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Equivalence between various Shape
Preserving Approximations of periodic
functions

Dedicated to the bright memory of
Vitalii Pavlovych Motornyi

Abstract. We show that the validity of Jackson-type estimates in
comonotone and coconvex approximations of continuous 2m-periodic
functions by trigonometric polynomials is equivalent to the validity of
the corresponding estimates of approximation by continuous 27-periodic
piecewise algebraic polynomials with equidistant knots, having a minor
additional property.
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Amnoranisg. Bcranosneno, mo copasefmusicTs orinok Tumy Jlxkekco-
Ha Yy KOMOHOTOHHOMY Ta KOOIYKJIOMY HAOJIM>KEHHAX HEIIEPEPBHUX 27-
nepiognyHuX PYHKINH eKBiBaJeHTHA CIIPABEIINBOCTI Bi/IMIOBITHUX OIIHOK
HaOJIM2KEHHST HEMEPEPBHUMU 27T-TIEPIOIMIHIMHI KYCKOBO aJreOpaldHuMu
ITOJIiIHOMaM¥ 3 PIBHOMIDHUMH BY3JIaMH, 110 MAIOTh IIEBHY JIO/IATKOBY BJIa-
CTUBICTH

KurouoBi ciioBa: ¢popmozbepiraroue HaGIMKEHHsI, TPUTOHOMETPUYHI TO-
smiromu, JIyKeKCOH, KOMOHOTOHHE, KOOIYKJIe, KyCKOBi mosiiHoMu

MSC2020: 42A05, 42A10, 41A17, 41A25, 41A29

1. Introduction

Denote by C' = C°, the space of continuous 2m-periodic functions, and
by C", r € N, the space of r-times continuously differentiable 27-periodic
functions.
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We also let W", r € N, denote the space of 2m-periodic functions f such
that f"=1) € AC, the space of absolutely continuous functions, and f() is
essentially bounded. For an essentially bounded function g, denote

lg|| := esssup |g(x)],
zeR

so that, in particular, if g € C, then
lgll = max|g(x)].

Let s € N and Yy := {Ys}, where the collections Yy = {y;}icz of points y; € R
are such that y; < y;41 and Y05 = y; + 2w, ¢ € Z.

We say that a function f € C' is piecewise monotone, respectively, convex
with respect to Y, if (—1)!f is nondecreasing, respectively, convex on [y;, yi11],
i € Z. We denote by AM(Y}), respectively, A®)(Y;) the collection of all such
piecewise monotone, respectively, convex functions.

For n € N| let T,, be the space of trigonometric polynomials 7" of degree
< n (that is, of order 2n — 1), and for g € AM(Y;), denote by

EM(g,Ys) = inf ¢TI,
TeT,NAM (Y5)

the error of best comonotone approximation of g, by trigonometric polynomials.
Similarly, for g € A®)(Y;), denote by

EP(9,Ys) = inf  |g=TI|,
TET,NAR) (Yy)

the error of best coconvex approximation of g by trigonometric polynomials.
Denote by X, ,, n,m € N, the space of piecewise algebraic polynomials
S € C of degree < m, with nodes at x; = jn/n, j € Z, so that

S ‘[l‘j,xj+1]: pj7

where p;’s are algebraic polynomials of degree < m.
For a collection Y; € Yy, denote by ¥, ,(Ys) the subset of 3, ,,,, such that
if S € Xy (Ys), then

i minfa; —yil <
1 =p;, if min|z; —y| < —.
Dj—1 Dy, ic7 7 Yi n
For g € AM(Y}), denote by

&M (g,Ys) =

n,m

inf llg — S,
SEX,m (Ys)NAM) (V)

the error of the best comonotone approximation of g by elements of %, , (Y5).
Similarly, for g € A®)(Y;), denote by

’ SEX m (Ys)NAR) (Ys)
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the error of the best coconvex approximation of g by elements of %, ,,,(Y5).
The purpose of this article in to compare properties of Er(f) (9,Ys),1=1,2,
with those of Er(bf)m(g, Ys), i = 1,2, respectively.
Remark 1. Since the space ¥,,1 = ¥11 = T1, n € N, consists of constant
functions, and since the approximation strength of T,, n > 1 usually increases

with n, we have to exclude m = 1. Hence, in the sequel we will assume that
m > 1.

Finally, let

zk;u)’f—j (5)se+in

j=

wi(f,t) = sup , 120,

helo,t]

be the modulus of continuity of order k € N of a function f.
In the sequel, ¢ denotes various positive constants that may depend only
on k, r and s.

2. Definitions and the main results

Let N3 be the collection of triplets (k, 7, s) € NgxNgxN such that k+7 > 1.

Definition 1. Denote by A the subset of N2, such that if £ > 1 and
f e o n AW(Y,), respectively, if k=0 and f € W™ N AM(Y), then

E,(ll)(f,n) < %wk <f(r)’ i) , respectively, (2.1)

EWV(f,Yy) < ||
n’/‘

, neN.

Denote by A the subset of N2, such that if & > 1 and f € C" N AD(Y,),
respectively, if k =0 and f € W' N A(l)(YS), then

1
57(1%11+r(f’Y3) < %wk <f(7“)7 n) , respectively, (2.2)
E0sY) < SO meN

Definition 2. Denote by B the subset of N2, such that for any collection
Ys € Y there is a number N(Y5), depending only on k,r, s and the smallest
distance between the points y; and y;4+1, such that if £k > 1 and f € C" N
AM(Yy), respectively, if k = 0 and f € W N AD(Y;), then (2.1) holds for
n > N(Ys).

Denote by B the subset of N2, such that for any collection Y; € Y there is
a number N (Y;), depending only on k,r, s and the smallest distance between
the points y; and y;4+1, such that if k> 1 and f € C" N A(l)(YS), respectively,
if k=0and f € W™ N AM(Y;), then (2.2) holds for n > N(Y5).
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Remark 2. Whitney inequality implies that (2.1) and (2.2) are, in general,
invalid for n > N, with N independent of Yj, if (k,7,s) € B\ A, respectively,
(k,r,s) € B\ A.

Definition 3. Denote by C the subset of N2, such that if & > 1 and
f e C"NnAB(Y,), respectively, if k=0 and f € W” N A®R(Y;), then

1
En2) (fa }/s) < %Wk <f(r)7 n> ) respeCtiVGIY7 (23)

EO(FY) < S0 men

Denote by C the subset of N2, such that if £ > 1 and f € C" N A®(Y}),
respectively, if k=0 and f € W N A®)(Y), then

nkH(f Ys) < —wk (f(r ) , respectively, (2.4)

2 )
ECNS,YL) < ner

n,

, néeN.

Finally,

Definition 4. Denote by D the subset of N2, such that for any collection
Ys € Y, there is a number N(Y;), depending only on k,r, s and the smallest
distance between the points g; and y;+1, such that if kK > 1 and f € C" N
AP)(Yy), respectively, if k = 0 and f € W’ N A®(Y;), then (2.3) holds for
n > N(Ys).

Denote by D the subset of N3, such that for any collection Y € Y, there is
a number N (Y;), depending only on k,r, s and the smallest distance between
the points 3; and 41, such that if £ > 1 and f € C" N AR)(Y}), respectively,
if k=0and f € W’ N A®(Y), then (2.4) holds for n > N(Ys).

Remark 3. In view of Theorem 1 below, evidently, (2.3) and (2.4) are, in
general, invalid for n > N, with N independent of Y.

We summarize,

Theorem 1. The following equalities are valid.
A=A B=B, C=C=0 and D=D.

The equalities A = A, B = B, and D = D, have been proved in recent
years. We give brief proofs and references in Section 4. The fact that C = ()
follows from [3, Theorem 1.1].

Thus, we only have to prove the equality C = (), which is the purpose of
this article. To this end, in Section 3 we prove,

Theorem 2. For anyr,s € N, r > 1, there exists ¢ > 0, such that for each
n € N there are a collection Ys € Y, and a function f € W™ N AP(Y), such
that

ERNEY) > 20 (25)

102
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3. Proof of Theorem 2

We begin with the following result which is similar to [3, Lemma 2.1].

Lemma 1. Let r > 1, n € N and a positive number 6 < 55— be gien. If
S € Xy, is convex in (0,21 — d] and satisfies

SO0+)=5U(0-), 1=1,2,3, and S"(xd) =0, (3.1)
then
15" = 0, (3.2)
so that S € Xy 2.

Proof. If r = 2, then there is nothing to prove, so we let r > 2. Assume to
the contrary, that [|S”]] > 0. Then, without loss of generality, we may assume
that ||S”]| = 8.

For the sake of simplicity denote 7 := S”. By Markov’s inequality,

4
|7 < 8(r—32 <5 and
9 9 (M\2 2
I < 8r=3)%(r =42 (2) < .

Since (3.1) implies that 7/ is absolutely continuous on [—d,d] and 7(+6) = 0,
the divided difference property yields,

) ), ey 53

2600 —t) 62—+t 26(0+1t)

1 to
/ / 7 (to + (6 — to)tr — (8 + to)ta)dty dts
0 0

()] =(6% — %)

—(5> - )

g%é?HT"H <1, te(-5,0).

Since S is convex in [d,27 — ¢], there is a point ¢y € (§,27 — 0), such that
7(tp) > 7. Let t° be a point, lying in the same interval [z}, x;41) as to, and
such that |tg —t°| = 6, and denote by I the interval with the endpoints ¢y and
t%. Then,

7(t) = 7(to) — |7(t) — 7(to)] = 7 — [t — toll|7]]
=7-0|7|>7-4=3, tel,

implying that I C [d, 27 — 0], and
/ (#)dt > 30,
I
By (3.3) we have
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Also, since S is convex in [§, 27 — §], it follows that S'(z;+) > S'(z;—), 1 <
7 < 2n — 1. Hence,

0=5(2r—)—5(0+)

2n—1 2n—1
=) (S(wj1—) = S (ay+) + > (F(4) = §'(x;-))
j=0 J=1
2n—1 2
> S (S (@) — S(aj4)) = / () dt
i=0 0
J
> /Ir(t)dt+/_57(t)dt > 35— 25 > 0,

a contradiction.
We are ready to prove Theorem 2. The proof involves f of |3, Theorem 1.1].

Proof of Theorem 2. Let &, be an infinitely differentiable monotone odd functi-
on, such that &(x) = signz, |x| > 1. Denote

1 1
o(z) = 5 + 55(1’)7
and
si= o@D, jeN
Now, let
=T oy :=—3h = 3h
67“2717 yl . ) yQS . bl

and, if s > 2, then let —h < ys < -+ < Y951 < h.
We will prove, that the desired 27 periodic function f may be taken as the
function which on [—7, 7] is of the form

f@) = /0 F)dt, —r<z<m

where f’ is the odd function on [—m, 7], defined on [0, 7] by,

s o (R, if telo,1],
F) = {a(t—;;ih)—l, if tell,n]. (34)

Note that f'(t) = 0, —h < ¢t < h, that f’ is decreasing in [h,3h] and in
[—3h, —h], that f'(t) = —1for 3h <t < w—2h and f'(t) = 1, —7+2h < t < 3h,
that f’ is increasing in [r — 2k, 7] and in [—7, 7 + 2h]. Finally, f®(£x) = 0,
I € N. We conclude that f”(t) <0, h <t <3hand f'(t) >0,3h <t <
and, symmetrically, f”(t) <0, —=3h <t < —h and f"(t) > 0, -7 <t < —3h.
Hence, clearly, f € A@(Y,)nW™.
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Since 3h < 1, any S € X, ,(Y;) is a single polynomial in [x_1, 1]
Moreover, if S € A®)(Yy) N %, (Ys), then it is convex in [3h, 27 — 3h], and
we may apply Lemma 1 to obtain that S is a piecewise linear function. In
particular,

S(x) =tax+b, x€r_q,x1]

By virtue of the convexity of S, we have that S'(z) > a, 3h <z <7, z # z;,
1<j<n,and S(z) <a, -7 <z < -3h,z#z;, n<j<-L
Now, if a > 0, then

215 = fll = (S(m = 2h) = f(w — 2h)) = (S(3h) — f(3h))
m—2h

— f'(z)) da 2/ (a— f'(z)) da

3h

7r2h 1
d{L’—ﬂ'—5h>*
3h 2

v

/3h
If a < 0, then similarly,

218 = fll = (f(=3h) — S(=3h)) —
—3h
z/ f(x )drv>%

—7+2h

(f(=7 + 2h) — S(—m + 21h))

Therefore,

Thus,

(1. Ys) pr=l gl c
oo Ts) 57(L2) 1Y, > —
7] SRQF

This completes the proof of Theorem 2.

4. Brief proofs and references

For the inclusion B C B, we begin with a triplet (k,r,s) € B, that is, if
f e ¢ n AM(Yy), respectively, f € W N AW(Y,), then there is an S €
Sgerr(Ys) MAM(Y), such that

15 81 < S <f(”, i) 0> N(Y), (4.1)

respectively,
c
If =Sl < ;Hf(’")H n > N(Yy). (4.2)

By virtue of |6, Corollary 4.4],

Een(f,Ys) < c(wrsr(f,1/n) +|f = SI), n>c
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so that, by (4.1), we have

n

Eu(Y) < o (10, 1) > N(Y), (4.3
respectively, by (4.2),
c
El(f.Y) < SIO1 0> N(Y). (1.4

Hence, B C B.

For A C A, we observe that if (k,r,s) € A, then (4.1), respectively, (4.2)
is valid for n > 1. Thus, (4.3), respectively, (4.4) holds for n > c. The fact
that (4.3), respectively, (4.4) is valid also for 1 < n < ¢, is due to Whitney’s
inequality (see [6, p. 8, beginning of the proof of Theorem 1.1]). Hence A C A.

Note that A is described in [8, Section 2|. Then, the inverse inclusion A C
A, is proved in [8, Sections 4 and 5] augmented with |6, Lemma 4.1] Hence,
consequently, A = A.

In order to prove that B C B, we first denote by G the set of triplets
(k,r,s) € N2, such that either 7 = 0 and k > 2, or 7 = 1 and k > 3. Then by
[3, Theorems 5.2 and 5.3], BN G = (). On the other hand, by [1, Theorem 1]
and [2, Theorem 1] (see also [8, Remark 1.1]), N2\ G C B, Thus, B = N2 \ G.
The rest follows verbatim the proof of A C A.

Hence, B C B, and, consequently, B = B.

The last part is to show that D = D. to this end, we first observe that,

DN {(k,r,s) e NZ | k+r >3} CD, (4.5)

follows immediately from |7, Lemma 4.4 and Theorem 4.5].

We begin by defining G C N2 as the collection of all triplets (k,r,s) such
that either r > 3, or r = 2 and 1 < k < 3. We also define G C N3 as the
collection of all triplets (k, 7, s) such that either r =1, and 1 <k <2, orr =0
and 2 < k < 3. We denote the union G := GUG. Note that if (k,r,s) € N3\G,
then k +r > 3.

Then, |7, Lemma 8.2] implies that,

gcD.

Also, by [3, Theorems 1.2 and 1.3], we have (N3 \ G)ND = 0, and in view of
the fact that (k,r,s) € N3\ G implies k +r > 3, we apply (4.5) and conclude
that (N2 \ G)N'D = 0.

Also, if k+r > 3, then (k,r, s) is either in G, or, in view of the above, it is
in (M3\ G)\ D. Hence,

{(k,r,s) €D | k+r>3}={(k,r,s) €D | k+r >3} (4.6)
Thus, we need to investigate {(k,r,s) € N2 | k+r < 3}.
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First, it follows from [9, Theorem 2| and [10, Theorem 1 and Remark 2|

that {(k,r,s) | 2 < k+r <3} CD. Moreover, as part of the proof on [10, p.
30], relying on [4] and [5], if f € CNA®)(Y;), then an S, € %, 3(Y:)NAGR) (),
n > N(Y3), is constructed such that || f — Si|| < cws(f,1/n). Hence,

{(k,r,s) €D | k+r=3}={(k,r,s) €D | k+r=23} (4.7)

Finally, it is easy to construct an S € ¥, o(Y;) N A (Y;) providing

{(k,r,s) e N2 | k+r =2} ={(k,r,s) €D | k+r =2},

for instance we may take S to interpolate Sy at all the z;,’s, j € Z.

Thus, we conclude that

{(k,r,s) eD | k+r=2} ={(k,r,s) €D | k+r =2}, (4.8)

and combining (4.6) through (4.8), we obtain that D = D.
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