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Best weighted approximation of some kernels

on the real axis !

Dedicated to the bright memory of
Vitalit Pavlovych Motornyi

Abstract. We calculate the exact value and find the polynomial of the
best weighted polynomial approximation of kernels of the form ﬁ%’
where A and B are fixed complex numbers, A > 0, s € N, in the mean
square metric.
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AmnoTartiss. O64rcIeHO TOYHE 3HAYEHHSI Ta 3HANAECHO MOJIIHOM HAWKPAIIO-
0 3BasKEHOI'0 TOJIIHOMIaJILHOTO HADJIMYKEHHS SIJI€D BUTJISILY %, e
A ta B — dikcoBani komiiekcui aucia, A > 0, s € N, y cepeaubokBaipa-
TUYHIN METPHILi.

KurouoBi cioBa: Cucrema Takenaka-MasibMmksicTa, 106yToK Biistiike,
HaMKpalle 3BakKeHe HaOJIMXKeHHsI

MSC2020: Prr 41A10, SEc 30J10, 41A81

1. Introduction

This paper considers the problem of weighted polynomial approximation
in the mean square metric of kernels of the form
A+B
Krs(t) :=Kys(t, A, B) = W (1.1)
where A and B are fixed complex numbers, A > 0, and s is a positive integer

(s € N). A lot of works are devoted to the solutions of extremal problems of the
best approximation of kernels of various types in uniform and integral metrics

!This work was partially supported by a grant from the Simons Foundation (SFI-PD-
Ukraine-00014586, A.Sh.).
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(see, for example, [1, 4, 9, 13], which provide a bibliography on this topic). In
particular, Ahiezer [1] was the first to establish the exact values of the best
weighted approximations on the real axis of kernels (1.1) in the case of s =0
and found the extreme polynomials. He proved that for any fixed algebraic
polynomial

Pu®) = PO JT (1= &), (e #0)
k=1
of degree n and for arbitrary real numbers A, B and A > 0, the following
equality holds:

1
min max
¢ —oo<t<oo lP’ﬂ(t)l

o0
VAZI)N2B2 In|P,(x
-S| - T { -3 [ mlglas).
—0o0
The solution to the correspondlng extremal problem of approximation
by rational functions with given poles in a uniform metric was obtained by
Bernstein (see, e.g. [2]).
The Cauchy kernel is the function

(Z,t) = ia ('Z?t) € (C2 \ Aa

where A := {(z,t) € C%: z = t}.

Dzhrbashyan [3] developed a method that provides solutions to extremal
problems about the best rational approximations of the Cauchy kernel in the
case where z is fixed with Imz # 0 and —oco < ¢t < oo, both in the uniform and
mean-square metrics on the real axis R. The method is based on the use of
certain orthogonal and bi-orthogonal systems of rational functions on R with
fixed poles in the upper half-plane C; := {z € C : Imz > 0}.

Using the method of Dzhrabashyan, Voskanian [15] improved upon the
result of Akhiezer, solved similar extremal problems for kernels (1.1) in the
case of s = 0 in the mean square metric, and also considered the corresponding
problems of approximating such kernels by rational functions with fixed poles.

In [11], similar extremal problems of the best weighted polynomial approxi-
mation of kernels (1.1) in the case of s = 1 in the mean square metric were
solved.

This paper provides solutions to extremal problems of best weighted
polynomial approximation of kernels (1.1) for arbitrary positive integer s in
the mean square metric. In particular, the extremal polynomial is found expli-
citly and the exact values of the best weighted approximation of such kernels
in the mean square metric are calculated.

For A=5=0 and B , the kernel KCy (¢, A, B) coincides with the
Poisson kernel P,(\) = 15t + v as a function of the variable .

A special case of kernels (1.1) are integral kernels defined in the upper
half-plane by the well-known biharmonic Poisson integrals

Bfit) =2 [ Jth a
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which give the solution of the biharmonic equation
2 (72 . 0 02
VA(VU) =0, V:i=g5+ 50,

in the upper half-plane of the complex plane (A > 0) under the boundary
conditions

AEL&+IJ($ A= J@), Akﬂh—gxlj(x A =0.

The approximation properties of similar Poisson integrals were investigated in
[5, 12]. We also note that in [9], weighted combinations of the Cauchy-Szego
kernel and its derivatives on the unit circle were studied, and, in turn, kernels
(1.1) can be considered as a special case of linear combinations of Poisson
kernels and their derivatives. Incidentally, the properties of Poisson kernels are
often used in solving problems in physics, mechanics, electrical engineering,
etc.

2. Preliminaries

Let a := {ax}32 be a sequence of complex numbers on the upper half-plane
Ci:={z=2+1iy € C:Imz > 0}. Consider the system of functions

Oi(2) = LY2YB(2), j=1,2,..

Z—ay

where

Bl(z> =1 Hin Z: J=2,3,...,

are the Blaschke j-product with zeros at the points ay, xr := lHa’“' Jk=1,2,.

The system of functions {®;}32; was introduced by Dzhrbashyan 3] by
analogy, as was done by Takenaka and Malmquist (see [14, 7|) in the case of
the Hardy space Hj in the unit disc. In particular, it was shown in [3] that this
system is orthonormal on the real axis R, i.e.

1 T Em T, S0 iFER
W/_Oofbj(x)ék(x)dx—{l, ARANEY B

as well as the following statement is true:

Proposition 1 ([3, Theorem 1]). For arbitrary z,{ € C, z # ¢ and any
positive integer n

25 = 2 0(00(2) + BetlBunnla), (2.1)
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The equality (2.1) is an analogue of the Christoffel-Darboux formula for
orthogonal polynomials and is known in the literature as the Dzhrbashyan
identity. A simple proof of Proposition 1 can also be found in [10].

A function f, analytic in the half-plane C4, belongs to the Hardy class
Hy(CyL), if

o0

— 1
1l ey = ffi% (W/_

It is known [6, Theorem 2] (see also [8, p. 291]) that every function f from
the space H2(C;) has non-tangent limiting values

1/2
| f(z +iy)|? dx) < 0.

o0

f(x) = lim f(z+iy), x+iye Cy,
y—0+

almost everywhere on the real axis R = 0C., which belong to the space L,(R).
Furthermore,

oo /
£l =17l = (2 [ 1P a) ™,

—00

and the Cauchy’s integral formula holds:

—

f(z) = 2;/ IO ¢, vzecC,. (2.2)

—00
The following statement is a consequence of the combination of Proposition
1 and formula (2.2), and was first obtained by Dzhrbashyan in [3].

Proposition 2 ([3, Corollary 1.3|). If f € Hy(C,), then for any n € N
and z € C,

£ = Y F@y(e) + B [ K0P
j=1 —0

where

fy =1 [ romman =12
Let A and B be any complex numbers, A > 0 and n, s € N. Set

R;’\L,s(z) = Rz,s(z@Avaa) = (,2,2_~_>\54);~_—+Blj—n(@5)7 z € Cy,

n
where 7,(z,a) := [[ (2 —ay) and a := {ar}2;.
k=1
Let Sn(RTAM ) denote the n-th partial Fourier sum of the function Rfi,s with

respect to the system {®;}22,, i.e.,

Su(R) )(2) = > Ry (7)®;(2), 2€Cy,
7=1
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where R} () = 1 [ R) (¢, \)®;(1)dt, j = 1,2,.
For aﬁx d k—O,l,.. we denote

}:II@G . (2.3)

k|=Fk j=1

where the sum is taken over all possible vectors k = (ky,...,k,) with non-
negative integer coordinates for which |k|:= ki + ...+ k, = k.

3. Main results

The following theorem gives a representation for the deviation of the kernel
Rﬁl’s(z) from the partial sum Sn(RAS)(z) at each point z € Cy.

Theorem 1. Let A and B be fized complex numbers, and A > 0. Then for
any z € C4 and n,s € N the following identity holds:

S

Rg,s(z) - Sn(Ré,s)(z) = Z ((i>\ D)z+1 + E 2,3 g - IADl)lH)’ (3.1)

1=0
where l
@ I (T )re (M) [ BAGs(s4)-2))
Dy := Z (2>\)(25+1)Tn(il)\,;) ( (5((8+Jj)) i IA) : (3.2)

=0

Proof of Theorem 1. Let z € C,. Consider the following Cauchy-type integral

j)\ 1 > Rﬁ,s(t) dt _ 1 > A+ Bt dt 3.3
(2) := 2mi t—z — 2mi (EZ+X2)sH 1 (t—2)m (L, A) (3.3)
oo _
The integrand as a function of the complex variable ¢ € C. has poles of order
1 at the point ¢; = z and of order s+ 1 at the point t3 = i\, and for |t| — +o0,
it is O(]t|~"~25=2). Therefore, based on Cauchy residue theorem, we have

Ta(2) = (Effl +trft52) (t2+A2)sfl+(ffz)Tn(t,a)7 (3.4)
where
tres (t2+)\2)gffr(ftz)T ta) (Zz+>\%erB1i za) Ry){,s(z)a (3.5)
and
res (t2+A2)sf1+(f tz)‘rn(t 3 %}5& (t+iA)s+/}§]fi)Tn(t,5)]ES)- (3.6)

Since for any K =0,1,2,...,

A+ Bt, k=0,
(A+Bt)® ={ B, k=1,
0, k>1,
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and

[L}(k) (=Dkg [ 1 }(k) (1) (sth)!

t—z |, T (t—zx)FtD? (EHA)STE ] T sl s TR

and by Leibniz rule,

[Tn(lt’ﬁ)}ik) _ Zk11k2| - ﬁ[t_laj](kj)

\k|=Fk J=1
n
= 2. 3l =l
= k1|k2| kn (t—ﬁj)kj+1
[k|=k J=1
_ (=DFKly(tE)
- n(t,a) )

we get

A+ Bt (®)
{ (t+iN)s+1 (t—z)Tn(t,ﬁ)] ¢
(A+Bt)s! (=1)%1s1! (—1)%3(s+s3)! (—1)°2s2!vs, (t,8)
Z s1!s2ls3! (tfz)51+1 5!(t+i,\)5+53+1 n(t,a)
Is|=s

£y Bl 0 ClS ) (12l (48

31'52'53 t 2)51 L sl(t+iN)sts3+l Tn(t,8)

Is|=s—1

_(=1)%s! (A+Bt)(*"3)v,, (t,8) B(*°3)vs, (t,8)
= Tn(t,E_l) [ Z (tfz)51+1(t+i)\)52+53+1 - Z S(tfz)51+1(t+i2/\)s+53+l 9
|

s|=s |s|=s—1

where s = (s1, s2, $3). Therefore,

(s) )es (A+Bt)(** 7172, (t,8)
A+ Bt _ s
(t+i>\)5+1(t—z)7n(t75)]t Tn 5 [Z Z (t—2) 1 T L (t4iNn) 25— 512 sp 1

$1=052=0

s—1 s—1—s1

25 51 82)(5 S1— 32)1152(15 a)
- Z Z 28 81 82 (t 2)51+1(t+1)\)2s 51—52

s1=0 s2=0

Since the expression in the second sum vanishes for s3 = s — s1, as well as for
s1 = s and s9 = 0, we can rewrite the last formula as follows

A-+Bt (S) _ Z Z (A+Bt 25751—52)1/32(155)
(t-‘ri)\)erl(t—z)'rn(t,ﬁ) ¢ - (t— 281+1(t+1/\)23 s1—sg+1
$1=052=0
s s—s1
. j: Z 25 °1T 52)(3781732)1/52(7&,5.)
5(25 31 32 Y(t—2z)S1 T (tHiN)25 5152
$1=0s52=0
s s—s1
B 23 51 32)1/52(t a)
= ta) E E sl+1 t+1)\)25 s1—sg+1
$1=0s9= 0

_ B(t+iA)(s—s1—s2)
X (A + Bt —)

s(2s—s1—s2)
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Setting | := s1 and j := s — $1 — s9, we finally get
S

s—l1
A+ Bt _ ) ve—1—;(t,8) B(t+i\)j
(t+iN) 5T (t—2) 7 (t,3) ]t - Tn(ta Z Z t—2z) H'l t+1)\JS+J+1 (A + Bt — s(s+j) )°
=0 5=0

Combining the last relation and (3.6), we see that

A+ Bt (—1)* Jvs—i1—;(iX.8) 2BiA
O X)L (t—2)7a(t,8) | 7n(iMB) ZZ(Q\ 2 2li)s+a+1 A+ Bi) — s(s—l—jj))'

=0 j=0
Using the identity i%**2 = (—1)**! and taking into account (3.2), we obtain
s s—I S+] (2>\ p (ira)
A+Bt _ N v (I08) (BA(s(s+4)—25) -
tres (t24X2)s+ 1 (t—2)mn(t,@) — ZZ 2)\ )2s+1r, (iNa) (iIA— z)l+1( s(s+7) B 1A>
=0 j=
S
D
= T (3.7)
=0

Substituting the relations (3.5) and (3.7) into (3.4), we see that
TN=) = Rau(2)+ ) e (3.8)
=0

On the other hand, taking ¢ = ¢ € R in the identity (2.1) and using the
representation (3.3), we get

me/ R (1) B()dt + a2 /°° EASIOLHORY

= Su(Rp.)(2) + Bus1(2)U; (2), (3.9)
where
U/\ _ 1 o BnJrl(t)R;\z,s(t)d _ kli[IYk > Tn (t,a) A+ Bt dt
0 (2) = 57 e t—z b= "3 _OO (Tn(t,ﬁ)) (CZ+A2)sHr, (ta) i—2"
Fort e R
mEAS T e a0
k=1 k=1

Therefore,

Xk [0
U)\(Z) _ k=1 A+ Bt dt
n - 27 (t2+A2)st+lr, (t,a) t—z"
—o0
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The integrand, as a function of the complex variable ¢ in the lower half plane,
has a pole of order s + 1 at the point t = —i\, and for |t| — +oo it is
O(|t|="=2%=2). Thus, by Cauchy residue theorem

n
A+Bt
H L9 @I (t—2)mm(ta)

Consequently,

(s)
A+ Bt 1 A4 Bt
L0 @R (i—2)ma(ta) 8l tl}l_nu T (i) (ba) |,

This similarly yields

A+ Bt
1205 PN (t=2)7 (E.2)
s s—lI S+ .
o I (=2iN) v __;(=i\a) [ BA(s(s+7)—27) i
- 2)\ 25+17—n (—iNa)(—iA—z)l+1 s(s+j) !
=0 j=
S —
_ D,
= 2T
=0

Hence,
n —
qu\(z) = H Xk (,i)\?lz)ul .

Combining this relation and (3.9), we obtain

T (2) = Su(Bp )(2) + 228 Y~ =Pl (3.10)
=0

Comparing (3.8) and (3.10), we get (3.1).

Remark 1. Note that by the definition of the system {®;}2,, the families

j:l)

n
of rational functions of the form { > bj<I>j(z)}, where b; are any complex
j=1

Pn—1 (Z)
n(z,a)

most n — 1, coincide.

numbers, and { }, where p,_1 is an algebraic polynomial of degree at

For a fixed value of A > 0, we define the algebraic polynomial ng)‘_’Sl)(z) of
the degree n — 1 with respect to the variable z by the equality

P () = p(2,8) = 7 (2,8)S(RY,)(2), n=1,2,....  (3.11)
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Corollary 1. Let A and B be any complex numbers, s be a positive integer
and A > 0. Then for any z € C and n € N, the following identity holds:

p A,s & — D,
4(Z214;\129)s+1 - pfl_l)(z) = E (Tn(za a) (i)\_DZl)zH + 7u(z,a) (_i)\?;)l+l )a (3.12)
=0

where the numbers Dy, 1 =0,1,...,s, are given by (3.2).

Indeed, the equality (3.12) can be easily obtained by expressing the value
of Sp(Ry)(2) from equality (3.11) and substituting it into identity (3.1) of
Theorem 1.

Let a:= {a;}72, be a fixed system of points in C, and let

pn(2) = pu(z,a) = poTn(z,a) = po H(z — ay),
k=1

where pg # 0 is a constant.

Denote by P,_1 the set of all algebraic polynomials with complex coeffici-
ents of degree at most n — 1 and consider the quantity
2 1/2

dt
| ) (3.13)

oo
gn(lc)\,s)2apn = pei})lf—l </oo ’(tzﬁz% _p(t)
of best weighted approximation of the kernel Ky s of the form (1.1) by all
possible polynomials from the set P,_1 in the mean square metric with the

Theorem 2. Let A, B be any fized real numbers, A > 0 and s € N. Then
for any n € N

2 T I+k Vel
En(Kxs)2,0n = MW Z Z (") GRGl, (3.14)
k=0 (=0
where
s—k . .
G = Gr(\a) = SH)is—h—iy,_p_;(iX3) (Bx(s(s+j)—2j) B iA) (3.15)
k= TR = @NFF s(5+7) : :

Il
=)

J
The infimum on the right-hand side of (3.13) is attained for the polynomial
pﬁf;‘? of the form (3.11).

Remark 2. Analyzing relation (3.14), we can see that in particular, the
equality
nh_{glo gn(ICA,s)Q,pn =0
is satisfied when A > 1 or when 0 < A < 1 and the numbers aj belong to the
set Co \{z €C:|z] <1}
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Remark 3. Note that the sum on right-hand side of (3.14) can be
represented in the form
S S

~ ¢ I+k el o Gtk Gl o0 5 Gtk |2
S S (196iG= [ eSS G Grar= [T 3G [ar =0
k=0

k=0 1=0 k=0 1=0

Proof of Theorem 2. By virtue of Remark 1, each polynomial p € P,,_; can be
represented as

p(t) = 7u(t,8) > br®y(t),
k=1

with certain coefficients {by}}_,. Thus, taking into account the definition of
the function R} ., we can assert that

n,s?
/—
[e.e]

Moreover, due to the well-known minimum property of the partial sums of
n

2 00 n 2
ﬁ% —p(t) \pn(%i)IQ = péQ/ ‘R:\z,s(t) - Zbkq)k(t)‘ dt. (3'16)
- k=1

Fourier series, for any quasi-polynomial ) by ®y(t) with respect to the system

k=1
{®r}72, we have

[ =Yoo [T R0 - s aofa =1 617
—o0 =1 0o

and the infimum on the right-hand side of (3.13) is realized by the polynomial
p,(l)‘_"i) of the form (3.11) for which we have

2
Ry, () = Su(Ry, )(B)] dt = 1505

[pol

[e%e] (As) 2 oo
A+Bt ,8 dt _ 1
/ @A ~ Pri (t)‘ (0 = |l)0|2/

Therefore, to find the value &,(ICy 5)2,p,, it is sufficient to calculate the integral
I on the right-hand side of the relation (3.17).
Denote

s

W(t) = o and Q) = T (1), (3.18)
=0

Then based on (3.1) we get

N NLCEURTE

_ /OO }W(t)fdw/w ‘Q(t)‘zdt+2Re/oo W (0@ dt.

— 00 —00 —0o0
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n(t,a)
n(t,a)

notation (3.18), we conclude that

/ T WP = / Q) Pt

For any t € R, we have = 1. Therefore, taking into account the

The functions

as functions of the complex variable ¢, are regular in the domains C_ and C,
respectively, and for [t| — 400 it is O(|t|~!). Therefore, based on the Cauchy

theorem ~
/ QW (t) dt = 0.

I 2/00 (1) 2. (3.19)

Further, note that for any nonnegative integers k and j,

Therefore

= o (DI
/_ (i)\_t)kle%t_i)\_t)jJA = (Zi)\)<j+]k)- (3.20)

Indeed, the function

1 B (_1)k+j
(IA—=t)kT1(—id—¢)d+1 T (t—iX)kHL1(¢HiN)I+10

k,j=0,1,...

as a function of the complex variable ¢ has a pole of the order k+1 at the point
t = i) in the domain C,, and for || — 4o, it has the order O(|t|~*=7=2).
Therefore, based on the Cauchy residue theorem, we get (3.20).

Assume that a; = a; +i8;, B; > 0, j = 1,2,.... Then, taking into account
the accepted notations we see that

- : |pn(—iN)|
\7'n(1/\,a)\2 = \7'71(—1)\,a)]2 = W. (3.21)

Combining relations (3.19), (3.2), (3.18), (3.21) and (3.20), we obtain the
necessary equality for I:

27T ZZ (21; ll:: Dle 2)\)25+3M ()\a ZZ l+k GkGl,

k=0 =0 k=0 =0

where Gy, is given by (3.15).
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