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Approximate solution to a mixed boundary
problem for the elastic semi-infinite layer !

Abstract. The elasticity problem for a semi-infinite layer is under consi-
deration, when a static compressive load distributed across a rectangular
area is acting on the upper layer’s face, lower layer’s face is in the smooth
contact with a rigid foundation and side edge is rigidly fixed. The method
of Popov G.Ya. is used here, which is based on the introduction the
new functions represented through the linear combinations of the di-
splacements’ derivatives. The system of Lamé equations is reduced to two
jointly solved equations and one separately solved equation, the boundary
conditions are also separated. The integral transforms reduce the problem
to a one-dimensional inhomogeneous vector boundary value problem, whi-
ch is solved by the matrix differential calculus. The integral equation obtai-
ned in the process is solved approximately using the method of orthogonal
polynomials with analyzing singularity of the unknown function.

Key words: semi-infinite layer, static load, integral transforms, matrix
differential calculus, singular integral equation, orthogonal polynomials

Amwnorangisi. PosriisinyTo 3a/1a4y npy»KHOCTI 151 HIBHECKIHYEHHOTO APy,
KOJIU TI0 BEPXHIi#l T'paHi Jli€ cTaTUYHE CTUCKAJIbHE HABAHTAXKEHHSI, PO3IIO-
JijleHe 1O NPAMOKYTHIM MiJISHIN, HYXKHS I'paHb 3HAXOJIUTHCSA B yMOBax
IJI3/IKOI'O KOHTAKTYy 3 YKOPCTKOIO OCHOBOIO, a OiYHA I'PaHb »KOPCTKO 3aKPi-
mwiena. Bukopucrano meron [Tomosa I'.4., mo 6a3yerhest Ha BBeEHHI HO-
BuX PYHKIIIN, BUparkeHi yepe3 JiHiHI KOMOIHAIIT TOXIIHUX TEePEMIIEHb.
Cucrema piBHsHB JlaMe po3naiaeThes Ha JBa CIIJIBHO PO3B’si3yBaHUX PiB-
HSHHSI 1 OJTHE OKPEMO PO3B’sI3yBaHe, TPAHUYHI yMOBU TAKOXK PO3JILISIO-
ThCs. [HTErpasbHUME IEPETBOPEHHIMNA 33029y 3BEJIEHO 10 OJHOBUMIPHOL
HEO/THOPITHOI BEKTOPHOI 3a/1adi, SKy PO3B’A3aHO METOJOM MATPUYIHOIO JIH-
depeHIiaabHOTO YnceHHsi. PO3B’sI30K OTPUMAHOTO MIPH IIHOMY iHTErpaJsib-
HOI'O PiBHSIHHS 3HANIEHO HADJIMXKEHO METOJIOM OPTOrOHAJBHUX HOJIHOMIB
3 aHAJI30M 0COOJIUBOCTI HEBiIOMOT (DYHKITIT.

Kuro4oBi cioBa: niBHeCKiHYeHHHII MIap, CTaTUYHE HABAHTAKEHHSI, iHTe-
rpaJjibHI IEPETBOPEHHSI, MaTPUIHE MUMEPEHITIATbHE IUCTEHHSI, CUHTYJISIP-
He iHTerpaJibHe PIBHSIHHS, OPTOTOHAJIbHI ITOJIIHOMUI
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APPROXIMATE SOLUTION TO A MIXED PROBLEM FOR THE LAYER

1. Introduction

The elastic layer can be considered as a model object for applying methods
of solving problems in the elasticity theory, aiming to identify patterns in
the stress-strain state of three-dimensional bodies [2-5,11,13-16|. Traditional
approaches to solving such problems involve the representation of unknown
functions through harmonic or biharmonic functions, as well as the application
of potential theory methods. Notable contributions in this area include the
monographs by V.T. Grinchenko and A.F. Ulitko [2], which systematically
present spatial elasticity problems for elastic bodies of canonical forms, and
the historical analysis of biharmonic problems by V. V. Meleshko [3]. Research
by V. Yu. Miroshnikov [4] also addresses specific spatial problems, such as
the second fundamental problem of elasticity theory for a layer containing a
cylindrical cavity, providing valuable insights into the field.

The analysis of the current literature reveals that many challenges remain
unresolved in the field of spatial elasticity problems for semi-infinite layers.
The development and justification of analytical solution methods are still
needed, which would allow for the construction of both exact and approxi-
mate solutions, thus revealing the complete picture of displacement and stress
fields under the action of various types of loads. Important methods, such
as the generalized Fourier method [5], have been developed to address spatial
elasticity problems more effectively. At the same time, significant attention has
been given to studying the thermal and mechanical behavior of inhomogeneous
elastic layers [11], as well as solving complex boundary value problems in
semi-infinite or quarter spaces using advanced mathematical tools like integral
transforms [12,15]. In addition, the axisymmetric interaction between an elastic
layer and a rigid inclusion has been studied, providing new results for the stress-
strain state in such configurations [13].

In the following work, it is proposed to apply the method of separati-
ng the system of equations of the elasticity theory [6]. As was shown by
Popov G.Ya. [7], this can be done in the case of three orthogonal coordinate
systems: Cartesian, cylindrical and spherical. The usage of this method made
it possible to obtain a number of exact solutions to problems of the static
elasticity theory, which previously could not be solved accurately by known
methods. In this way, an exact solution to a problem of the theory of elasticity
for a quarter of space was constructed in [12]. It was shown that such a solution
would be exact under certain restrictions on the surface. A solution without
restrictions on the given functions, which led to the need to solve the singular
integral equation, was constructed in the work [8].

In the work [16], an exact solution to the problem of the elasticity theory
for a layer was obtained when the edge end was in a smooth contact with a
rigid base. In the case of a rigidly fixed edge end of the layer, the solution
becomes approximate, and the exact solution is included in the result as a
term.
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2. Statement of the problem

An elastic layer x > 0, —c0 < y < 00,0 < z < h with g —Poisson ratio, G
— shear modulus is loaded with an arbitrary normal compressive force on the
upper layer’s boundary z = h, bottom boundary z = 0 is in the conditions of
a smooth contact, while a layer’s edge end x = 0 is rigidly fixed (Fig. 1). The
aim of this work is to construct the displacements

U (2, Y, 2) = w(@,y,2),  uy(r,y,2) =v(@,y,2), u(z,y,2) =w(x,y,2),

which appear in the layer.

Fig. 1. Geometry of the problem

In order to construct a solution for an arbitrary load, it is sufficient previ-
ously to construct a solution for a concentrated at a point with coordinates
(a,b) of the boundary z = h, force.

The statement leads to the following boundary conditions

Uz’z:h = _Pé(x - a)5(y - b)7 sz|z:h =0, Tz:c‘z:h =0,
w‘z:O =0, sz’z:() =0, sz|2’:0 =0, (1)

U\zzo = 07 'U’x:() = 07 w|a::0 = 0.

Here §(x) is the Dirac delta function, P is a constant intensity of the load.
Unknown displacements satisfy the Lamé equations, written in a vector
form

A(u, v, w) + =0. (2)

> (90 00 90
k—1\0x 0y’ 0z

Here A — Laplace operator, kK = 3 —4u, © = % + %Z + 88—1;’ — volume expansion.
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APPROXIMATE SOLUTION TO A MIXED PROBLEM FOR THE LAYER

The following change of variables & = z/a,y = (y — b)/a,zZ = z/a is
introduced. Now the width of the layer is Z € [0, h/a],h/a = a. In this coordi-
nate system axis § will be a line of symmetry and condition of parity for
vertical displacement takes place w(, —7, 7,t) = w(Z, ¥, Z,t). Normal load (1)
in these coordinates takes a form az\zzo = —Pa25(% — 1)6(7). Further tildes
are omitted, implying the change of variables.

According to the method [6], new functions are introduced

Zw,97) = ol ,2) + vl 2),

ox oy
i P 5 (3)
Z(x,y,2) = %v(x, Y, 2) — a—yu(x, Y, 2).

The system of equations (2) is separated into the system of two equations

2 0 ow 2 ow

and an equation for function Z(z,y, 2)
AZ =0. (5)

Boundary conditions (1) take a form

0 k—1
IU’Z(‘Tayaa') + (1 - M)&w(‘rﬁy? a) = 4Ga (S(JE - 1)5(y)7
0 0 -
vxyw(‘rvyva’) + &Z(x,y,a) - 07 aZ(x,y,a) - 07 (6)
0 - 0 -
w(CC,y,O) :07 $Z($,y,0) :Oa 52(13,3/,0):0,

uw(0,y,2) =0, v(0,y,2) =0, w(0,y,2)=0.

Here Vg, = xg + ay
After finding the functions w(z,vy, 2), Z(z,y,2), Z(z,y,z) to determine
displacements u(z,y, z) and v(z,y, z) , Poisson equations should be solved

YA VA YA VA

V:vyu(xayv ) 8$ ay ) me(:c,y, Z) = 87y + 871‘ (7)

3. Reduction the problem to a vector problem

To reduce the given problem (4)-(6) to the one-dimensional problem,
integral transforms are applied: sin-Fourier — with respect to a variable x,
Fourier — with respect to a variable y

OOOOw:Lay’

wa/g ‘
/ / (z,y, 2) | sinaze® dz dy. (8)
Z(z,y,2
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Unknown functions xg(z),¢s(z) are introduced into a consideration

Z(0,y,2) = x(y,2), Z(0,y,2) =(y,2),
ZB(O’Z) :Xﬁ(z)v ZB(OaZ) :djﬁ(z)-
They should be found from condition, that equations (2) after differentiation

(3) have to be satisfied [12].
System (4) and boundary conditions (6) take a form

(9)

0<z<a (10)

wig(2) + 737 Zh5(2) = N2 Ewap(z) = 0,
Zi5(2) = NP 5(2) = N2 Zo 5 = 55 axs(2),

K—

~N*wap(a) + Zog(a) =0, pZag(a) + (1 — p)wps(a) = —
wap(0) =0,  Zy5(0) =0,
N? =a? + B2
According to (5), (6), the problem for function Z,s(z) has a following form
~gﬁ(z) — NQZaﬁ(z) =—ag(z), 0<z<a,
Z.5(0)=0, Z,z(a)=0.

Its solution has a form

a

0

te N2 ep(Ng) — e NZehN (a — z)} b (€) de.
After introducing the following change of variables
z=2a, ¢&=¢&a, N=N'/a, 2, &€l01] (12)

the function Zaﬁ(z) was derived

1
~ (0%
Z. _ —Nlz=tlgn N
82) = NS 0/ g e (13)
—|—e_N(1_z)Ch(N£) o e—NzChN(l — Z)] 32¢B(af) dg.

In order to rewrite the system (10) in a vector form the unknown vector of
transformants, the vector of right part, so as constant matrices are introduced

0= (70) 0= (Cetaia) -
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APPROXIMATE SOLUTION TO A MIXED PROBLEM FOR THE LAYER

(L0 g O E) e (50
(1) e (2w W) P ()

So, the system (10) is written using the differential operator of the 2"¢ kind
Lyy(2) =Iy"(2) + Qy'(2) — N*Py(z) =f(2), 0<z<a. (15)

With the help of matrices

10 0 0
n=(y o) ==(y 1)
—-N?2 0 0 1 0
A_< 0 u)’ B_<1—# 0)’ 7_<—Zcisina>

boundary functionals, describing conditions (11), can be written
Uo [y(2)] = Liy(0) + Ly'(0) = 0, Uily(2)] = Ay(a) + By'(a) =~. (16)

So, the solution to the vector one-dimensional problem (15), (16) can be found
in a form |9

y(z) = / G2, O)F(€) dé + To(2) -0+ (=) - 7. (17)
0

Green matrix function has a form
G(2,8) = ®(2,8) — o(2) - Uo[®] — ¥1(2) - Uh[®P],

®(z,£) — fundamental matrix of the equation (15), was obtained using the
integral Fourier transform. To find it, the value of the function y(z) was
extended by zero to the entire real axis and the integral Fourier transform
was applied to the equation (15)

—0’ly, — Qioy, — N*Py, = f,,
o0 . o0 X
where y, = [ y(2)e'7* dz, £, = [ f(2)e'”* dz. Taking into account that
—00 —0o0
o? = (—io)?, we get ((i0)?I+ Q(—io) — N?P) y, = f,, or M(—io)y, = f,
Yo = M (—io)f,.

After applying the inverse Fourier transform with the substitution y,, we will

have
y(z) = i 7@/ e9% do = i 70 7M_1(ia)f e 178 o d¢
27 7 2w 7 '
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Then, by the definition of the fundamental matrix, expression was obtained
1 o
P(z—-¢&) = o / M~ (—io)f,e 778 4o,
T

From there change of variables s = —io can be applied to obtain formula in
general form

27rz f (s?— NQ)Qe( 5)’ 2=¢>0

P(z-¢) =
( 5) f = N22€ E)’ z—€<0
Ct

where C is a closed circuit covering the poles s = £|N| or with the substi-
tution - o = FiN. The residuals at the points 0 = FilN were found accordi-
ngly o+(y) = eNY(AN3)"1(1 F Ny), y = z — £&. The matrices ®(y) were
constructed by the formulas @4 (y) = I¢/L(y) — Qu'L(y) — N?*Po(y). After
some transformations, matrices were derived

Ny — Kk k—1
Ny Y n+1y
MNre—1N ) > 07
20N | _ 2, %(71\@ — k) Yy
P(2) = o
Ny [—Ny—r K1Y y<0
2(k—1)N _Nzy n+1 (Ny ) ’ :

Combining the results, final expression for the fundamental matrix function
was obtained

1 e N N g -k (2 -¢)
RS TP VR (—N2(z—£) Hl[j\fllz—ﬁl—'ﬂ)' )

W,(z), i = 0,1 — basic matrices, which satisfy the related (15), (16) problems
LyWw(z) =0, 0<z<a,
Uj [®i(2)] = 0531, j,i=0,1
dj; is the Kronecker symbol, I - unit matrix.
The basic matrices were constructed in the form [9]

W,(z) = Y,(z)C? +Y+(z)C]1-, j=0,1

Here Y+ (z) are decreasing and increasing, when z — oo, solution of the
corresponding to (15) homogeneous matrix equation Lo[Y(2)] =0, 0 < z < h,

were sought out in the form Y (z) f e*M~1(s) ds, M(s) is a characteri-

27T’L

stic matrix to the equation (15), C'is a closed loop that encompasses all si-
ngular points of the integrand. After an application the main residues theorem,
matrices were obtained

2 —NzFk +E 2
— FNz k+1
Ye(e) = 5e ( FN2z (NZ:FFL)>
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APPROXIMATE SOLUTION TO A MIXED PROBLEM FOR THE LAYER

Constant matrices C?, C}, j = 0,1 were found by satisfaction the boundary
functionals (16):

1

Ch = (Uo[Y+] = Uo[Y_] - (i [Y_])™L- th[Y])
C) = —([Y_) ™" th[Y4] - CF,

Cl = (Ui[Y4] - h[Y_] - (Uo[Y 1) UolY4])
CY = —(Uo[Y_])™" - Uo[Y4] - C

The result of multiplication ¥ (z) -~ in (17) relates to the solution of the
problem (15), (16) with a homogenous equation (15), neglecting the assumption
(9) and supposing that Zg,(0,2) = 0,Z3,(0,2) = 0, was found in [16]. Tt
coincides with a problem’s solution when the edge of the layer x = 0 is in the
conditions of a smooth contact and have a form

_ sina Fi(z,N) 70 _ sina Fy(z, N)

el = 4Ga Dy 0 29T iGa Dy
Fi(z,N)=(z+a)shN(a—z) — (a— z)shN(a+ z)+
k+11
5 N( chN(a+ z) +chN(a—z)), (19)

Fy(2,N) = N(z +a)chN(a—z) + N(a— z)chN(a+ z)—
il L (shN(a+ 2) + shN(a— 2)),

Dy =2Na+ shNa.

The solution (17) can be rewritten in a matrix form

()= [ 22) (o) e () o

So, as it follows from (17) - (19), transformants can be written as

wagle) = 2(1_1>N/ g

2 1
e <_6N5\p§}2> i eNéN\ygmﬂ x3(£) dE +w0s(2),
N (1)

Zaﬁ(z)—Q(,:_l);/ {[—N\Z—iwn] e~ Nl=El 4
0

2

L= (—e’NfN\II((fZ) + €N§\P§22)>] x3(§) d§ + Zgﬁ(z),
Dy

where \P§12); \1'1(22), i = 0,1 are elements of basic matrices W;(z), i = 0,1 [14].
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To find remaining transformants u,g(z) and ves(2z) according to Poisson
equations (7) and applied integral transforms (8), formulas should be used

Uap(2) = N2 [aZ5(2) = i8Zap(2)| . vas(2) = N7 iBZas(2) + aZis(2)]
upper symbol -¢ means cos-transform Fourier with respect to the variable x.
4. Obtaining the singular integral equation

The integral equations were obtained under assumption that Lamé equati-
ons (2) have to be satisfied after operation of differentiation (3). The relations
coincide with ones for the problem for a quarter space [12]

0Z5(0,2) . k+1 B 905(0,2) - B
e zﬁﬁ — 1Z5(0,z) =0, B +1i6873(0,2) =0, (22)
k+1 2 0
Q(xaya Z) - - IZ(xay7 Z) + ﬁ%w(xa%z)- (23)

. 875(0, .
4.1. Integral equation % — Zﬁ%ZB(O,Z) =0

After an application the inverse sin-Fourier transform with respect to
a variable a to the solution Z,g(z) in (13) and taking into account that
asinax = —(cos ax), using the table integral Ne 3.961(2) in [1]

/ Ver s cosarda = K <|,8]\/x2+(z—§)2), (24)
0

where K((z)— Macdonald function, N = \/a? + 32, transformant has been

calculated

1
- 10
- - 2 4+ —
Zg(x,z) = =3 / K \B]\/m (z )
0

x
+/F(N, z) cos ax da | a®p(al) dE, (25)
0
F(N,z) = N th (e_N(l_Z)ch(Nﬁ) — e NZchN(1 - z)) .

According to the 1% relation in (22), the derivative %Zg(:c z) o~
azg f F(N,z,&)a%yg(al) dé was found. Direct verification can approve the

correctness of the relation for Macdonald’s function [12]

wm(\m\/ﬂ CF) + o L ko BV = 8P) -
Ko (18127 + (=€) = 0.

(26)
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APPROXIMATE SOLUTION TO A MIXED PROBLEM FOR THE LAYER

So, the second derivative — - 2K0 can be replaced by ( 357 62) Ky, and the

value z = 0 can be fixed. After substitution 9Z5(0, z)/dz into the 1% relation
and introduction unknown functions

Us(8) = a*Pp(al), Xp(z) = a’xs(az), (27)

the first integral equation was derived

1
2
(5= 7) / Ko (1812 — €) Ws(€) de+

+

1
- Xﬂ(), 0<z<l

1 o
//a2F (N, 2)Ug(¢) dé da = zﬁ
0 0

BQB(O

4.2. Integral equation 2 1+iBZ5(0,2) =0

After an application the integral transforms (8) to the relation (23) the
expression was derived

k+1 2

,{_12 s(z )+71waﬁ()

Qap(2) =

which was constructed on the base of transformants (21). After its inversion,
calculation the presented integrals on the variable o using tables, such as the
integral Ne 3.914 in [1]

[e.9]

—By/72+a? _ By 2 1 p2
/e cos bx dx \/mKl (’y I6; +b>,

Re >0, Re~vy>0,

J (29)

so as, the table integral Ne 3.961(2) in (24), application the relation for
Macdonald function (26) with the following fixation the value x = 0, the
integral equation was derived

—1Bllz - |K1(|ﬁ!|2 — &) dé+
1

2 1
o 1; {eNgq)l(sza‘S)_
0
QO
—e*N%Q(N,z,fg)} dé do + W = —ifUg¢), 0<E<1.
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Addition 8(2% (0, z)/0x was found on the base of transformants (19) and have
a form

89%(0, z) 1 Ooasina

[N(l +2)chN(1 —z) +

) - 2nG D
! E T (31)
3 3
+N(1 —2z)chN(1+ z) — %shN(l +2) — s shN(1 —z)| da.
For Macdonald function the relation take place
0

- KollBllz = &[] = —[Blsgn(z — ) K1 [|B]lz — €],
so the relation K [|8]|z —&|] = —ﬁ sgn(z — 5)%[(0 [18]|z — &|] was replaced
in the equation (30).

As a result, the system of singular integral equations was derived
1 00
1 0? 9
p @—5 Ko(|Bllz =€) + [ F(N,2)da| ¥g(&) d§ =
0 0
1
:zﬁ:+ X5(2), 0<z<l,

. 1

- NK, _

(& -#) (+2matisnz - e + )

0

o

+z =5 Kollalle - ) + [ F(N.2) da| Xa(e)ds =
0

=B = )Vale) - o [ TR0, 0<g<.
0

The solution to the integral equations (32) is sought by the method of
orthogonal polynomials. The unknown functions are represented as series

an —&)7P77(1 = 29),
Z V(B —&)YPOY(1 — 26),

where P;7(1 — 2£) — Jacobi polynomials, z,,(3), 1, (3) — unknowns.
Considering the behavior of the unknown function in the integral equations
(33) while & — 0 and & — 1 using the method of Uflyand Ya.S. [15], analyzing
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the problem for wedge, it was derived that, when & — 1 the behavior of the
function x(y, z,t), x3(2) = Z3(0, z) is the same that behavior of a normal
stress 0,(0,y, z). Normal stress tends to infinity according to a power low with
an exponent equal to —v (7 < 1), which depends on a Poisson ratio p of
the medium [15]. While £ — 0 there is no singularity, as rigid fixation and a
smooth contact set on the wedges’ boundaries. So, the parameter ¢ = 0 in the
correspondences (33). Note that in the case of fixed both wedges’ boundaries,
there is no singularity too.

The correspondences (33) are substituted into the equations (32) and the
method of orthogonal polynomials is utilized.

Equations (32) should be multiplied by Py~ 7(1 —22), m=0,1,2,... and
integrated on the interval z € (0,1). At the right part of the equations (32)
orthogonality formula of Jacoby polynomials

1
/1—2 )TYPYTY(1 = 22) Py (1 — 22) dz = Sy || P ( 1—22)\}
0

was used. And the equations (32) take a form of the infinite systems

> 60 () A = B (@) [P, m=012,

an Bum = iB(x = )b (8) [ P 7||" - (34)

-1
’;G //O‘S““O‘ L2)(1— 2) Y PYTY(1 — 22) dz da.
TGa

After substitution the values 1, (8) from the second relation (34) to the first
2
one, and the division it by i5(k + 1) HR?{*V‘ , m = 0,1,2,..., the infinite

linear system of algebraic equations of the 27¢ kind was derived

1 1 - k—1
m n nmAnm = .
m(B) + ﬁ+152HP’%_7H4 7;)93 (B)B o
a81na _ B (35)
BQHPO all QWGG// N, 2)(1 = 2)7 By (1= 22) dzday,
m=0,1,2,...
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Here
11 00
Ao =2 [ [ (=) Kallslla e+ [ Pz
0 0 0

(1=& PP (1 —26) Py (1 — 22) d€ dz,

o 71?0/0/ (25-57) (tn+2mal811 - € -

- Kalldlls—€) + [ AV, da
0

(1—=€6)77PY 71 —2)PY%7(1 — 22)dédz, n,m=0,1,2,...

In the process there was a necessity of calculation the following integrals
1
/251(1 —2)eFNEPOTY (1 — 22) dz =
0

= A=) 7_1'5)713(5, —y+n+1)2F5(6,6;0 —v+n+1,0 —n;FN),
where B(z,y) — Beta Euler function, o F5(a, b; ¢, d; Fx) — hypergeometric functi-
on, (a), = a(a+1)(a+2)...(a+n—1) =T'(a+n)/I'(a) - Pochhammer symbol,
which was done using the table integral Ne 2.22.5.(1) in [10].

Taking into account the form of the system (35) and calculated in the
process integrals, the solution to the integral equation (33) is represented in a
form

) =B w1 —& TPIT(1 - 20), (36)
n=1

where x,, are unknown constants. With the help of the reduction method the
system (35) was solved.

5. Constructing the vertical displacement w(z,y, 2)

The transformant wqg(2) for vertical displacement was defined in (19), (21).
After making the change of variables (12) and substitution the representation
(36) of function X (&), the inverse sin-transform Fourier with respect to o and
inverse Fourier transform with respect to 3 were applied

w(az,y,z)z%ﬁ <8x8y) ///N1— )Y PO (1 — 2)-

—00 —O0

_N|a— _ 12 1 @2
’ |:_(Z—£)€ NI €|+D7N <—€ NS\I/(() )+€NEN\I/§ )>:| ’

e~ lo ,—iBy dé dadf + wo(z,y, 2),
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here the parity of integrand with respect to variable a was taken into account
and Euler formula was applied.
The formula, connecting integral Fourier transform with Hankel transform

1
2

7 71? (W) e 1= Y oy dB = 7tF(t)JO (t 2 4+ y2> dt,
oo 0

where Jj is Bessel function, N = /a2 + 32, can be applied. The integral

o0

1
_N|Z_£|J t 2_|_ 2) dt =
e xr
/ 0( y) \/x2+y2+(2—£)2

0

was calculated using the table integral Ne 6.611(1) in [1]. As a result, the vertical
displacement that appear in the elastic semi-infinite layer under the action of
concentrated at a point of the upper boundary load, while the layer’s edge is
rigidly fixed and the bottom boundary is in the conditions of a smooth contact
with rigid foundation was derived

1
1 (8 \w
w(z,y,2) = - i 1on (W) Zl‘n/(l —&)7TPYT(1 - 2€)-
0

n=1
- 2—¢ T2 ( o i€l o (12) - @7
\/x2+y2+(z—§)2+O/Dt< ey (1) + e w (1)

'JO (t z? + y2) dg + w0($,y,2)-
Here

W67 (1) = 2(1 = 2)sh(tz) + t 'z - ch(tz) -
—8(k? = 1) M- shite) + ¢z - cht(2 - 2),

k+1
+

(cht(1+4 z) — cht(1l — 2))

Usage of the following formula

A
an- |
0

where p(a,b) is an intensity of an acting load, allows to investigate a di-
splacement under distributed across rectangular area 0 < x < A,—B <y < B

pla,byw(z, y, z) dadb, (38)

U‘J\m

95



A. A. FESENKO

load. Addition w{'B(z,y, z) was constructed in [16] and has a form

N o
AAB P Ft,7) Fi(t
witB(z,y,2) = a Z/ Gm) B2, (39)
szlO \/1—TPTE Dy

T = COS %ﬂ, k =1, N — zeros of Chebyshev polynomials of the 1% kind,

Fi(t,z) = (z+ 1)sht(1 — z) — (1 — 2)sht(1 + 2z)+

11
,{; 7 (—cht(1+ z) + cht(1 — 2)),

Dt =2t + Sht,

; 1 —cos [tA/1 — 72
tB
F(t,m) = sin [t B7] [ \/ﬁ} sin [thﬁ] cos [tyTk] -

tBTk tA 1—7',?

6. Numerical results and discussion

Three types of load distributed sections are considered: 1) B = A/2 — over
the square; 2) B = A — over rectangle, elongated along the Oy axis; 3) B = A/4
— a rectangle extended along the Oxz;

The load of constant intensity was supposed to be equal P = 1. The Poisson
ratio p = 1/3, which relates to a steel with the shear modulus G = 82 GPa.
The value of constant parameter a = h/a =1/2 . For up = 1/3 — v = 0.3100.

The graphs are given for the vertical displacement w?B (x,y,z) across
the boundary z = 1, as the distance from the origin along the abscissa
axis increases, for three types load areas. Figure 1 represents displacements
wjB(x,0,1), which relates to the exact solution (39), when the edge end of
the layer was in a smooth contact with a rigid foundation. Figure 2 shows
the displacement wAB(a:,O, 1) for the same load sections and relates to the
approximate solution (37), (38), when the edge end was fixed with foundation.
The maximum displacement is achieved in the case of load section B = A,
so as minimal — in the case of B = A/4. The displacements are clearly seen
to be smaller in absolute values when edge end is fixed comparably with the
smooth contact conditions. The conditions of a rigid fixation are completed,
the maximum deflection of the upper layer’s face is achieved under the area of
the acting force, and as moving away from it, the displacements tend to zero.
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7. Conclusion

The solution to the elasticity problem for the semi-infinite layer was deri-
ved, when its edge is rigidly fixed, normal compressive load is applied on the
upper boundary over a rectangular section and the bottom boundary is in the
conditions of a smooth contact. Implementation of the method, proposed by
Popov G.Ya., give opportunity to divide the system of three equations into the
system of two equations and independently solved equation. The boundary
conditions are separated too. The application of the integral transforms leads
to the inhomogeneous one-dimensional vector boundary problem, which was
solved with the matrix differential calculus.

Green Matrix, fundamental matrix, basic matrices, decreasing and increasi-
ng solutions of the related homogeneous matrix equation were constructed in
the process using a matrix differential calculus. The system of integral equati-
ons was derived under assumption that two equations from Lamé equations,
which were subjected to the operation of differentiation, must be satisfied.
The singular integral equations were resolved using the orthogonal polynomi-
als” method, with highlighting the singularity of unknown function. Weakly
convergent part of the equation was summed up. As a result, they were combi-
ned into the infinite linear algebraic system of the 2"? kind, which was solved
with a reduction method. The vertical displacement was analyzed depending
on the shape of the distributed load’s section and a material of the layer.

The proposed approach can be applied to spatial elasticity problems in
three standard coordinate systems with different boundary conditions and
external forces, so as taking into account the influence of temperature or
dynamic load.
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