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Abstract. We provide improved error bounds for kernel-based numerical
differentiation in terms of growth functions when kernels are of a finite
smoothness, such as polyharmonic splines, thin plate splines or Wendland
kernels. In contrast to existing literature, the new estimates take into
account the Holder class smoothness of kernel’s derivatives, which helps
to improve the order of the estimate. In addition, the new estimates apply
to certain deficient point sets, relaxing a standard assumption that an
approximation with conditionally positive definite kernels must rely on
determining sets for polynomials.
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Amnoratiss. Mu nponoHyeMo MOKpaIleHi Mexi MOXUOKU 11 YUCETBHOIO
nudepeHIiioBaHHsl Ha OCHOBI sifiep y TepMmiHax (DyHKIIH 3pOCTaHHS, KO-
JIM gApa MalOTh CKIHYEHHY IVIQJIKICTh, TaKi AK ITOJIITapMOHIYHI CILIaiHU,
CILTAHU TOHKOI IIacTUHU abo siipa Bewnaenga. Ha Bimminy Bij HasgBHUX
pe3yabTaTiB y JiTepaTypi, HOBI OIIHKH BPaXOBYIOTH IVIQJIKICThH HOXIITHUX
sapa 3a KjaacoMm lembiepa, 1o gomoMarae MOKPAIUTH MOPSI0K OIHKH.
Kpim Toro, HOBI OIiHKM 3aCTOCOBYIOTHCS 10 JEAKHUX JeDIIUTHUX MHOKWH
TOYOK, ITOCTAOIIOI0YN CTAHIaAPTHE MIPUITYIIEHHS, 10 HAOJIMKEHHS 3 YMOB-
HO JIOJATHO BU3HAYECHUMH SIAPAMH MOBUHHO CIMPATHCS HA BU3HAYANOUI

MHOXKWHH JIJIsT TIOJTIHOMIB.
KurouoBi csioBa: yucesibHe JaudepeHIioBaits, 6€3CiTKOBI MeTo U, Me-

TOJ, Ha OCHOBI sijipa, MYHKIA 3pocTaHHsl, gedIinUTH MHOXKIHHY, [TOJIrap-
MOHIYHI CILIAHU, CIJIAWHA TOHKOI ITACTUHU, siapa Bemmienma
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1. Introduction

Let
K:OxQ—=R
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ERROR BOUNDS FOR NUMERICAL DIFFERENTIATION

be a symmetric conditionally positive definite (cpd) kernel on Q C R of order
s > 0, see for example [9], and D a linear differential operator of order k > 0
in d real variables

Hled glel

oxe = Bapoag = ertootes (L

Df = Z and%f, 0% :=

|| <k

with variable coefficients a,. In particular, for k = 0 and a( o) = 1, D is
the identity operator Df = f.

For the operator D or any other operator or functional A applicable to
real-valued function of d variables, we will use the notation A’K and A”K to
denote the result of applying A to the first, respectively, second d-dimensional
argument of the kernel K. If one operator is applied to the first and another
to the second argument of K, then we write for example A’B” K when first B
was applied to the second argument, and then A to the first. For the partial
derivative operators 0% that are applied repeatedly to the first and second
arguments of K, we use a simplified notation

olel oAl M glal+1] .
8XO‘ 8yB ( }’) o 8%‘?1 ce 63&3“183;?1 . aygd (Xa y)

0K (x,y) =

whenever the ordering of partial differentiation does not influence the result.
Given a point z € R? and a finite set X = {x1,...,xn} C Q, a kernel-based
numerical differentiation formula

N

Df(z)~ ) w; f(x;) (1.2)

j=1

with weight vector w* = [w;*]évzl is obtained by solving the linear system

N M
ijK(xi,xj) + Zvjpj(xi) = D'K(z,x;), 1<i<N, (1.3)
; o
> wipi(x;) = Dp;(2), 1<i< M, (1.4)
with unknowns wy ..., wy and vy ...,vps, where p1,...,pa is a basis for the

space I1¢ of d-variate polynomials of total degree at most s — 1, such that
M = (d+fl_1) In the case s = 0 the kernel is strictly positive definite and we
set 1 = {0} and M = 0.

It has been shown in [3| that the weights wi = wj, j =1,...,N, are
uniquely determined by (1.3)—(1.4) as soon as (1.4) is consistent, that is, there
is at least one vector w € R satisfying (1.4). This extends the more restrictive
condition that the set X is a determining set for I1¢ ¢, in which case the right
hand side of formula (1.2) expresses the values at z of D applied to the kernel-
based interpolant of f, see [4]. Usually, (1.4) has many solutions, but only one
of them satisfies (1.3). The coefficients v; may not be uniquely determined,
but they are not needed for numerical differentiation.
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Accurate numerical differentiation formulas of type (1.2) are needed in the
meshless finite difference methods for partial differential equations, such as
RBF-FD, see for example [7]. Asymptotic behavior of the error of (1.2) when
s is fixed and N — oo is usually estimated in terms of so-called fill distance of
the set X in © [9]. Applications to meshless finite difference methods however
requires estimates applicable to N not significantly exceeding M [1]. Such
estimates using a growth function instead of the fill distance have been proposed
in [4]. However, as we will see in Section 3 the results of [4] provide suboptimal
error estimates in the case when the kernels are of a finite smoothness. In this
paper we improve the error estimates of [4] by taking into account the fact
that the highest order continuous partial derivatives of such kernels belong to
certain Holder smoothness classes. Moreover, we show that the error bounds
remain valid under the less restrictive assumption of solvability of (1.4), which
allows to apply them to certain deficient sets as demonstrated numerically in
[3].

The paper is organized as follows. Section 2 is devoted to the main general
results that are subsequently applied in Section 3 to the particularly important
translation-invariant kernels of finite smoothness, with full details provided for
polyharmonic splines, thin plate splines and Wendland kernels.

2. Main results

We start by summarizing some basic facts about kernels and numerical
differentiation formulas that will be needed in what follows.
Theorems 1 and 2 in [3] imply the following statement.

Proposition 1. Let D be a linear differential operator of order k and let K
be a cpd kernel of order s. The kernel-based numerical differentiation formula
(1.2) is well defined as long as D'K(z,x;) exists for all ¢ = 1..., N, and the
linear system (1.4) is consistent. The formula (1.2) is exact for all functions f
of the form

N M
ZaiK('vxi) + Z bipi, ai,b; €R, (2.1)
i=1 i=1

satisfying

N
Zajpi(xj) =0, 1<i<M. (2.2)
j=1

In particular, (1.2) is exact for all polynomials in TI¢.

Note that exactness for polynomials is obvious from (1.4).

Let Fi denote the native space of the kernel K [8, 9]. It is a semi-Hilbert
space of real valued functions on {2 arising as completion of the space of functi-
ons of the form (2.1) satisfying (2.2). Moreover, Fx is the direct sum of a
Hilbert space and the polynomial space Hg C ker Fx. We denote by (f,g9)x
and || fllx = (f, f)}{/2 the inner product and the (semi-)norm of Fx. We also
denote by ||A||x the standard norm of any bounded linear functional A € Fj;.
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In the case s = 0 the strictly positive definite kernel K is the reproducing
kernel of Fi. Otherwise, K possesses a weaker reproduction property

M= (f,N'K)g forall A € L(IT¢, Q) (2.3)

where £(I1%,9Q) consists of all linear functionals A € Fj of the form Af =
Z;V:l a; f(x;) for arbitrary X C € and coeflicients a; such that (2.2) holds, that
is A\p = 0 for all p € I1Z. This property follows for example from [8, Theorem 6.1]
since for the auxiliary kernel ¥ used there the difference 'K — X\’ belongs
to I1¢ and hence it is orthogonal to any element f of Fy.

Using (2.3) we can argue as in [4, Section 2| to prove the following result.

Proposition 2. Let D be a linear differential operator of order k, and K
a cpd kernel of order s. The error functional

N
ew i [ Df(z) =Y w;f(x;) (2.4)
j=1

of any numerical differentiation formula satisfying ewp = 0 for all p € TI¢ is
continuous on Fy if 0P K (z,z) exists for all |af,|8| < k. Moreover,

lewll = ewew K- (2.5)

Note that the only improvement in comparison to |4, Lemma 4] is that we do
not require from X to be a determining set for Hg.

Similarly, without changing its proof we obtain a slight improvement of [4,
Lemma 6|:

Proposition 3. Let D be a linear differential operator of order k, and K
a cpd kernel of order s on Q@ C R% For z € Q and X = {x1,...,xny} C &,
assume that

(a) 0“PK(z,z) exists for all |af,|3| < k,
(b) D'K(z,x;) exists for all i =1..., N, and
(c) the linear system (1.4) is consistent.
Then the kernel-based numerical differentiation formula (1.2) satisfies
N
Df(z) = Y wif(x)| < Proxalfli forall f€ Fi,  (26)
j=1
where Px p x5 is the power function defined by
PIQ(?DX,Z = min {QK7D7X7Z(W) cweRN, eup=0forall pe Hg}, (2.7)

with
Qr.DX2(W) 1= yen K. (2.8)
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Note that the formula (1.2) is well defined by Proposition 1.

In view of Proposition 2, Qg p x,z(W) is the square of the worst case error
of numerical differentiation using weight vectors w satisfying the polynomial
exactness condition ewp = 0 for all p € TI¢, which we will briefly refer to as
ew(T19) = 0, for functions in the unit ball of F,

N
Qupxalw) = s Df@) =Y wiray)|  Hewmh =0 (29)
7k <t =

Moreover, Proposition (3) shows that the kernel-based numerical differentiation
formula (1.2) provides the optimal recovery of D f(z) for f in the native space
Fx among all numerical differentiation formulas exact for polynomials in I1¢,
and the power function gives the error of the optimal recovery,

Pxpxz= inf sup ‘Df E wjf(a?j)‘. (2.10)
weRN -
ew (11§)=0 ||f||K<1

Remark 1. We can easily compute Qg p x (W) for any weight vector w,

N N
Qk.px.2(W) = D'D"K(z,2)—-2) w;D'K(z,x))+ Y wiw;K(x;,x;), (2.11)
j=1 i,j=1

where we used the identity D" K (x;,z) = D'K(z,x;) that holds in view of the

symmetry of K. For w = w* the formula simplifies further to

N

P} pxs=Qrpxa(W)=DD"K(z,2) - > w;D'K(zx;)  (212)
7=1

since o
(z,x;j) Zw K(xj,%;) Z%’pi(x]‘)
i=1
and therefore
N N
Zw;D’K(z,xj) = Z w; w; K (%, %)
j=1 i,j=1
by (1.3)—(1.4).
We now extend the upper bound for Qx, p x (W) given in [4, Lemma 7| to
kernels with weaker smoothness assumptions and all sets X for which (1.4) is

consistent.
Let

N
Syx = U[z, X
i=1
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For any function U : S, x x S, x — R, we set

Uy = sup [T0¥)ZUG02) ~Uly) + Ule,2)]

2XY T yeSax Ix —zl5 [y — 23
X£Z, yF2

, 0<~y <1,

and forr € N, 0 < v <1, we set

“mrrrr( 2 2 (o) ()7 i)

r |Bl=r

where (;) = (’;—!!, a!:=aq!---ay!, whenever U is defined on 2 x € for a domain

Q containing S, x, and derivatives 0*°U (x,y), with |a| = r and |3] = r exist
for all x,y € S, x.

Proposition 4. Let D be a linear differential operator of order k, and K
a cpd kernel of order s on Q C R Given z € Q, X = {x1,...,xy}, with
Syx C Q, and w € RV, assume that for some integer ¢ > max{s,k + 1} and
m such that k <m < ¢q—1,

(a) K possesses continuous partial derivatives 0% K (x,y) for all |a|, |8] < m
and all x,y € 5, x,

(b) |K|zx,m+y < 00, for some v € (0, 1], and
(c) w satisfies Dp(z) = Z;VZI w;p(x;) for all p € Hg.
Then
(2.13)

QK,D,Xx,2(W (Z |wil [|x; — ZHmﬂ>

Proof. Observe that Qk p x (W), given by (2.8), is well defined because all
assumptions of Proposition 3 are satisfied. In particular, (1.4) is consistent
thanks to (c) because g > s.

We adapt in part the proofs of [4, Lemma 7] and [5, Lemma 2]. Denote by
T4 2f the Taylor polynomial of degree m of a function f : {) — R centered at

z,

Toef) = Y E = ()

laj<m

As in [5, Lemma 2|, we see that for any point x € S, x the remainder

Rm,zf(x) = f(X) - Tm,zf(x)

can be represented as

Braf(0)=m 3 & / (1= 6™ 10% f(z + t(x — 2)) — 0° [(2)] L,

laj=m
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as long as f is m times continuously differentiable everywhere in S, x. When
an expression U(x,y) depends on two d-dimensional variables x and y, we
write

X —z)*
TT)V(L,ZU(Xv}I) = Z (a!)aa’OU(Z’y)v

|a|<m
respectively,
(y —2)*
7 U(xy) = Z Tao’aU(sz),
o <m '

for the Taylor polynomial in x, respectively, y, and use a similar notati-
on R%,Uxy) = Uxy) — T,U(xy) and R U(xy) = Ulxy) —
T, 2U(x,y) for the respective remainders.

Following the proof of [4, Lemma 7|, we consider the Boolean sum B ,(x,y)
of Taylor polynomials of K(x,y),

Bma(x,y) =1 K(xy) + T}, [ K(x,y) = T} , T} . K(x,y)
x—2z)" ., y * 0.a
=Y B iy ¢ 2 O )

la|<m ’ |a|<m

B Z (X—Z)a(y _Z)Baa’ﬁK(Z,Z>,

alB!
], |B]<m f

and conclude that
K(x,y) = Bma(x,y) = R(x,y) := Ry, R, ,K(x,y) forall x,y € Qy,
and, thanks to Assumption (c),

QKD X z Z wle Xz, X]) (214)
1,j=1

The above remainder formula for the Taylor polynomial implies that
1 ~ ~
R(xj,xj) =m Z / (1—t)ym1 [BO"OR(Xg, Xj) — 30"0R(z,xj)]dt,
o= °
where x! := z + t(x; — z), and
R(x,y) := RY, ,K(x,y) = K(x,y) = T}, ,K(x,y)
satisfies
1
I*OR(x, x;) mz / —s)"" 1[80"5K(x x;) — P K (x, z)|ds.
|Bl=m 0
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Since
0P K (x!,x5) — 0P K (x!,2) — 0K (2,x5) + 0“" K(z,2)|
< |Ixt = 213 [Ix; — 213 [0*P K|, «
= (ts)||xi — 23 Ix; — zll3 !aaﬂKiz,X,w
and L
— 1!
/ (1—t)y" dt = (m 1) :
0 (Y+ 1) (v +m)
we obtain

2
) T =2l I — 213
R e

By the multinomial theorem,

(x —z)* 1 2
> -l
la]=m
Hence, it follows by the Cauchy-Schwarz inequality, that

Z’ i —2)%] Z’ "aa[jK‘sz{

|lal=m ! |Bl=m

2
1x; — z[|5"||x; — 2[5 2%\ /2
< (¥ 3 )
- m! alp! ’

which implies
m+ m+
|R(Xiyxj)‘ <% —zlly "% — 2zl 1K 2 X mt

In view of this, (2.13) follows from (2.14).

Recall from [5] that the growth function

pq,0(2, X, ) == sup{Dp(z) : p € 11, |p(x;)| < [|x; — 2|y, j=1..... N},
where p > 0, coincides with

mf{Z\w]]Hx] z|h :w € RY, Dp(z Zw]p x;) for allpel_[d}

Jj=1 Jj=1

Therefore, Propositions 3 and 4 imply the following estimate of the error
of the kernel-based numerical differentiation.
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Theorem 1. Let D be a linear differential operator of order k, and K a
epd kernel of order s on Q C R%. Given z € Q and X = {x1,...,xn}, with
Szx C §, assume that the linear system (1.4) is consistent, and for some
r >k and v € (0,1], the kernel K possesses continuous partial derivatives
OPK (x,y) for all |al,|8] <7 and all X,y € S,x, and |K|zx s+~ < 0. Then
for all f € Fk the kernel-based numerical differentiation formula (1.2) satisfies
the error bound

N
* 1/2
[Df(2) = wif ()| < panmXor +9) KL o Il (215)
j=1

where ¢ = max{s,r + 1}.
Since pg,p(z, X, 1) =0 h’;;(k, with a scale-independent factor o, where

hyx = max |z — x|

see [5, Section 4.2], we infer that (2.15) gives an O(h;gg_k) error bound for
constellations z, X in a good geometric position. Note that pq,0(2, X, 1) can
be efficiently estimated by least squares methods, see [5, Sections 5 and 6].

By applying Proposition 4 with £ < m < r — 1 instead of m = r, and
choosing ¢ = max{s,m + 1}, and taking into account that |K|,x , < oo if
0“PK(x,y) are continuous for all |a|,|3| < g and all x,y € S, x, we obtain
the following statement.

Corollary 1. Under the hypotheses of Theorem 1, for oll f € Fx and all
q satisfying max{s,k+ 1} < q<r,

N
Df(2) = > wi £()| < pon(a X, @) KL Iflie. (216)
j=1

Note that Corollary 1 makes the same smoothness assumptions about K
as [4, Theorem 9], and only relaxes the condition on X that does not anymore
have to be a determining set for II¢, and uses a slightly different seminorm
|K |, x4 of K. In the same time, the estimate (2.15) of Theorem 1 provides a
higher approximation order of numerical differentiation for certain kernels K,
as we will demonstrate in the next section.

3. Applications to translation-invariant kernels

We now consider the translation-invariant kernels K(x,y) = ®(x —y), for
a function ® : R* — R, which in particular covers the radial basis functions
®(x) = ¢(||x||2), where ¢ : [0,00) — R.

Denote by C™7(Q), r =0,1,...,0 <y <1, Q C R? the Hélder space that
consists of all 7 times continuously differentiable functions f on 2 such that

|flera) = g}fg{ 0% lay < oo,
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where

[f(x) = f(y)l

|flcor == sup ————2"" 0<y<1
" X,yEQ, x£y HX_YH’Y

Given z € R? and X = {x1,...,xn5} C R?, we denote by B, x the closed
ball in R? centered at the origin and with radius equal to the diameter of the
set Sz x.

Lemma 1. Assume that K(x,y) = ®(x —y), and ® € C™ (B, x). Then
K possesses continuous partial derivatives 0*PK(x,y) for all |al,|3| < m,
where m = |r/2], and

07 K |ux -2y /2 < mx{2, V) [@lona(s, ) o =18l =m,  (3.1)

’K‘Z,X,(r+'y)/2 < Cd,r‘(I)|CTW(Bz,X), (32)
where P
2d" . .
Cor = {(7/2+1 7/2—&—}7‘/2] %fT Z'S even, (3.3)
27y 0T s odd:

Proof. The first statement follows because

olal olbl

aa”BK(x y) = 8X°‘8 o

o(x —y) = (-0 o (x —y).

To show (3.1) and (3.2), we consider separately the cases of an even and an
odd r.

Let r = 2m. Then (r+7)/2 = m++/2. Let |a| = |B| = m, hence |a+6| = 7.
For U(x,y) = 0°Pd(x — y), let

Az,x,yU = U(Xv y) - U(Xv Z) - U(Z’ Y) + U(Zu Z)'

As soon as x,y € S, x we have

1Ay xyU| < |0°TP0(x —y) — 9°TP0(x — 2)| + |0 TP 0(z — y) — 9*TPD(0)]
< 2’aa+ﬁ‘b’()0 7 (Bg,x) ||y - Z||27 and
1A, xyU| < |0°TP0(x — y) — 0°TPD(z — y)| + [0°TF @(x — z) — 9°TPD(0)]

< 2000 ®| con(p, ) IIx — 213,
since all points x —y,x — 2,z — y, 0 belong to B, x. It follows that
Ay Ul < 210 @ o g, o min{|x — 23, ly — 2|3}
< 2000 c0a 5, ) Ix — 213y — I3,

which implies (3.1).
Let now 7 = 2m + 1 and |a| = |8] = m. Then |a + 8| = r — 1, and
hence U(x,y) = 0°MP®(x — y) =: &, 5(x —y) is continuously differentiable,
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with its partial derivatives of the first order in C%7(B, x). Therefore, with
y® i =z+s(y —z) € S;x, we have

1

U(x,y) - U(x,2) = — /O Vo 5(x —y°) - (y — 2)ds,
1

Uz,y) - Ulz,z) = /0 V(2 —y*) - (y —2)ds,

such that

[AzxyUl = ) /01 (V®ap(x—y*) = VPaps(z—y"))  (y —2) d8’
< Vd|®|erap, x) Ix = 23]y — 2.
Similarly to the above, we obtain
Ay Ul < V@] cros, ) Ix = zll2lly — 2]
Hence
By Ul < Val®lora(s, x) % = 2§ ly — 2] 072,

which implies (3.1) also in this case.
The estimate (3.2) follows from the above using the definition of | K|, x m+0,
where we take 0 = ~/2 if r is even, and 6 = (1 +~)/2 if r is odd.

Using this lemma we immediately obtain from Theorem 1 the following
error bound for translation-invariant kernels.

Corollary 2. Let D be a linear differential operator of order k, and
K(x,y) = ®(x—7y) a translation-invariant cpd kernel of order s on R?. Given
z € RY and X = {x1,...,xy} C RY, assume that the linear system (1.4) is
consistent, and ® € C™V(B,x) for some r > 2k and v € (0,1]. Then for all
f € Fk the kernel-based numerical differentiation formula (1.2) satisfies the
error bound

N
r 1 2 1/2
D1 (2) = 2w 06| < pu X ) G0l e G5

where ¢ = max{s, /2| + 1}, and Cq, is given by (3.3).

Remark 2. Clearly, using either [4, Theorem 9| or Corollary 1 we could
only obtain a bound in terms of the growth function p,p(z,X,q) with

g < m = |r/2], and hence at best an O(hLT/QJfk) estimate of the numeri-

cal differentiation error, rather than (’)(h(rj('”/ - k) by Corollary 2.
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We now apply Corollary 2 to several families of radial basis functions with
finite smoothness. Their properties can be found for example in the books
2, 6, 9.

Polyharmonic spline: ®(x) = ®pps,,(x) := (—1)"/2|x|}, v > 0, v ¢ 2N,
conditionally positive definite of order s > [v/2]. It can be easily shown that
Ppys,, € C™(B) for any ball B C RY centered at the origin, where r = [v]—1,
y=v-—r.

Corollary 3. Let D be a linear differential operator of order k, and
K(x,y) = ®pusy(x —y) for some v > 2k, v ¢ 2N, and let s > [v/2]. Gi-
ven z € R? and X = {x1,...,xn} C RY, assume that the linear system (1.4)
is consistent. Then for all f € Fi the kernel-based numerical differentiation
formula (1.2) satisfies the error bound

N
* v 1/2 1/2
[DF(2) = 3wl 6)| < pan(e X, §) CY2 @ s 2 s, 1
j=1

where r = [v| =1, y=v —r, and Cq, is given by (3.3).

Thin plate splines: ®(x) = ®7pg,(x) := (—1)""!|x||3% log ||x||2, n € N,
conditionally positive definite of order s > n + 1. As shown for example in |9,
p. 186, ®rps, € C?"=17(B) for any ball B C R? centered at the origin and
every 0 < v < 1.

Corollary 4. Let D be a linear differential operator of order k, and
K(x,y) = ®rpsn(x —y) for some n > k+1, and let s > n + 1. Given
z € R and X = {x1,...,xy} C R assume that the linear system (1.4)
is consistent. Then for all f € Fi the kernel-based numerical differentiation
formula (1.2) satisfies for any 0 < v < 1 the error bound

N
" _ 1/2 1/2
‘Df(z)—z wjf(xj)‘ < PS,D(Z7X7”_1T’Y) Cd,/2n—1’(I)TP57" C/2H—M(Bz,x) s
=1

where Cgon—1 ts given by (3.3).

Wendland’s compactly supported radial basis functions: &(x) =
Pyn(x) = @an(|x]2), n =0,1,..., see [9, Section 9.4| for a definition. They
are strictly positive definite, and hence we can use any s > 0. It is shown in [9]
that ®,4,, is 2n times continuously differentiable in R?. Since Pd,n are piecewise
polynomials, it follows that ®,, € C?"1(B) for any ball B C R? centered at
the origin.

Corollary 5. Let D be a linear differential operator of order k, and
K(x,y) = ®gn(x —y) for some n > k, and let s > 0. Let z € R? and
X = {x1,...,xy} C R% If s > 0, we assume that the linear system (1.4)
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is consistent. Then for all f € Fgi the kernel-based numerical differentiation
formula (1.2) satisfies the error bound

1/2
TR 1 '

N
* 1/2
[Df(z) = Y wi )| < pun (@ X+ 5) O | @an
j=1

where ¢ = max{s,n + 1}, and Cyay, is given by (3.3).
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