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Abstract. For the chain Hy C Ho C H_ of rigged Hilbert spaces we
solve the problem of finding sharp Taikov type inequalities that estimate
the value of generalized element o € H_ on smooth elements v € H; in
terms of the norm of the element w in H;. Also, we solve the problem of
approximating generalized elements v € H_ by regular elements x € Hy
on the class Wi = {u € Hy : ||Jul]|z, < 1}. We consider some applications
of these results, in particular, to finding sharp Taikov-type inequalities for
partial derivatives of multi-variate periodic functions.
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Awnorauis. na sammora Hy C Ho C H_ ocsamenux risbbepro-
BHUX IIPOCTODIB PO3B’S3aHO 3aJady PO 3HAXOMXKEHHSI TOYHUX HEPiBHO-
creit Tuny TaiikoBa, IO OIIHIOIOTH 3HAYEHHS Y3araJbHEHOTO €JIEMEHTa
a € H_ na rmagkux ejlemMeHTax u € Hy B TepMiHax HOpMH eJIeMEHTa
u B H,. Taxkoxk, po3s’sizana 3azada npo Haflkpale HaOJIMKEHHs y3aralb-
HEHUX ejieMeHTiB o € H_ perynspauMmu esementamMu © € Hoy Ha kjaci
Wy ={ue Hy : ||lul|lz, <1}. PosrustHyTo Jesiki 3aCTOCYBaHHs OTpUMa-
HUX Pe3yJsIbTaTiB, 30KpeMa, 0 3aJatdi 3HAXOMKEHHsI TOYHUX HepiBHOCTei
Turty TalikoBa JijIs 9aCTKOBHUX IOXITHUX MEePIouIHnX (DYHKIH Oararbox
3MiHHEX.

Kuro4goBi ciaoBa: mepiBaocti Ty Kosimoroposa, ocuareni riss6eprosi
npocropu, HepiBHOCTI Ty TaitkoBa, 3agada Creukina

MSC2020: Pr1 47A63, 41A35, 26D10, SECc 41A65

1. Introduction

1.1. The Landau-Hardy-Littlewood-Kolmogorov type inequalities
Let X and Y be Banach spaces with norms || - ||x and || - ||y respectively.
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Let X4 C X also be a Banach space with the norm || - || x,, so that for any
T € X+
lellx < llzllx, -

We assume that the linear operator @ : X — Y is closable and X C D(Q)
(here D(Q) stands for the domain of operator @). From the Hoérmander
theorem on comparison of operators (see [19, ch. II, §6]) it follows that

Q = Qlx, € L(X4,Y) (here Q|x, denotes the restriction of operator Q
to the space X and £(X,Y) is the space of linear bounded operators acting
from X, to Y), i.e. there exists a constant C' > 0 such that for any x € X

1Qz[ly < Cllz]x,- (L.1)

Exact value of the smallest constant C' in (1.1) clearly equals to ||Q]x_||-
It follows from inequality (1.1) that for any p > 0, there exists a positive
constant C, such that for all x € X :

1Qlly < pllzllx + Cullzllx, (1.2)

Let C(u) denote the exact lower bound of those C), for which inequality (1.2)
holds for all z € X, . Note that

C(p) < [1Qlx, | < pn+C(p).

An inequality of type (1.2) with an estimate for the constant C' can also
be obtained as follows. Consider the class

Wy = {z e Xyt fallx, <1}
For the operator R € L(X,Y), we set

U(QvRa W+) ‘= Sup ||Q$ - Rm”Y

zeWy

For N > 0, denote Ln(X,Y) := {R € L(X,Y) : ||R|| < N}. Stechkin’s
problem is to find the quantity

E W,) = inf UQ,R,W.
N(Q7 +) RG,CIJ\rrl(X,Y) (Q? ) +)7

and extremal operators R € Ly(X,Y) delivering the inf in the definition of
FEy if any exists.
For an arbitrary element = € X and operator R € Ln(X,Y), we have

1Qzlly <U(Q, R, Wy)zlx, + Nlz(x (1.3)

and hence
1Qzlly < En(Q,Wi)[lz|x, + Nzl x. (1.4)

According to the well-known Stechkin theorem [17], if inequality (1.3) becomes
an equality for some 29 € X \ {6} and Ry € Ln(X,Y) then

EN(Qv W+) = U(Qa R, W—‘r)
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The inequality (1.4) implies the following estimate for the sharp constant C
in the inequality (1.1)

Qlx. Il < jnf (N + En (@, W),

Inequalities (1.1) — (1.4) can be viewed as abstract versions of inequaliti-
es for the norms of derivatives known also as the Landau-Hardy-Littlewood-
Polya-Kolmogorov type inequalities that are important in various areas of
Mathematics. More information about such inequalities, including their appli-
cations, and further references can be found in [6].

1.2. The Taikov type inequalities

Recall that La(R) and L. (R) denote the spaces of square-integrable and
essentially bounded Lebesgue measurable functions on R, respectively.

Let r € N and Ly,(R) = {z € La2(R): 2 € Ly(R)} (derivative (") is
defined in the Sobolev sense). In 1967 Taikov [18] established that for functions
x € L} o(R) for any k € N, k < r, the following sharp inequality holds

A E+1
: A=t (1.5)
L2(R) T

o] A0
Loo (R) (2rsinmA)2

lall o [

Taikov’s inequality can be re-written in the following equivalent form

29 [ P (")
WO [ st el + e

—O00

) 1/2
. 1.6
Lz(R)} (1.6)

Some further results for functions defined on other domains have been
obtained in the works:

T: Shadrin [15];

R, : Gabushin [9], Kalyabin [11], Lunyov [12], Lunyov and Oridoroga [14];

Rd,Ri: Buslaev, Tikhomirov (8|, Lunyov [13];

Finite interval I = [0, 1]: Skorokhodov [16].
Inequality (1.6) was also generalized for more general operators:

e For the powers of the Laplace-Beltrami operators on compact Riemanni-
an manifolds: Tlyin [10] (for spheres §¢), V. Babenko, Yu. Babenko, Kri-
achko, Skorokhodov [3].;

e For powers of self-adjoint and normal operators in Hilbert spaces: V.
Babenko and Bilichenko [4, 5[;
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e For functions of self-adjoint operators in Hilbert spaces: V. Babenko, Yu.
Babenko, Kriachko [1, 2];

e For closed operators, satisfying some orthogonality assumptions, in Hi-
Ibert spaces: V. Babenko, Yu. Babenko, Kriachko, Skorokhodov [3].

For further references, we refer the reader to [3].

1.3. Structure of the article

In the present work we consider rigged Hilbert spaces and aim to solve the
problem of sharp Taikov type inequalities for values of generalized elements on
smooth elements and the problem of approximating generalized elements by
regular elements on some class of smooth elements, and some applications of
these results.

We present main results in Section 2. In Subection 2.1 we provide some
definitions from the theory of rigged Hilbert spaces. In Subsection 2.2 we solve
the problem of finding sharp Taikov type inequalities that estimate the value
of generalized element o« € H_ on smooth elements v € Hy in terms of the
norms of the element v in Hy and H,. In Subsection 2.3 we solve the problem
of approximating generalized elements o« € H_ by regular elements x € Hy on
the class Wy = {u € Hy : |lul|g, <1}

Section 3 is devoted to applications. In Subsection 3.1 the consider the
consequences of our main results for the case when H is defined by closed
operators, and in Subsection 3.2 we find sharp Taikov-type inequalities for
partial derivatives of multi-variate periodic functions.

2. Main results

2.1. Rigged Hilbert spaces

Let Hy be a Hilbert space over the field K € {R, C} with the norm || - ||z,
and the inner product (-,-)g,-
We consider equipped chain H_ D Hy D Hy of Hilbert spaces where:

e “Positive” space Hy is a dense subset of Hy. We assume that Hy is a
Hilbert space over K with inner product (-,-)z, and norm || - |z, , that
satisfies inequality ||z||p, < ||z||#,, for every x € Hy;

o “Negative” space H_ is the completion of Hy with respect to the “negati-
ve” norm:

}(a’ u)Ho ’

lalm. = sup

2.1
wer\{oy lullg, 21)

The inner product in H_ is denoted by (-,-)m_.
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An exposition of the theory of rigged Hilbert spaces can be found in [7].
By construction, H_ is isomorphic to the space of anti-linear bounded functi-
onals a, 3, ... in the space H,. One can think of Hy as the space of “smooth”
elements u, v, ..., Hy as the space of usual elements f,g,..., and elements of
H_ as “generalized” elements. As usually, for « € H_ and v € H, we will

denote by (o, u) g, the value of a on u.

It is known that there exist isometric operatorsI1: H_ — H,J: H_ — Hy
and J : Hy — H4 such that I = JJ. Furthermore, for every a, 5 € H_, x € Hy
and u € H,, we have

(a7U)H0 = (Ia7u)H+ = (a7I_1u)H_ ’

(I, B) 1, = (0, 18) 11, Jo, ) g, = (e, J2) 1, - (2.2)

2.2. The Taikov type inequalities in rigged Hilbert spaces

For i > 0 and v > 0, consider the operator F), ,: H, — H_, that is defined
by the formula
Fyou = pu+ l/Iflu, uwe H,.

Note that F,, € L(H, H_).

Lemma 1. The operator F),, has an inverse Fu_i H — H, F‘lt_i €
L(H_,Hy), and moreover || F, }|| <v~!.

Proof. Consider the bilinear form
B(u,v) = (F,,u,v)m,, u,v€ Hy.

Let us verify that this bilinear form satisfies conditions of the Lax-Milgram
theorem (see e.g. [19, Ch. III, §7]). Indeed, this form is bounded, as for every
u,v € Hy,

|B(u,v)| = [(pu+ vI™ u,0) g | = |(plu + v, v) p |
< (u+ V)l ol
Furthermore, for all u € H,

Blu) = (oL )y = o, o
> (I u,u) gy = v(IT tu,w) g, = viu,u)y, . '

Hence, form B satisfies conditions of the Lax-Milgram theorem. This implies
that there exists invertible operator S, : Hy — H such that ||S,,| < v,

IS ull < (n+v)~ and

(u,v) i, = B(u, Spwv) = (Fpupt, Spwv) iy = LF 0w, Sy uv) i,
= (SZ,VIFM.,,u,v)H+.

Hence, operator S}, I is inverse to the operator £}, ,,. Moreover

1E ol = 1S5 T < 1S5 = 1Sl < v

m,v m,v

which concludes the proof.

10
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Fora € H_, let o, = Fl;l%a. Note that
a=F,, 0, = poy,, + VI_lon,. (2.4)
Theorem 1. Leta € H_, n >0 and v > 0. Then
oo = papplla_ = vilowylla, - (2.5)
Also, for every uw € Hy, the following inequality holds
(v, w) | < pillouw |l mollull o + vl ol [l - (2.6)
Inequality (2.6) is exact and becomes an equality for element wy, , = oy, ,.
Proof. Using (2.4) and relations (2.2), we obtain
loe = el = vIT el = viaw | .-

This proves (2.5).
Taking into account (2.4) and (2.5), we have

|(a’u)H0| < M’(O‘M,Vﬂ U)Ho| + |(a - Nau,llvu)Ho‘

< v o llull o + vl |l ary [

’H+'

Hence, inequality (2.6) is proved.
Let us show that (2.6) turns into equality for u = ay,,,. Indeed, by (2.4)

(a, au,u)Ho‘ = ’M(O‘/A,m au,V)Ho + (o — Qv au,V)H()’
= | pall eyl o o | 1o + v (T Qs ) 1|

= M”au,VHHOHQH,V ‘Ho + V(au,ua a,LL,I/)H+

= N||au,u||Ho||au,l/| Ho + V”O‘u,VHH+ ||O‘u,l/

’H+
The proof is finished.

Let X be a Banach space. Similarly to |7, Ch. XIV, §1], for the operator
A€ L(H4,X), we define the generalization of the adjoint operator, the adjoint
operator AT : X* — H_ with respect to Hy, as follows:

(f, Au) = (AT fu)p,,  VYfeX* YueH,. (2.7)

It is clear that AT = I"'A* where A* is the adjoint operator to A in the
standard sense.

Let @ : Hy — X be a closable operator with H; C D(Q). Recall the
notation @ = Q|p, . Using inequality (2.6) for the generalized element o =

@Jr f € H_, we obtain the following Taikov type inequality.

Corollary 1. For an arbitrary f € X* and arbitrary uw € Hy the following
sharp inequality holds true

(£, Q)| < il @ ol lull ity + V1@ f) i

el (2.8)

11
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When p = 0 and v = 1, by definition of operator F), ,, we have Fy. 11 =1
and hence

@ Noa=1Q f=11"'Q" f=Q"f.

Next from the inequality (2.8), for f € X* and v € H; we have sharp
Taikov type inequality

1, Qu| < 1@ flla uller, = 1TQ fllar, o, » (2.9)

Taking the sup in inequality (2.9) by functionals f in the unit ball in X*,
we arrive at the following sharp Hardy-Littlewood-Polya type inequality.

Corollary 2. For arbitrary u € Hy, the following sharp inequality holds:
1Qullx < Q" Nuller, = Qs - (2.10)

2.3. The Stechkin problem for functionals in H_

Let
Wy = {ue Hy: lula, <1}
Let us solve the problem of the best approximation of functional o € H_ by
functionals f € Hy on the class W,.

Lemma 2. Let « € H_. For every v > 0,
Eljocr,yllm, = Vllawwllm, - (2.11)

Proof. Following definitions in Section 1.1, using inequality (2.5) and defini-
tion of operator F1,, we obtain

U(aval,ua WJr) = Ssup |(OZ,U)H0 - (al,uau)H()' = ”a - O‘l,uHH,
ueWg

= vy,

Taking into account the above equality and the fact that inequality (2.6)
turns into equality on the element u; , = HozL,,HI_{ial,,,, we see that inequali-
ty (1.3) turns into equality for the functional R = a;, and element u; ,. By
the Stechkin theorem, this implies equality Ejjq, [, = Vlla1v| #, . The lemma
is proved.

Lemma 3. For every N € (0, ||| m,), there exists a unique v = vy > 0
such that |1y ||l H, = N.

Proof. First, ||a1, ||z, depends continuously on v. Indeed, let v > v/ > 0.
Observe that ay ,» = Fljyl,a = Fl_,yl,FL,,aLV and by Lemma 1
o — 1wl < lleaw —arplla, = 1F (Fiy — Fro)Fyyallm,

v—1v
.

<NE I 1P = Froll -

[ llalls <

12



THE KOLMOGOROV TYPE INEQUALITIES IN RIGGED HILBERT SPACES

Hence, |1 .| 1, depends continuously on v.
Second, ||a1 g, is strictly monotone. Indeed, let v > v/ > 0. We set

vi= Fl_yl,Iflal,y. Clearly, v # 6. We obtain

larw i, = Nl + llen — arull, +2(ca, = arw, a10) m,
> [larwllFr, + 2(Fy, (FLy — Fruv)anw, a1,
= llenullF, +2(v = ) (v, IF ),
= larullf, + 2 =) (3 Iy + '),
> vl + 20 = V) (v, 1),

[, + 200 =)l > Nl

= [la1,,

Hence, ||a1,, |, continuously decreases in v.
Third, lim, 4 |0, ||, = +00. Indeed, by Lemma 1,

lowllme < lewwlla, < IF- ladlm. < v Hlolla-

which implies the desired relation.

To finish the proof of this lemma it remains to show that
lim, o+ [[1||H, = |le||#,- Indeed, consider the case o € Hy \ {6}. Substi-
tuting u = a1, into (2.3), we obtain (o, a1,) g, > HaLl,H%IO. Hence,

ol o < llevl| - (2.12)

Since ||, ||m, is bounded, there exists a sequence {v,} — 07 such that
a1y, —+ 2z € Hp weakly in Hy as n — oo. By definition of operator Fi,,
(Fiyu,v) g, = (u,v) g, +v(u, I ) g, for every u,v € H. Substituting v = v,
and v = a1 ,,, we obtain identity

(aav)Ho = (al,Vnav)Ho + Vﬂ(alyvn,inlv)Ho'

Letting n — oo in the later, we conclude that (o, v)m, = (2,v)n, for every
v € Hy. Hence, z = a. Since ay,, — o weakly as n — oo, we have

liminf ||y, |7, > ||o||#,-
n—oo

Combining the later relation with (2.12), we conclude that ||y u, || H, — ||| H,
and o ,, — a in Hy as n — oco. Furthermore, due to monotony of ||ai || m,,
ol — ol as v — 0*.

Finally, let « € H_ \ Hy. Assume to the contrary that there exists £ > 0
such that [y, < £ for every A > 0. Following the arguments used in the
above considerations, we can show that « is a weak limit of some subsequence
{ov,4, } in Hy and also belongs to Hy, which contradicts to the choice of a.

Combining Lemmas 2 and 3 we obtain the following theorem that deli-
vers the full solution to the Stechkin problem of the best approximation of
functional o by bounded functionals f € Hp on the class W..

Theorem 2. Let o« € H_ and N € (0, ||| m,). Then
EN(a7W+) = U(O"O‘LW\HW%—) = VNHO‘LVNHHJH

where vy s defined in Lemma 3.

13



V. BABENKO, YU. BABENKO, N. KRIACHKO, D. SKOROKHODOV

3. Applications

3.1. The case H, is defined by closed operators

Let Hy be a Hilbert space, m € N, and 17, ..., T, be a collection of closed
m
operators, defined on Hy and such that ﬂ D(T}) is dense in Hy and

j=1
m m
Vu € [ D(Ty) = lullf, <D ITjul7,-
j=1 j=1
Set
m
Hy := () D(T})
j=1

and define the inner product and norm on H, as follows
m m 1/2
(u, U)H+ = Z(Tju7ij)H0 and HUHH+ = Z ”TJUH%-IO
j=1 j=1

Considering Hy as main space, H as “positive” space, we define the “negative”
space H_ as the completion of space Hy with respect to the norm (2.1). As a
result we obtain the sequence of rigged Hilbert spaces

H_DHyDH,.

For this sequence, we can represent isometric operators I : H_ — H, and
I-': H, — H_ via operators T}, ..., Tp,.

Lemma 4. Under above conditions,

-1
- it At
! :ZTj i and  I= ZTJ- il (3.1)

where T := Tj|lu, and the generalized adjoint operators T;r :Hy — H_ are
defined according to definition (2.7).

Proof. We observe that Vj =1,...,m and Vn € H,
1Tjullao < llullm, -
So that Tj = T']‘H_,'_ S ,C(H+,H0).

14
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Hence, for every a € H_ and v € H,,

J=1 J=1 Ho

Hence, the operator Z;"Zl T;FTjI is the identity operator on H_, which proves
relations (3.1).

3.2. Computing some constant values

Let Z, be the set of non-negative integers. As usually by Ls(T?), d € N,
denote the space of square integrable on [0, 27r)d, 2m-periodic in each variable
functions x : R? — C, with inner product

) 1aen = G [, POV

and norm

1
2 o 2
Hle@(Td) ’ (27T)d /[07271')d ’x<t>‘ dt.

Formeri|r and k € Z%, we set
K™ =k k)

(here we use the convention 0° := 1) and |m| = mq +...+my. Also, for k € Z4
and t € R?, we denote

d
1 %
ek(t) = We (k’t), (k7t) = Z k]tj
j=1

Throughout this section we use standard short-hand notations
9= (01,...,0q), o =oym..a.
Consider the space
Hy = {xeLg("JI‘d) V) = 1,...,d:>/Tx(t)dtj :o}.
It is well known that the operator Ty, = 0™ : Hy — Hy is closed and

D(Opm) is dense in Hy. For N € N, let Qy = {m € Z¢ : |m| < N}.
We follow the approach elaborated in Section 3.1 to construct the chain

15
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of rigged Hilbert spaces H- O Hg D Hy with the help of operators Ty,
m € Qp. Consider numbers vy, > 0, m € Qp, such that Ym; > 0 for
every m; = (0,...,0,N,0,...,0) with N being on the position with index
j €{1,...,d}. Define Hy := Ny =yD(0™) with the inner product and the
respective norm:

(W, = Y Mm@ w00y, fuld, = S yml0™ul?,
meQ N meQ)y

As usual, denote the Fourier coefficients of the element x € Hy:
Tk = (=, e—k)Lz(Td), ke 7%

The norms || ||, and ||- ||z, can evidently be expressed in terms of the Fourier
coefficients as:

lallfy = > i and Jullf, = > 5w D K*™fawl,

kezd meQy kezg

where Z4 = {m € Z¢ : my-...-my # 0}. The space H_ can be constructed
as the space of “generalized” functions

o = E dkek
kezd

such that

|G |?
ol = 3 o 3 8 o

meQy keZd

Theorem 3. Let f € C(T%)* and Q = 0", wherel € Z% and 1| < N—d/2.
Then for every uw € Hy, there holds sharp inequality

. 1/2
k| ficl?
R e S I LI (32
kezd meQy Tm
In particular, when f = 3y saex is 0-function concentrated at the origin,
then (3.2) can be rewritten in the form
1/2
| k21
@) < | > lullr, (33)

2m

Proof. The adjoint T:; : Hy — H_ with respect to Hy to operator Ty, can
be formally expressed as (—1)™/@™ or in the terms of Fourier coefficients

Tmu= Y (-D)Mk™ier,  ue Ho.
kezd

16
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Consequently, by Lemma 4, the operator I can be written as
-1

L= 30 ()™

meQy

By the embedding theorem (see |7, Theorem 8.8]), the operator Q@ = Q|x, :
H, — Hy acts boundedly in the space C(]0,27]?). Hence, the functional a =

@Jr f € H_ is well-defined. Let us express the Fourier coefficients of the element
a = I in terms of the Fourier coefficients of f. By definition, we have

o= Z (=1)mly, 6%,
meQy

Since o A
a =@ frem)m = (—DM(ik)! fi,

from the last relation we obtain that, for every k € Z2,

)K= D ()™ (k) = a1 Y k™,

mey meQy
so that .

. (=)' fic

ax = .

ZmEQN /ymk2m

Therefore,
(=) e
a = om €k.

ZmEQN ’Ymk

kezd
Then, for the exact constant in the corresponding Taikov-type inequality (2.9),
we obtain
1/2

k2m+2l|fk|2
lallg, = Z Ym Z 5
meQy  kezd <Zm€QN ’ymk2m>
R 1/2
k2| fie|?
ZmGQN f}/kam )

kezd
which finishes the proof.

Remark that inequality (3.3) is periodic analog of known inequality for
functions defined on R? (see [12]). Similar considerations can be applied for the
powers of the Laplace-Beltrami operators on compact Riemannian manifolds.
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