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Approximate solution to a mixed boundary
problem for the elastic semi-infinite layer 1

Abstract. The elasticity problem for a semi-infinite layer is under consi-
deration, when a static compressive load distributed across a rectangular
area is acting on the upper layer’s face, lower layer’s face is in the smooth
contact with a rigid foundation and side edge is rigidly fixed. The method
of Popov G.Ya. is used here, which is based on the introduction the
new functions represented through the linear combinations of the di-
splacements’ derivatives. The system of Lamé equations is reduced to two
jointly solved equations and one separately solved equation, the boundary
conditions are also separated. The integral transforms reduce the problem
to a one-dimensional inhomogeneous vector boundary value problem, whi-
ch is solved by the matrix differential calculus. The integral equation obtai-
ned in the process is solved approximately using the method of orthogonal
polynomials with analyzing singularity of the unknown function.
Key words: semi-infinite layer, static load, integral transforms, matrix
differential calculus, singular integral equation, orthogonal polynomials

Анотацiя. Розглянуто задачу пружностi для пiвнескiнченного шару,
коли по верхнiй гранi дiє статичне стискальне навантаження, розпо-
дiлене по прямокутнiй дiлянцi, нижня грань знаходиться в умовах
гладкого контакту з жорсткою основою, а бiчна грань жорстко закрi-
плена. Використано метод Попова Г.Я., що базується на введеннi но-
вих функцiй, вираженi через лiнiйнi комбiнацiї похiдних перемiщень.
Система рiвнянь Ламе розпадається на два спiльно розв’язуваних рiв-
няння i одне окремо розв’язуване, граничнi умови також роздiляю-
ться. Iнтегральними перетвореннями задачу зведено до одновимiрної
неоднорiдної векторної задачi, яку розв’язано методом матричного ди-
ференцiального числення. Розв’язок отриманого при цьому iнтеграль-
ного рiвняння знайдено наближено методом ортогональних полiномiв
з аналiзом особливостi невiдомої функцiї.
Ключовi слова: пiвнескiнченний шар, статичне навантаження, iнте-
гральнi перетворення, матричне диференцiальне числення, сингуляр-
не iнтегральне рiвняння, ортогональнi полiноми
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APPROXIMATE SOLUTION TO A MIXED PROBLEM FOR THE LAYER

1. Introduction

The elastic layer can be considered as a model object for applying methods
of solving problems in the elasticity theory, aiming to identify patterns in
the stress-strain state of three-dimensional bodies [2–5, 11, 13–16]. Traditional
approaches to solving such problems involve the representation of unknown
functions through harmonic or biharmonic functions, as well as the application
of potential theory methods. Notable contributions in this area include the
monographs by V.T. Grinchenko and A.F. Ulitko [2], which systematically
present spatial elasticity problems for elastic bodies of canonical forms, and
the historical analysis of biharmonic problems by V. V. Meleshko [3]. Research
by V. Yu. Miroshnikov [4] also addresses specific spatial problems, such as
the second fundamental problem of elasticity theory for a layer containing a
cylindrical cavity, providing valuable insights into the field.

The analysis of the current literature reveals that many challenges remain
unresolved in the field of spatial elasticity problems for semi-infinite layers.
The development and justification of analytical solution methods are still
needed, which would allow for the construction of both exact and approxi-
mate solutions, thus revealing the complete picture of displacement and stress
fields under the action of various types of loads. Important methods, such
as the generalized Fourier method [5], have been developed to address spatial
elasticity problems more effectively. At the same time, significant attention has
been given to studying the thermal and mechanical behavior of inhomogeneous
elastic layers [11], as well as solving complex boundary value problems in
semi-infinite or quarter spaces using advanced mathematical tools like integral
transforms [12,15]. In addition, the axisymmetric interaction between an elastic
layer and a rigid inclusion has been studied, providing new results for the stress-
strain state in such configurations [13].

In the following work, it is proposed to apply the method of separati-
ng the system of equations of the elasticity theory [6]. As was shown by
Popov G.Ya. [7], this can be done in the case of three orthogonal coordinate
systems: Cartesian, cylindrical and spherical. The usage of this method made
it possible to obtain a number of exact solutions to problems of the static
elasticity theory, which previously could not be solved accurately by known
methods. In this way, an exact solution to a problem of the theory of elasticity
for a quarter of space was constructed in [12]. It was shown that such a solution
would be exact under certain restrictions on the surface. A solution without
restrictions on the given functions, which led to the need to solve the singular
integral equation, was constructed in the work [8].

In the work [16], an exact solution to the problem of the elasticity theory
for a layer was obtained when the edge end was in a smooth contact with a
rigid base. In the case of a rigidly fixed edge end of the layer, the solution
becomes approximate, and the exact solution is included in the result as a
term.
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2. Statement of the problem

An elastic layer x > 0,−∞ < y < ∞, 0 6 z 6 h with µ –Poisson ratio, G
– shear modulus is loaded with an arbitrary normal compressive force on the
upper layer’s boundary z = h, bottom boundary z = 0 is in the conditions of
a smooth contact, while a layer’s edge end x = 0 is rigidly fixed (Fig. 1). The
aim of this work is to construct the displacements

ux(x, y, z) = u(x, y, z), uy(x, y, z) = v(x, y, z), uz(x, y, z) = w(x, y, z),

which appear in the layer.

Fig. 1. Geometry of the problem

In order to construct a solution for an arbitrary load, it is sufficient previ-
ously to construct a solution for a concentrated at a point with coordinates
(a, b) of the boundary z = h, force.

The statement leads to the following boundary conditions

σz|z=h = −Pδ(x− a)δ(y − b), τzy|z=h = 0, τzx|z=h = 0,

w|z=0 = 0, τzx|z=0 = 0, τzy|z=0 = 0,

u|x=0 = 0, v|x=0 = 0, w|x=0 = 0.

(1)

Here δ(x) is the Dirac delta function, P is a constant intensity of the load.
Unknown displacements satisfy the Lamé equations, written in a vector

form
∆(u, v, w) +

2

κ− 1

(
∂Θ

∂x
,
∂Θ

∂y
,
∂Θ

∂z

)
= 0. (2)

Here ∆ – Laplace operator, κ = 3−4µ, Θ = ∂u
∂x + ∂v

∂y + ∂w
∂z – volume expansion.
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APPROXIMATE SOLUTION TO A MIXED PROBLEM FOR THE LAYER

The following change of variables x̃ = x/a, ỹ = (y − b)/a, z̃ = z/a is
introduced. Now the width of the layer is z̃ ∈ [0, h/a] , h/a = a. In this coordi-
nate system axis ỹ will be a line of symmetry and condition of parity for
vertical displacement takes place w(x̃,−ỹ, z̃, t̃) = w(x̃, ỹ, z̃, t). Normal load (1)
in these coordinates takes a form σz|z̃=0 = −Pa−2δ(x̃− 1)δ(ỹ). Further tildes
are omitted, implying the change of variables.

According to the method [6], new functions are introduced

Z(x, y, z) =
∂

∂x
u(x, y, z) +

∂

∂y
v(x, y, z),

Z̃(x, y, z) =
∂

∂x
v(x, y, z)− ∂

∂y
u(x, y, z).

(3)

The system of equations (2) is separated into the system of two equations

∆w +
2

κ− 1

∂

∂z

(
Z +

∂w

∂z

)
= 0, ∆Z +

2

κ− 1
∇xy

(
Z +

∂w

∂z

)
= 0 (4)

and an equation for function Z̃(x, y, z)

∆Z̃ = 0. (5)

Boundary conditions (1) take a form

µZ(x, y, a) + (1− µ)
∂

∂z
w(x, y, a) = −κ− 1

4Ga
δ(x− 1)δ(y),

∇xyw(x, y, a) +
∂

∂z
Z(x, y, a) = 0,

∂

∂z
Z̃(x, y, a) = 0,

w(x, y, 0) = 0,
∂

∂z
Z̃(x, y, 0) = 0,

∂

∂z
Z̃(x, y, 0) = 0,

u(0, y, z) = 0, v(0, y, z) = 0, w(0, y, z) = 0.

(6)

Here ∇xy = ∂2

∂x2 + ∂2

∂y2 .
After finding the functions w(x, y, z), Z(x, y, z), Z̃(x, y, z) to determine

displacements u(x, y, z) and v(x, y, z) , Poisson equations should be solved

∇xyu(x, y, z) =
∂Z

∂x
− ∂Z̃

∂y
, ∇xy(x, y, z) =

∂Z

∂y
+
∂Z̃

∂x
. (7)

3. Reduction the problem to a vector problem

To reduce the given problem (4)-(6) to the one-dimensional problem,
integral transforms are applied: sin-Fourier – with respect to a variable x,
Fourier – with respect to a variable ywαβ(z)

Zαβ(z)

Z̃αβ(z)

 =

∞∫
−∞

∞∫
0

w(x, y, z)
Z(x, y, z)

Z̃(x, y, z)

 sinαxeiβy dx dy. (8)
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Unknown functions χβ(z), ψβ(z) are introduced into a consideration

Z(0, y, z) = χ(y, z), Z̃(0, y, z) = ψ(y, z),

Zβ(0, z) = χβ(z), Z̃β(0, z) = ψβ(z).
(9)

They should be found from condition, that equations (2) after differentiation
(3) have to be satisfied [12].

System (4) and boundary conditions (6) take a form{
w′′αβ(z) + 2

κ+1Z
′
αβ(z)−N2 κ−1

κ+1wαβ(z) = 0,

Z ′′αβ(z)− 2
κ−1N

2w′αβ(z)−N2 κ+1
κ−1Zαβ(z) = −κ+1

κ−1 αχβ(z),
0 < z < a (10)

−N2wαβ(a) + Z ′αβ(a) = 0, µZαβ(a) + (1− µ)w′αβ(a) = −κ− 1

4Ga
sinα,

wαβ(0) = 0, Z ′αβ(0) = 0,
(11)

N2 = α2 + β2.

According to (5), (6), the problem for function Z̃αβ(z) has a following form

Z̃ ′′αβ(z)−N2Z̃αβ(z) = −αψβ(z), 0 < z < a,

Z̃ ′αβ(0) = 0, Z̃ ′αβ(a) = 0.

Its solution has a form

Z̃αβ(z) =
α

2Nsh(aN)

a∫
0

[
e−N |z−ξ|sh(aN)+

+e−N(a−z)ch(Nξ)− e−NzchN(a− z)
]
ψβ(ξ) dξ.

After introducing the following change of variables

z = z′a, ξ = ξ′a, N = N ′/a, z′, ξ′ ∈ [0, 1]. (12)

the function Z̃αβ(z) was derived

Z̃αβ(z) =
α

2NshN

1∫
0

[
e−N |z−ξ|shN+

+e−N(1−z)ch(Nξ)− e−NzchN(1− z)
]

a2ψβ(aξ) dξ.

(13)

In order to rewrite the system (10) in a vector form the unknown vector of
transformants, the vector of right part, so as constant matrices are introduced

y(z) =

(
wαβ(z)
Zαβ(z)

)
, f(z) =

(
0

−κ+1
κ−1αχβ(z)

)
, (14)
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I =

(
1 0
0 1

)
, Q =

(
0 2

κ+1

− 2
κ−1N

2 0

)
, P =

(κ−1
κ+1 0

0 κ+1
κ−1

)
.

So, the system (10) is written using the differential operator of the 2nd kind

L2y(z) = Iy′′(z) + Qy′(z)−N2Py(z) = f(z), 0 < z < a. (15)

With the help of matrices

I1 =

(
1 0
0 0

)
, I2 =

(
0 0
0 1

)
,

A =

(
−N2 0

0 µ

)
, B =

(
0 1

1− µ 0

)
, γ =

(
0

−κ−1
4Ga sinα

)
boundary functionals, describing conditions (11), can be written

U0 [y(z)] = I1y(0) + I2y
′(0) = 0, U1 [y(z)] = Ay(a) + By′(a) = γ. (16)

So, the solution to the vector one-dimensional problem (15), (16) can be found
in a form [9]

y(z) =

a∫
0

G(z, ξ)f(ξ) dξ + Ψ0(z) · 0 + Ψ1(z) · γ. (17)

Green matrix function has a form

G(z, ξ) = Φ(z, ξ)−Ψ0(z) · U0[Φ]−Ψ1(z) · U1[Φ],

Φ(z, ξ) – fundamental matrix of the equation (15), was obtained using the
integral Fourier transform. To find it, the value of the function y(z) was
extended by zero to the entire real axis and the integral Fourier transform
was applied to the equation (15)

−σ2Iyσ −Qiσyσ −N2Pyσ = fσ,

where yσ =
∞∫
−∞

y(z)eiσz dz, fσ =
∞∫
−∞

f(z)eiσz dz. Taking into account that

σ2 = (−iσ)2, we get
(
(iσ)2I + Q(−iσ)−N2P

)
yσ = fσ, or M(−iσ)yσ = fσ

yσ = M−1(−iσ)fσ.

After applying the inverse Fourier transform with the substitution yσ, we will
have

y(z) =
1

2π

∞∫
−∞

yσe
−iσz dσ =

1

2π

∞∫
−∞

∞∫
−∞

M−1(−iσ)fσe
−iσ(z−ξ) dσ dξ.
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Then, by the definition of the fundamental matrix, expression was obtained

Φ(z − ξ) =
1

2π

∞∫
−∞

M−1(−iσ)fσe
−iσ(z−ξ) dσ.

From there change of variables s = −iσ can be applied to obtain formula in
general form

Φ(z − ξ) =


1

2πi

∫
C±

MA

(s2−N2)2 e
s(z−ξ), z − ξ > 0

− 1
2πi

∫
C±

MA

(s2−N2)2 e
s(z−ξ), z − ξ < 0

where C± is a closed circuit covering the poles s = ±|N | or with the substi-
tution - σ = ∓iN . The residuals at the points σ = ∓iN were found accordi-
ngly ϕ±(y) = e±Ny(4N3)−1(1 ∓ Ny), y = z − ξ. The matrices Φ±(y) were
constructed by the formulas Φ±(y) = Iϕ′′±(y) − Qϕ′±(y) − N2Pϕ±(y). After
some transformations, matrices were derived

Φ±(z) =


eNy

2(κ−1)N

(
Ny − κ κ−1

κ+1y

−N2y κ−1
κ+1(−Ny − κ)

)
, y > 0,

e−Ny

2(κ−1)N

(
−Ny − κ κ−1

κ+1y

−N2y κ−1
κ+1(Ny − κ)

)
, y < 0.

Combining the results, final expression for the fundamental matrix function
was obtained

Φ(z, ξ) =
1

2(κ− 1)

e−N |z−ξ|

N

(
−N |z − ξ| − κ κ−1

κ+1(z − ξ)
−N2(z − ξ) κ−1

κ+1 [N |z − ξ| − κ]

)
. (18)

Ψi(z), i = 0, 1 – basic matrices, which satisfy the related (15), (16) problems

L2Ψi(z) = 0, 0 < z < a,

Uj [Ψi(z)] = δjiI, j, i = 0, 1

δji is the Kronecker symbol, I - unit matrix.
The basic matrices were constructed in the form [9]

Ψj(z) = Y−(z)C0
j + Y+(z)C1

j , j = 0, 1

Here Y∓(z) are decreasing and increasing, when z → ∞, solution of the
corresponding to (15) homogeneous matrix equation L2[Y(z)] = 0, 0 < z < h,

were sought out in the form Y(z) = 1
2πi

∫
C

eszM−1(s) ds, M(s) is a characteri-

stic matrix to the equation (15), C is a closed loop that encompasses all si-
ngular points of the integrand. After an application the main residues theorem,
matrices were obtained

Y∓(z) =
2

κ− 1
e∓Nz

(
−Nz ∓ κ ±κ−1

κ+1z

∓N2z κ−1
κ+1(Nz ∓ κ)

)
.
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APPROXIMATE SOLUTION TO A MIXED PROBLEM FOR THE LAYER

Constant matrices C0
j ,C

1
j , j = 0, 1 were found by satisfaction the boundary

functionals (16):

C1
0 =

(
U0[Y+]− U0[Y−] · (U1[Y−])−1 · U1[Y+]

)−1
,

C0
0 = −(U1[Y−])−1 · U1[Y+] ·C1

0,

C1
1 =

(
U1[Y+]− U1[Y−] · (U0[Y−])−1 · U0[Y+]

)−1
,

C0
1 = −(U0[Y−])−1 · U0[Y+] ·C1

1.

The result of multiplication Ψ1(z) · γ in (17) relates to the solution of the
problem (15), (16) with a homogenous equation (15), neglecting the assumption
(9) and supposing that Zβp(0, z) = 0, Z̃βp(0, z) = 0, was found in [16]. It
coincides with a problem’s solution when the edge of the layer x = 0 is in the
conditions of a smooth contact and have a form

w0
αβ(z) =

sinα

4Ga

F1(z,N)

DN
, Z0

αβ(z) =
sinα

4Ga

F2(z,N)

DN
,

F1(z,N) = (z + a)shN(a− z)− (a− z)shN(a + z)+

+
κ+ 1

2

1

N
(−chN(a + z) + chN(a− z)) ,

F2(z,N) = N(z + a)chN(a− z) +N(a− z)chN(a + z)−

− κ− 1

2
(shN(a + z) + shN(a− z)) ,

DN = 2Na + shNa.

(19)

The solution (17) can be rewritten in a matrix form

(
wαβ(z)
Zαβ(z)

)
=

a∫
0

(
g11 g12

g21 g22

)(
0

−κ+1
κ−1αχβ(ξ)

)
dξ +

(
w0
αβ(z)

Z0
αβ(z)

)
(20)

So, as it follows from (17) - (19), transformants can be written as

wαβ(z) =
1

2(κ− 1)

α

N

a∫
0

[
−(z − ξ)e−N |z−ξ| +

+
2

DN

(
−e−NξΨ(12)

0 + eNξ
1

N
Ψ

(12)
1

)]
χβ(ξ) dξ + w0

αβ(z),

Zαβ(z) =
1

2(κ− 1)

α

N

a∫
0

[
[−N |z − ξ|+ κ] e−N |z−ξ| +

+
2

DN

(
−e−NξNΨ

(22)
0 + eNξΨ

(22)
1

)]
χβ(ξ) dξ + Z0

αβ(z),

(21)

where Ψ
(12)
i ; Ψ

(22)
i , i = 0, 1 are elements of basic matrices Ψi(z), i = 0, 1 [14].
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To find remaining transformants uαβ(z) and vαβ(z) according to Poisson
equations (7) and applied integral transforms (8), formulas should be used

uαβ(z) = N−2
[
αZcαβ(z)− iβZ̃αβ(z)

]
, vαβ(z) = N−2

[
iβZαβ(z) + αZ̃cαβ(z)

]
upper symbol ·c means cos-transform Fourier with respect to the variable x.

4. Obtaining the singular integral equation

The integral equations were obtained under assumption that Lamé equati-
ons (2) have to be satisfied after operation of differentiation (3). The relations
coincide with ones for the problem for a quarter space [12]

∂Z̃β(0, z)

∂x
− iβ κ+ 1

κ− 1
Zβ(0, z) = 0,

∂Ωβ(0, z)

∂x
+ iβZ̃β(0, z) = 0, (22)

Ω(x, y, z) =
κ+ 1

κ− 1
Z(x, y, z) +

2

κ− 1

∂

∂z
w(x, y, z). (23)

4.1. Integral equation ∂Z̃β(0,z)
∂x − iβ κ+1

κ−1Zβ(0, z) = 0

After an application the inverse sin-Fourier transform with respect to
a variable α to the solution Z̃αβ(z) in (13) and taking into account that
α sinαx = −(cosαx)′x, using the table integral № 3.961(2) in [1]

∞∫
0

e−
√
α2+β2|z−ξ|√
α2 + β2

cosαxdα = K0

(
|β|
√
x2 + (z − ξ)2

)
, (24)

where K0(z)– Macdonald function, N =
√
α2 + β2, transformant has been

calculated

Z̃β(x, z) = − 1

π

∂

∂x

1∫
0

K0

(
|β|
√
x2 + (z − ξ)2

)
+

+

∞∫
0

F (N, z) cosαxdα

 a2ψβ(aξ) dξ,

F (N, z) =
1

N shN

(
e−N(1−z)ch(Nξ)− e−NzchN(1− z)

)
.

(25)

According to the 1st relation in (22), the derivative ∂
∂x Z̃β(x, z) ∼

− ∂2

∂x2

1∫
0

F (N, z, ξ)a2ψβ(aξ) dξ was found. Direct verification can approve the

correctness of the relation for Macdonald’s function [12]

∂2

∂x2
K0

(
|β|
√
x2 + (z − ξ)2

)
+

∂2

∂z2
K0

(
|β|
√
x2 + (z − ξ)2

)
−

−β2K0

(
|β|
√
x2 + (z − ξ)2

)
= 0.

(26)
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So, the second derivative − ∂2

∂x2K0 can be replaced by
(
∂2

∂z2 − β2
)
K0, and the

value x = 0 can be fixed. After substitution ∂Z̃β(0, z)/∂x into the 1st relation
and introduction unknown functions

Ψβ(ξ) = a2ψβ(aξ), Xβ(z) = a2χβ(az), (27)

the first integral equation was derived

1

π

(
∂2

∂z2
− β2

) 1∫
0

K0 (|β||z − ξ|) Ψβ(ξ) dξ+

+
1

π

1∫
0

∞∫
0

α2F (N, z)Ψβ(ξ) dξ dα = iβ
κ+ 1

κ− 1
Xβ(z), 0 < z < 1.

(28)

4.2. Integral equation ∂Ωβ(0,z)
∂x + iβZ̃β(0, z) = 0

After an application the integral transforms (8) to the relation (23) the
expression was derived

Ωαβ(z) =
κ+ 1

κ− 1
Zαβ(z) +

2

κ− 1
w′αβ(z),

which was constructed on the base of transformants (21). After its inversion,
calculation the presented integrals on the variable α using tables, such as the
integral № 3.914 in [1]

∞∫
0

e−β
√
γ2+x2

cos bx dx =
βγ√
β2 + b2

K1

(
γ
√
β2 + b2

)
,

Re β > 0, Re γ > 0,

(29)

so as, the table integral № 3.961(2) in (24), application the relation for
Macdonald function (26) with the following fixation the value x = 0, the
integral equation was derived

1

κ− 1

1

π

(
∂2

∂z2
− β2

) 1∫
0

Xβ(ξ) [(κ+ 2)K0(|β||z − ξ|)−

−|β||z − ξ|K1(|β||z − ξ|)] dξ+

+
2

κ− 1

1

π

1∫
0

Xβ(ξ)

∞∫
0

1

NDN

[
eNξΦ1(N, z, ξ)−

−e−NξΦ2(N, z, ξ)
]
dξ dα+

∂Ω0
β(0, z)

∂x
= −iβΨβ(ξ), 0 < ξ < 1.

(30)
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Addition ∂Ω0
β(0, z)/∂x was found on the base of transformants (19) and have

a form

∂Ω0
β(0, z)

∂x
=

1

2πGa

∞∫
0

α sinα

DN

[
N(1 + z)chN(1− z) +

+N(1− z)chN(1 + z)− κ+ 3

2
shN(1 + z)− κ+ 3

2
shN(1− z)

]
da.

(31)

For Macdonald function the relation take place

∂

∂z
K0 [|β||z − ξ|] = −|β| sgn(z − ξ)K1 [|β||z − ξ|] ,

so the relation K1 [|β||z − ξ|] = − 1
|β| sgn(z − ξ) ∂∂zK0 [|β||z − ξ|] was replaced

in the equation (30).
As a result, the system of singular integral equations was derived

1

π

1∫
0

( ∂2

∂z2
− β2

)
K0(|β||z − ξ|) +

∞∫
0

F (N, z) dα

Ψβ(ξ) dξ =

= iβ
κ+ 1

κ− 1
Xβ(z), 0 < z < 1,

1

π

1∫
0

( ∂2

∂z2
− β2

) (
(κ+ 2)K0(|β||z − ξ|) +

+(z − ξ) ∂
∂z
K0(|β||z − ξ|)

)
+

∞∫
0

F1(N, z) dα

Xβ(ξ) dξ =

= −iβ(κ− 1)Ψβ(ξ)− κ− 1

2πGa

∞∫
0

α sinα

DN
F (N, z), 0 < ξ < 1.

(32)

The solution to the integral equations (32) is sought by the method of
orthogonal polynomials. The unknown functions are represented as series

Xβ(ξ) =

∞∑
n=1

xn(β)ξσ(1− ξ)γP σ,γn (1− 2ξ),

Ψβ(ξ) =
∞∑
n=1

ψn(β)ξσ(1− ξ)γP σ,γn (1− 2ξ),

(33)

where P σ,γn (1− 2ξ) – Jacobi polynomials, xn(β), ψn(β) – unknowns.
Considering the behavior of the unknown function in the integral equations

(33) while ξ → 0 and ξ → 1 using the method of Uflyand Ya.S. [15], analyzing
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the problem for wedge, it was derived that, when ξ → 1 the behavior of the
function χ(y, z, t), χβ(z) = Zβ(0, z) is the same that behavior of a normal
stress σx(0, y, z). Normal stress tends to infinity according to a power low with
an exponent equal to −γ (γ < 1), which depends on a Poisson ratio µ of
the medium [15]. While ξ → 0 there is no singularity, as rigid fixation and a
smooth contact set on the wedges’ boundaries. So, the parameter σ = 0 in the
correspondences (33). Note that in the case of fixed both wedges’ boundaries,
there is no singularity too.

The correspondences (33) are substituted into the equations (32) and the
method of orthogonal polynomials is utilized.

Equations (32) should be multiplied by P 0,−γ
m (1− 2z), m = 0, 1, 2, . . . and

integrated on the interval z ∈ (0, 1). At the right part of the equations (32)
orthogonality formula of Jacoby polynomials

1∫
0

(1− z)−γP 0,−γ
n (1− 2z)P 0,−γ

m (1− 2z) dz = δnm
∥∥P 0,−γ

m (1− 2z)
∥∥2

was used. And the equations (32) take a form of the infinite systems

∞∑
n=0

ψn(β)Anm = iβ
κ+ 1

κ− 1
xm(β)

∥∥P 0,−γ
m

∥∥2
, m = 0, 1, 2, . . . ,

∞∑
n=0

xn(β)Bnm = iβ(κ− 1)ψm(β)
∥∥P 0,−γ

m

∥∥2−

−κ− 1

2πGa

1∫
0

∞∫
0

α sinα

DN
F (N, z)(1− z)−γP 0,−γ

m (1− 2z) dz dα.

(34)

After substitution the values ψn(β) from the second relation (34) to the first

one, and the division it by iβ(κ + 1)
∥∥∥P 0,−γ

m

∥∥∥2
, m = 0, 1, 2, . . ., the infinite

linear system of algebraic equations of the 2nd kind was derived

xm(β) +
1

κ+ 1

1

β2
∥∥∥P 0,−γ

m

∥∥∥4

∞∑
n=0

xn(β)BnmAnm =
κ− 1

κ+ 1
·

· 1

β2
∥∥∥P 0,−γ

m

∥∥∥4

1

2πGa

1∫
0

∞∫
0

α sinα

DN
F (N, z)(1− z)−γP 0,−γ

m (1− 2z) dz dα,

m = 0, 1, 2, . . .

(35)
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Here

Anm =
1

π

1∫
0

1∫
0

( ∂2

∂z2
− β2

)
K0(|β||z − ξ|) +

∞∫
0

F (N, z) dα

 ·
·(1− ξ)−γP 0,−γ

n (1− 2ξ)P 0,−γ
m (1− 2z) dξ dz,

Bnm =
1

π

1∫
0

1∫
0

( ∂2

∂z2
− β2

) (
(κ+ 2)K0(|β||z − ξ|)−

−(z − ξ) ∂
∂z
K0(|β||z − ξ|)

)
+

∞∫
0

F1(N, z) dα

 ·
·(1− ξ)−γP 0,−γ

n (1− 2ξ)P 0,−γ
m (1− 2z) dξ dz, n,m = 0, 1, 2, . . .

In the process there was a necessity of calculation the following integrals
1∫

0

zδ−1(1− z)−γe∓NzP 0,−γ
n (1− 2z) dz =

=
(1− δ)n

n!
B(δ,−γ + n+ 1)2F2(δ, δ; δ − γ + n+ 1, δ − n;∓N),

where B(x, y) – Beta Euler function, 2F2(a, b; c, d;∓x) – hypergeometric functi-
on, (a)n = a(a+1)(a+2) . . . (a+n−1) = Γ(a+n)/Γ(a) – Pochhammer symbol,
which was done using the table integral № 2.22.5.(1) in [10].

Taking into account the form of the system (35) and calculated in the
process integrals, the solution to the integral equation (33) is represented in a
form

Xβ(ξ) = β2
∞∑
n=1

xn(1− ξ)−γP 0,−γ
n (1− 2ξ), (36)

where xn are unknown constants. With the help of the reduction method the
system (35) was solved.

5. Constructing the vertical displacement w(x, y, z)

The transformant wαβ(z) for vertical displacement was defined in (19), (21).
After making the change of variables (12) and substitution the representation
(36) of function Xβ(ξ), the inverse sin-transform Fourier with respect to α and
inverse Fourier transform with respect to β were applied

w(x, y, z) =
a

κ− 1

1

4π2

(
∂3

∂x∂y2

) ∞∑
n=1

xn

1∫
0

∞∫
−∞

∞∫
−∞

1

N
(1− ξ)−γP 0,−γ

n (1− 2ξ)·

·
[
−(z − ξ)e−N |z−ξ| + 2

DN

(
−e−NξΨ(12)

0 + eNξ
1

N
Ψ

(12)
1

)]
·

·e−iαxe−iβy dξ dα dβ + w0(x, y, z),
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here the parity of integrand with respect to variable α was taken into account
and Euler formula was applied.

The formula, connecting integral Fourier transform with Hankel transform

1

2π

∞∫
−∞

∞∫
−∞

F
(√

α2 + β2
)
e−iαxe−iβy dα dβ =

∞∫
0

tF (t)J0

(
t
√
x2 + y2

)
dt,

where J0 is Bessel function, N =
√
α2 + β2, can be applied. The integral

∞∫
0

e−N |z−ξ|J0

(
t
√
x2 + y2

)
dt =

1√
x2 + y2 + (z − ξ)2

was calculated using the table integral № 6.611(1) in [1]. As a result, the vertical
displacement that appear in the elastic semi-infinite layer under the action of
concentrated at a point of the upper boundary load, while the layer’s edge is
rigidly fixed and the bottom boundary is in the conditions of a smooth contact
with rigid foundation was derived

w(x, y, z) =
a

κ− 1

1

2π

(
∂3

∂x∂y2

) ∞∑
n=1

xn

1∫
0

(1− ξ)−γP 0,−γ
n (1− 2ξ)·

·

− z − ξ√
x2 + y2 + (z − ξ)2

+

∞∫
0

2

Dt

(
−etξΨ(12)

0 (t) + etξ
1

t
Ψ

(12)
1 (t)

) ·
·J0

(
t
√
x2 + y2

)
dξ + w0(x, y, z).

(37)

Here

Ψ
(12)
0 (t) = 2(1− z)sh(tz) + κt−1z · ch(tz)−

− 8(κ2 − 1)−1t−2 · sh(tz) + t−1z · cht(2− z),

Ψ
(12)
1 (t) = 4κ

κ− 1

κ+ 1
t

[
−t(1 + z)sht(1− z) + t(1− z)sht(1 + z) +

+
κ+ 1

2
(cht(1 + z)− cht(1− z))

]
.

Usage of the following formula

wAB(x, y, z) =

A∫
0

B∫
−B

p(a, b)w(x, y, z) da db, (38)

where p(a, b) is an intensity of an acting load, allows to investigate a di-
splacement under distributed across rectangular area 0 < x < A,−B < y < B
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load. Addition wAB0 (x, y, z) was constructed in [16] and has a form

wAB0 (x, y, z) = a
4AB

π

P

G

N∑
k=1

∞∫
0

F (t, τk)√
1− τ2

k τ
2
k

F1(t, z)

Dt
dt, (39)

τk = cos 2k−1
2N π, k = 1, N – zeros of Chebyshev polynomials of the 1st kind,

F1(t, z) = (z + 1)sht(1− z)− (1− z)sht(1 + z)+

+
κ+ 1

2

1

t
(−cht(1 + z) + cht(1− z)) ,

Dt = 2t+ sht,

F (t, τk) =
sin [tBτk]

tBτk

1− cos
[
tA
√

1− τ2
k

]
tA
√

1− τ2
k

sin

[
txz
√

1− τ2
k

]
cos [tyτk] .

6. Numerical results and discussion

Three types of load distributed sections are considered: 1) B = A/2 – over
the square; 2) B = A – over rectangle, elongated along the Oy axis; 3) B = A/4
– a rectangle extended along the Ox;

The load of constant intensity was supposed to be equal P = 1. The Poisson
ratio µ = 1/3, which relates to a steel with the shear modulus G = 82 GPa.
The value of constant parameter a = h/a = 1/2 . For µ = 1/3 – γ = 0.3100.

The graphs are given for the vertical displacement wAB(x, y, z) across
the boundary z = 1, as the distance from the origin along the abscissa
axis increases, for three types load areas. Figure 1 represents displacements
wAB0 (x, 0, 1), which relates to the exact solution (39), when the edge end of
the layer was in a smooth contact with a rigid foundation. Figure 2 shows
the displacement wAB(x, 0, 1) for the same load sections and relates to the
approximate solution (37), (38), when the edge end was fixed with foundation.
The maximum displacement is achieved in the case of load section B = A,
so as minimal – in the case of B = A/4. The displacements are clearly seen
to be smaller in absolute values when edge end is fixed comparably with the
smooth contact conditions. The conditions of а rigid fixation are completed,
the maximum deflection of the upper layer’s face is achieved under the area of
the acting force, and as moving away from it, the displacements tend to zero.
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Fig. 2. wAB0 (x, 0, 1) Fig. 3. wAB(x, 0, 1)

7. Conclusion

The solution to the elasticity problem for the semi-infinite layer was deri-
ved, when its edge is rigidly fixed, normal compressive load is applied on the
upper boundary over a rectangular section and the bottom boundary is in the
conditions of a smooth contact. Implementation of the method, proposed by
Popov G.Ya., give opportunity to divide the system of three equations into the
system of two equations and independently solved equation. The boundary
conditions are separated too. The application of the integral transforms leads
to the inhomogeneous one-dimensional vector boundary problem, which was
solved with the matrix differential calculus.

Green Matrix, fundamental matrix, basic matrices, decreasing and increasi-
ng solutions of the related homogeneous matrix equation were constructed in
the process using a matrix differential calculus. The system of integral equati-
ons was derived under assumption that two equations from Lamé equations,
which were subjected to the operation of differentiation, must be satisfied.
The singular integral equations were resolved using the orthogonal polynomi-
als’ method, with highlighting the singularity of unknown function. Weakly
convergent part of the equation was summed up. As a result, they were combi-
ned into the infinite linear algebraic system of the 2nd kind, which was solved
with a reduction method. The vertical displacement was analyzed depending
on the shape of the distributed load’s section and a material of the layer.

The proposed approach can be applied to spatial elasticity problems in
three standard coordinate systems with different boundary conditions and
external forces, so as taking into account the influence of temperature or
dynamic load.
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