
Researches in Mathematics https://vestnmath.dnu.dp.ua

Res. Math. 33(1), 2025, p. 99–121 ISSN (Print) 2664-4991
doi:10.15421/242507 ISSN (Online) 2664-5009

UDK 517.5

K. OUFKIR, H. SADIKI, M. ELOMARI
Sultan Moulay Slimane University, Beni Mellal 23000, Morocco.
E-mails: oufkirkhadijabzou@gmail.com,

h.sadiki@usms.ma,
m.elomar@usms.ma

Solving intuitionistic fuzzy fractional
differential equations with ψ−Caputo
fractional derivative

Abstract. In this research paper, we have attempted to establish the defi-
nition of the fractional derivative ψ−Caputo, the ψ−fractional integral,
and the ψ−Laplace transform in the fuzzy intuitionistic sense, along with
their properties. Furthermore, our objective is to explore the existence and
uniqueness of solutions for certain intuitionistic fuzzy fractional differenti-
al equations (IFFDE) under the ψ−Caputo derivative of order q ∈ (0, 1).
Lastly, we present an application example at the end to demonstrate how
these findings can be applied in practice.
Key words: intuitionistic fuzzy set, intuitionistic fuzzy ψ−fractional
integral, intuitionistic fuzzy ψ−Caputo fractional derivative, intuitionistic
fuzzy fractional differential equations

Анотацiя. У цiй дослiдницькiй статтi ми спробували встановити
визначення дробової похiдної ψ−Капуто, ψ−дробного iнтеграла та
ψ−перетворення Лапласа в нечiткому iнтуїтивiстському сенсi, а та-
кож їх властивостi. Крiм того, нашою метою є дослiдити iснування та
унiкальнiсть розв’язкiв для певних iнтуїцiонiстських нечiтких дробо-
вих диференцiальних рiвнянь (IFFDE) за похiдною ψ−Капуто поряд-
ку q ∈ (0, 1). Нарештi, ми наводимо приклад застосування в кiнцi, щоб
продемонструвати, як цi висновки можна застосувати на практицi.
Ключовi слова: iнтуїцiонiстська нечiтка множина, iнтуїцiонiстський
нечiткий ψ−дробовий iнтеграл, iнтуїцiонiстська нечiтка ψ−дробова
похiдна Капуто, iнтуїцiонiстськi нечiткi дробовi диференцiальнi рiв-
няння

MSC2020: 03E72, 08A72

1. Introduction

After the creation of the theory of Fuzzy Subsets (FS) with Lotfi Zadeh in
1965 (see [16]), as a kind of generalization of the theory of classical subsets,
Atanassov in 1986 (see [3]) follows the same approach as Zadeh and introduces
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the concept of the Theory of Intuitionistic Fuzzy Subsets (IFS). This theory
is a generalization of the definition of fuzzy subsets by adding the notion of
membership and non-membership grades.
An intuitionistic fuzzy subset A of R is defined by:

A = {a ∈ R ; µA(a), νA(a) ∈ [0, 1], µA(a) + νA(a) ≤ 1} ,

where µA : R→ [0, 1] and νA : R→ [0, 1] represent, respectively, the degree
of membership and the degree of non-membership of the element a ∈ R to the
intuitionistic fuzzy subset A.

After the notion mentioned, the resolution of Intuitionistic Fuzzy Fracti-
onal Differential Equations (IFFDE) has become a focal point for mathemati-
cians. In references [11, 12], we encounter the definition of metric space and
the distinction of Intuitionistic Fuzzy Hukuhara. Subsequently, numerous arti-
cles have been written on resolving Intuitionistic Fuzzy Fractional Differential
Equations, such as studying the Cauchy Problem in [5], the Evolution Problem
in [8], and the Dirichlet Problem in [10]. For further information, please refer
to sources [9, 13,14].
The idea of our manuscript is to create the definition of the intuitionistic fuzzy
fractional derivative ψ−Caputo and to demonstrate its properties, as well as
to give the definition of the ψ−fractional fuzzy intuitionistic integral and its
properties. Additionally, we aim to introduce the transform ψ−Laplace. Once
these new fuzzy intuitionistic concepts are established, we will proceed to study
the existence and uniqueness of solutions for two related problems:{

CDγ,ψ
0+,gH

ϕ(t) = F(t, ϕ(t)) , t ∈ I = [0, T ]

ϕ(0) = ϕ0 ∈ F,

and, {
CDγ,ψ

0+,gH
ϕ(t) = A(t)ϕ(t) , t ∈ I = [0, T ]

ϕ(0) = ϕ0 ∈ F,

with, CDγ,ψ
0+,gH

is the intuitionistic fuzzy fractional derivative ψ−Caputo of
order γ ∈ (0, 1), F : I×F −→ F is a function with an intuitionistic fuzzy value
and A(t) is a bounded linear operator.
The structure of our paper is as follows:
Section 2 discusses the basic notions and necessary results of the intuitionistic
fuzzy theory. In Section 3, we provide the definition of the fractional derivati-
ve ψ−Caputo, the ψ−fractional integral, and the ψ−Laplace transform in the
fuzzy intuitionistic sense along with their properties. Moving on to Section 4, it
is divided into two parts: first for resolving the nonlinear fractional differential
equation 4.1 and second to examine the existence and uniqueness of soluti-
ons for the linear evolution problem 4.3. To further illustrate these concepts,
Section 5 presents an example of application for each of these two problems.
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2. Preliminaires

In this part we will try to present all the basic concepts necessary in our
study.

Definition 1. [11] The set of intuitionistic fuzzy numbers is defined by:

F = F(R) = {〈µ, ν〉 : R −→ [0, 1]2 , 0 ≤ µ+ ν ≤ 1},

and it checks the following properties:

1- For all 〈µ, ν〉 ∈ F is normal, i.e :
There exists a, b ∈ R such that : µ(a) = 1 and ν(b) = 1.

2- For all 〈µ, ν〉 ∈ F is intuitionistic convex, that’s to say :
µ is fuzzy covex : µ(λa+ (1− λ)b) ≥ min{µ(a), µ(b)} , ∀a, b ∈ R , ∀λ ∈
[0, 1].
ν is fuzzy concave : ν(λa+(1−λ)b) ≥ max{ν(a), ν(b)} , ∀a, b ∈ R , ∀λ ∈
[0, 1].

3- For all 〈µ, ν〉 ∈ F, µ is lower continuous and ν is appear continuous .

4- supp〈µ, ν〉 = {a ∈ R , ν(a) < 1} is bounded.

And we define zero intuitionistic fuzzy by:

0̃(a) =

{
(1, 0) ; a = 0,
(0, 1) ; a 6= 0

Definition 2. [11] For α ∈ [0, 1], we define the appear and lower α−cut
as following :

[〈µ, ν〉]α = {a ∈ R , µ(a) ≥ α}.

[〈µ, ν〉]α = {a ∈ R , ν(a) ≤ 1− α}.

And we can write:

[〈µ, ν〉]α =
[
[〈µ, ν〉]+l (α), [〈µ, ν〉]+r (α)

]
and

[〈µ, ν〉]α =
[
[〈µ, ν〉]−l (α), [〈µ, ν〉]−r (α)

]
,

where:
[〈µ, ν〉]+l (α) and [〈µ, ν〉]+r (α) denote the left and right endpoints, respecti-

vely, of the upper α-cut interval, [〈µ, ν〉]−l (α) and [〈µ, ν〉]−r (α) denote the left
and right endpoints of the lower α-cut interval.

Proposition 1. [11] Let 〈µ1, ν1〉, 〈µ2, ν2〉 ∈ F, we have :

1) 〈µ1, ν1〉 = 〈µ2, ν2〉 ⇔ [〈µ1, ν1〉]α = [〈µ2, ν2〉]α , [〈µ1, ν1〉]α =
[〈µ2, ν2〉]α , ∀α ∈ [0, 1].
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2) Let 〈µ1, ν1〉 and 〈µ2, ν2〉 be two intuitionistic fuzzy numbers. Then, the
sum (denoted by ⊕) of the two is defined (in the sense of Zadeh’s extensi-
on principle) by:

[〈µ1, ν1〉 ⊕ 〈µ2, ν2〉]α = [〈µ1, ν1〉]α + [〈µ2, ν2〉]α ,

[〈µ1, ν1〉 ⊕ 〈µ2, ν2〉]α = [〈µ1, ν1〉]α + [〈µ2, ν2〉]α .

3) λ� 〈µ1, ν1〉 = 〈λµ1, λν1〉 , ∀λ ∈ R,
and according to the extension of Zadeh, we have:

[λ� 〈µ1, ν1〉]α = λ [〈µ1, ν1〉]α ,

[λ� 〈µ1, ν1〉]α = λ [〈µ1, ν1〉]α .

If λ = 0 then: λ〈µ1, ν1〉 = 0̃.

Theorem 1. [11] Let M = {Mα,Mα , α ∈ [0, 1]} be the family of subsets
of R, verifies the following properties:

1) α ≤ β ⇒Mβ ⊂Mα andMβ ⊂Mα for all α, β ∈ [0, 1].

2) Mα and Mα are two non-empty compact convex subsets in R for all
α ∈ [0, 1].

3) For all nondecreansing sequence αi → α on [0, 1], we have:

Mα = ∩iMαi , Mα = ∩iMαi .

Then, we define µ and ν by:

µ(a) =

{
0 , a /∈M0,
supα∈[0,1]Mα , a ∈M0

ν(a) =

{
1 , a /∈M0,
1− supα∈[0,1]Mα , a ∈M0

Therefore, 〈µ, ν〉 ∈ F,Mα = [〈µ, ν〉]α andMα = [〈µ, ν〉]α.

Remark 1. i- The family {[〈µ, ν〉]α , [〈µ, ν〉]
α , α ∈ [0, 1]} satisfies the

previous properties of theorem 1.

ii- For all α ∈ [0, 1] we have:

[〈µ, ν〉]α ⊂ [〈µ, ν〉]α .
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Definition 3. [11] Let 〈µ1, ν1〉, 〈µ2, ν2〉 ∈ F. We define the following two
distances on F:

d∞
(
〈µ1, ν1〉, 〈µ2, ν2〉

)
=

1

4
sup

α∈(0,1]

∣∣[〈µ1, ν1〉]+r (α)− [〈µ2, ν2〉]+r (α)
∣∣

+
1

4
sup

α∈(0,1]

∣∣[〈µ1, ν1〉]+l (α)− [〈µ2, ν2〉]+l (α)
∣∣

+
1

4
sup

α∈(0,1]

∣∣[〈µ1, ν1〉]−r (α)− [〈µ2, ν2〉]−r (α)
∣∣

+
1

4
sup

α∈(0,1]

∣∣[〈µ1, ν1〉]−l (α)− [〈µ2, ν2〉]−l (α)
∣∣,

and

dp
(
〈µ1, ν1〉, 〈µ2, ν2〉

)
=

(
1

4

∫ 1

0

∣∣[〈µ1, ν1〉]+r (α)− [〈µ2, ν2〉]+r (α)
∣∣pdα

+
1

4

∫ 1

0

∣∣[〈µ1, ν1〉]+l (α)− [〈µ2, ν2〉]+l (α)
∣∣pdα

+
1

4

∫ 1

0

∣∣[〈µ1, ν1〉]−r (α)− [〈µ2, ν2〉]−r (α)
∣∣pdα

+
1

4

∫ 1

0

∣∣[〈µ1, ν1〉]−l (α)− [〈µ2, ν2〉]−l (α)
∣∣pdα) 1

p

.

then, (F, dp) is a complete metric space.

Now, we move on to define the hukuhara difference between two intuitioni-
stic fuzzy numbers.

Definition 4. [12] Let 〈µ1, ν1〉, 〈µ2, ν2〉 ∈ F. The generalized Hukuhara
difference between these two elements is defined by:

〈µ1, ν1〉 	gH 〈µ2, ν2〉 = 〈µ, ν〉 ⇔ 〈µ1, ν1〉 = 〈µ2, ν2〉 ⊕ 〈µ, ν〉.

Let h : [0, T ] → F be a function whose values are intuitionistic fuzzy
numbers. For each fixed t ∈ [0, T ], the function value h(t) is an intuitionistic
fuzzy number, represented by a pair of functions µh(t) and νh(t), satisfying:

µh(t) : R→ [0, 1], νh(t) : R→ [0, 1], with µh(t)(x) + νh(t)(x) ≤ 1.

Then, for a fixed level α ∈ [0, 1], the α-level representation of the intuiti-
onistic fuzzy-valued function h is given by two interval-valued functions:

[h(t)]α = [hα,l(t), hα,r(t)] ,
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[h(t)]α =
[
hα,l(t), hα,r(t)

]
,

where:
hα,l(t) = inf

{
x ∈ R : µh(t)(x) ≥ α

}
,

hα,r(t) = sup
{
x ∈ R : µh(t)(x) ≥ α

}
,

hα,l(t) = inf
{
x ∈ R : νh(t)(x) ≤ 1− α

}
,

hα,r(t) = sup
{
x ∈ R : νh(t)(x) ≤ 1− α

}
.

Definition 5. [12] Let h : [0, T ] −→ F, then the generalized Hukuhara
derivative of h at t0 is defined by:

h
′
gH(t0) = lim

t→t0

h(t)	gH h(t0)

t− t0
,

if h
′
gH(t0) ∈ F, and we say that h is generalized Hukuhara differentiable

(gH−differentiable) at t0.

Therefore, we can separate two types of gH−differentiable for a function
with value in F.
We say that h is [(i)− gH]−differentaible et t0 if :[

h
′
gH

]
α

=
[
(hα,l)

′
, (hα,r)

′
]
,

[
h
′
gH

]α
=

[(
hα,l
)′
, (hα,r)

′
]
.

We say that h is [(ii)− gH]−differentaible et t0 if :[
h
′
gH

]
α

=
[
(hα,r)

′
, (hα,l)

′
]
,

[
h
′
gH

]α
=

[
(hα,r)

′
,
(
hα,l
)′]

.

Remark 2. We can define the generalized derivative of higher order by:{
h0 = h,

h
(n)
gH = (h

(n−1)
gH )

′
gH .

Definition 6. [12] Let h : [0, T ] −→ F, we say that h is of class Cm, m ∈ N
if h(m)

gH exists and continues, by respect to metric d∞.

If hα,l, hα,r, hα,land hα,r are Riemann integrable on [0, T ].
Then, ∫

[0,T ]
h =

{[∫
[0,T ]

hα,l,

∫
[0,T ]

hα,r

]
,

[∫
[0,T ]

hα,l,

∫
[0,T ]

hα,r

]}
.
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Definition 7. [12] Let h : [0, T ] −→ F, we say that h is integrable on
[0, T ], if hα,l, hα,r, hα,land hα,r are integrable on [0, T ].

Now, we remind you of the ψ−fractional calculation in the fuzzy case.
Let us first clarify the notations used in the following definition:

• L([0, T ],E1) denotes the space of all strongly measurable and Lebesgue
integrable functions from the interval [0, T ] into E1, where E1 is the set
of all normal, convex, upper semi-continuous, and compactly supported
fuzzy numbers on R.

• ψ : [0, T ]→ R is a given increasing and continuously differentiable functi-
on. It serves as a kernel or a change-of-variable function in the definition
of the generalized fractional integral.

• Γ(q) is the Gamma function, defined for all q > 0 by:

Γ(q) =

∫ ∞
0

xq−1e−x dx,

which generalizes the factorial function, i.e., Γ(n) = (n−1)! for all n ∈ N∗.

Definition 8. [15] Let h ∈ L([0, T ],E1), The fuzzy ψ−fractional integral
at order q ∈ (0, 1) of h is defined by:

Iq,ψ
0+,gH

h(t) =
1

Γ(q)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))q−1 � h(s)ds.

Definition 9. [15] Let h ∈ C([0, T ],E1) ∩ L([0, T ],E1), the fuzzy
ψ−Caputo fractional derivative of order q ∈ (0, 1) of h is defined by:

CDq,ψ
0+,gH

h(t) =
1

Γ(q)

∫ t

0
(ψ(t)− ψ(s))q−1 � h

′
gH(s)ds.

3. The intuitionistic fuzzy extension of ψ−fractional
derivative and of ψ−fractional integral

In this section, we create new concepts concerning the fuzzy fractional
ψ−Caputo derivative and the ψ−fractional integral in the intuitionistic case.
Before we commence, it is imperative that we acquire the following notations:
Let the function ψ ∈ C1([0, T ],R+), such that ψ′(t) > 0 , ∀t ∈ [0, T ].

Here, R+ denotes the set of strictly positive real numbers, i.e., R+ = {x ∈
R : x > 0}.
Let F denote the space of intuitionistic fuzzy numbers, i.e., ordered pairs 〈µ, ν〉
of functions µ, ν : R→ [0, 1] satisfying:

0 ≤ µ(x) + ν(x) ≤ 1, ∀x ∈ R,
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where µ(x) represents the degree of membership and ν(x) the degree of non-
membership. The topology on F is induced by a metric d∞ (the supremum
metric) defined via the level-set approach. In some settings, a general dp metric
may be considered, where p ∈ [1,∞], but in this work, we assume the uniform
topology associated with d∞.
And we note in the following,
CF = C([0, T ],F): the space of continuous intuitionnistic fuzzy-valued function
(IFVF) of [0, T ].
LF = L([0, T ],F): the space of Lebesgue integrable intuitionnistic fuzzy-valued
function (IFVF) of [0, T ].

Definition 10. Let f ∈ CF∩LF be an intuitionnistic fuzzy-valued function,
then the intuitionistic fuzzy ψ−fractional integral of order q ∈ (0, 1) of f is
defined by:

(
Iγ,ψ

0+,gH
f
)

(t) =
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1 � f(s)ds , ∀t > 0.

We pose the α−level representation of the function f with an intuitionistic
fuzzy value:

[f(t)]α = [fα,l(t), fα,r(t)] ,

[f(t)]α =
[
fα,l(t), fα,r(t)

]
.

Theorem 2. Let f ∈ CF ∩ LF be an intuitionnistic fuzzy-valued function,
then the intuitionistic fuzzy ψ−fractional integral of f can be expressed by:[

Iγ,ψ
0+,gH

f
]
α

(t) =
[(
Iγ,ψ

0+,gH
fα,l

)
(t),

(
Iγ,ψ

0+,gH
fα,r

)
(t)
]
,

[
Iγ,ψ

0+,gH
f
]α

(t) =
[(
Iγ,ψ

0+,gH
fα,l
)

(t),
(
Iγ,ψ

0+,gH
fα,r
)

(t)
]
.

With,

(
Iγ,ψ

0+,gH
fα,l

)
(t) =

1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1fα,l(s)ds , ∀t > 0,

(
Iγ,ψ

0+,gH
fα,r

)
(t) =

1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1fα,r(s)ds , ∀t > 0,

(
Iγ,ψ

0+,gH
fα,l
)

(t) =
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1fα,l(s)ds , ∀t > 0,

(
Iγ,ψ

0+,gH
fα,r
)

(t) =
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1fα,r(s)ds , ∀t > 0.

106



SOLVING INTUITIONISTIC FUZZY FRACTIONAL DIFFERENTIAL EQUATIONS

Proof. Let f ∈ CF ∩ LF be a continuous and integrable intuitionistic fuzzy-
valued function on [0, T ].

We aim to show that the generalized intuitionistic fuzzy ψ-fractional
integral of order γ ∈ (0, 1) of f can be expressed via its α-level sets as follows:

[
Iγ,ψ

0+,gH
f
]
α

(t) =
[(
Iγ,ψ

0+,gH
fα,l

)
(t),
(
Iγ,ψ

0+,gH
fα,r

)
(t)
]
, ∀t ∈ [0, T ].

By definition, the generalized Hukuhara fractional integral of f is given by:

Iγ,ψ
0+,gH

f(t) =
1

Γ(γ)

∫ t

0
ψ′(s)(ψ(t)− ψ(s))γ−1 � f(s) ds,

where � denotes the scalar multiplication between a positive real number and
an intuitionistic fuzzy number.

For each α ∈ [0, 1], the fuzzy function f(s) is characterized by its α-cut:

[f(s)]α = [fα,l(s), fα,r(s)],

where fα,l(s) and fα,r(s) are the lower and upper bounds of the fuzzy interval
at level α.

The scalar multiplication λ� f(s), with

λ =
1

Γ(γ)
ψ′(s)(ψ(t)− ψ(s))γ−1 > 0,

acts on the α-cut bounds as:

[λ� f(s)]α = [λfα,l(s), λfα,r(s)].

The integral of a fuzzy function can be interpreted as the integral of the
α-cut intervals (see fuzzy number theory), provided the kernel g(s) ≥ 0 holds.
Here,

g(s) :=
1

Γ(γ)
ψ′(s)(ψ(t)− ψ(s))γ−1 > 0.

Hence,[∫ t

0
g(s)� f(s)ds

]
α

=

[∫ t

0
g(s)fα,l(s)ds,

∫ t

0
g(s)fα,r(s)ds

]
.

Therefore,[
Iγ,ψ

0+,gH
f
]
α

(t) =

[∫ t

0
g(s)fα,l(s)ds,

∫ t

0
g(s)fα,r(s)ds

]
.

By the classical definition of fractional integrals on real-valued functions,
we define: (

Iγ,ψ
0+,gH

fα,l

)
(t) :=

∫ t

0
g(s)fα,l(s)ds,
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Iγ,ψ

0+,gH
fα,r

)
(t) :=

∫ t

0
g(s)fα,r(s)ds.

Hence, [
Iγ,ψ

0+,gH
f
]
α

(t) =
[(
Iγ,ψ

0+,gH
fα,l

)
(t),

(
Iγ,ψ

0+,gH
fα,r

)
(t)
]
.

The same reasoning applies for the non-membership part,
[
Iγ,ψ

0+,gH
f
]α

(t).

Example 1. We consider the function ψ(t) = t2 and γ =
1

2
.

For the function f we consider the following example: [f(t)]α = [0, t] and
[f(t)]α = [−3, 0] .
Then,the intuitionistic fuzzy ψ−fractional integral of f using Theorem 2 is:(

I
1
2
,t2

0+,gH
fα,l

)
(t) =

1

Γ

(
1

2

) ∫ t

0
(s2)

′
(t2 − s2)

1
2
−10 ds = 0,

(
I

1
2
,t2

0+,gH
fα,r

)
(t) =

1

Γ

(
1

2

) ∫ t

0
(s2)

′
(t2 − s2)

1
2
−1s ds =

πt2

2Γ

(
1

2

) =
1

2
√
π
t2,

(
I

1
2
,t2

0+,gH
fα,l
)

(t) =
1

Γ

(
1

2

) ∫ t

0
(s2)

′
(t2 − s2)

1
2
−1(−3) ds =

−6t

Γ

(
1

2

) =
−6√
π
t,

(
I

1
2
,t2

0+,gH
fα,r
)

(t) =
1

Γ

(
1

2

) ∫ t

0
(s2)

′
(t2 − s2)

1
2
−10 ds = 0.

Therefore, the intuitionistic fuzzy ψ−fractional integral of f is given by :(
I

1
2
,t2

0+,gH
f

)
(t) =

[
0 ,

t2

2
√
π

;
−6t√
π
, 0

]
.

Proposition 2. Let f, h ∈ CF∩LF be an intuitionnistic fuzzy-valued functi-
on and λ ∈ F, then the intuitionistic fuzzy ψ−fractional integral check the
following properties:

1)
(
Iγ,ψ

0+,gH
(λf)

)
(t) = λ

(
Iγ,ψ

0+,gH
f
)

(t).

2)
(
Iγ,ψ

0+,gH
(f + h)

)
(t) =

(
Iγ,ψ

0+,gH
f
)

(t) +
(
Iγ,ψ

0+,gH
h
)

(t).

3)
(
Iγ,ψ

0+,gH
Iδ,ψ

0+,gH
f
)

(t) =
(
Iγ+δ,ψ

0+,gH
f
)

(t) , ∀γ, δ ∈ (0, 1).
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Proof. Let f, h ∈ CF ∩ LF with:

[f(t)]α = [fα,l(t), fα,r(t)] , [f(t)]α =
[
fα,l(t), fα,r(t)

]
,

and,
[h(t)]α = [hα,l(t), hα,r(t)] , [h(t)]α =

[
hα,l(t), hα,r(t)

]
,

and let λ ∈ F, then:

1) We have:[
Iγ,ψ

0+,gH
(λf)

]
α
(t) =

[(
Iγ,ψ

0+,gH
(λf)α,l

)
(t),

(
Iγ,ψ

0+,gH
(λf)α,r

)
(t)
]

=
[
λ
(
Iγ,ψ

0+,gH
fα,l

)
(t),

(
λIγ,ψ

0+,gH
fα,r

)
(t)
]

= λ
[(
Iγ,ψ

0+,gH
fα,l

)
(t),

(
Iγ,ψ

0+,gH
fα,r

)
(t)
]

= λ
[
Iγ,ψ

0+,gH
f
]
α

(t),

and,[
Iγ,ψ

0+,gH
(λf)

]α
(t) =

[(
Iγ,ψ

0+,gH
(λf)α,l

)
(t),

(
Iγ,ψ

0+,gH
(λf)α,r

)
(t)
]

=
[
λ
(
Iγ,ψ

0+,gH
fα,l
)

(t),
(
λIγ,ψ

0+,gH
fα,r
)

(t)
]

= λ
[(
Iγ,ψ

0+,gH
fα,l
)

(t),
(
Iγ,ψ

0+,gH
fα,r
)

(t)
]

= λ
[
Iγ,ψ

0+,gH
f
]α

(t).

Therefore,
(
Iγ,ψ

0+,gH
(λf)

)
(t) = λ

(
Iγ,ψ

0+,gH
f
)

(t).

2) Using the same way as 1 we have:[
Iγ,ψ0+,gH(f + h)

]
α

(t)

=
[(
Iγ,ψ0+,gH(f + h)α,l

)
(t),
(
Iγ,ψ0+,gH(f + h)α,r

)
(t)
]

=
[(
Iγ,ψ0+,gH fα,l

)
(t) +

(
Iγ,ψ0+,gHhα,l

)
(t),

(
Iγ,ψ0+,gH fα,r

)
(t) +

(
Iγ,ψ0+,gHhα,r

)
(t)
]

=
[(
Iγ,ψ0+,gH fα,l

)
(t),
(
Iγ,ψ0+,gH fα,r

)
(t)
]

+
[(
Iγ,ψ0+,gHhα,l

)
(t),
(
Iγ,ψ0+,gHhα,r

)
(t)
]

=
[
Iγ,ψ0+,gH f

]
α

(t) +
[
Iγ,ψ0+,gHh

]
α

(t),

and,[
Iγ,ψ0+,gH(f + h)

]α
(t)

=
[(
Iγ,ψ0+,gH(f + h)α,l

)
(t),
(
Iγ,ψ0+,gH(f + h)α,r

)
(t)
]

=
[(
Iγ,ψ0+,gH fα,l

)
(t) +

(
Iγ,ψ0+,gHhα,l

)
(t),
(
Iγ,ψ0+,gH fα,r

)
(t) +

(
Iγ,ψ0+,gHhα,r

)
(t)
]

=
[(
Iγ,ψ0+,gH fα,l

)
(t),
(
Iγ,ψ0+,gH fα,r

)
(t)
]

+
[(
Iγ,ψ0+,gHhα,l

)
(t),
(
Iγ,ψ0+,gHhα,r

)
(t)
]

=
[
Iγ,ψ0+,gH f

]α
(t) +

[
Iγ,ψ0+,gHh

]α
(t).

Hence,
(
Iγ,ψ

0+,gH
(f + h)

)
(t) =

(
Iγ,ψ

0+,gH
f
)

(t) +
(
Iγ,ψ

0+,gH
h
)

(t).
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3) Let γ, δ ∈ (0, 1), we have:[
Iγ,ψ

0+,gH
Iδ,ψ

0+,gH
f
]
α
(t) =

[(
Iγ,ψ

0+,gH
Iδ,ψ

0+,gH
fα,l

)
(t),

(
Iγ,ψ

0+,gH
Iδ,ψ

0+,gH
fα,r

)
(t)
]

=
[(
Iγ+δ,ψ

0+,gH
fα,l

)
(t),
(
Iγ+δ,ψ

0+,gH
fα,r

)
(t)
]

=
[
Iγ+δ,ψ

0+,gH
f
]
α

(t),

and,[
Iγ,ψ

0+,gH
Iδ,ψ

0+,gH
f
]α

(t) =
[(
Iγ,ψ

0+,gH
Iδ,ψ

0+,gH
fα,l
)

(t),
(
Iγ,ψ

0+,gH
Iδ,ψ

0+,gH
fα,r
)

(t)
]

=
[(
Iγ+δ,ψ

0+,gH
fα,l
)

(t),
(
Iγ+δ,ψ

0+,gH
fα,r
)

(t)
]

=
[
Iγ+δ,ψ

0+,gH
f
]α

(t),

Then,
(
Iγ,ψ

0+,gH
Iδ,ψ

0+,gH
f
)

(t) =
(
Iγ+δ,ψ

0+,gH
f
)

(t) , ∀γ, δ ∈ (0, 1).

Now, we move on to give the definition of the fractional derivative
ψ−Caputo and demonstrate some of its properties.

Definition 11. Let f ∈ CF∩LF be an intuitionnistic fuzzy-valued function,
then the intuitionistic fuzzy ψ−Caputo fractional derivative of order 0 < γ < 1
of f is given by:

CDγ,ψ
0+,gH

f(t) =
1

Γ(γ)

∫ t

0
(ψ(t)− ψ(s))γ−1 � f

′
gH(s)ds , ∀t > 0.

Theorem 3. Let f ∈ CF ∩ LF be an intuitionnistic fuzzy-valued function,
then the intuitionistic fuzzy ψ−Caputo fractional derivative of order 0 < γ < 1
of f can be expressed in the following way:

i- If f is [(i)− gH]−differentiable, then:[
CDγ,ψ

0+,gH
f(t)
]
α

=
[
CDγ,ψ

0+,gH
fα,l(t) ,

CDγ,ψ
0+,gH

fα,r(t)
]
,

[
CDγ,ψ

0+,gH
f(t)
]α

=
[
CDγ,ψ

0+,gH
fα,l(t) , CDγ,ψ

0+,gH
fα,r(t)

]
.

ii- If f is [(ii)− gH]−differentiable, then:[
CDγ,ψ

0+,gH
f(t)
]
α

=
[
CDγ,ψ

0+,gH
fα,r(t) ,

CDγ,ψ
0+,gH

fα,l(t)
]
,

[
CDγ,ψ

0+,gH
f(t)
]α

=
[
CDγ,ψ

0+,gH
fα,r(t) , CDγ,ψ

0+,gH
fα,l(t)

]
.

With,
CDγ,ψ

0+,gH
fα,l(t) =

1

Γ(γ)

∫ t

0
(ψ(t)− ψ(s))γ−1(fα,l)

′
(s)ds,
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CDγ,ψ
0+,gH

fα,r(t) =
1

Γ(γ)

∫ t

0
(ψ(t)− ψ(s))γ−1(fα,r)

′
(s)ds,

CDγ,ψ
0+,gH

fα,l(t) =
1

Γ(γ)

∫ t

0
(ψ(t)− ψ(s))γ−1(fα,l)

′
(s)ds,

CDγ,ψ
0+,gH

fα,r(t) =
1

Γ(γ)

∫ t

0
(ψ(t)− ψ(s))γ−1(fα,r)

′
(s)ds.

Proof. Let f ∈ CF ∩ LF be an intuitionistic fuzzy-valued function that is ψ-
Caputo (gH)-differentiable of order 0 < γ < 1.

By definition, the intuitionistic fuzzy ψ-Caputo fractional derivative is gi-
ven by:

CDγ,ψ
0+,gH

f(t) = I1−γ,ψ
0+,gH

(
d

dt
f(t)

)
,

where I1−γ,ψ
0+,gH

denotes the generalized Hukuhara ψ-fractional integral of order
1− γ.

Since f is an intuitionistic fuzzy-valued function, it can be represented at
each level α by intervals:

[f(t)]α = [fα,l(t), fα,r(t)], [f(t)]α = [fα,l(t), fα,r(t)].

Case (i): If f is (i) − gH-differentiable, the fractional derivative acts on
the endpoints of the intervals in the natural order, so:[

CDγ,ψ
0+,gH

f(t)
]
α

=
[
CDγ,ψ

0+,gH
fα,l(t),

CDγ,ψ
0+,gH

fα,r(t)
]
.

Case (ii): If f is (ii) − gH-differentiable, the bounds are reversed in the
application of the derivative, so:[

CDγ,ψ
0+,gH

f(t)
]
α

=
[
CDγ,ψ

0+,gH
fα,r(t),

CDγ,ψ
0+,gH

fα,l(t)
]
.

By definition of the generalized Caputo fractional derivative ψ, for each
real differentiable function (the bounds of f), we have:

CDγ,ψ
0+,gH

h(t) =
1

Γ(1− γ)

∫ t

0
(ψ(t)− ψ(s))−γh′(s) ds,

with h = fα,l, fα,r, f
α,l, fα,r.

Thus, the fractional fuzzy intuitionistic derivative ψ-Caputo is calculated
directly on the bounds of the levels α according to the type of differentiability
(i) or (ii), which completes the demonstration.

Example 2. We consider the function ψ(t) = t and γ =
1

2
.

For the function f we consider the following example: [f(t)]α = [1, t] and
[f(t)]α =

[
t2,−2t

]
.
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Then, the intuitionistic fuzzy ψ−Caputo fractional derivative of f using the
previous theorem is:

CD
1
2
,t

0+,gH
fα,l(t) =

1

Γ(1
2)

∫ t

0
(t− s))

1
2
−1(1)

′
ds = 0,

CD
1
2
,t

0+,gH
fα,r(t) =

1

Γ(1
2)

∫ t

0
(t− s))

1
2
−1(s)

′
ds =

2
√
t

Γ(1
2)

=
2√
π

√
t,

CD
1
2
,t

0+,gH
fα,l(t) =

1

Γ(1
2)

∫ t

0
(t− s))

1
2
−1(s2)

′
ds =

8
√
t3

3Γ(1
2)

=
8

3
√
π

√
t3,

CD
1
2
,t

0+,gH
fα,r(t) =

1

Γ(1
2)

∫ t

0
(t− s))

1
2
−1(−2s)

′
ds =

−4
√
t

Γ(1
2)

=
−4√
π

√
t.

Therefore, if f is [(i)− gH]−differentiable, then:(
CD

1
2
,t

0+,gH
f(t)

)
=

[
0 ,

2√
π

√
t ;

8

3
√
π

√
t3 ,

−4√
π

√
t

]
.

And, if f is [(ii)− gH]−differentiable, then:(
CD

1
2
,t

0+,gH
f(t)

)
=

[
2√
π

√
t , 0 ;

−4√
π

√
t ,

8

3
√
π

√
t3
]
.

Remark 3. Let f ∈ CF ∩ LF, then:

CDγ,ψ
0+,gH

f(t) = I1−γ,ψ
0+,gH

(
f
′
gH(t)

ψ′(t)

)
, ∀t > 0 , ∀γ ∈ (0, 1).

Theorem 4. Let f ∈ CF ∩ LF be an intuitionnistic fuzzy-valued function,
then the intuitionistic fuzzy ψ−Caputo fractional derivative check the following
properties:

i- CDγ,ψ
0+,gH

Iγ,ψ
0+,gH

f(t) = f(t) , ∀q ∈ (0, 1).

ii- CDγ,ψ
0+,gH

CDδ,ψ
0+,gH

f(t) =C Dγ+δ,ψ
0+,gH

f(t) , ∀γ, δ ∈ (0, 1).

iii- CDn−γ,ψ
0+,gH

CDγ,ψ
0+,gH

f(t) =C Dn,ψ
0+,gH

f(t) , ∀γ ∈ (0, 1) , ∀n ∈ N.

Proof. Let f ∈ CF ∩ LF is an intuitionistic fuzzy-valued function,

i- Let γ ∈ (0, 1), then:
CDγ,ψ

0+,gH
Iγ,ψ

0+,gH
f(t) =C Dγ,ψ

0+,gH
F (t), with F (t) = Iγ,ψ

0+,gH
f(t).
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According to remark 3, we have: CDγ,ψ
0+,gH

f(t) = I1−γ,ψ
0+,gH

(
f
′
gH(t)

ψ′(t)

)
.

Then,

CDγ,ψ
0+,gH

F (t) = I1−γ,ψ
0+,gH

(
F
′
gH(t)

ψ′(t)

)

= I1−γ,ψ
0+,gH

Iγ,ψ
0+,gH

(
f
′
gH(t)

ψ′(t)

)

= I1,ψ
0+,gH

(
f
′
gH(t)

ψ′(t)

)

=
1

Γ(1)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))1−1 �

(
f
′
gH(s)

ψ′(s)

)
ds

=

∫ t

0
f
′
gH(s)ds

= f(t),

ii- Let γ, δ ∈ (0, 1), then:

CDγ,ψ
0+,gH

CDδ,ψ
0+,gH

f(t) =C Dγ,ψ
0+,gH

F (t),

with, F (t) =C Dδ,ψ
0+,gH

f(t).
We pose: 1− p = 1− (p+ q) + q, then,

F (t) =C Dδ,ψ
0+,gH

f(t)

= I1−δ,ψ
0+,gH

(
f
′
gH(t)

ψ′(t)

)

= I
1−(δ+γ)+γ,ψ
0+,gH

(
f
′
gH(t)

ψ′(t)

)

= I
1−(δ+γ),ψ
0+,gH

Iγ,ψ
0+,gH

(
f
′
gH(t)

ψ′(t)

)

= Iγ,ψ
0+,gH

I
1−(δ+γ),ψ
0+,gH

(
f
′
gH(t)

ψ′(t)

)
= Iγ,ψ

0+,gH
CDγ+δ,ψ

0+,gH
f(t)

Therefore,
CDγ,ψ

0+,gH
CDδ,ψ

0+,gH
f(t) =C Dγ,ψ

0+,gH
F (t)

=C Dγ,ψ
0+,gH

Iγ,ψ
0+,gH

CDγ+δ,ψ
0+,gH

f(t)

=C Dγ+δ,ψ
0+,gH

f(t),
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iii- Let γ ∈ (0, 1) and n ∈ N, then:
CDn−γ,ψ

0+,gH
CDγ,ψ

0+,gH
f(t) =C Dn−γ+γ,ψ

0+,gH
f(t)

=C Dn,ψ
0+,gH

f(t),

Definition 12. Let f ∈ CF ∩ LF is an intuitionistic fuzzy-valued function,
then the intuitionistic fuzzy ψ−Laplace transform of f is represented by:

Lψ(f(t))(λ) =

∫ ∞
0

ψ
′
(t)e−λ(ψ(t)−ψ(0))f(t)dt , ∀λ > 0.

Now, we observe that the ψ−Laplace transform of an intuitionistic fuzzy-valued
function f(t) can be represented via its α−level sets as follows:

[Lψ(f(t))(λ)]α = [Lψ(fα,l(t))(λ),Lψ(fα,r(t))(λ)] ,

[Lψ(f(t))(λ)]α =
[
Lψ(fα,l(t))(λ),Lψ(fα,r(t))(λ)

]
.

With,

Lψ(fα,l(t))(λ) =

∫ ∞
0

ψ
′
(t)e−λ(ψ(t)−ψ(0))fα,l(t)dt,

Lψ(fα,r(t))(λ) =

∫ ∞
0

ψ
′
(t)e−λ(ψ(t)−ψ(0))fα,r(t)dt,

Lψ(fα,l(t))(λ) =

∫ ∞
0

ψ
′
(t)e−λ(ψ(t)−ψ(0))fα,l(t)dt,

Lψ(fα,r(t))(λ) =

∫ ∞
0

ψ
′
(t)e−λ(ψ(t)−ψ(0))fα,r(t)dt.

Theorem 5. Let f and h be two intuitionistic fuzzy-valued functions, a and
b be two constants, then:

Lψ(a� f(t)⊕ b� h(t))(λ) = a� Lψ(f(t))(λ)⊕ b� Lψ(h(t))(λ) , ∀λ > 0.

Proof. Let f and h be two intuitionistic fuzzy-valued functions, a and b be
two constants.
For λ > 0 we have:

Lψ(a� f(t)⊕ b� h(t))(λ)

=

∫ ∞
0

ψ
′
(t)e−λ(ψ(t)−ψ(0))(a� f(t)⊕ b� h(t))dt

=

∫ ∞
0

ψ
′
(t)e−λ(ψ(t)−ψ(0))(a� f(t))⊕

∫ ∞
0

ψ
′
(t)e−λ(ψ(t)−ψ(0))(b� h(t))dt

= a�
∫ ∞

0
ψ
′
(t)e−λ(ψ(t)−ψ(0))f(t)dt⊕ b�

∫ ∞
0

ψ
′
(t)e−λ(ψ(t)−ψ(0))h(t)dt

= a� Lψ(f(t))(λ)⊕ b� Lψ(h(t))(λ),
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4. Intuitionistic fuzzy fractional differential equations

4.1. Intuitionistic fuzzy nonlinear differential equation

Let the following intuitionistic fuzzy nonlinear differential equation:{
CDγ,ψ

0+,gH
ϕ(t) = F(t, ϕ(t)) , t ∈ I = [0, T ]

ϕ(0) = ϕ0 ∈ F,
(4.1)

with, γ ∈ (0, 1) and F : I×F −→ F a continuous function with an intuitionistic
fuzzy value.
For α ∈ [0, 1] we have:

[ϕ(t)]α = [ϕα,l(t), ϕα,r(t)] , [ϕ(t)]α =
[
ϕα,l(t), ϕα,r(t)

]
,

and,
[F(t, ϕ(t))]α = [Fα,l(t, ϕ(t)),Fα,r(t, ϕ(t))] ,

[F(t, ϕ(t))]α =
[
Fα,l(t, ϕ(t)),Fα,r(t, ϕ(t))

]
.

Then, we find the following problem:

CDγ,ψ
0+,gH

ϕα,l(t) = Fα,l(t, ϕα,l(t)) , t ∈ I = [0, T ]

ϕα,l(0) = ϕ0,α,l ∈ F,
CDγ,ψ

0+,gH
ϕα,r(t) = Fα,r(t, ϕα,r(t)) , t ∈ I = [0, T ]

ϕα,r(0) = ϕ0,α,r ∈ F,
CDγ,ψ

0+,gH
ϕα,l(t) = Fα,l(t, ϕα,l(t)) , t ∈ I = [0, T ]

ϕα,l(0) = ϕα,l0 ∈ F,
CDγ,ψ

0+,gH
ϕα,r(t) = Fα,r(t, ϕα,r(t)) , t ∈ I = [0, T ]

ϕα,r(0) = ϕα,r0 ∈ F,

(4.2)

Definition 13. We say that ϕ(t) is a mild solution of problem 4.1 if:

ϕ(t) = ϕ0 ⊕
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1 �F(s, ϕ(s))ds , ∀t ∈ I,

and we obtain,

ϕα,l(t) = ϕ0,α,l +
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1Fα,l(s, ϕα,l(s))ds , ∀t ∈ I,

ϕα,r(t) = ϕ0,α,r +
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1Fα,r(s, ϕα,r(s))ds , ∀t ∈ I,

ϕα,l(t) = ϕα,l0 +
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1Fα,l(s, ϕα,l(s))ds , ∀t ∈ I,

ϕα,r(t) = ϕα,r0 +
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1Fα,r(s, ϕα,r(s))ds , ∀t ∈ I.
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We pose the following hypotheses:

(H1) The function F : I × F −→ F is continuous and there exists a positive
constant K such that:

d∞ (F(t, ϕ1(t)),F(t, ϕ2(t))) ≤ Kd∞ (ϕ1(t), ϕ2(t)) , ∀ϕ1, ϕ2 ∈ CF.

(H2) The quantity verifies the following condition:

K
Γ(γ + 1)

(ψ(T )− ψ(0))γ < 1.

Theorem 6. Suppose that the two hypotheses (H1) and (H2) are verified,
then problem 4.1 admits a unique mild solution.

Proof. Let the operator P : CF −→ CF defined by:

P(ϕ(t)) = ϕ0 ⊕
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1 �F(s, ϕ(s))ds

Let ϕ ∈ CF, t ∈ I and ε a very small number, we have:

d∞ (P(ϕ(t+ ε)),P(ϕ(t)))

≤ d∞(
1

Γ(γ)

∫ t+ε

0
ψ
′
(s)(ψ(t+ ε)− ψ(s))γ−1 �F(s, ϕ(s))ds,

1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1 �F(s, ϕ(s))ds)

≤ d∞
(

1

Γ(γ)

∫ ε

0
ψ
′
(s)(ψ(t+ ε)− ψ(s))γ−1 �F(s, ϕ(s))ds, 0̃

)
+ d∞(

1

Γ(γ)

∫ t+ε

ε
ψ
′
(s)(ψ(t+ ε)− ψ(s))γ−1 �F(s, ϕ(s))ds,

1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1 �F(s, ϕ(s))ds)

≤ d∞
(

1

Γ(γ)

∫ ε

0
ψ
′
(s)(ψ(t+ ε)− ψ(s))γ−1 �F(s, ϕ(s))ds, 0̃

)
+ d∞(

1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1 �F(s, ϕ(s))ds,

1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1 �F(s, ϕ(s))ds),

and we have,

d∞

(
1

Γ(γ)

∫ ε

0
ψ
′
(s)(ψ(t+ ε)− ψ(s))γ−1 �F(s, ϕ(s))ds, 0̃

)
−→ 0,
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d∞(
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1 �F(s, ϕ(s))ds,

1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1 �F(s, ϕ(s))ds) −→ 0.

Let ϕ1, ϕ2 ∈ CF, then:

d∞ (P(ϕ1(t)),P(ϕ2(t)))

≤ 1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1d∞ (F(s, ϕ1(s)),F(s, ϕ2(s))) ds

≤ K
Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1d∞ (ϕ1(s), ϕ2(s)) ds

≤ K
Γ(γ + 1)

(ψ(T )− ψ(0))γ sup
s∈I

d∞ (ϕ1(s), ϕ2(s)) ,

Since, according to hypothesis (H2) we have:

K
Γ(γ + 1)

(ψ(T )− ψ(0))γ < 1.

Then, the operator P is a contraction, therefore admits a unique fixed point ϕ
which is the unique mild solution of the problem 4.1.

4.2. Intuitionistic fuzzy fractional linear evolution problem

Let the following Intuitionistic fuzzy fractional linear evolution problem:{
CDγ,ψ

0+,gH
ϕ(t) = A(t)ϕ(t) , t ∈ I = [0, T ]

ϕ(0) = ϕ0 ∈ F,
(4.3)

with, γ ∈ (0, 1) and A(t) a bounded linear operator.
For α ∈ [0, 1], we have:

[ϕ(t)]α = [ϕα,l(t), ϕα,r(t)] , [ϕ(t)]α =
[
ϕα,l(t), ϕα,r(t)

]
,

Definition 14. We say that ϕ(t) is a mild solution of problem 4.3 if and
only if:

i- ϕ(t) is continuous and ϕ(t) ∈ D(A(t)) , ∀t ∈ I.

ii- ϕ(t) is given by the following formula:

ϕ(t) = ϕ0 ⊕
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1 �A(s)ϕ(s)ds,
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that’s to say, for all α ∈ [0, 1]:

ϕα,l(t) = ϕ0,α,l +
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1A(s)ϕα,l(s)ds,

ϕα,r(t) = ϕ0,α,r +
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1tA(s)ϕα,r(s)ds,

ϕα,l(t) = ϕα,l0 +
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1A(s)ϕα,l(s)ds,

ϕα,r(t) = ϕα,r0 +
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1A(s)ϕα,r(s)ds.

We pose the following hypotheses:

(H1) A(t) a bounded linear operator in F.

(H2) The function t 7−→ A(t) is continuous.

(H3) Let A0 = sup
s∈I

d∞
(
A(s), 0̃

)
.Then, we have the following condition:

A0

Γ(γ + 1)
(ψ(T )− ψ(0))γ < 1,

Theorem 7. Suppose that the hypotheses (H1) − (H3) are verified, then
problem 4.3 admits a unique mild solution.

Proof. Let the operator R : CF −→ CF defined by:

R(ϕ(t)) = ϕ0 ⊕
1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1 �A(s)ϕ(s)ds

Suppose that both hypotheses (H1) and (H2) are verified.
Let ϕ1, ϕ2 ∈ CF, then:

d∞ (R(ϕ1(t)),R(ϕ2(t)))

≤ 1

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1d∞ (A(s)ϕ1(s),A(s)ϕ2(s)) ds

≤ A0

Γ(γ)

∫ t

0
ψ
′
(s)(ψ(t)− ψ(s))γ−1d∞ (ϕ1(s), ϕ2(s)) ds

≤ A0

Γ(γ + 1)
(ψ(T )− ψ(0))γ sup

s∈I
d∞ (ϕ1(s), ϕ2(s)) ,

Since, according to hypothesis (H3) we have:

A0

Γ(γ + 1)
(ψ(T )− ψ(0))γ < 1.

Then, the operator R is a contraction, therefore admits a unique fixed point
ϕ which is the unique mild solution of the problem 4.3.
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5. Application

5.1. Application 1

We consider the following example of the fractional differential equation
4.1: {

CD
1
2
,ln(t+1)

0+,gH
ϕ(t) = F(t, ϕ(t)) , t ∈ I = [0, T ]

ϕ(0) = ϕ0 ∈ F,
(5.1)

with, γ =
1

2
, ψ(t) = ln(t+ 1), T = 1 and the fuction F(t, ϕ(t)) =

2

3
ϕ(t).

For hypothesis (H1), we have:
Let ϕ1, ϕ2 ∈ CF, then:

d∞ (F(t, ϕ1(t)),F(t, ϕ2(t))) = d∞

(
2

3
ϕ1(t),

2

3
ϕ2(t)

)
≤ 2

3
d∞ (ϕ1(t), ϕ2(t)) ,

Hence, K =
2

3
.

For hypothesis (H2), we have:

K
Γ(γ + 1)

(ψ(T )− ψ(0))γ =

2

3

Γ(
1

2
+ 1)

(ψ(1)− ψ(0))
1
2

=
4

3
√
π

(ln(2)− ln(1))
1
2

' 0, 62 < 1,

Therefore, according to theorem 6, problem 5.1 admits a unique mild solution.

5.2. Application 2

We pose the following intuitionistic fuzzy evolution problem:{
CD

1
2
,
√
t

0+,gH
ϕ(t) = A(t)ϕ(t) , t ∈ I = [0, 1]

ϕ(0) = ϕ0 ∈ F,
(5.2)

with, γ =
1

2
, ψ(t) =

√
t, T = 1 and the operator A(t) =

1

4
etid, where id is the

identity function defined on F.
We have t 7−→ et is continuous, then the function t 7−→ A(t) is continuous.
Therefore, the hypotheses (H1) and (H2) are verified.
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We have: A0 =
1

4
.

Then, for hypothesis (H3), we have:

A0

Γ(γ + 1)
(ψ(T )− ψ(0))γ =

1

4

Γ(
1

2
+ 1)

(ψ(1)− ψ(0))
1
2

=

1

4
1

2

√
π

' 0, 28 < 1,

Then, according to the theorem 7 the problem 5.2 admits a unique mild soluti-
on.

6. Conclusion

In this document, we have given the definition of the fractional deri-
vative ψ−Caputo in the intuitionistic fuzzy case and the same for the
ψ−fractional integral and the ψ−Laplace transform and demonstrated some of
their properties. After which we have studied the existence and the uniqueness
of the solution of the intuitionistic fuzzy nonlinear differential equation and
the intuitionistic fuzzy linear evolution problem under the ψ−Caputo derivati-
ve, and at the end we proposed an example of application for each of the two
problems.

References

1. Almeida R., Malinowska A.B., Odzijewicz T.: On systems of fractional differential
equations with the ψ-Caputo derivative and their applications. Mathematical
Methods in the Applied Sciences 2019; 44(10). doi:10.1002/mma.5678

2. Arhrrabi E., Elomari M., Melliani S., Chadli L.S.: Fuzzy fractional boundary
value problems with hilfer Fractional derivatives. Asia Pac. J. Math. 2023; 10(15).
doi:10.28924/APJM/10-4

3. Atanassov K.: Intuitionistic fuzzy sets. Fuzzy Sets and Systems 1986; 20(1): pp.
87–96.

4. Baitiche Z., Derbazi C., Benchohra M.: ψ-Caputo Fractional Differential Equati-
ons with Multi-point Boundary Conditions by Topological Degree Theory. Results
in Nonlinear Analysis 2020; 3(4): pp. 166–178.

5. Ben Amma B., Melliani S., Chadli L.S.: The Cauchy problem for intuitionistic
fuzzy differential equations. Notes on Intuitionistic Fuzzy Sets 2018; 24(1): pp.
37–47. doi:10.7546/nifs.2018.24.1.37-47

6. Derbazi C., Baitiche Z., Benchohra M.: Cauchy problem with ψ–Caputo fracti-
onal derivative in Banach spaces. Advances in the Theory of Nonlinear Analysis
and its Applications 2020; 4(4): pp. 349–361. doi:10.31197/atnaa.706292

7. El Mfadel A., Melliani S., Kassidi A., Elomari M.: Existence of mild solutions
for nonlocal ψ-Caputo type fractional evolution equations with nondense domain.
Nonauton. Dyn. Syst. 2022; 9(1): pp. 272–289. doi:10.1515/msds-2022-0157

120



SOLVING INTUITIONISTIC FUZZY FRACTIONAL DIFFERENTIAL EQUATIONS

8. Elomari M., Melliani S., Chadli L.S.: Evolution problem with intuitionistic fuzzy
fractional derivative. Notes on Intuitionistic Fuzzy Sets 2016; 22(3): pp. 80–90.

9. Elomari M., Melliani S., Chadli L.S.: Solution of intuitionistic fuzzy fractional
differential equations. Annals of Fuzzy Mathematics and Informatics 2017; 13(3):
pp. 379–391. doi:10.30948/afmi.2017.13.3.379

10. Melliani S., Bakhadach I., Elomari M., Chadli L.S.: Intuitionistic fuzzy Di-
richlet problem. Notes on Intuitionistic Fuzzy Sets 2018; 24(4): pp. 72–84.
doi:10.7546/nifs.2018.24.4.72-84

11. Melliani S., Elomari M., Chadli L.S., Ettoussi R.: Intuitionistic fuzzy metric
space. Notes on Intuitionistic Fuzzy Sets 2015; 21(1): pp. 43–53.

12. Melliani S., Elomari M., Chadli L.S., Ettoussi R.: Extension of Hukuhara di-
fference in intuitionistic fuzzy set theory. Notes on Intuitionistic Fuzzy Sets 2015;
21(4): pp. 34–47.

13. Melliani S., Elomari M., Chadli L.S., Ettoussi R.: Intuitionistic fuzzy fractional
equation. Notes on Intuitionistic Fuzzy Sets 2015; 21(4): pp. 76–89.

14. Melliani S., Elomari M., Elmfadel A.: Intuitionistic fuzzy fractional boundary
value problem. Notes on Intuitionistic Fuzzy Sets 2017; 23(1): pp. 31–41.

15. Oufkir K., El Mfadel A., Melliani S., Elomari M., Sadiki H.: On fractional evoluti-
on equations with an extended ψ-fractional derivative. Filomat 2023; 37(21): pp.
7231–7240. doi:10.2298/FIL2321231O

16. Zadeh L.A.: Fuzzy sets. Inform. and Contr. 1965; 8: pp. 338–353.

Received : 07.07.2024. Accepted: 28.06.2025

121


