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Abstract. For the chain H+ ⊂ H0 ⊂ H− of rigged Hilbert spaces we
solve the problem of finding sharp Taikov type inequalities that estimate
the value of generalized element α ∈ H− on smooth elements u ∈ H+ in
terms of the norm of the element u in H+. Also, we solve the problem of
approximating generalized elements α ∈ H− by regular elements x ∈ H0

on the classW+ = {u ∈ H+ : ‖u‖H+ ≤ 1}. We consider some applications
of these results, in particular, to finding sharp Taikov-type inequalities for
partial derivatives of multi-variate periodic functions.
Key words: Kolmogorov type inequalities, rigged Hilbert spaces, Taikov
type inequalities, the Stechkin problem

Анотацiя. Для ланцюга H+ ⊂ H0 ⊂ H− оснащених гiльберто-
вих просторiв розв’язано задачу про знаходження точних нерiвно-
стей типу Тайкова, що оцiнюють значення узагальненого елемента
α ∈ H− на гладких елементах u ∈ H+ в термiнах норми елемента
u в H+. Також, розв’язана задача про найкраще наближення узагаль-
нених елементiв α ∈ H− регулярними елементами x ∈ H0 на класi
W+ = {u ∈ H+ : ‖u‖H+ ≤ 1}. Розглянуто деякi застосування отрима-
них результатiв, зокрема, до задачi знаходження точних нерiвностей
типу Тайкова для часткових похiдних перiодичних функцiй багатьох
змiнних.
Ключовi слова: нерiвностi типу Колмогорова, оснащенi гiльбертовi
простори, нерiвностi типу Тайкова, задача Стєчкiна

MSC2020: Pri 47A63, 41A35, 26D10, Sec 41A65

1. Introduction

1.1. The Landau-Hardy-Littlewood-Kolmogorov type inequalities

Let X and Y be Banach spaces with norms ‖ · ‖X and ‖ · ‖Y respectively.
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Let X+ ⊂ X also be a Banach space with the norm ‖ · ‖X+ , so that for any
x ∈ X+

‖x‖X ≤ ‖x‖X+
.

We assume that the linear operator Q : X → Y is closable and X+ ⊂ D(Q)
(here D(Q) stands for the domain of operator Q). From the Hörmander
theorem on comparison of operators (see [19, ch. II, §6]) it follows that
Q := Q|X+ ∈ L(X+, Y ) (here Q|X+ denotes the restriction of operator Q
to the space X+ and L(X+, Y ) is the space of linear bounded operators acting
from X+ to Y ), i.e. there exists a constant C ≥ 0 such that for any x ∈ X+

‖Qx‖Y ≤ C‖x‖X+
. (1.1)

Exact value of the smallest constant C in (1.1) clearly equals to ‖Q|X+‖.
It follows from inequality (1.1) that for any µ > 0, there exists a positive

constant Cµ such that for all x ∈ X+:

‖Qx‖Y ≤ µ‖x‖X + Cµ‖x‖X+
(1.2)

Let C(µ) denote the exact lower bound of those Cµ for which inequality (1.2)
holds for all x ∈ X+. Note that

C(µ) ≤ ‖Q|X+
‖ ≤ µ+ C(µ).

An inequality of type (1.2) with an estimate for the constant C can also
be obtained as follows. Consider the class

W+ = {x ∈ X+ : ‖x‖X+
≤ 1}.

For the operator R ∈ L(X,Y ), we set

U(Q,R,W+) := sup
x∈W+

‖Qx−Rx‖Y .

For N > 0, denote LN (X,Y ) := {R ∈ L(X,Y ) : ‖R‖ ≤ N}. Stechkin’s
problem is to find the quantity

EN (Q,W+) = inf
R∈LN (X,Y )

U(Q,R,W+),

and extremal operators R ∈ LN (X,Y ) delivering the inf in the definition of
EN if any exists.

For an arbitrary element x ∈ X+ and operator R ∈ LN (X,Y ), we have

‖Qx‖Y ≤ U(Q,R,W+)‖x‖X+ +N‖x‖X (1.3)

and hence
‖Qx‖Y ≤ EN (Q,W+)‖x‖X+ +N‖x‖X . (1.4)

According to the well-known Stechkin theorem [17], if inequality (1.3) becomes
an equality for some x0 ∈ X+ \ {θ} and R0 ∈ LN (X,Y ) then

EN (Q,W+) = U(Q,R,W+).
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The inequality (1.4) implies the following estimate for the sharp constant C
in the inequality (1.1)

‖Q|X+‖ ≤ inf
N>0

(N + EN (Q,W+)).

Inequalities (1.1) – (1.4) can be viewed as abstract versions of inequaliti-
es for the norms of derivatives known also as the Landau-Hardy-Littlewood-
Polya-Kolmogorov type inequalities that are important in various areas of
Mathematics. More information about such inequalities, including their appli-
cations, and further references can be found in [6].

1.2. The Taikov type inequalities

Recall that L2(R) and L∞(R) denote the spaces of square-integrable and
essentially bounded Lebesgue measurable functions on R, respectively.

Let r ∈ N and Lr2,2(R) = {x ∈ L2(R) : x(r) ∈ L2(R)} (derivative x(r) is
defined in the Sobolev sense). In 1967 Taikov [18] established that for functions
x ∈ Lr2,2(R) for any k ∈ N, k < r, the following sharp inequality holds

∥∥∥x(k)
∥∥∥
L∞(R)

≤ λ−λ(1− λ)λ−1

(2r sinπλ)
1
2

‖x‖1−λL2(R)

∥∥∥x(r)
∥∥∥λ
L2(R)

, λ =
k + 1

2

r
. (1.5)

Taikov’s inequality can be re-written in the following equivalent form

∣∣∣x(k)(0)
∣∣∣ ≤


∞∫
−∞

s2k

1 + s2r
ds


1/2{

‖x‖2L2(R) +
∥∥∥x(r)

∥∥∥2

L2(R)

}1/2

. (1.6)

Some further results for functions defined on other domains have been
obtained in the works:

• T: Shadrin [15];

• R+: Gabushin [9], Kalyabin [11], Lunyov [12], Lunyov and Oridoroga [14];

• Rd,Rd+: Buslaev, Tikhomirov [8], Lunyov [13];

• Finite interval I = [0, 1]: Skorokhodov [16].

Inequality (1.6) was also generalized for more general operators:

• For the powers of the Laplace-Beltrami operators on compact Riemanni-
an manifolds: Ilyin [10] (for spheres Sd), V. Babenko, Yu. Babenko, Kri-
achko, Skorokhodov [3].;

• For powers of self-adjoint and normal operators in Hilbert spaces: V.
Babenko and Bilichenko [4, 5];
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• For functions of self-adjoint operators in Hilbert spaces: V. Babenko, Yu.
Babenko, Kriachko [1, 2];

• For closed operators, satisfying some orthogonality assumptions, in Hi-
lbert spaces: V. Babenko, Yu. Babenko, Kriachko, Skorokhodov [3].

For further references, we refer the reader to [3].

1.3. Structure of the article

In the present work we consider rigged Hilbert spaces and aim to solve the
problem of sharp Taikov type inequalities for values of generalized elements on
smooth elements and the problem of approximating generalized elements by
regular elements on some class of smooth elements, and some applications of
these results.

We present main results in Section 2. In Subection 2.1 we provide some
definitions from the theory of rigged Hilbert spaces. In Subsection 2.2 we solve
the problem of finding sharp Taikov type inequalities that estimate the value
of generalized element α ∈ H− on smooth elements u ∈ H+ in terms of the
norms of the element u in H0 and H+. In Subsection 2.3 we solve the problem
of approximating generalized elements α ∈ H− by regular elements x ∈ H0 on
the class W+ = {u ∈ H+ : ‖u‖H+ ≤ 1}.

Section 3 is devoted to applications. In Subsection 3.1 the consider the
consequences of our main results for the case when H+ is defined by closed
operators, and in Subsection 3.2 we find sharp Taikov-type inequalities for
partial derivatives of multi-variate periodic functions.

2. Main results

2.1. Rigged Hilbert spaces

Let H0 be a Hilbert space over the field K ∈ {R,C} with the norm ‖ · ‖H0

and the inner product (·, ·)H0 .
We consider equipped chain H− ⊃ H0 ⊃ H+ of Hilbert spaces where:

• “Positive” space H+ is a dense subset of H0. We assume that H+ is a
Hilbert space over K with inner product (·, ·)H+ and norm ‖ · ‖H+ , that
satisfies inequality ‖x‖H0 ≤ ‖x‖H+ , for every x ∈ H+;

• “Negative” space H− is the completion of H0 with respect to the “negati-
ve” norm:

‖α‖H− = sup
u∈H+\{θ}

∣∣(α, u)H0

∣∣
‖u‖H+

, (2.1)

The inner product in H− is denoted by (·, ·)H− .
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An exposition of the theory of rigged Hilbert spaces can be found in [7].
By construction, H− is isomorphic to the space of anti-linear bounded functi-
onals α, β, . . . in the space H+. One can think of H+ as the space of “smooth”
elements u, v, . . . , H0 as the space of usual elements f, g, . . ., and elements of
H− as “generalized” elements. As usually, for α ∈ H− and u ∈ H+ we will
denote by (α, u)H0 the value of α on u.

It is known that there exist isometric operators I : H− → H+, J : H− → H0

and J : H0 → H+ such that I = JJ. Furthermore, for every α, β ∈ H−, x ∈ H0

and u ∈ H+, we have

(α, u)H0
= (Iα, u)H+

=
(
α, I−1u

)
H−

,

(Iα, β)H0
= (α, Iβ)H0

, (Jα, x)H0
= (α, Jx)H0

. (2.2)

2.2. The Taikov type inequalities in rigged Hilbert spaces

For µ ≥ 0 and ν > 0, consider the operator Fµ,ν : H+ → H−, that is defined
by the formula

Fµ,νu := µu+ νI−1u, u ∈ H+.

Note that Fµ,ν ∈ L(H+, H−).

Lemma 1. The operator Fµ,ν has an inverse F−1
µ,ν : H− → H+, F−1

µ,ν ∈
L(H−, H+), and moreover ‖F−1

µ,ν‖ ≤ ν−1.

Proof. Consider the bilinear form

B(u, v) = (Fµ,νu, v)H0 , u, v ∈ H+.

Let us verify that this bilinear form satisfies conditions of the Lax-Milgram
theorem (see e.g. [19, Ch. III, §7]). Indeed, this form is bounded, as for every
u, v ∈ H+,

|B(u, v)| = |(µu+ νI−1u, v)H0
| = |(µIu+ νu, v)H+

|
≤ (µ+ ν)‖u‖H+

‖v‖H+
.

Furthermore, for all u ∈ H+,

B(u, u) = (µu+ νI−1u, u)H0
= µ(u, u)H0

+ ν(I−1u, u)H0

≥ ν(I−1u, u)H0 = ν(II−1u, u)H+ = ν(u, u)H+ .
(2.3)

Hence, form B satisfies conditions of the Lax-Milgram theorem. This implies
that there exists invertible operator Sµ,ν : H+ → H+ such that ‖Sµ,ν‖ ≤ ν−1,
‖S−1

µ,ν‖ ≤ (µ+ ν)−1 and

(u, v)H+
= B(u, Sµ,νv) = (Fµ,νu, Sµ,νv)H0

= (IFµ,νu, Sµ,νv)H+

= (S∗µ,νIFµ.νu, v)H+
.

Hence, operator S∗µ,νI is inverse to the operator Fµ,ν . Moreover

‖F−1
µ,ν‖ = ‖S∗µ,νI‖ ≤ ‖S∗µ,ν‖ = ‖Sµ,ν‖ ≤ ν−1,

which concludes the proof.
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For α ∈ H−, let αµ,ν = F−1
µ,να. Note that

α = Fµ,ναµ,ν = µαµ,ν + νI−1αµ,ν . (2.4)

Theorem 1. Let α ∈ H−, µ ≥ 0 and ν > 0. Then

‖α− µαµ,ν‖H− = ν‖αµ,ν‖H+ . (2.5)

Also, for every u ∈ H+, the following inequality holds

|(α, u)H0 | ≤ µ‖αµ,ν‖H0‖u‖H0 + ν‖αµ,ν‖H+‖u‖H+ . (2.6)

Inequality (2.6) is exact and becomes an equality for element uµ,ν = αµ,ν .

Proof. Using (2.4) and relations (2.2), we obtain

‖α− µαµ,ν‖H− = ν‖I−1αµ,ν‖H− = ν‖αµ,ν‖H+ .

This proves (2.5).
Taking into account (2.4) and (2.5), we have

|(α, u)H0 | ≤ µ|(αµ,ν , u)H0 |+ |(α− µαµ,ν , u)H0 |
≤ µ‖αµ,ν‖H0‖u‖H0 + ν‖αµ,ν‖H+‖u‖H+ .

Hence, inequality (2.6) is proved.
Let us show that (2.6) turns into equality for u = αµ,ν . Indeed, by (2.4)

|(α, αµ,ν)H0 | = |µ(αµ,ν , αµ,ν)H0 + (α− αµ,ν , αµ,ν)H0 |
= |µ‖αµ,ν‖H0‖αµ,ν‖H0 + ν(I−1αµ,ν , αµ,ν)H0 |

= µ‖αµ,ν‖H0‖αµ,ν‖H0 + ν(αµ,ν , αµ,ν)H+

= µ‖αµ,ν‖H0‖αµ,ν‖H0 + ν‖αµ,ν‖H+‖αµ,ν‖H+

The proof is finished.

Let X be a Banach space. Similarly to [7, Ch. XIV, §1], for the operator
A ∈ L(H+, X), we define the generalization of the adjoint operator, the adjoint
operator A+ : X∗ → H− with respect to H0, as follows:

〈f,Au〉 = (A+f, u)H0 , ∀f ∈ X∗, ∀u ∈ H+. (2.7)

It is clear that A+ = I−1A∗, where A∗ is the adjoint operator to A in the
standard sense.

Let Q : H0 → X be a closable operator with H+ ⊂ D(Q). Recall the
notation Q = Q|H+ . Using inequality (2.6) for the generalized element α =

Q
+
f ∈ H−, we obtain the following Taikov type inequality.

Corollary 1. For an arbitrary f ∈ X∗ and arbitrary u ∈ H+ the following
sharp inequality holds true

|〈f,Qu〉| ≤ µ‖(Q+
f)µ,ν‖H0‖u‖H0 + ν‖(Q+

f)µ,ν‖H+‖u‖H+ . (2.8)
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When µ = 0 and ν = 1, by definition of operator Fµ,ν , we have F−1
0,1 = I

and hence
(Q

+
f)0,1 = IQ

+
f = II−1Q

∗
f = Q

∗
f.

Next from the inequality (2.8), for f ∈ X∗ and u ∈ H+ we have sharp
Taikov type inequality

|〈f,Qu〉| ≤ ‖Q∗f‖H+
‖u‖H+

= ‖IQ+
f‖H+

‖u‖H+
, (2.9)

Taking the sup in inequality (2.9) by functionals f in the unit ball in X∗,
we arrive at the following sharp Hardy-Littlewood-Polya type inequality.

Corollary 2. For arbitrary u ∈ H+, the following sharp inequality holds:

‖Qu‖X ≤ ‖Q
∗‖‖u‖H+

= ‖Q‖‖u‖H+
. (2.10)

2.3. The Stechkin problem for functionals in H−

Let
W+ = {u ∈ H+ : ‖u‖H+ ≤ 1}.

Let us solve the problem of the best approximation of functional α ∈ H− by
functionals f ∈ H0 on the class W+.

Lemma 2. Let α ∈ H−. For every ν > 0,

E‖α1,ν‖H0
= ν‖α1,ν‖H+ . (2.11)

Proof. Following definitions in Section 1.1, using inequality (2.5) and defini-
tion of operator F1,ν , we obtain

U(α, α1,ν ,W+) = sup
u∈W+

|(α, u)H0
− (α1,ν , u)H0

| = ‖α− α1,ν‖H−

= ν‖α1,ν‖H+
.

Taking into account the above equality and the fact that inequality (2.6)
turns into equality on the element u1,ν = ‖α1,ν‖−1

H+
α1,ν , we see that inequali-

ty (1.3) turns into equality for the functional R = α1,ν and element u1,ν . By
the Stechkin theorem, this implies equality E‖α1,ν‖H0

= ν‖α1,ν‖H+ . The lemma
is proved.

Lemma 3. For every N ∈ (0, ‖α‖H0), there exists a unique ν = νN > 0
such that ‖α1,νN ‖H0 = N .

Proof. First, ‖α1,ν‖H0 depends continuously on ν. Indeed, let ν > ν ′ > 0.
Observe that α1,ν′ = F−1

1,ν′α = F−1
1,ν′F1,να1,ν and by Lemma 1

‖α1,ν′ − α1,ν‖H0 ≤ ‖α1,ν′ − α1,ν‖H+ = ‖F−1
1,ν′(F1,ν − F1,ν′)F

−1
1,να‖H+

≤ ‖F−1
1,ν′‖ · ‖F1,ν − F1,ν′‖ · ‖F−1

1,ν ‖ · ‖α‖H− ≤
ν − ν′

νν′
‖α‖H− .
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Hence, ‖α1,ν‖H0 depends continuously on ν.
Second, ‖α1,ν‖H0 is strictly monotone. Indeed, let ν > ν ′ > 0. We set

γ := F−1
1,ν′I

−1α1,ν . Clearly, γ 6= θ. We obtain

‖α1,ν′‖2H0
= ‖α1,ν‖2H0

+ ‖α1,ν′ − α1,ν‖2H0
+ 2(α1,ν′ − α1,ν , α1,ν)H0

≥ ‖α1,ν‖2H0
+ 2(F−1

1,ν′(F1,ν − F1,ν′)α1,ν , α1,ν)H0

= ‖α1,ν‖2H0
+ 2(ν − ν′)(γ, IF1,ν′γ)H0

= ‖α1,ν‖2H0
+ 2(ν − ν′)(γ, Iγ + ν′γ)H0

≥ ‖α1,ν‖2H0
+ 2(ν − ν′)(γ, Iγ)H0

= ‖α1,ν‖2H0
+ 2(ν − ν′)‖γ‖2H− > ‖α1,ν‖2H0

.

Hence, ‖α1,ν‖H0 continuously decreases in ν.
Third, limν→+∞ ‖α1,ν‖H0 = +∞. Indeed, by Lemma 1,

‖α1,ν‖H0 ≤ ‖α1,ν‖H+ ≤ ‖F−1
1,ν ‖ · ‖α‖H− ≤ ν−1‖α‖H− ,

which implies the desired relation.
To finish the proof of this lemma it remains to show that

limν→0+ ‖α1,ν‖H0 = ‖α‖H0 . Indeed, consider the case α ∈ H0 \ {θ}. Substi-
tuting u = α1,ν into (2.3), we obtain (α, α1,ν)H0 ≥ ‖α1,ν‖2H0

. Hence,

‖α1,ν‖H0
≤ ‖α‖H0

. (2.12)

Since ‖α1,ν‖H0 is bounded, there exists a sequence {νn} → 0+ such that
α1,νn → z ∈ H0 weakly in H0 as n → ∞. By definition of operator F1,ν ,
(F1,νu, v)H0 = (u, v)H0 +ν(u, I−1v)H0 for every u, v ∈ H+. Substituting ν = νn
and u = α1,νn , we obtain identity

(α, v)H0
= (α1,νn , v)H0

+ νn(α1,νn , I
−1v)H0

.

Letting n → ∞ in the later, we conclude that (α, v)H0 = (z, v)H0 for every
v ∈ H+. Hence, z = α. Since α1,νn → α weakly as n→∞, we have

lim inf
n→∞

‖α1,νn‖H0
≥ ‖α‖H0

.

Combining the later relation with (2.12), we conclude that ‖α1,νn‖H0 → ‖α‖H0

and α1,νn → α in H0 as n → ∞. Furthermore, due to monotony of ‖α1,ν‖H0 ,
‖α1,ν‖H0 → ‖α‖H0 as ν → 0+.

Finally, let α ∈ H− \H0. Assume to the contrary that there exists ξ > 0
such that ‖α1,ν‖H0

< ξ for every λ > 0. Following the arguments used in the
above considerations, we can show that α is a weak limit of some subsequence
{α1,νn} in H0 and also belongs to H0, which contradicts to the choice of α.

Combining Lemmas 2 and 3 we obtain the following theorem that deli-
vers the full solution to the Stechkin problem of the best approximation of
functional α by bounded functionals f ∈ H0 on the class W+.

Theorem 2. Let α ∈ H− and N ∈ (0, ‖α‖H0). Then

EN (α,W+) = U(α, α1,νN ,W+) = νN‖α1,νN ‖H+
,

where νN is defined in Lemma 3.

13
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3. Applications

3.1. The case H+ is defined by closed operators

Let H0 be a Hilbert space, m ∈ N, and T1, . . . , Tm be a collection of closed

operators, defined on H0 and such that
m⋂
j=1

D(Tj) is dense in H0 and

∀u ∈
m⋂
j=1

D(Tj) ⇒ ‖u‖2H0
≤

m∑
j=1

‖Tju‖2H0
.

Set

H+ :=

m⋂
j=1

D(Tj)

and define the inner product and norm on H+ as follows

(u, v)H+ :=

m∑
j=1

(Tju, Tjv)H0 and ‖u‖H+ :=

 m∑
j=1

‖Tju‖2H0

1/2

.

Considering H0 as main space, H+ as “positive” space, we define the “negative”
space H− as the completion of space H0 with respect to the norm (2.1). As a
result we obtain the sequence of rigged Hilbert spaces

H− ⊃ H0 ⊃ H+.

For this sequence, we can represent isometric operators I : H− → H+ and
I−1 : H+ → H− via operators T1, . . . , Tm.

Lemma 4. Under above conditions,

I−1 =
m∑
j=1

T
+
j T j and I =

 m∑
j=1

T
+
j T j

−1

, (3.1)

where T j := Tj |H+ and the generalized adjoint operators T+
j : H0 → H− are

defined according to definition (2.7).

Proof. We observe that ∀j = 1, . . . ,m and ∀n ∈ H+,

‖Tju‖H0 ≤ ‖u‖H+ .

So that T j := Tj |H+ ∈ L(H+, H0).

14
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Hence, for every α ∈ H− and u ∈ H+,

(α, u)H0 = (Iα, u)H+ =
m∑
j=1

(TjIα, Tju)H0 =
m∑
j=1

(T jIα, T ju)H0

=
m∑
j=1

(T
+
j T jIα, u)H0 =

 m∑
j=1

T
+
j T jIα, u


H0

.

Hence, the operator
∑m

j=1 T
+
j T jI is the identity operator on H−, which proves

relations (3.1).

3.2. Computing some constant values

Let Z+ be the set of non-negative integers. As usually by L2(Td), d ∈ N,
denote the space of square integrable on [0, 2π)d, 2π-periodic in each variable
functions x : Rd → C, with inner product

(x, y)L2(Td) :=
1

(2π)d

∫
[0,2π)d

x(t)y(t) dt

and norm
‖x‖2L2(Td) :=

1

(2π)d

∫
[0,2π)d

|x(t)|2 dt.

For m ∈ Zd+ and k ∈ Zd, we set

km = km1
1 · . . . · kmdd

(here we use the convention 00 := 1) and |m| = m1 + . . .+md. Also, for k ∈ Zd
and t ∈ Rd, we denote

ek(t) =
1

(2π)d/2
ei(k,t), (k, t) :=

d∑
j=1

kjtj .

Throughout this section we use standard short-hand notations

∂j =
∂

∂j
, ∂ = (∂1, ..., ∂d), ∂m = ∂m1

1 ...∂mdd .

Consider the space

H0 =

{
x ∈ L2(Td) : ∀j = 1, . . . , d⇒

∫
T
x(t) dtj = 0

}
.

It is well known that the operator Tm = ∂m : H0 → H0 is closed and
D(∂m) is dense in H0. For N ∈ N, let ΩN := {m ∈ Zd+ : |m| ≤ N}.
We follow the approach elaborated in Section 3.1 to construct the chain
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of rigged Hilbert spaces H− ⊃ H0 ⊃ H+ with the help of operators Tm,
m ∈ ΩN . Consider numbers γm ≥ 0, m ∈ ΩN , such that γmj > 0 for
every mj = (0, . . . , 0, N, 0, . . . , 0) with N being on the position with index
j ∈ {1, . . . , d}. Define H+ := ∩|m|=ND(∂m) with the inner product and the
respective norm:

(u, v)H+ :=
∑

m∈ΩN

γm(∂mu, ∂mv)L2(Td), ‖u‖2H+
=
∑

m∈ΩN

γm‖∂mu‖2L2(Td).

As usual, denote the Fourier coefficients of the element x ∈ H0:

x̂k := (x, e−k)L2(Td), k ∈ Zd.

The norms ‖·‖H0 and ‖·‖H+ can evidently be expressed in terms of the Fourier
coefficients as:

‖u‖2H0
=
∑
k∈Zd∗

|ûk|2 and ‖u‖2H+
=
∑

m∈ΩN

γm

∑
k∈Zd∗

k2m|ûk|2,

where Zd∗ = {m ∈ Zd : m1 · . . . ·md 6= 0}. The space H− can be constructed
as the space of “generalized” functions

α =
∑
k∈Zd∗

α̂kek

such that

‖α‖2H− :=
∑

m∈ΩN

γm

∑
k∈Zd∗

|α̂k|2

k2m
<∞.

Theorem 3. Let f ∈ C(Td)∗ and Q = ∂l, where l ∈ Zd+ and |l| < N−d/2.
Then for every u ∈ H+, there holds sharp inequality

|〈f, ∂lu〉| ≤

∑
k∈Zd∗

k2l|f̂k|2∑
m∈ΩN

γmk2m

1/2

‖u‖H+ . (3.2)

In particular, when f =
∑

k∈Zd∗ ek is δ-function concentrated at the origin,
then (3.2) can be rewritten in the form

|∂lu(θ)| ≤

∑
k∈Zd∗

k2l∑
m∈ΩN

γmk2m

1/2

‖u‖H+ . (3.3)

Proof. The adjoint T+
m : H0 → H− with respect to H0 to operator Tm can

be formally expressed as (−1)|m|∂m, or in the terms of Fourier coefficients

T
+
mu =

∑
k∈Zd∗

(−1)|m|kmûkek, u ∈ H0.
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Consequently, by Lemma 4, the operator I can be written as

I =

 ∑
m∈ΩN

(−1)|m|γm∂
2m

−1

.

By the embedding theorem (see [7, Theorem 8.8]), the operator Q = Q|H+ :
H+ → H0 acts boundedly in the space C([0, 2π]d). Hence, the functional α =

Q
+
f ∈ H− is well-defined. Let us express the Fourier coefficients of the element

a = Iα in terms of the Fourier coefficients of f . By definition, we have

α =
∑

m∈ΩN

(−1)|m|γm∂
2ma.

Since
α̂k = (Q

+
f, e−k)H0 = (−1)|l|(ik)lf̂k,

from the last relation we obtain that, for every k ∈ Zd∗,

(−i)|l|klf̂k =
∑

m∈ΩN

(−1)|m|γm(ik)2mâk = âk

∑
m∈ΩN

γmk2m,

so that

âk =
(−i)|l|klf̂k∑
m∈ΩN

γmk2m
.

Therefore,

a =
∑
k∈Zd∗

(−i)|l|klf̂k∑
m∈ΩN

γmk2m
ek.

Then, for the exact constant in the corresponding Taikov-type inequality (2.9),
we obtain

‖a‖H+ =

 ∑
m∈ΩN

γm

∑
k∈Zd∗

k2m+2l|f̂k|2(∑
m∈ΩN

γmk2m
)2


1/2

=

∑
k∈Zd∗

k2l|f̂k|2∑
m∈ΩN

γmk2m

1/2

,

which finishes the proof.

Remark that inequality (3.3) is periodic analog of known inequality for
functions defined on Rd (see [12]). Similar considerations can be applied for the
powers of the Laplace-Beltrami operators on compact Riemannian manifolds.
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