(3,2),(3,3),(3,4)}.
For k > 1 let 1152—)1 = (z](ﬂlzl,z,(i)l) be a double index from a set G,
2 2) (2 2 D .(2) (1) .(2 (1) (2
) =P, 17, 0P = 6L i)

be a double multiindex,

2 i i _1 1<i? <4, iV =3

Ye_1> 1
i 1— AP, i Z'i(c)1=2 1<2(2) <8, i =3
3,4 4w@>+1VM—4&@> ,

%) = (62, -1/ 2
i -1 +40; @ > lf 22121 (1) =3, 1 <i? <4,
21(3)17 if 153) —3,1§i() <4, 1<z()<2

where (5{ denotes the Kronecker delta, [] denotes an integer part of a number,
GIP)={1®: 14—V <iV <3 i? is defined by (2)}
be a subset of G herewith G(Iéz)) = G(I(()Z))7 and let

D=z 1P eq@?), 1<p<k k>1)
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BRANCHED CONTINUED FRACTIONS AND HYPERGEOMETRIC FUNCTIONS

be a set of multiple multiindices. We set a = (a1, ag,as,a4), b = (b1, ba, b3),
er; = (01,62,83,01), fi; = (1,0,0), e3; = (1 — 01,1 — 82,1 — 63,1 — &),

17717 T

f3,=1(1,1,1),1 <i <4, and

_ 4 1 2 2
€2, = (@;-4[(1-1)/4] + 0;_4(i—1)/4] Oi—af(i—1)/4) T Oia](i—1)/4]> Oi—a[(i—1)/4]
+ 5?—4[@—1)/4}» 5?—4[@—1)/4] + 5?—4[(1'_1)/4])»
_ (1 80 1
f2i = (L, O(i—1)/49> Ofi-1) /1)
where 1 <4 < 8. Then, for k£ > 0,

1 2 3 4
€_ (2 = (€ € € e =e (2 tep+...+te.
7! (IIS")’ 2 2 z,(f>) 1 1t >

1 _ 1 1 3 51 2 1 4 5 8
€ @) = ZDZ:;)(Q.;MQ;% 0w =) + 0w (e + 0 + 0@ +0e)),

2 _ 1 2 3 Y 2 1 2 5 6
€ @) = ;)(52';“51‘;2) 0w =0e) + 0w (0@ + 00 + 0@ +0e)),

3 _ 1 53 3 (1 _ 53 2 (2 3 6 T
e = ;)(51';“51‘;2) 0w =) + 0w (0@ + 0o + 0@ + ),

4 _ 14 3 g s 2 (3 ed T 58
xe = ;)(%wfsig) 0w =) + 0w (0w + 00 + 00 +0e)),

and
s 2
fro = (fz,f)’fz,?)’ 2 (2)) B+ e+ e,
where

1
fIff) =k+1,

k
2 3 2 1 2 3 4
2oy =D (%) + 870 (8l + 62y + 8y + 810z))),
k P P P P p P
p=0
k
3 _ 3 2 (<5 6 7 8
Sy =D (8% + 8% (0% + 65 + 8l + 05)).
k qIO P P P P p P

Let J ={1,2,3,4}. Now, forallk‘>1andZ ) e T we set

d

0 = dze(ate bt )

1 ( ) D
(b1 + fI(2) - ai(2> e (2) ) H (ap + 62(2) )
k—2 k— 1,2, (2) k—2
. pEJ\{lk71
(bl + f%@) )(bl =+ le(z) + 1)(b2 + f;@) )(b3 + f (2) )
k—2 k—2 k—2

(3)
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1fz,(€)1—1 1<z,(€)1<4 () =3,

i 4] ~1)/4]
by + L., —a. . — k=1
1+ fie) ~ 4 @, 1 T o)

b+ [l )b+ flo +1)(ba+ by + f3
( 1 le(i)z)( 1 le(i)2 )( 2 fII(i)J( 3 fI](i)J
X H (ap—i—e];@) ),

k—2

pe\(i? —4[(i{> ~1)/4]}

d 2 =
Ik

ifit) =iV =2 1<i? <8
<2>
) D +1-4[i? /4]
d bt fe T a0,
@ =
I (bl + fé(z) )(b2 + f§(2) )(b2 + f;(z) + 1)(b3 + f;z) )
k—2 k—2 k—2 k—2
X H (ap + eim + 6" ),
(@ @) k—2 1
peJ\{i ", +1-4[; 7, /4]}
itV =2,1<i? <4, =3,

i 2)
14 /4]

by + f3, —a. A

3 fz,(sz i 14?4 I(z)

(bl + f1<2) + 1)(b2 + f2(2) )(b3 + fg(z) )(b3 + f3(2) + 1)
1,2, 1,2, 1,2 1,2

)7

dII(c2) =
X H (ap + e§<2) + 6%, »
) k—2 o1
pe\{i) +1-4[i2) | 4]}
itil) —2,5<i® <8 =3

(2) (2)
by + fl(z) — a.(2) (2) (2) H1- e/
Ik72 Zk,1+174[1k71/4} Z

d @ =
0 b+ e )bt [ + 102+ f;@ (b + [0 )
k—2 k— -2

X H (ap +e” 7@ ),

peN{iP  +1-4[ | /4]y Fie

if it =3, 1<i? <44V =1,
(2) 2)
) 2-4[6P +1)/4]
i b2 + fz,gg TP a2 11)/a) z<2>

@ =
¢ (by + fé(g) ) (b + f;z) ) (b2 + f;(z) +1)(bs + f;@) )
k—2 k—2 k=2

X H (ap + € = + 6%
peN{ED +2—4[(?)  +1)/4)}

);

i +1-4i? | /4]
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itit) =3 1<i? <44V =2

by + f3 0o o 6¢§?1+374[(¢,§2}1+2)/4]
— a.(2 .(2 -
2, il t3-All +2)/4 T,

d 2 =
L (bl + féi(i)z + 1)(b2 + f12'£232 + 1)(b3 + f;l(csz)(bB + f%(i)z + 1)

X H (ap + ei@) +1- 5?(2) ), 9)
k—2 k—1
pe\{i)  +3-4[(i>) +2)/4]}
if il =3, 1<i?, <4, i") =3, herewith e, = (0,0,0) and f5 = (0,0).

Finally, we set, for I(()2) eqG,

1F3(a;b; 2)
aF3(ate b+ 1)
0 0

R (ajb;z) = (10)
0

Note that when i(()l) =land 1< i(OQ) < 4, (10) is a group of symmetric
ratios considered in 35|, where the method of calculating the coefficients of the
formal branched continued fraction expansion of the ratio of generalization hy-
pergeometric functions 4 F3 without the expansion itself is given. In addition, in
(10) there are two more groups of symmetric ratios when igl) =2,1< i((f) <8
and when iél) =3and 1< iéQ) < 4.

Let us give the following definition.

Definition 1. A group of ratios of hypergeometric function is said to
be complete if each of these ratios has a formal branched continued fracti-
on expansion that uses all of these ratios.

The main result our work is as follows.

Theorem 1. For each I(()Z) € G the ratio (10) has a formal branched conti-
nued fraction expansion of the form

dzgz)z
1+ Z e , (11)

T
e e Y S
2
Peea® 1y Y B

1PecI?)

where dI;(f)’ I,?) € J9. are defined by (3)-(9).

More expansions of the generalizations of hypergeometric functions can be
found in [2, 4, 20, 25, 26, 30, 33, 34].
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1. Recurrence relations for the generalized hypergeometric
function ,F;

Recurrence relations are the basis of branched continued fraction expansi-
ons of hypergeometric function ratios [3, 5, 6, 27].
The following three-term recurrence relations hold [35]:

(b1 — al)a2@3a4z
b1(by + 1)bobs
X 4F3(a1+1,a2 +1,a3+1,a40 + 1501 + 2,02 + 1,b3 + 1; 2), (12)

(b1 — az)a1a3a4z
bi(by + 1)babs3

X 4F3(a1 +1,a0+ 1,a3 + 1,aq + 1301 +2,b2 + 1,b3 + 1; 2), (13)
(b1 — as)ala2a4z

b1 (b1 + 1)b2bs

X 4F3(a1 +1,a2+1,a3+1,a4 +1;b1 +2,b2 + 1,b3 + 1;2), (14)
(b1 — a4)ala2asz

b1 (b1 + 1)b2bs

X 4F3(a1 +1,a2+1,a3+1,a4 +1;b1 +2,b2 + 1,b3 + 1;2)7 (15)
(b2 — al)aza3a4z
ba(bg + 1)b1b3

X 4F3(a1 +1,a0+1,a3+1,a4 +1;b1 +1,b9 4+ 2,b3 + 1;2), (16)
(b2 — 062)611@3&42
ba(bg + 1)b1b3

X 4F3(a1 +1,a2+1,a3+1,a4 + 1;b1 + 1,092 4+ 2,b3 + 1;2), (17)
(ba — a3)a1a2a4z
ba(bg + 1)b1b3

X 4F3(a1 +1,a2+1,a3+1,a4+ 1;b1 + 1,02 4+ 2,b3 + 1;2), (18)
(b — a4)a1a2a3z
ba(b2 + 1)b1bs

X 4F3(a1 +1,a2 + 1,a3 + 1,a4 + 1;01 + 1,9 + 2,b3 + 1; 2) (19)
(b3 — al)a2a3a4z

b (bs + 1)b1bo

X 4F3(a1 +1,a0 + 1,a3 4+ 1,a4 + 1;01 + 1,00 + 1, b3 + 2; 2), (20)
(b3 — ag)a1a3a4z
b3(bz + 1)b1bo

X 4F3(a1 +1,a0 + 1,a3 4+ 1,a4 + 1;01 + 1,00 + 1, b3 + 2; 2), (21)
(bg — a3)a1a2a4z
b3(bz + 1)b1bo

X 4F3(a1 +1,a0 + 1,a3 4+ 1,a4 + 1,01 + 1,00 + 1, b3 + 2; 2), (22)

aF3(a;b; z) = 4 F3(a1 + 1,a2,a3,a4; 01 + 1,02, 035 2) —

aF3(a;b; z) = 4 F3(a1,a2 + 1,a3,a4;01 + 1,02, 035 2) —

aF3(a;b;s z) = 4 F3(a1,a2,a3 + 1,a4;01 + 1,02, 035 2) —

aF3(a;b; z) = 4F3(a1,a2,a3,a4 + 1501 + 1,02, b3; 2) —

aF3(a;b; z) = 4 F3(a1 + 1,a2,a3,a4; 01,02 + 1,035 2) —

aFs3(a;b;z) = 4F3(a1, a2 + 1,a3,a4;01,b0 + 1,b3; 2) —

aFs(a;b;z) = 4F3(a1,a2,a3 + 1,a4;01,b0 + 1,b3; 2) —

4F3(a;b; 2) = 4F3(ar, a2,a3,a4 + 1;b1,b2 + 1,035 2) —

aFs(a;b;z) = 4F3(a1 + 1, a2, a3, a4;b1,b2,b3 + 15 2) —

aFs(a;b;z) = 4F3(ai, a2 + 1,a3,a4;b1,b2,b3 + 15 2) —

4F3(a;b; 2) = 4F3(ar, a2, a3 + 1,a43b1,b2,b3 + 1; 2) —
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(b3 — a4)a1a2a3z
b3 (b3 + 1)b1b2
X 4F3(CL1 +1,a0+1,a3+1,a4+1;b1 +1,b0+1,b3+ 2;2’). (23)

4F3(a;b; 2) = 4 F3(a1, az,a3,a4 + 1;b1,b2,b3 + 1; 2) —

Using these relations, we establish four-term recurrence relations. From
(12) and (18) we have

(b1 — al)a2a3@4z
b1 (b1 + 1)babs
X 4F3(a1 +1,a2 + 1,a3 + 1,a4 + 1;01 + 2,60 + 1,b3 + 15 2)
(ba — a2)(a1 + 1)asay
(bl + 1)52(52 + 1)1)3
X 4F3(a1 + 2,a9 + 1,a3 + 1,a4 + 1;01 + 2,69 + 2,b3 + 15 2)
(b1 — a1)asazay
b1 (b1 + 1)babs
X 4F3(a1 + 1,a0 + 1,a3 + 1,a4 + 1;01 + 2,60 + 1,b3 + 1; 2). (24)

aFs(a;b;z) = 4F3(a1 + 1, a2, a3, a4;01 + 1,b2,b3; 2) —

=4F3(a1 +1,a2+ 1,a3,a4;01 + 1,02 + 1,b3;2) —

Combining relations (13) and (19), we obtain

(b1 — ag)a1a3a4z
b1 (b1 + 1)babs
X 4F3(a1 +1,a9 + 1,a3+ 1,a4 + 1;01 + 2,60 + 1,b3 + 15 2)
(be — ag)ai(az + 1)ay
(b1 4+ 1)ba(ba + 1)bs
X 4F3(a1 + 1,a9 + 2,a3 + 1,a4 + 1;01 + 2,60 + 2,b3 + 1; 2)
(b1 — az)aiazay
b1 (b1 + 1)babs
X 4F3(a1 + 1,a0 + 1,a3 + 1,a4 + 1;01 + 2,60 + 1,b3 + 15 2). (25)

aFs3(a;b;z) = 4F3(a1,a2 + 1,a3,a4;01 + 1, b2, b3; 2) —

=4F3(a1,a0 + 1,a3 4+ 1,a4;01 + 1,02 + 1,b352) —

The combination of (14) and (20) gives

(bl — ag)a1a2a4z
by (b1 + 1)babs
X 4F3(a1 +1,a0 + 1,a3 + 1,a4 + 1;01 + 2,69 + 1,b3 + 1; 2)
= 4F5(a1,az,a3+ 1,a4 + 1;01 + 1,00 + 1,b3; 2)
(bg — a4)a1a2(a3 + l)a
(b1 4+ 1)ba(ba + 1)bs
X 4F3(a1 +1,a2 + 1,a3 +2,a4 + 1;01 + 2,b3 + 2,b3 + 1; 2)
(b1 — az)ajazay
by (b1 + 1)babs
X 4F3(a1 + 1,a0 + 1,a3 4+ 1,a4 + 1,01 + 2,00 + 1,b3 + 1; 2). (26)

4F3(a;b; 2) = 4F3(a1,az,a3 + 1,a43b1 4+ 1,b2,b3; 2) —
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From (15) and (16) we have
(b1 — a4)ala2a32
b1 (b1 + 1)bobs
X 4F3(a1 +1,a0 + 1,a3+ 1,a4 + 1500 + 2,00 + 1,03 + 15 2)
=4F5(a1 + 1,a2,a3,a4 + 1;b1 + 1,62 + 1, b3; 2)
(be — ay)agas(ag + 1)ay
(b1 + bo(bs + 1)bs
X 4F3(a1 +1,a2 + 1,a3+ 1,a4 + 2501 + 2,00 +2,b3 + 15 2)
(b1 — aq)arazas
b1(by + 1)bobs
X 4F3(a1 + 1,aa+ 1,a3 + 1,a4 + 1501 +2,bo + 1,b3 + 1; 2). (27)

From (12) and (22) we obtain

aF3(a;b; z) = 4F3(a1, a2,a3,a4 + 1,01 + 1,09, 035 2) —

(b _al)a2a3a4z
b1(by + 1)bobs
><4F3(a1+1,@2—1-1,a3+1,a4+1;b1+2,bg+1,bg+1;z)
(bs — az)(a1 + L)agaq
(by + Vbabs(bs 1 1)
><4F3(a1+2,a2+1,a3+1,a4+1;b1+2,b2+1,b3+2;z)
(b _al)a2a3a4z

b1 (b1 + 1)babs
X 4F3(a1 + 1,a2 + 1,a3 + 1,a4 + 1;01 + 2,60 + 1,b3 + 1; 2). (28)

The combination of (13) and (23) gives

aF3(a;b;s z) = 4 F3(a1 + 1,a2,a3,a4; 01 + 1,02, 035 2) —

= 4F3(a1 + 1,02+ 1,a3,a4;b1 + 1,b2,b3 + 152) —

(bl — ag)a1a3a4z
b1(by + 1)bobs
X 4F3(a1 +1,a2 + 1,a3 + 1,a4 + 1;01 + 2,69 + 1,b3 + 15 2)
(bs — as)(az + 1)ajag
(br + 1)babs (b3 + 1)
X 4F3(a1 + 1,a2 + 2,a3 + 1,a4 + 1;01 + 2,69 + 1,b3 + 2; 2)
(b1 — az)arazay
b1 (b1 + 1)b2bs
X 4F3(a1 + 1,a0 + 1,a3 + 1,a4 + 1;01 + 2,69 + 1,b3 + 1; 2). (29)

aFs3(a;b;z) = 4F3(ai, a2 + 1,a3,a4;01 + 1,b2, b3 2) —

= 4F5(a1,a2+ 1,a3 + 1,a4501 + 1,b2,b3 + 15 2) —

Combining relations (14) and (24), we have

(b1 — a3)a1a2a4z
b1(b1 + 1)b2bs

X 4F3(a1 + 1,a0 + 1,a3 + 1,a4 + 1;01 + 2,69 + 1,b3 + 1; 2)

(bg — a4)a1a2(a3 + 1)
(b1 + 1)babs(bs + 1)

aF3(a;b; 2) = 4 F3(ar, a2, a3 + 1,a4301 + 1,b2,b3; 2) —

= 4F5(a1,a2,a3 4+ 1,a4 + 1501 + 1,09, b3 + 15 2) —
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><4F3(a1+1,a2+1,a3+2,a4+1;b1+2,b2+1,b3+2;z)

(b1 — az)arazaq
b1(b1 + 1)babs3
X 4F3(a1 +1,a0+ 1,a3 + 1,a4 + 1501 + 2,00 + 1,03 + 1; 2). (30)

From (15) and (20) we have

(b1 — a4)a1a2a32
b1 (b1 + 1)bobs
X 4F3(a1 +1,as+1,a3+ 1,a4 +1;b; +2,b2—|—1,b3+1;z)
(bs — ay)agas(ag + 1)
(b1 + Dbabs(bs 1)
X 4F3(a1 +1,as+1,a3+ 1,a4 +2;b; +2,b2+1,b3+2;2)
(b1 — a4)a1a2a3Z
b (b1 + 1)babs
X 4F3(a1 +1,a2 + 1,a3 + 1,a4 + 1;01 + 2,60 + 1,b3 + 15 2). (31)

aF3(a;b; z) = 4F3(a1, a2,a3,a4 + 1501 + 1,09, 035 2) —

= 4F3(a1 +1,a2,a3,a4 + 1;01 + 1,b2,b3 + 1; 2) —

Finally, let us establish the last group of recurrence relations. From (24)
and (22) we obtain
aF3(a;b;z) = 4 F3(a1 + 1,a9 + 1,a3,a4;b1 + 1,bo + 1, b3; 2)
(be — az)(a1 + 1)asay
(b1 4+ 1)ba(ba + 1)bs
X 4F3(a1 + 2,09+ 1,a3 + 1,a4 + 1;01 + 2,02 + 2,03 + 1; 2)
_ (b1 —ar)azazaq
b1 (b1 + 1)b2bs
X 4F3(a1+1,a2+1,a3+1,a4+1;b1 +2,b2+1,b3+1;2>
=4F35(a1 +1,a2 + 1,a3+ 1,a4;01 + 1,02 + 1,b3 + 1; 2)
(bs —as3)(a; + 1)(az + 1)ay
b3(bs +1)(b1 +1)(b2 + 1)
X 4F3(a1 + 2,09 +2,a3 + 1,a4 + 1;01 + 2,02 + 2,b3 + 2; 2)
(be — az)(a1 + 1)asay
(b1 + 1)ba(ba + 1)b3
X 4F3(a1+2,a2+1,a3+1,a4+1;b1 +2,b2+2,b3+1;2>
(- al)a2a3a4z
b1 (b1 + 1)b2bs
X 4F3(a1 +1,a2 + 1,a3 4+ 1,a4 + 1;01 + 2,00 + 1,b3 + 1; 2). (32)

The combination of (25) and (23) gives

aF3(a;b; 2) = 4 F3(a1,a2 + 1,a3 + 1, a4;01 + 1,02 + 1, b3; 2)
(bg — a3)a1(a2 + 1)a4
(bl + 1)b2(b2 + 1)b3
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><4F3(a1+1,a2+2,a3+1,a4+1;b1+2,bg+2,b3+1;z)
(b1 — 612)611&3&42

b1 (b1 + 1)b2bs
><4F3(a1+1,a2+1,a3+1,a4+1;bl+2,b2+1,b3+1;z)

= 4F3(a1,a2,a3 +1,a4+1;61 +1,b0+1,b3 + 1;2)

(bg — CL4)CL1((I2 + 1)(&3 + 1)

b3(bs + 1)(b1 + 1)(b2 + 1)
><4F3(a1+1,a2+2,a3+2,a4+1;b1+2,bg+2,b3+2;z)

(be — as)aq(az + 1)ay

(b1 + 1)ba(b2 + 1)bs
><4F3(a1+1,a2+2,a3+1,a4+1;bl+2,b2+2,b3+1;z)

(bl — ag)a1a3a4

b1 (b1 + 1)babs
X 4F3(a1 + 1,a2 + 1,a3 + 1,a4 + 1;01 + 2,60 + 1,b3 + 15 2).

Combining relations (26) and (20), we have

1F3(a;b; z) = 4 F3(a1,a2,a3 + 1, a4 + 2501 + 1,02 + 1,b3; 2)
(b2 — a4)a1a2(a3 + 1)
(b1 + 1)ba(by + 1)bs
X 4F3(a1 +1,a9 + 1,a3 4+ 2,a4 + 1,01 + 2,69 + 2,b3 + 1; 2)
(b1 — ag)a1a2a4z
b1 (b1 + 1)babs
X 4F3(a1 +1,a0 + 1,a3 4+ 1,a4 + 1;01 + 2,60 + 1,b3 + 1; 2)
=4F3(a1 + 1,a9,a3 4+ 1,a4 + 1;01 + 1,60 + 1,b3 + 1; 2)
B (b3 — al)ag(ag + 1)(&4 + 1)
b3(bs + 1)(b1 + 1)(b2 + 1)
X 4F3(a1 + 1,a9 + 1,a3 4+ 2,a4 + 2,01 + 2,09 + 2,b3 + 2; 2)
(be — ag)aras(as + 1) s
(b1 + 1)ba(by + 1)bs
X 4F3(a1 +1,a9 + 1,a3 4+ 2,a4 + 1,01 + 2,60 + 2,b3 + 1; 2)
(b1 — az)arasay
b1 (b1 + 1)babs
X 4F3(a1 +1,a9 + 1,a3 + 1,a4 + 1;01 + 2,60 + 1,b3 + 15 2).

At last, from (27) and (21) we get

4F3(a; b’ Z) - 4F3((L1 + 1,&2,&3,(14 + ]-a bl + 17 b2 + ]-a b3a Z)
(bg — al)agag(a4 + 1)
(bl + 1)52(52 + 1)
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><4F3(a1+1,a2+1,a3+1,a4+2;b1+2,b2+2,b3+1;z)
(b1 — a4)arasaz
(b1 + 1)babs
><4F3(a1+1,a2+1,a3+1,a4+1;b1+2,b2+1,b3+1;z)
:4F3(a1—|—1,a2+1,a3,a4+1;b1+1,bg+1,b3+1;z)
(b3 —az)(a1 + 1)as(as + 1)
b3(bs +1)(b1 + 1)(b2 + 1)
X 4F3(a1 + 2,a2 + 1,a3 + 1,a4 + 2,01 + 2,by + 2,b3 + 2; 2)
(bg — al)agag(cu + 1)
(b1 +1)ba(be + 1)
><4F3(a1+1,a2+1,a3+1,a4+2;b1+2,b2—|—2,b3+1;z)
(bl — a4)a1a2a3
(b1 + 1)babs
X 4F3(a1 +1,a0 + 1,a3 4+ 1,a4 + 1;01 + 2,00 + 1,b3 + 1; 2). (35)

2. Expansions of the generalized hypergeometric function
4+F5 ratios into branched continued fractions

In this section we prove our main result.

Proof of Theorem 1. Using relations of previous section, we will establish
recurrence relations for the ratios (10) for each Ié2) € G. To do this, consi-
der the following three group of symmetric ratios:

1. Let i(()l) =land 1< i(()Q) < 4. Then, dividing relation (12) by 4F3(a; +
1,a0,as,a4;b1 + 1, b9, bs; Z), (13) by 4F3(a1, as + 1,a3,a4;b1 +1,bo, bs; Z), (14)
by 4F3(CL1, as, as + 1, a4, b1 + 1, b2, bg; Z), and (15) by 4F3(a1, as, as, 4 = 1; b1 +
1,ba, b3; 2), respectively, we obtain

(b1 — CL1)CL26L36L4Z

b1 (b1 + 1)babs
R3i(a+ey;b+111:2)

(b1 — a2)a1a3a4z

b1 (b1 + 1)babs
Rzz(a+erp;b+1f12:2)

(b1 — ag)a1a2a4z

b1(b1 + 1)babs
Rs3(a+ei3;b+f3:2)

(b1 — as)aiazas

b1(b1 + 1)babs
R3s(a+es;b+1f14:2)

Rii(a;byz) =1—

Ria(a;byz) =1—

Ri3(a;byz) =1—

R1,4(a; b; Z) =1-

125



Y. LUTSIV, T. ANTONOVA, R. DMYTRYSHYN, M. DMYTRYSHYN

(36)

or
(b1 — aiém) I @
pel\{ig"}
bl(bl + 1)b2b3 .(2)
R :b;2) = , 1< <4
Lig! (a;b;2) R, o(ate o;b+f 0);2) 0
o o o
2. Let i") =2 and 1 <4{?) < 8. Then, from (24)~(31) we have
(bQ — ag)(al + 1)a3a4 (b1 — al)a2a3a4z
(bl + 1)[)2(()2 + 1)b3 bl(bl + 1)b2b3
Ryi(a;b;z)=1— — ,
2,1( 2) R3s(a+egi;b+1fr1:2) Ror(a+tegi;b+11;2)
(b2 — ag)al (CL2 + 1)&4 (bl — a2)a1a3a4z
Ry Q(a‘ b Z) 1 (bl + 1)bz(b2 + 1)()3 B bl(bl + 1)6263
v Ris(a+ezo;b+1o;2) Rog(at+ers;b+1fhoz)
(bz — a4)a1a2(a3 + 1) (bl — ag)a1a2a4z
R (a' b: Z) —1_ (b1 + 1)b2(b2 + 1)()3 _ bl(bl + 1)()2()3
AT R3s(a+ep3;b+fa3:2) Rps(a+eps;b+1fziz)
(bz — LL1)CL2(L3(G4 + 1) (bl — a4)a1a2a32
(bl + 1)()2(52 + 1)b3 bl(bl + 1)b2b3
R ;byz) =1— — :
2a(a;b; 2) R3zi(a+exq;b+142) Rag(at+ezs;b+1ry2)
(b3 — ag)(al + 1)a3a4 (bl — al)a2a3a4z
Ry (a. b Z) 1 (bl + 1)5253(193 + 1) B bl(bl + l)bgbg
ST Rss(a+ezs;b+1a5,2) Roz(a+ess;b+1fasz)
(bg — ag)(a2 + 1)(11&4 (b1 — ag)a1a3a4z
Rog(aibiz) = 1 — (bl + 1)b253(b3 + 1) B bl(bl + 1)[)253
S Rg,g(a—l-eg,ﬁ;b + fgyﬁ;Z) R2,4(a+e276;b +f276;Z),
(bg — a4)a1a2(a3 + 1) (bl — ag)a1a2a4z
(bl + 1)()263(1)3 + 1) bl(bl + 1)()21)3
Roz(a;b;z)=1— — ,
2,7( 2) Rsi(a+eyr;b+far;2) Rpi(at+egr;b+1r7;2)
(bg — al)agag(a4 + 1) (bl — a4)a1a2a32
Rys(arb:z) = 1 — (it Dbobs(bs 1)~ bafba + Dby
T Ryi(a+ezs;b+fsi2) Rop(aters;b+fas;z)
or

R, . (a;b;2)
71()

(b2 — %3%1_4[@'52)/4}) H

(ap +0%)
20

pEN(ES) +1-4li§D 74}

z

(bl + 1)b2(b2 + 1)[)3

R3,z‘§f) +1-4[i{? /4] (
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(b1 —a,) Il @
pe\{if}
+ 3 bl(b1+1)b2(l;3’+e e s SN G
(2) (2) (2)5 ()
2,4y +6—4[(i +1)/4]_46[1(i82)71)/4] 2,ig 2,34
if 1 <4{?) <4, and
R2 (2 (a;b; 2)
20
(b3 - GI’L(()2)+174[Z(()2>/4]) H (ap + 62}2)_4)
peJ\{ig” +1-4[i" a1}
z
1 (b1 + 1)babs(bs + 1)
R3,z’§)2)+1—4[i§,2)/4] (a+ €242 b+ f2,i§)2> 2)
(bl - ai82)74) H Ap—4
peN(iS) —4}
. b1 (b1 + 1)babs ’ (389)

(@) (@) 1
2,3y +6—4[(i5 ' +1)/4]—46
0 0 (6§ ~1)/4]

if1<it? <s.
3. Let iél)

(bg — a4)a1(a2 + 1)(&3 + 1)

(a+ €5i(2)} b+ f2’i(<)2> ; 2)

=3 and 1 <i?) < 4. Then, from (32)—(35) we get

(bg — a3)a1(a2 + 1)a4

Rs 1(3.' b: Z) . (bl + 1)(b2 + 1)b3<b3 + 1)

(b1 + l)bg(bg + l)bg

R3s(a+e31;b+131;2)
(b1 — a2)arazay

b1(by + 1)bobs

- Rij(a+esi;b+1sq;2)

(b3 —a1)az(az + 1)(as + 1)

" Roi(a+ezi;b+fag;z)

(bg — a4)a1a2(a3 + 1)

b1 +1)(ba + 1)b3(bs + 1)

(b1 + 1)ba(bz + 1)by -

(
Rso(a;b;2z)=1—
372( Z) Rg}l(a + €3,2; b + f3,2; Z)

(b1 — az)aiazay
_ b1(b1 + 1)babs
Riz(a+es2;b+f39;2)
(bs — az)(a1 + 1az(aq +1)

a Ros(a+ezo;b+f30;2)

(bQ — al)agag(a4 + 1)

(b1 +1)(b2 + 1)b3(bs + 1)

(b + 1)ba(by + 1)bs

Rss(a;b;2z)=1—
33( ) R3s(a+e33:b+1f33;2)

(b1 — a4)a1a2a3z
B bl(bl + 1)bzb3
Ris(a+ess;b+1f33:2)

B jog(a + €3 3; b + f373; Z)
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(bg — ag)(al + 1)(&2 + 1)a4z (bQ — ag)(al + 1)&3&4
(b1 +1)(ba + 1)b3(bg +1) (b1 + 1)ba(ba +1)bs

Ry4(a;b;2z)=1—
3a( 2 R3z(a+ess;b+1f34;2) Rys(a+ess;b+1f34;2)
(b1 — al)a2a3a4z
B b1(by + 1)babs
Ris(a+ess;b+1f34;2)
or

R3 @ (ajb;z) =1
20

(b3 — ai82)+374[(i82)+2)/4]) H (ap+1-19 <2>)
pe\{ig?+3-4[( +2)/4)}
(b1 4 1)(by + 1)bs(bs + 1)
(a+ €3, b+ f3’i(()2>; z)

R, 2
3,ig —1+45}(2)

*0
_ P
(b2 ai52)+2—4[(i52)+1)/4]) , H , (ap + 51'5241—4[(@'32))/4})
peN{i§D+2-4[( +1) /41}
(b1 + 1)b2(b2 + 1)b3
R, o (a+e, o3b+f 0):z)

(br =, 1 a2y 11 K
PEIN(ES+1-4 /41y
by (b1 + 1)babs
- : 39
R1i<2>(a+e (2),b+f 2), 2) (39)

0

where 1 < 1(2) < 4.
Let I(() ) be an arbitrary double index in G. From the formulas (37)-(39) it
follows

dI(z) z

RI(Q) (a + 62(2)71) +f (2)7 )

R (a;b;z) =1+ (40)
0

17eG(g?)

where d_), 1'%2) € J®, are defined by (3)-(9). Note this is the first step to
1
constructing branched continued fraction expansions.

By analogy (see [6]), it is clear that for all 1122—)1 e J@, k> 2, the following
relation holds

B> (atere ;b+fe ;z)

d (2)Z

=1+ ) = (41)
1O e Rio(a+esm btfe ;2)
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where dI,(f)’ I’gz) € J@, k > 1, are defined by (3)-(9).

Substituting recurrence relation (41) at k = 2 in (40) on the second step
we obtain

dI(Q)Z
R (aibiz) =1+ > — v
[Pecr?) 1+ 2

R 2(a+e 2:;b+1f 2;2)
PecEr®) T2 " 7

Next, consistently applying relation recurrence (41) after n steps, we get

R, (a;b; 2)
0
d (2) %
=1+ Z I h )
PecE?) o dy@?
PecE) Rip@atere btz
where d_), I,(f) € J®, 1<k <n, are defined by (3)(9).
k

Finally, by (41), one obtains the formal branched continued fraction
expansion (11) for ratio (10) for each I(gQ) € G. This proves the Theorem 1.

Note that from the proof of Theorem 1 it follows that ratios (10) are the
complete group of ratios of the generalized hypergeometric function (1). There
are sixteen different formal branched continued fraction expansion in (11). For
example, for Ry 1(a;b;z) we have

d11,31%
Rii(a;b;z) =1+ d’ =
1,1,3,1,1,17
L+ d113111312  d1,131,1,1,212 . d1,1,3,1,1,1,34%
1+ + +

1+ . 1+ . 1+ .
Moreover, the following result follows from Theorem 1.
Corollary 1. The generalized hypergeometric function
1F3(1, az, a3, aq; b1, b2, b3; 2)

has a formal branched continued fraction expansion of the form

1

d (2) %
1

A
1+ Z d 2) %

T
Pear?) 1+ Z 2
@) oy 7(2) dr@2
PeG?) 1+ Z B
Pec?)
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where I(()2) = (1,1), d 2, I}gz) € JP, k> 1, are defined by (3)-(9) hercwith
a1 =0 and by is replacked by by — 1.

3. Conclusions

Using of a new approach to the concept of a branched continued fracti-
on [11], formal expansions of the complete group of ratios (sixteen) of the
generalized hypergeometric function 4F3 were constructed. Explicit formulas
for calculating the coefficients of these branched continued fraction expansions
based on the parameters of the function 4F3 have been found. Further research
consists in studying the convergence and numerical stability of the constructed
expansions of the sixteen ratios. At the same time, ideas and results of works
[9, 10, 12, 13, 15, 16, 17, 18] can be used. Furthermore, since we used sixteen
of the sixty-four possible ratios associated with the set G2, another direction of
further research is to study other complete groups of ratios of the generalized
hypergeometric function 4F3.
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