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Best weighted approximation of some kernels
on the real axis 1

Dedicated to the bright memory of
Vitalii Pavlovych Motornyi

Abstract. We calculate the exact value and find the polynomial of the
best weighted polynomial approximation of kernels of the form A+Bt

(t2+λ2)s+1 ,
where A and B are fixed complex numbers, λ > 0, s ∈ N, in the mean
square metric.
Key words: Takenaka-Malmqvist system, Blaschke product, best wei-
ghted approximation

Анотацiя. Обчислено точне значення та знайдено полiном найкращо-
го зваженого полiномiального наближення ядер вигляду A+Bt

(t2+λ2)s+1 , де
A та B – фiксованi комплекснi числа, λ > 0, s ∈ N, у середньоквадра-
тичнiй метрицi.
Ключовi слова: Система Такенака-Мальмквiста, добуток Бляшке,
найкраще зважене наближення

MSC2020: Pri 41A10, Sec 30J10, 41A81

1. Introduction

This paper considers the problem of weighted polynomial approximation
in the mean square metric of kernels of the form

Kλ,s(t) := Kλ,s(t, A,B) = A+Bt
(t2+λ2)s+1 (1.1)

where A and B are fixed complex numbers, λ > 0, and s is a positive integer
(s ∈ N). A lot of works are devoted to the solutions of extremal problems of the
best approximation of kernels of various types in uniform and integral metrics

1This work was partially supported by a grant from the Simons Foundation (SFI-PD-
Ukraine-00014586, A.Sh.).
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BEST WEIGHTED APPROXIMATION OF SOME KERNELS ON THE REAL AXIS

(see, for example, [1, 4, 9, 13], which provide a bibliography on this topic). In
particular, Ahiezer [1] was the first to establish the exact values of the best
weighted approximations on the real axis of kernels (1.1) in the case of s = 0
and found the extreme polynomials. He proved that for any fixed algebraic
polynomial

Pn(t) = Pn(0)
n∏
k=1

(
1− t

bk

)
, (Im bk 6= 0)

of degree n and for arbitrary real numbers A,B and λ > 0, the following
equality holds:

min
ck

max
−∞<t<∞

1
|Pn(t)|

∣∣∣A+Bt
t2+λ2 −

n−1∑
k=0

ckt
k
∣∣∣ =

√
A2+λ2B2

2λ2 exp
{
− λ

π

∫ ∞
−∞

ln |Pn(x)|
x2+λ2 dx

}
.

The solution to the corresponding extremal problem of approximation
by rational functions with given poles in a uniform metric was obtained by
Bernstein (see, e.g. [2]).

The Cauchy kernel is the function

(z, t) 7→ 1

z − t
, (z, t) ∈ C2 \∆,

where ∆ := {(z, t) ∈ C2 : z = t}.
Dzhrbashyan [3] developed a method that provides solutions to extremal

problems about the best rational approximations of the Cauchy kernel in the
case where z is fixed with Imz 6= 0 and −∞ < t <∞, both in the uniform and
mean-square metrics on the real axis R. The method is based on the use of
certain orthogonal and bi-orthogonal systems of rational functions on R with
fixed poles in the upper half-plane C+ := {z ∈ C : Imz > 0}.

Using the method of Dzhrabashyan, Voskanian [15] improved upon the
result of Akhiezer, solved similar extremal problems for kernels (1.1) in the
case of s = 0 in the mean square metric, and also considered the corresponding
problems of approximating such kernels by rational functions with fixed poles.

In [11], similar extremal problems of the best weighted polynomial approxi-
mation of kernels (1.1) in the case of s = 1 in the mean square metric were
solved.

This paper provides solutions to extremal problems of best weighted
polynomial approximation of kernels (1.1) for arbitrary positive integer s in
the mean square metric. In particular, the extremal polynomial is found expli-
citly and the exact values of the best weighted approximation of such kernels
in the mean square metric are calculated.

For A = s = 0 and B = 1
π , the kernel Kλ,s(t, A,B) coincides with the

Poisson kernel Pt(λ) = 1
π

t
λ2+t2

as a function of the variable λ.
A special case of kernels (1.1) are integral kernels defined in the upper

half-plane by the well-known biharmonic Poisson integrals

B(f ; t;λ) := 2λ3

π

∫ ∞
−∞

f(x+t)
(x2+λ2)2 dx,
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which give the solution of the biharmonic equation

∇2(∇2U) = 0, ∇ := ∂2

∂x2 + ∂2

∂λ2 ,

in the upper half-plane of the complex plane (λ > 0) under the boundary
conditions

lim
λ→0+

U(x, λ) = f(x), lim
λ→0+

∂
∂λU(x, λ) = 0.

The approximation properties of similar Poisson integrals were investigated in
[5, 12]. We also note that in [9], weighted combinations of the Cauchy-Szegö
kernel and its derivatives on the unit circle were studied, and, in turn, kernels
(1.1) can be considered as a special case of linear combinations of Poisson
kernels and their derivatives. Incidentally, the properties of Poisson kernels are
often used in solving problems in physics, mechanics, electrical engineering,
etc.

2. Preliminaries

Let a := {ak}∞k=1 be a sequence of complex numbers on the upper half-plane
C+ := {z = x+ iy ∈ C : Im z > 0}. Consider the system of functions

Φj(z) :=

√
Im aj
z−aj Bj(z), j = 1, 2, . . . ,

where

B1(z) := 1, Bj(z) :=

j−1∏
k=1

χk
z−ak
z−ak , j = 2, 3, . . . ,

are the Blaschke j-product with zeros at the points ak, χk :=
|1+a2

k|
1+a2

k
, k = 1, 2, ....

The system of functions {Φj}∞j=1 was introduced by Dzhrbashyan [3] by
analogy, as was done by Takenaka and Malmquist (see [14, 7]) in the case of
the Hardy space H2 in the unit disc. In particular, it was shown in [3] that this
system is orthonormal on the real axis R, i.e.

1
π

∫ ∞
−∞

Φj(x)Φk(x) dx =

{
0, j 6= k,
1, j = k,

j, k = 1, 2, . . . ,

as well as the following statement is true:

Proposition 1 ([3, Theorem 1]). For arbitrary z, ζ ∈ C, z 6= ζ and any
positive integer n

1
2i(ζ−z) =

n∑
j=1

Φj(ζ)Φj(z) + Bn+1(ζ)Bn+1(z)

2i(ζ−z) . (2.1)
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The equality (2.1) is an analogue of the Christoffel-Darboux formula for
orthogonal polynomials and is known in the literature as the Dzhrbashyan
identity. A simple proof of Proposition 1 can also be found in [10].

A function f , analytic in the half-plane C+, belongs to the Hardy class
H2(C+), if

‖f‖H2(C+) := sup
y>0

(
1
π

∫ ∞
−∞
|f(x+ iy)|2 dx

)1/2
<∞.

It is known [6, Theorem 2] (see also [8, p. 291]) that every function f from
the space H2(C+) has non-tangent limiting values

f(x) = lim
y→0+

f(x+ iy), x+ iy ∈ C+,

almost everywhere on the real axis R = ∂C+, which belong to the space Lp(R).
Furthermore,

‖f‖H2(C+) = ‖f‖2 :=
(

1
π

∫ ∞
−∞
|f(t)|2 dt

)1/2
,

and the Cauchy’s integral formula holds:

f(z) = 1
2πi

∫ ∞
−∞

f(t)
t−z dt, ∀z ∈ C+. (2.2)

The following statement is a consequence of the combination of Proposition
1 and formula (2.2), and was first obtained by Dzhrbashyan in [3].

Proposition 2 ([3, Corollary 1.3]). If f ∈ H2(C+), then for any n ∈ N
and z ∈ C+

f(z) =
n∑
j=1

f̂(j)Φj(z) + Bn+1(z)
2πi

∫ ∞
−∞

f(t)Bn+1(t)
t−z dt,

where
f̂(j) := 1

π

∫ ∞
−∞

f(t)Φj(t) dt, j = 1, 2, . . . .

Let A and B be any complex numbers, λ > 0 and n, s ∈ N. Set

Rλn,s(z) := Rλn,s(z,A,B,a) = A+Bz
(z2+λ2)s+1τn(z,ā)

, z ∈ C+,

where τn(z,a) :=
n∏
k=1

(z − ak) and ā := {āk}∞k=1.

Let Sn(Rλn,s) denote the n-th partial Fourier sum of the function Rλn,s with
respect to the system {Φj}∞j=1, i.e.,

Sn(Rλn,s)(z) =
n∑
j=1

R̂λn,s(j)Φj(z), z ∈ C+,
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where R̂λn,s(j) = 1
π

∫∞
−∞R

λ
n,s(t, λ)Φj(t)dt, j = 1, 2, . . .

For a fixed k = 0, 1, . . ., we denote

νk(z,a) :=
∑
|k|=k

n∏
j=1

1

(z−aj)kj
. (2.3)

where the sum is taken over all possible vectors k = (k1, . . . , kn) with non-
negative integer coordinates for which |k| := k1 + . . .+ kn = k.

3. Main results

The following theorem gives a representation for the deviation of the kernel
Rλn,s(z) from the partial sum Sn(Rλn,s)(z) at each point z ∈ C+.

Theorem 1. Let A and B be fixed complex numbers, and λ > 0. Then for
any z ∈ C+ and n, s ∈ N the following identity holds:

Rλn,s(z)− Sn(Rλn,s)(z) =
s∑
l=0

(
Dl

(iλ−z)l+1 + τn(z,a)
τn(z,ā)

Dl
(−iλ−z)l+1

)
, (3.1)

where

Dl :=

s−l∑
j=0

(2iλ)s−j(s+js )νs−l−j(iλ,ā)

(2λ)2s+1τn(iλ,ā)

(
Bλ(s(s+j)−2j)

s(s+j) − iA
)
. (3.2)

Proof of Theorem 1. Let z ∈ C+. Consider the following Cauchy-type integral

J λn (z) := 1
2πi

∫ ∞
−∞

Rλn,s(t)

t−z dt = 1
2πi

∫ ∞
−∞

A+Bt
(t2+λ2)s+1(t−z)τn(t,ā)

dt. (3.3)

The integrand as a function of the complex variable t ∈ C+ has poles of order
1 at the point t1 = z and of order s+1 at the point t2 = iλ, and for |t| → +∞,
it is O(|t|−n−2s−2). Therefore, based on Cauchy residue theorem, we have

J λn (z) =
(

res
t=t1

+ res
t=t2

)
A+Bt

(t2+λ2)s+1(t−z)τn(t,ā)
, (3.4)

where
res
t=t1

A+Bt
(t2+λ2)s+1(t−z)τn(t,ā)

= A+Bz
(z2+λ2)s+1τn(z,ā)

= Rλn,s(z), (3.5)

and
res
t=t2

A+Bt
(t2+λ2)s+1(t−z)τn(t,ā)

= 1
s! lim
t→iλ

[
A+Bt

(t+iλ)s+1(t−z)τn(t,ā)

](s)

t
. (3.6)

Since for any k = 0, 1, 2, . . .,

(A+Bt)(k) =


A+Bt, k = 0,
B, k = 1,
0, k > 1,
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and [
1
t−z

](k)

t
= (−1)kk!

(t−z)k+1 ,
[

1
(t+iλ)s+1

](k)

t
= (−1)k(s+k)!

s!(t+iλ)s+k+1 ,

and by Leibniz rule,[
1

τn(t,ā)

](k)

t
=

∑
|k|=k

k!
k1!k2!···kn!

n∏
j=1

[
1

t−aj

](kj)

=
∑
|k|=k

k!
k1!k2!···kn!

n∏
j=1

(−1)kj kj !

(t−aj)kj+1

= (−1)kk! νk(t,ā)
τn(t,ā) ,

we get[
A+Bt

(t+iλ)s+1(t−z)τn(t,ā)

](s)

t

=
∑
|s|=s

(A+Bt)s!
s1!s2!s3!

(−1)s1s1!
(t−z)s1+1

(−1)s3 (s+s3)!
s!(t+iλ)s+s3+1

(−1)s2s2! νs2 (t,ā)

τn(t,ā)

+
∑
|s|=s−1

B(s−1)!
s1!s2!s3!

(−1)s1s1!
(t−z)s1+1

(−1)s3 (s+s3)!
s!(t+iλ)s+s3+1

(−1)s2s2! νs2 (t,ā)

τn(t,ā)

= (−1)ss!
τn(t,ā)

[ ∑
|s|=s

(A+Bt)(s+s3s )νs2 (t,ā)

(t−z)s1+1(t+iλ)s+s3+1 −
∑
|s|=s−1

B(s+s3s )νs2 (t,ā)

s(t−z)s1+1(t+iλ)s+s3+1

]
,

where s = (s1, s2, s3). Therefore,

[
A+Bt

(t+iλ)s+1(t−z)τn(t,ā)

](s)

t
= (−1)ss!

τn(t,ā)

[
s∑

s1=0

s−s1∑
s2=0

(A+Bt)(2s−s1−s2
s )νs2 (t,ā)

(t−z)s1+1(t+iλ)2s−s1−s2+1

−
s−1∑
s1=0

s−1−s1∑
s2=0

B(2s−s1−s2
s )(s−s1−s2)νs2 (t,ā)

s(2s−s1−s2)(t−z)s1+1(t+iλ)2s−s1−s2

]
.

Since the expression in the second sum vanishes for s2 = s− s1, as well as for
s1 = s and s2 = 0, we can rewrite the last formula as follows

[
A+Bt

(t+iλ)s+1(t−z)τn(t,ā)

](s)

t
= (−1)ss!

τn(t,ā)

[
s∑

s1=0

s−s1∑
s2=0

(A+Bt)(2s−s1−s2
s )νs2 (t,ā)

(t−z)s1+1(t+iλ)2s−s1−s2+1

−
s∑

s1=0

s−s1∑
s2=0

B(2s−s1−s2
s )(s−s1−s2)νs2 (t,ā)

s(2s−s1−s2)(t−z)s1+1(t+iλ)2s−s1−s2

]

= (−1)ss!
τn(t,ā)

s∑
s1=0

s−s1∑
s2=0

(2s−s1−s2
s )νs2 (t,ā)

(t−z)s1+1(t+iλ)2s−s1−s2+1

×
(
A+Bt− B(t+iλ)(s−s1−s2)

s(2s−s1−s2)

)
.
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Setting l := s1 and j := s− s1 − s2, we finally get

[
A+Bt

(t+iλ)s+1(t−z)τn(t,ā)

](s)

t
= (−1)s

τn(t,ā)

s∑
l=0

s−l∑
j=0

s! (s+js ) νs−l−j(t,ā)

(t−z)l+1(t+iλ)s+j+1

(
A+Bt− B(t+iλ)j

s(s+j)

)
.

Combining the last relation and (3.6), we see that

res
t=t2

A+Bt
(t2+λ2)s+1(t−z)τn(t,ā)

= (−1)s

τn(iλ,ā)

s∑
l=0

s−l∑
j=0

(s+js )νs−l−j(iλ,ā)

(iλ−z)l+1(2iλ)s+j+1

(
A+Biλ− 2Biλj

s(s+j)

)
.

Using the identity i2s+2 = (−1)s+1 and taking into account (3.2), we obtain

res
t=t2

A+Bt
(t2+λ2)s+1(t−z)τn(t,ā)

=
s∑
l=0

s−l∑
j=0

(s+js )(2iλ)s−jνs−l−j(iλ,ā)

(2λ)2s+1τn(iλ,ā)(iλ−z)l+1

(
Bλ(s(s+j)−2j)

s(s+j) − iA
)

=
s∑
l=0

Dl
(iλ−z)l+1 . (3.7)

Substituting the relations (3.5) and (3.7) into (3.4), we see that

J λn (z) = Rλn,s(z) +
s∑
l=0

Dl
(iλ−z)l+1 . (3.8)

On the other hand, taking ζ = t ∈ R in the identity (2.1) and using the
representation (3.3), we get

J λn (z) =
n∑
k=1

Φk(z)
π

∫ ∞
−∞

Rλn,s(t)Φk(t)dt+ Bn+1(z)
2πi

∫ ∞
−∞

Bn+1(t)Rλn,s(t)

t−z dt

= Sn(Rλn,s)(z) +Bn+1(z)Uλn (z), (3.9)

where

Uλn (z) = 1
2πi

∫ ∞
−∞

Bn+1(t)Rλn,s(t)

t−z dt =

n∏
k=1

χk

2πi

∫ ∞
−∞

(
τn(t,a)
τn(t,ā)

)
A+Bt

(t2+λ2)s+1τn(t,ā)
dt
t−z .

For t ∈ R (
τn(t,a)
τn(t,ā)

)
=

n∏
k=1

(t−ak)

n∏
k=1

(t−ak)
=

n∏
k=1

(t−ak)

n∏
k=1

(t−ak)
= τn(t,ā)

τn(t,a) .

Therefore,

Uλn (z) =

n∏
k=1

χk

2πi

∫ ∞
−∞

A+Bt
(t2+λ2)s+1τn(t,a)

dt
t−z .
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The integrand, as a function of the complex variable t in the lower half plane,
has a pole of order s + 1 at the point t = −iλ, and for |t| → +∞ it is
O(|t|−n−2s−2). Thus, by Cauchy residue theorem

Uλn (z) = −
n∏
k=1

χk res
t=−iλ

A+Bt
(t2+λ2)s+1(t−z)τn(t,a)

.

Consequently,

res
t=−iλ

A+Bt
(t2+λ2)s+1(t−z)τn(t,a)

= 1
s! lim
t→−iλ

[
A+Bt

(t−iλ)s+1(t−z)τn(t,a)

](s)

t
.

This similarly yields

res
t=−iλ

A+Bt
(t2+λ2)s+1(t−z)τn(t,a)

=

[
s∑
l=0

s−l∑
j=0

(s+js )(−2iλ)s−jνs−l−j(−iλ,a)

(2λ)2s+1τn(−iλ,a)(−iλ−z)l+1

(
Bλ(s(s+j)−2j)

s(s+j) + iA
)]

=

s∑
l=0

Dl
(−iλ−z)l+1 .

Hence,

Uλn (z) =
n∏
k=1

χk

s∑
l=0

Dl
(−iλ−z)l+1 .

Combining this relation and (3.9), we obtain

J λn (z) = Sn(Rλn,s)(z) + τn(z,a)
τn(z,ā)

s∑
l=0

Dl
(−iλ−z)l+1 . (3.10)

Comparing (3.8) and (3.10), we get (3.1).

Remark 1. Note that by the definition of the system {Φj}∞j=1, the families

of rational functions of the form
{ n∑
j=1

bjΦj(z)
}
, where bj are any complex

numbers, and
{
pn−1(z)
τn(z,ā)

}
, where pn−1 is an algebraic polynomial of degree at

most n− 1, coincide.

For a fixed value of λ > 0, we define the algebraic polynomial p(λ,s)
n−1 (z) of

the degree n− 1 with respect to the variable z by the equality

p
(λ,s)
n−1 (z) := p

(λ,s)
n−1 (z, ā) = τn(z, ā)Sn(Rλn,s)(z), n = 1, 2, . . . . (3.11)
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Corollary 1. Let A and B be any complex numbers, s be a positive integer
and λ > 0. Then for any z ∈ C+ and n ∈ N, the following identity holds:

A+Bz
(z2+λ2)s+1 − p

(λ,s)
n−1 (z) =

s∑
l=0

(
τn(z, ā) Dl

(iλ−z)l+1 + τn(z,a) Dl
(−iλ−z)l+1

)
, (3.12)

where the numbers Dl, l = 0, 1, . . . , s, are given by (3.2).

Indeed, the equality (3.12) can be easily obtained by expressing the value
of Sn(Rn)(z) from equality (3.11) and substituting it into identity (3.1) of
Theorem 1.

Let a := {ak}∞k=1 be a fixed system of points in C+, and let

ρn(z) = ρn(z,a) = ρ0τn(z,a) = ρ0

n∏
k=1

(z − ak),

where ρ0 6= 0 is a constant.
Denote by Pn−1 the set of all algebraic polynomials with complex coeffici-

ents of degree at most n− 1 and consider the quantity

En(Kλ,s)2,ρn := inf
p∈Pn−1

(∫ ∞
−∞

∣∣∣ A+Bt
(t2+λ2)s+1 − p(t)

∣∣∣2 dt
|ρn(t)|2

)1/2
(3.13)

of best weighted approximation of the kernel Kλ,s of the form (1.1) by all
possible polynomials from the set Pn−1 in the mean square metric with the
weight 1

|ρn(t)|2 .

Theorem 2. Let A,B be any fixed real numbers, λ > 0 and s ∈ N. Then
for any n ∈ N

E2
n(Kλ,s)2,ρn = 4π

(2λ)2s+3|ρn(−iλ)|2

s∑
k=0

s∑
l=0

(
l+k
l

)
GkGl, (3.14)

where

Gk = Gk(λ,a) =
s−k∑
j=0

(s+js )is−k−jνs−k−j(iλ,ā)

(2λ)k+j

(
Bλ(s(s+j)−2j)

s(s+j) − iA
)
. (3.15)

The infimum on the right-hand side of (3.13) is attained for the polynomial
p

(λ,s)
n−1 of the form (3.11).

Remark 2. Analyzing relation (3.14), we can see that in particular, the
equality

lim
n→∞

En(Kλ,s)2,ρn = 0

is satisfied when λ > 1 or when 0 < λ < 1 and the numbers ak belong to the
set C+ \ {z ∈ C : |z| < 1}.
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Remark 3. Note that the sum on right-hand side of (3.14) can be
represented in the form

s∑
k=0

s∑
l=0

(
l+k
l

)
GkGl =

∫ ∞
0

e−t
s∑

k=0

s∑
l=0

Gkt
k

k!
Glt

l

l! dt =

∫ ∞
0

e−t
∣∣∣ s∑
k=0

Gkt
k

k!

∣∣∣2dt ≥ 0.

Proof of Theorem 2. By virtue of Remark 1, each polynomial p ∈ Pn−1 can be
represented as

p(t) = τn(t, ā)
n∑
k=1

bkΦk(t),

with certain coefficients {bk}nk=1. Thus, taking into account the definition of
the function Rλn,s, we can assert that

∫ ∞
−∞

∣∣∣ A+Bt
(t2+λ2)s+1 − p(t)

∣∣∣2 dt
|ρn(t)|2 = 1

|ρ0|2

∫ ∞
−∞

∣∣∣Rλn,s(t)− n∑
k=1

bkΦk(t)
∣∣∣2dt. (3.16)

Moreover, due to the well-known minimum property of the partial sums of

Fourier series, for any quasi-polynomial
n∑
k=1

bkΦk(t) with respect to the system

{Φk}∞k=1, we have

∫ ∞
−∞

∣∣∣Rλn,s(t)− n∑
k=1

bkΦk(t)
∣∣∣2dt ≥

∫ ∞
−∞
|Rλn,s(t)− Sn(Rλn,s)(t)|2 dt =: I (3.17)

and the infimum on the right-hand side of (3.13) is realized by the polynomial
p

(λ,s)
n−1 of the form (3.11) for which we have∫ ∞
−∞

∣∣∣ A+Bt
(t2+λ2)s+1 − p(λ,s)

n−1 (t)
∣∣∣2 dt
|ρn(t)|2 = 1

|ρ0|2

∫ ∞
−∞

∣∣∣Rλn,s(t)− Sn(Rλn,s)(t)
∣∣∣2dt = I

|ρ0|2 .

Therefore, to find the value En(Kλ,s)2,ρn it is sufficient to calculate the integral
I on the right-hand side of the relation (3.17).

Denote

W (t) :=

s∑
l=0

Dl
(iλ−t)l+1 and Q(t) := τn(t,a)

τn(t,ā)W (t). (3.18)

Then based on (3.1) we get

I =

∫ ∞
−∞
|W (t) +Q(t)|2dt =

=

∫ ∞
−∞

∣∣∣W (t)
∣∣∣2dt+

∫ ∞
−∞

∣∣∣Q(t)
∣∣∣2dt+ 2Re

∫ ∞
−∞

W (t)Q(t)dt.
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For any t ∈ R, we have
∣∣∣ τn(t,a)
τn(t,ā)

∣∣∣ = 1. Therefore, taking into account the
notation (3.18), we conclude that∫ ∞

−∞
|W (t)|2dt =

∫ ∞
−∞
|Q(t)|2dt.

The functions
1

(iλ−t)l and 1
(−iλ−t)l , l = 1, 2, . . .

as functions of the complex variable t, are regular in the domains C− and C+,
respectively, and for |t| → +∞ it is O(|t|−l). Therefore, based on the Cauchy
theorem ∫ ∞

−∞
Q(t)W (t) dt = 0.

Therefore
I = 2

∫ ∞
−∞
|W (t)|2dt. (3.19)

Further, note that for any nonnegative integers k and j,∫ ∞
−∞

dt
(iλ−t)k+1(−iλ−t)j+1 = π

λ ·
(−1)j(j+kj )

(2iλ)j+k
. (3.20)

Indeed, the function

1
(iλ−t)k+1(−iλ−t)j+1 = (−1)k+j

(t−iλ)k+1(t+iλ)j+1 , k, j = 0, 1, . . .

as a function of the complex variable t has a pole of the order k+1 at the point
t = iλ in the domain C+, and for |t| → +∞, it has the order O(|t|−k−j−2).
Therefore, based on the Cauchy residue theorem, we get (3.20).

Assume that aj = αj + iβj , βj > 0, j = 1, 2, . . .. Then, taking into account
the accepted notations we see that

|τn(iλ, ā)|2 = |τn(−iλ,a)|2 =
|ρn(−iλ)|
|ρ0|2

. (3.21)

Combining relations (3.19), (3.2), (3.18), (3.21) and (3.20), we obtain the
necessary equality for I:

I = 2π
λ

s∑
k=0

s∑
l=0

(−1)l(l+kl )
(2iλ)l+k

DkDl = 4π
(2λ)2s+3µn(λ,a)

s∑
k=0

s∑
l=0

(
l+k
l

)
GkGl,

where Gk is given by (3.15).
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