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Equivalence between various Shape
Preserving Approximations of periodic
functions

Dedicated to the bright memory of
Vitalii Pavlovych Motornyi

Abstract. We show that the validity of Jackson-type estimates in
comonotone and coconvex approximations of continuous 2π-periodic
functions by trigonometric polynomials is equivalent to the validity of
the corresponding estimates of approximation by continuous 2π-periodic
piecewise algebraic polynomials with equidistant knots, having a minor
additional property.
Key words: shape preserving approximation, trigonometric polynomial,
Jackson, comonotone, coconvex, piecewise polynomial

Анотацiя. Встановлено, що справедливiсть оцiнок типу Джексо-
на у комонотонному та коопуклому наближеннях неперервних 2π-
перiодичних функцiй еквiвалентна справедливостi вiдповiдних оцiнок
наближення неперервними 2π-перiодичними кусково алгебраїчними
полiномами з рiвномiрними вузлами, що мають певну додаткову вла-
стивiсть
Ключовi слова: формозберiгаюче наближення, тригонометричнi по-
лiноми, Джексон, комонотонне, коопукле, кусковi полiноми
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1. Introduction

Denote by C = C0, the space of continuous 2π-periodic functions, and
by Cr, r ∈ N, the space of r-times continuously differentiable 2π-periodic
functions.
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We also let W r, r ∈ N, denote the space of 2π-periodic functions f such
that f (r−1) ∈ AC, the space of absolutely continuous functions, and f (r) is
essentially bounded. For an essentially bounded function g, denote

‖g‖ := ess sup
x∈R
|g(x)|,

so that, in particular, if g ∈ C, then

‖g‖ = max
x∈R
|g(x)|.

Let s ∈ N and Ys := {Ys}, where the collections Ys = {yi}i∈Z of points yi ∈ R
are such that yi < yi+1 and yi+2s = yi + 2π, i ∈ Z.

We say that a function f ∈ C is piecewise monotone, respectively, convex
with respect to Ys, if (−1)if is nondecreasing, respectively, convex on [yi, yi+1],
i ∈ Z. We denote by ∆(1)(Ys), respectively, ∆(2)(Ys) the collection of all such
piecewise monotone, respectively, convex functions.

For n ∈ N, let Tn be the space of trigonometric polynomials T of degree
< n (that is, of order 2n− 1), and for g ∈ ∆(1)(Ys), denote by

E(1)
n (g, Ys) := inf

T∈Tn∩∆(1)(Ys)
‖g − T‖,

the error of best comonotone approximation of g, by trigonometric polynomials.
Similarly, for g ∈ ∆(2)(Ys), denote by

E(2)
n (g, Ys) := inf

T∈Tn∩∆(2)(Ys)
‖g − T‖,

the error of best coconvex approximation of g by trigonometric polynomials.
Denote by Σn,m, n,m ∈ N, the space of piecewise algebraic polynomials

S ∈ C of degree < m, with nodes at xj = jπ/n, j ∈ Z, so that

S |[xj ,xj+1]= pj ,

where pj ’s are algebraic polynomials of degree < m.
For a collection Ys ∈ Ys, denote by Σn,m(Ys) the subset of Σn,m, such that

if S ∈ Σn,m(Ys), then

pj−1 ≡ pj , if min
i∈Z
|xj − yi| <

π

n
.

For g ∈ ∆(1)(Ys), denote by

E(1)
n,m(g, Ys) := inf

S∈Σn,m(Ys)∩∆(1)(Ys)
‖g − S‖,

the error of the best comonotone approximation of g by elements of Σn,m(Ys).
Similarly, for g ∈ ∆(2)(Ys), denote by

E(2)
n,m(g, Ys) := inf

S∈Σn,m(Ys)∩∆(2)(Ys)
‖g − S‖,
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the error of the best coconvex approximation of g by elements of Σn,m(Ys).
The purpose of this article in to compare properties of E(i)

n (g, Ys), i = 1, 2,
with those of E(i)

n,m(g, Ys), i = 1, 2, respectively.

Remark 1. Since the space Σn,1 = Σ1,1 = T1, n ∈ N, consists of constant
functions, and since the approximation strength of Tn, n ≥ 1 usually increases
with n, we have to exclude m = 1. Hence, in the sequel we will assume that
m > 1.

Finally, let

ωk(f, t) = sup
h∈[0,t]

∥∥∥∥ k∑
j=0

(−1)k−j
(
k

j

)
f(·+ ih)

∥∥∥∥, t ≥ 0,

be the modulus of continuity of order k ∈ N of a function f .
In the sequel, c denotes various positive constants that may depend only

on k, r and s.

2. Definitions and the main results

Let N3
∗ be the collection of triplets (k, r, s) ∈ N0×N0×N such that k+r > 1.

Definition 1. Denote by A the subset of N3
∗, such that if k ≥ 1 and

f ∈ Cr ∩∆(1)(Ys), respectively, if k = 0 and f ∈W r ∩∆(1)(Ys), then

E(1)
n (f, Ys) ≤

c

nr
ωk

(
f (r),

1

n

)
, respectively, (2.1)

E(1)
n (f, Ys) ≤

c

nr
∥∥f (r)

∥∥, n ∈ N.

Denote by A the subset of N3
∗, such that if k ≥ 1 and f ∈ Cr ∩ ∆(1)(Ys),

respectively, if k = 0 and f ∈W r ∩∆(1)(Ys), then

E(1)
n,k+r(f, Ys) ≤

c

nr
ωk

(
f (r),

1

n

)
, respectively, (2.2)

E(1)
n,r(f, Ys) ≤

c

nr
∥∥f (r)

∥∥, n ∈ N.

Definition 2. Denote by B the subset of N3
∗, such that for any collection

Ys ∈ Ys there is a number N(Ys), depending only on k, r, s and the smallest
distance between the points yi and yi+1, such that if k ≥ 1 and f ∈ Cr ∩
∆(1)(Ys), respectively, if k = 0 and f ∈ W r ∩ ∆(1)(Ys), then (2.1) holds for
n > N(Ys).

Denote by B the subset of N3
∗, such that for any collection Ys ∈ Ys there is

a number N(Ys), depending only on k, r, s and the smallest distance between
the points yi and yi+1, such that if k ≥ 1 and f ∈ Cr ∩∆(1)(Ys), respectively,
if k = 0 and f ∈W r ∩∆(1)(Ys), then (2.2) holds for n > N(Ys).
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Remark 2. Whitney inequality implies that (2.1) and (2.2) are, in general,
invalid for n ≥ N , with N independent of Ys, if (k, r, s) ∈ B \ A, respectively,
(k, r, s) ∈ B \ A.

Definition 3. Denote by C the subset of N3
∗, such that if k ≥ 1 and

f ∈ Cr ∩∆(2)(Ys), respectively, if k = 0 and f ∈W r ∩∆(2)(Ys), then

E(2)
n (f, Ys) ≤

c

nr
ωk

(
f (r),

1

n

)
, respectively, (2.3)

E(2)
n (f, Ys) ≤

c

nr
∥∥f (r)

∥∥, n ∈ N.

Denote by C the subset of N3
∗, such that if k ≥ 1 and f ∈ Cr ∩ ∆(2)(Ys),

respectively, if k = 0 and f ∈W r ∩∆(2)(Ys), then

E(2)
n,k+r(f, Ys) ≤

c

nr
ωk

(
f (r),

1

n

)
, respectively, (2.4)

E(2)
n,r(f, Ys) ≤

c

nr
∥∥f (r)

∥∥, n ∈ N.

Finally,

Definition 4. Denote by D the subset of N3
∗, such that for any collection

Ys ∈ Ys there is a number N(Ys), depending only on k, r, s and the smallest
distance between the points yi and yi+1, such that if k ≥ 1 and f ∈ Cr ∩
∆(2)(Ys), respectively, if k = 0 and f ∈ W r ∩ ∆(2)(Ys), then (2.3) holds for
n > N(Ys).

Denote by D the subset of N3
∗, such that for any collection Ys ∈ Ys there is

a number N(Ys), depending only on k, r, s and the smallest distance between
the points yi and yi+1, such that if k ≥ 1 and f ∈ Cr ∩∆(2)(Ys), respectively,
if k = 0 and f ∈W r ∩∆(2)(Ys), then (2.4) holds for n > N(Ys).

Remark 3. In view of Theorem 1 below, evidently, (2.3) and (2.4) are, in
general, invalid for n ≥ N , with N independent of Ys.

We summarize,

Theorem 1. The following equalities are valid.

A = A, B = B, C = C = ∅ and D = D.

The equalities A = A, B = B, and D = D, have been proved in recent
years. We give brief proofs and references in Section 4. The fact that C = ∅
follows from [3, Theorem 1.1].

Thus, we only have to prove the equality C = ∅, which is the purpose of
this article. To this end, in Section 3 we prove,

Theorem 2. For any r, s ∈ N, r > 1, there exists c > 0, such that for each
n ∈ N there are a collection Ys ∈ Ys and a function f ∈ W r ∩∆(2)(Ys), such
that

E(2)
n,r(f, Ys) >

cn

nr
∥∥f (r)

∥∥. (2.5)
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3. Proof of Theorem 2

We begin with the following result which is similar to [3, Lemma 2.1].

Lemma 1. Let r > 1, n ∈ N and a positive number δ ≤ π
2r2n

be given. If
S ∈ Σn,r is convex in [δ, 2π − δ] and satisfies

S(l)(0+) = S(l)(0−), l = 1, 2, 3, and S′′(±δ) = 0, (3.1)

then
‖S′′‖ = 0, (3.2)

so that S ∈ Σn,2.

Proof. If r = 2, then there is nothing to prove, so we let r > 2. Assume to
the contrary, that ‖S′′‖ > 0. Then, without loss of generality, we may assume
that ‖S′′‖ = 8.

For the sake of simplicity denote τ := S′′. By Markov’s inequality,

‖τ ′‖ ≤ 8(r − 3)2n

π
<

4

δ
and

‖τ ′′‖ ≤ 8(r − 3)2(r − 4)2
(n
π

)2
<

2

δ2
.

Since (3.1) implies that τ ′ is absolutely continuous on [−δ, δ] and τ(±δ) = 0,
the divided difference property yields,

|τ(t)| =(δ2 − t2)

∣∣∣∣ τ(δ)

2δ(δ − t)
− τ(t)

δ2 − t2
+

τ(−δ)
2δ(δ + t)

∣∣∣∣ (3.3)

=(δ2 − t2)

∣∣∣∣∫ 1

0

∫ t2

0
τ ′′(t0 + (δ − t0)t1 − (δ + t0)t2)dt1 dt2

∣∣∣∣
≤1

2
δ2‖τ ′′‖ < 1, t ∈ (−δ, δ).

Since S is convex in [δ, 2π − δ], there is a point t0 ∈ (δ, 2π − δ), such that
τ(t0) > 7. Let t0 be a point, lying in the same interval [xj , xj+1) as t0, and
such that |t0− t0| = δ, and denote by I the interval with the endpoints t0 and
t0. Then,

τ(t) ≥ τ(t0)− |τ(t)− τ(t0)| ≥ 7− |t− t0|‖τ ′‖
= 7− δ‖τ ′‖ > 7− 4 = 3, t ∈ I,

implying that I ⊂ [δ, 2π − δ], and∫
I
τ(t) dt ≥ 3δ.

By (3.3) we have ∣∣∣∣∫ δ

−δ
τ(t) dt

∣∣∣∣ ≤ 2δ.
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Also, since S is convex in [δ, 2π − δ], it follows that S′(xj+) ≥ S′(xj−), 1 ≤
j ≤ 2n− 1. Hence,

0 = S′(2π−)− S′(0+)

=
2n−1∑
j=0

(
S′(xj+1−)− S′(xj+)

)
+

2n−1∑
j=1

(
S′(xj+)− S′(xj−)

)
≥

2n−1∑
j=0

(
S′(xj+1−)− S′(xj+)

)
=

∫ 2π

0
τ(t) dt

≥
∫
I
τ(t) dt+

∫ δ

−δ
τ(t) dt ≥ 3δ − 2δ > 0,

a contradiction.

We are ready to prove Theorem 2. The proof involves f of [3, Theorem 1.1].

Proof of Theorem 2. Let σ̃, be an infinitely differentiable monotone odd functi-
on, such that σ̃(x) = signx, |x| ≥ 1. Denote

σ(x) :=
1

2
+

1

2
σ̃(x),

and
sj := ‖σ(j)‖, j ∈ N0.

Now, let
h :=

π

6r2n
, y1 := −3h, y2s := 3h,

and, if s ≥ 2, then let −h ≤ y2 < · · · < y2s−1 ≤ h.
We will prove, that the desired 2π periodic function f may be taken as the

function which on [−π, π] is of the form

f(x) :=

∫ x

0
f ′(t) dt, −π ≤ x ≤ π,

where f ′ is the odd function on [−π, π], defined on [0, π] by,

f ′(t) :=

{
−σ
(
t−2h
h

)
, if t ∈ [0, 1],

σ
(
t−π+h
h

)
− 1, if t ∈ [1, π].

(3.4)

Note that f ′(t) = 0, −h ≤ t ≤ h, that f ′ is decreasing in [h, 3h] and in
[−3h,−h], that f ′(t) = −1 for 3h ≤ t ≤ π−2h and f ′(t) = 1, −π+2h ≤ t ≤ 3h,
that f ′ is increasing in [π − 2h, π] and in [−π, π + 2h]. Finally, f (l)(±π) = 0,
l ∈ N. We conclude that f ′′(t) ≤ 0, h ≤ t ≤ 3h and f ′′(t) ≥ 0, 3h ≤ t ≤ π
and, symmetrically, f ′′(t) ≤ 0, −3h ≤ t ≤ −h and f ′′(t) ≥ 0, −π ≤ t ≤ −3h.
Hence, clearly, f ∈ ∆(2)(Ys) ∩W r.
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Since 3h < x1, any S ∈ Σn,r(Ys) is a single polynomial in [x−1, x1].
Moreover, if S ∈ ∆(2)(Ys) ∩ Σn,r(Ys), then it is convex in [3h, 2π − 3h], and
we may apply Lemma 1 to obtain that S is a piecewise linear function. In
particular,

S(x) =: ax+ b, x ∈ [x−1, x1].

By virtue of the convexity of S, we have that S′(x) ≥ a, 3h ≤ x ≤ π, x 6= xj ,
1 ≤ j ≤ n, and S′(x) ≤ a, −π ≤ x ≤ −3h, x 6= xj , −n ≤ j ≤ −1.

Now, if a ≥ 0, then

2‖S − f‖ ≥ (S(π − 2h)− f(π − 2h))− (S(3h)− f(3h))

=

∫ π−2h

3h

(
S′(x)− f ′(x)

)
dx ≥

∫ π−2h

3h

(
a− f ′(x)

)
dx

≥
∫ π−2h

3h

(
−f ′(x)

)
dx = π − 5h >

1

2
.

If a < 0, then similarly,

2‖S − f‖ ≥ (f(−3h)− S(−3h))− (f(−π + 2h)− S(−π + 2h))

≥
∫ −3h

−π+2h
f ′(x) dx >

1

2
.

Therefore,

E(2)
n,r(f, Ys) >

1

4
.

Thus,
E(2)
n,r(f, Ys)

‖f (r)‖
= E(2)

n (f, Ys)
hr−1

sr−1
≥ hr−1

4sr−1
=

c

nr−1
.

This completes the proof of Theorem 2.

4. Brief proofs and references

For the inclusion B ⊆ B, we begin with a triplet (k, r, s) ∈ B, that is, if
f ∈ Cr ∩ ∆(1)(Ys), respectively, f ∈ W r ∩ ∆(1)(Ys), then there is an S ∈
Σn,k+r(Ys) ∩∆(1)(Ys), such that

‖f − S‖ ≤ c

nr
ωk

(
f (r),

1

n

)
n > N(Ys), (4.1)

respectively,
‖f − S‖ ≤ c

nr
‖f (r)‖ n > N(Ys). (4.2)

By virtue of [6, Corollary 4.4],

Ecn(f, Ys) ≤ c
(
ωk+r(f, 1/n) + ‖f − S‖

)
, n > c
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so that, by (4.1), we have

En(f, Ys) ≤
c

nr
ωk

(
f (r),

1

n

)
n > N(Ys), (4.3)

respectively, by (4.2),

En(f, Ys) ≤
c

nr
‖f (r)‖ n > N(Ys). (4.4)

Hence, B ⊆ B.
For A ⊆ A, we observe that if (k, r, s) ∈ A, then (4.1), respectively, (4.2)

is valid for n ≥ 1. Thus, (4.3), respectively, (4.4) holds for n > c. The fact
that (4.3), respectively, (4.4) is valid also for 1 ≤ n ≤ c, is due to Whitney’s
inequality (see [6, p. 8, beginning of the proof of Theorem 1.1]). Hence A ⊆ A.

Note that A is described in [8, Section 2]. Then, the inverse inclusion A ⊆
A, is proved in [8, Sections 4 and 5] augmented with [6, Lemma 4.1] Hence,
consequently, A = A.

In order to prove that B ⊆ B, we first denote by G the set of triplets
(k, r, s) ∈ N3

∗, such that either r = 0 and k > 2, or r = 1 and k > 3. Then by
[3, Theorems 5.2 and 5.3], B ∩ G = ∅. On the other hand, by [1, Theorem 1]
and [2, Theorem 1] (see also [8, Remark 1.1]), N3

∗ \G ⊆ B, Thus, B = N3
∗ \G.

The rest follows verbatim the proof of A ⊆ A.
Hence, B ⊆ B, and, consequently, B = B.
The last part is to show that D = D. to this end, we first observe that,

D ∩ {(k, r, s) ∈ N 3
∗ | k + r ≥ 3} ⊆ D, (4.5)

follows immediately from [7, Lemma 4.4 and Theorem 4.5].
We begin by defining G ⊂ N 3

∗ as the collection of all triplets (k, r, s) such
that either r ≥ 3, or r = 2 and 1 ≤ k ≤ 3. We also define G̃ ⊂ N 3

∗ as the
collection of all triplets (k, r, s) such that either r = 1, and 1 ≤ k ≤ 2, or r = 0
and 2 ≤ k ≤ 3. We denote the union G̃ := G∪G̃. Note that if (k, r, s) ∈ N 3

∗ \G̃,
then k + r > 3.

Then, [7, Lemma 8.2] implies that,

G ⊆ D.

Also, by [3, Theorems 1.2 and 1.3], we have (N 3
∗ \ G̃) ∩ D = ∅, and in view of

the fact that (k, r, s) ∈ N 3
∗ \ G̃ implies k + r > 3, we apply (4.5) and conclude

that (N 3
∗ \ G̃) ∩ D = ∅.

Also, if k+ r > 3, then (k, r, s) is either in G, or, in view of the above, it is
in (N 3

∗ \ G̃) \ D. Hence,

{(k, r, s) ∈ D | k + r > 3} = {(k, r, s) ∈ D | k + r > 3}. (4.6)

Thus, we need to investigate {(k, r, s) ∈ N 3
∗ | k + r ≤ 3}.
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First, it follows from [9, Theorem 2] and [10, Theorem 1 and Remark 2]
that {(k, r, s) | 2 ≤ k + r ≤ 3} ⊆ D. Moreover, as part of the proof on [10, p.
30], relying on [4] and [5], if f ∈ C∩∆(2)(Ys), then an S∗ ∈ Σn,3(Ys)∩∆(2)(Ys),
n > N(Ys), is constructed such that ‖f − S∗‖ ≤ cω3(f, 1/n). Hence,

{(k, r, s) ∈ D | k + r = 3} = {(k, r, s) ∈ D | k + r = 3}. (4.7)

Finally, it is easy to construct an S ∈ Σn,2(Ys) ∩∆(2)(Ys) providing

{(k, r, s) ∈ N 3
∗ | k + r = 2} = {(k, r, s) ∈ D | k + r = 2},

for instance we may take S to interpolate S∗ at all the xj ’s, j ∈ Z.
Thus, we conclude that

{(k, r, s) ∈ D | k + r = 2} = {(k, r, s) ∈ D | k + r = 2}, (4.8)

and combining (4.6) through (4.8), we obtain that D = D.
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