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Abstract. The paper continues the investigation of the spaces of complex-
valued perfect splines Q,(m). These spaces were introduced as generali-
zation of the spaces (2,, the topology of which has been studied by
V.I. Ruban, V.A. Koshcheev, A.M. Pasko. In our previous papers the
homology groups of the spaces ,(m) have been found and their si-
mply connectedness was established. The topic of the paper is finding
of the homology groups of the Cartesian product Qy, (m1) X Qn,(m2). In
order to find the homology groups of this Cartesian product the Kunneth
theorem has been used. Using the Kunneth theorem and the fact that
Tor(A, B) = 0 if at least one of the group A, B is free we presented the
homology group of the Cartesian product Q,, (m1) X Qn,(m2) as the sum
of the tensor products of the homology groups of this spaces. Calculating
the tensor products we found the homology groups of Q,,, (1) X Qn, (Mm2).
Key words: generalized perfect spline, the Cartesian product, homology
groups

Awnoraniss. CtarTs mIpo0OBXKY€e BUBUYEHHSI MPOCTOPIB y3araJbHEHUX KOM-
[JIEKCHO3HATHUX JIOCKOHAJINX CITaiiuiB 2, (m). I1i mpocTopu 6ysio BBeneHO
sIK y3araJibHeHHsI BaXKJIMBUX y Teopil HabJM>KeHb TPOCTOPIB {2y, TOMOJIO-
ris sxkux BuBuasiacsa B.I. Py6anom, B.A. Komeesum, A.M. TTacbkom. Y
monepeHix poboTax aBTopa Oy/I0 3HAMIEHO I'PYNHM TOMOJIOTi TPOCTOPiB
Qn(m), a Takoxk JoBeAeHO X 0AHO3B’sa3HiCTL. IIpeaMeroM HBOro JoCi-
JIZKEHHsI € TOMOJIOTIYHI TPYIH JEKAPTOBUX JOOYTKIB 2y, (1101) X Oy (m2).
3ajyid 1X 3HAXO/XKEHHS y CTaTTi BUKOPUCTAHO Bimomy Teopemy Kionera.
3acrocoByroun teopemy Kionera i Toit daxt, mo Tor(A, B) = 0, axio
6omait oqaa 3 rpyn A, B - BiIbHA, MU TIOJIa/ T TPYIU TOMOJIOTIN JIEKAPTO-
BOro JM00YTKY n, (m1) X Qn,(M2) K npsMy cyMmy TeH30pHUX ITO0YTKIB
POMOJIOTIYHUX TPYIT IUX MpocTopiB. OGUYUCTIOYY Ii TEH30pHI J00yTKH,
MU 3HARHILIA TOMOJIOTIIHI TPYIH TPOCTOPIB 1y, (1) X Qpy (M2).
Koro4yoBi cjioBa: y3arajbHeHi JJOCKOHAJI CILIAWHH, JIeKapTiB J00YTOK,
IpyIN TOMOJIOTi#
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Let w(t),t > 0, be the non-negative, continuous increasing function, w(0) =
0. Consider integer ¢ > 0, integer m > 2 and the system of the knots

O=mo<m<...<ng<ngs1 =1

Let F'(n,s,t) be the function (w-spline)

F(n: S,t) = Sk - mln{w(t - nk71>7w(77k - t)}v fOT te [nkfla nk]v (1)

with oy
skGGm:{e’W:le,l,...,m—l}.

Denote by €,(m), n > 2, the subspace of the space L1[0,1] that consists of
the splines (1) for ¢ < n. The spaces §2,,(m) are the generalization of the space
Q,, the topology of which has been studied by V.I. Ruban [6, 7|, particularly
the space €,(2) coincides with the space €,. The spaces Q,(m) have been
introduced in [4]. Further the topology of the spaces €2,(m) has been studied
in |2, 3|. Particularly in [3] their homology groups were found:

A k=0,
Hk (Qn(m)) - 07 k 7& O,TL, (2)
ZNOm)| g =,

where m > 2, n > 2 and

m—+1

N(n,m) =

Further we will need the definition and some properties of tensor product.
Let A, B be abelian groups. Accordingly to [1, p. 218] the tensor product A® B
is group with generators a ® b for a € A,b € B and relations (a + a') ® b =
a®@b+d @b,a® (b+V)=a®b+ax?. It is known (see [1, p. 218]) that
for any abelian groups A, B:

1) (Ao A)®B=(A®B)® (A" ® B);
2)Z® A=A
The properties 1), 2) of tensor product imply that

7"® G =G" (3)

for any abelian group G.

Let A,A’,B,B’ be abelian groups, ¢ : A — A',¢) : B — B’ are
homomorphisms. They induce the homomorphism ¢ ® ¢ : A® B - A’ ® B’
defined on the generators as

(P ®@P)(a@b) = p(a) @Y(b).

Let A be abelian group. It is known (see |5, p. 38]) that the exact sequence
holds
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0RLHFB A 0,
where R, F' are some free abelian groups. It induces the exact sequence

RoBEL FreoB®Y A9 B0

for any abelian group B. Denote by Tor(A, B) the kernel
Tor(A, B) = Ker(i ® 1).
It is known (see |5, pp. 40, 41]) that if at least one of the groups A, B is free
Tor(A, B) = 0. (4)
If A;, B;,i=0,1,2,..., are the sequences of abelian groups denote
(Tor(As, Bu))k = €D Tor(Ap, By).
pt+q=k

Let K, L be the finite CW-complexes. Accordingly to Kunneth theorem [5,
p. 110] the exact sequence holds

0 — (Hu(K) ® Ho(L)), — Hp(K x L) —
— (Tor(Hy(K), Hi(L))) k-1 — 0, (5)

where
(H.(K) @ Ho(L) = @ Hi(K) © Hii(D).

In order to find the homology groups of the Cartesian product
Qp, (M) X Qy, (m2) consider (5) with K = Q,,, (m1), L = Qy, (ma2).
The homology groups of these spaces are free, so by the virtue of (4)

(Tor(H. (ay (m1)), Hu(Quy (m2)))i1 = 0.

Therefore the exact sequence (5) turns to the shorter sequence
0 — (Hs(Qn, (m1)) ® Hy(Qny(m2)))e — Hi(2n, (m1) X Oy (m2)) — 0.

It means that
k
Hyo (@, (M) X Quy () = @D Hi(Qn, (m1)) @ Hy—i(Qy(m2)).  (6)
i=0
By the virtue of (2) the only summands in the right hand of (6) that differ
from the zero group are those corresponding the values of the indexes:
1)i=k—i=0;
2)i=0, k:—z-ng,
3)i=ny,k—1i=0;
4) i =n1,k —i=na.
Then Hp(Qy, (m1) X Qp,(m2)) differs from the zero group if and only if
k = 0,n1,n2,n1 + n2. The equalities (2), (3) lead us to the theorem.

135



A. M. PASKO

Theorem 1. If ny # nso the homology groups of the Cartesian product
Qp, (M) X Oy, (m2) are equal

/

Z7 k? = 0,
ZN(n17m1)7 k:nl,
Hy, (Qny (m1) X Qpy(ma)) = ZN(n2’m2), k = no,

ZN(nl,m1)N(n2,m2)’ k= ni + na,

07 k#07n17n27n1+n2'
If n1 = no then denoting n; = no = n we have
Z, k=0,

ZN(n,ml)—&—N(n,mg)’ k=n,
Hk (Qn(ml) X Qn(TrLg)) =

ZN(n’ml)N(n’mQ)’ k = 2n,
0, k #0,n,2n.
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