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Abstract. We establish estimates for exact upper bounds of deviations

of partial Fourier sums S,_1(f) on classes W5, > 2,8 € R, of 2m-

periodic functions whose (r, 3)-derivatives in the Weyl-Nagy sense belong

to the unit ball of the space Li. The specified estimates allow us to wri-

te asymptotic equalities for the quantities sup [f(z)— Sn—1(f;z)| as
fewy

n — 00, r — oo for arbitrary relations between the parameters r and n.
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AmHoTallisi. BcraHoB/IeHO OIIHKM TOYHMX BEPXHIX MEXK BIIXUJIEHb dYa-

crunaux cym DPyp’e Sn,_1(f) ma xmacax Wg,,r > 2,8 € R, 2n-

nepioguunnx dbyskuiit, (r, )-noxizui B cenci Beits—Hans sikux Hase-

KaTh JI0 OJWHWIHOI KyJai mpocTtopy Li. 3a3HadeHi OIIHKH JTO3BOJISIOTH

3alMCyBAaTH ACUMIITOTHYHI IIPU . — 0O, ' — OO PIBHOCTI JIJIsi BEJIMYUH
sup |f(z) — Sn—1(f; )| upu KOBINBPHUX CHIBBIAHOIIEHHSX MIXK ITapamMe-
W

fewy
TpaMmu 1 i n.

KurouoBi cioBa: cyma ®@yp’e, kinac Beitng—Hagst, acumnrornana pis-
HICTDH

MSC2020: 42A10

1. Introduction

Let L,, 1 < p < oo, be a space of 2mperiodic functions ¢ summable with
pth power on the interval [—m, 7) with the norm

lello = / etopat) " 1)
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let Lo be a space of measurable and essentially bounded 27—periodic functions
 with the norm given by the equality

el = esssup FOIE (2)
and let C be a space of continuous 27—periodic functions ¢ with the norm
lplle = max [ (t)]. (3)

Further, let Wgp >0, B €R, 1< p< oo, be classes of 2m-periodic
functions f that can be represented in the form of convolution

™ ™

flz) = % + % / o(x —t)B,g(t)dt, ag € R, / p(t)dt =0,  (4)

—T —T

with Weyl-Nagy kernels B, g of the form

Zk: (t—?), r>0, BeR, (5)

of function ¢ satisfying the condition ¢ € B, where
By:={peLp:|elp <1}, 1<p<oo (6)

The classes Wj 5.p are called Weyl-Nagy classes (see, for example, [16, 17]),
and the function ¢ in the representation (4) is called the (r, 5)-derivative of
the function f in the Weyl-Nagy sense and denoted by fg.

If re Nand g =r, the functions defined by (5) are well-known Bernoulli
kernels and the corresponding classes Ws., coincide with the known classes
W, of 2m-periodic functions f which having absolutely continuous derivatives
up to and including the (r — 1)-th order, such that || f)||, < 1. Moreover, the
equality f(")(z) = f7(z), 7 € N is true almost everywhere. If » > 0 and 3 = r,
then the classes WE are known Weyl classes W.

* 0, p=s,
embedding Wg, C Ls is true. In addition, for any 1 < p < o0, r > 13’ BeR
we have the embeddlngs Wy, C C (see, for example, [16, §5.4], [17, §6.6]). In
this paper we consider the case r > 2. Consequently, the Weyl-Nagy classes
consist only of continuous functions.
Let f € L. By Sp—1(f) = Sp—1(f; x) we denote the partial Fourier sum of
order n — 1 of the function f:

i1 p<s
For all 1 < p,s < oo, r>(—1)+:{p s’ " and B € R the

1
+ Y (agcoskzx + by sin kz), (7)
1

3
|

Sn-a(fiz) = F

e
Il
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where a; and by are the Fourier coefficients of the function f:
17 1
ay = — / f(t) cosktdt, by =— / f(t) sin ktdt.
T T

We denote by py,(f; ) the deviation of the partial Fourier sum S,,_;(f; z) from
the function f(z), i.e.

pn(fi2) == f(z) — Sno1(f; ).

Let 91 be some functional class from the space C'. The quantity
En(N) := sup |pn(f;2)| = sup [f(z) = Sn-1(f; )] (8)
fen fen

is considered and the problem of finding asymptotic equality for the quantity
En(M) is investigated as n — oo. Note that if the class M is invariant with
respect to the shift of the argument (i.e., if f(x) belongs to the class 9, then
for any h € R the function fy(z) = f(z + h) also belongs to the class 9), then
the quantity &,(91) of the form (8) does not depend on the value of x.

In this paper we investigate the asymptotic behavior of quantities &, (9%)
of the form (8) in the case when the Weyl-Nagy classes Wj,,r > 2,8 € R play
the role of 9. The central result is Theorem 3 (see section 3), which allows us
to obtain uniform asymptotic equalities for the quantities 5n(W§’1) as n — 00
and r — oo depending on the relations between the parameters r and n.

2. Historical review

The problem of finding the order of decrease of quantities of the form (8) on
classes of differentiable functions was actually investigated by H. Lebesgue [4].
Asymptotic equalities as n — oo for the quantities Sn(Wg )T € N, were first
established by A.M. Kolmogorov [3]. Kolmogorov’s research was continued by
numerous researchers, including V.T. Pinkevich, S.M. Nikol’skii, A.V. Efimov,
S.B. Stechkin, S.O. Telyakovskii, O.I. Stepanets, V.P. Motorny and others (see
[5, 6, 16, 17, 18, 19] and the bibliography given in them).

For the Weyl-Nagy classes Wy . for all fixed r > 0 and § € R the
asymptotic equality

(W5 ) = 2 g <1> )

holds as n — oo (see, for example, [16, §3.7], [17, §5.3|, [18]). In the formula
(9) the quantity O is uniformly bounded in the parameter n but may depend
on r and f.

The rate of decrease of the remainder term in the estimate (9) depending
on the parameters r and § was studied by G.I. Natanson, S.G Selivanova,
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[.G. Sokolov, S.B. Stechkin, S.A. Telyakovskii and others (see, for example,
[11, 12, 13, 18, 19, 20| and the bibliography given in them).
In particular, in the work of S.A. Telyakovskii [19] a uniform in n € N,

r >0 and S € R estimate
1 1
i () (10)
n n

was established. This estimate is the asymptotic equality under the condition
r = o(n) as n — oo. If this condition is not met, then the formula (10) provides
only an upper order estimate.

- 4 1 n

T om2nr nmin{n,r—i—l} +ﬁ

Asymptotic equalities for the quantities En(Wg o) @ n — oo and r — 00
and for all possible relations between the parameters r and n were established
by S.B. Stechkin [18]. Namely, for » > 1 and S € R he proved that

8 K(e"/™) N O(1)

gn(WE,oo) = 2 nr ro’ (11)
where
w/2
dt
Kig)= [ 12)
J 1—¢%sin“t

is the complete elliptic integral of the first kind and O(1) is a quantity uniformly
bounded in all considered parameters.

The investigations of the exact or asymptotically exact behavior of the
quantities En(Wg’p) for p € [1,00) were carried out in the papers [1, 9, 10, 11,
12, 13] and others.

In this work we consider the case p = 1 and continue our research [11| and
[13], with which it is closely related. Thus, in the work [11] it was shown, in
particular, that for » > n + 1 a uniform on all parameters estimate

En(Wj 1) L (i +0(1) (1 + i) > (13)

T

holds (see Theorem 1 for p =1 from [11]).
Later in the work [13] it was proved that under the condition

Vn+l1<r<n+1 (14)
the estimate
e y=—(—1 _ Lomt (15)
PATBL T (1 —er/n) r2 )’

holds (see Theorem 1 for p = 1 from [13]) and under the condition

n+1<r<n? (16)
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the estimate

1 1 r
EWi)=————+001)—=e"/"). 17
W5) = o (s + O e ™) 7
holds (see Theorem 2 for p = 1 from [13]). In formulas (15) and (17) the
quantities O(1) are uniformly bounded in all considered parameters.
The case
r>n? (18)

is covered by the formula (13). However, with the indicated relations between
r and m, it can be written in a form similar to (15) and (17). Indeed, under
the condition (18), the following formulas

1

— =14+ 01)e " (19)
1—er/n

and .,
e—r/n S <1 + 1> S e—r/(n—f—l) (20)
n

hold.
Then, by virtue of (13), (19) and (20), we have that, under the condition
(18), the estimate

En(Wg1) = % <7r(1_1€_,,/n) +0(1) (1 + Tll> ) ; (21)

is true. Here, the quantity O(1) is uniformly bounded in all considered
parameters.

The main approach, which allowed us to obtain the estimates (11),
(15), (17) and (21), consists in approximating in L,-metrics the remainder
pn(Byg; ) of Weyl-Nagy kernels of the form (5) by the corresponding remai-
nder p, (P g;-) of Poisson kernels

P,5(t) = Zq_k CoS (kt — 5;) , q€(0,1), BeR (22)
k=1

As a result of using this approach, which was first proposed by S.B. Stechkin
in the work [18] for p = oo, the problem of strong asymptotics of the quantities
En(Wj ) is reduced to the corresponding problem for the quantities &,(C7 o)

where C’gp, g€ (0,1), BeR, 1<p< oo, are classes of Poisson integrals of
the form

2 '

—T —T

Cg»P = {f(l’) = @ + : /SD(I - t)Pqﬁ(t)dtaao € R7 / (p(t)dt = O’SD € B;D} ) (23)

where the kernels P, 5(-) are denoted by the equality (22), and the sets B),
are denoted by the equality (6).
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As for the problem of finding the asymptotics of quantities of the form
(8) for classes of Poisson integrals Cg’,p and their generalizations, it has been
completely solved thanks to the works of 6, 7, 8, 14, 15, 18].

At the same time, the case

2<r<vn+1 (24)
has remained unexplored until now.

3. Main Results

The following statement allows us to write the principal term of the
asymptotic expansion of the quantity Sn(WE 1) as r — oo and r/n — 0. This
case also fully covers the relation (24) as r — oo.

Theorem 1. Letr > 2, 8 € R and n € N. Then the formula

E(W5,) = 1Z<i+é<ri2+;>>, (25)

is true. Here 0 = 0,.,, 5 € (—7 2)

T

Proof of Theorem 1. For r > 2 from Theorem 2.2 of the work [15] it follows

that
(W} EOO ! +Q§OO (26)
5.1) ko on k—i—n ’

1
where 6 € [—1,0].

Because
o [oe)
n 1 1 =1 1 1 n 1
— = [ = — < — —dt=1(1 — 2
——— trdt< k”< + trdt <+T_1> et (27)
n k=n n
then
oo
1 1 n
— = — 0 0 1]. 28
l;zkr nr<r—1+ 1>7 1 €[0,1] (28)

Taking into account the estimate (28) and the following equalities

o0

RS 1 k+n >
n; k+n _EZ (k+n) Zk—l—n Zkrl ka (29)

O

we obtain estimates

1 n 1
72]#” 1 :nnr 1 (r_2+01>_n<2+01> relon 6y
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e 1 1 1 n n
- _ = = 0 =
nzk‘r_l Zk’” n’”(T—Q r—1+2>
k=n k=n

~ (=9 %) @

0y € [—1, 1].
Combining the formulas (28)-(31) allows you to write

=1 0 k 1 n 0 n
g;m+n§:w+mf_m<wﬂ+&>+m<w—n@—m+%>_

k=1
1 n on
= — 01 +00,) =
nT<r—1 (7”—1)(7"—2)—1_1+ 2>
1 n 0
= — 1+ —— 0 32
nr<r—1< +7’—2>+ 3)’ (32)
where 03 € [—1,2].
Because
n.o_n_ n
r—1 r r(r—1)
then
n 14 0 _n n no B nb B
r—1 r—2) r r(r—1)  r(r—2) r(r—l)(r—2)_
=201+ Au,), (33)
where
1 0 0
Ay = Anp(6) = — _ . fel-1,0. (34
r= A = T T oy e B
Due to (34)
P 1 IR S SR B
Y1 =D -2 r—1 r—2 r—17"7r-2
1 1 2
> — — _
Anr 2 r—1 T‘—2> r—27
and therefore g
Ay, = —2 . 9e(=21). 35
) r_27 46( 7) ( )

From formulas (33) and (35) we obtain

n <1+ 92>_”<1+ 942>, 01 € (—2,1). (36)

T T —
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Taking into account (36), we have

1 n 0 1 /n 04
— 1 6;) = — (2 (1 0
n’ <r—1< +7"—2>jL 3> n’ <r< +r—2>+ 3)’ (37)

03 € [—1,2], 0, € (—2, 1).
Therefore, from (26), (32) and (37), it follows that

™" \r r—2

(W) = —— (" (1 L ) +93) C Osc[-1,2] fae(—-2,1), (39)

and, consequently, a somewhat rougher in comparison with (38) estimate (25)
follows. Theorem 1 is proved.

The uniform in all parameters estimate (25) is an asymptotic equality as
r — oo and r/n — 0.

Since ) )
rp—p— = ;—i—(’)(l), x> 0, (39)
then .
n
- - = 1). 4
— ="+ o) (10)

Furthermore, if the condition (24) is satisfied, then

n (r—1)2
r(r—2) z r(r—2)

> 1. (41)

Taking into account (40) and (41), from the formula (25) of Theorem 1 we
obtain the following statement.

Theorem 2. Let r > 2, f € R and n € N. Then, under the condition
2 <r </n+1, the equality

is true. Here, the quantity O(1) is uniformly bounded in all considered
parameters.

Considering successively the cases (24), (14), (16) and (18) and associating
with each of them the estimates (42), (15), (17) and (21), respectively, we otain
the general statement.

Theorem 3 (main theorem). Let r > 2, 8 € R and n € N. Then the
formula

Eu50) = 1 (e + O (43

nr _ e—r/n)
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holds. Here,
n
, 2<r< 1,
r(r—2) rsnd
T p—
57“71 — e—r7 57‘,71 — ﬁe r/n, n+l1<r< n27 n>2. (44)

1 —-Tr
<1 + > : n? <r,
n

and O(1) is a quantity uniformly bounded in all considered parameters.

Formula (43) is actually the analogue corresponding to the class WEJ of
Stechkin’s estimate (11), which was obtained earlier for the classes W5 o

Incidentally, we note that based on the estimate (26) used in the proof
of the theorem 1, we can write the estimate of the quantity Sn(WE’l) in the
integral form.

Let
|
((s,q) = ———. Re(s) >1, Re(q) >0, 45
(s,4) kzo(q+k)s (s) (q) (45)
be the Hurwitz zeta function.
Given (45), we can write
=1
Z ﬁ = C(n n)? (46)
k=n
I~ &k 1
=N ((r—1,n+1)— 1). A7
2 RS Lt ) = ) (47)
Then the formula (26) will be written in the form
1
En(W51) = = (C(rym) + 6Ry), € [-1,0), (48)
where )
Rr,n = EC(T_lan_‘_l)_C(T?n"*'l)' (49)

Since (see, for example, [2, p. 1036, formula 9.511])

s—1_—qt
C(s,q) = r(ls) / tl _i_i dt, Re(s)>1, Re(q) >0, (50)
0

then we can write the estimate (48) in integral form

. 1 1 ootrflefnt
gn(W/&l) = ; F(T) 1 — ot dt + HRT,n ; NS [_10]7 (51)
0
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where
1 T 2 (n+1) t 1 T le (n+1)t
t" e t N
Ry = / ¢ / dt =
onl(r—1) 1—et - I(r) 1—e™
0 0
0o
126~ (n+1)t 257‘—16—(714-1)15
= dt — [ —————dt | . 52
/ 1—e" / 1—et (52)
0 0

However, by virtue of formulas (29) and (50), the remainder R, ,, in (48) and
(51) can also be represented as follows:

Rr,n = %((T - 1’n) - C(ﬂ n) =

o

1 r—1 tr 2, —nt trflefnt

= dt — | ——dt | . 53

I'(r) n /l—e /l—e_t (53)
0 0
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