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classes of functions analytic in a disk and
exact values of their n-widths

Dedicated to the bright memory of
Vitalii Pavlovych Motornyi

Abstract. The first results on calculation the exact values of the
Kolmogorov n-widths of classes of functions analytic in a disk are associ-
ated with the names of K.I. Babenko (upper bound, 1958), V.M. Ti-
khomirov (lower bound, 1960) and L.V. Taikov (1967, 1977). The arti-
cle traces the evolution of the appearance and development emergence of
more general classes of analytic functions in a disk and the construction
of the best linear approximation methods for them. Particular attention
is paid to the classes formed by the averaged moduli of continuity and
majorants. New exact results are presented that continue this theme in
the linear normed spaces B(p, ¢, \), 0 < p < ¢ < 0o, min(gq, \) > 1.

Key words: class of functions, moduli of continuity, majorant, n-width,
the best linear approximation method.

Awnoranis. [lepmi pesysnbraru momo OOYMCIEHHS TOYHUX 3HAYEHD KOJI-
MOTOPIBCHKUX N-TOMEPEYHMKIB KJIACIB aHAJITUYIHUX y KO YHKIH
nos’si3ani 3 imenamu K.I. BaGenka (oninka 3sepxy, 1958), B.M. Tuxo-
mupoBa (oninka 3Hu3dy, 1960) ra JI.B. Taiikosa (1967, 1977). ¥ crarri
IIPOCTEXKYETHCS €BOJIIOIiS IIOSBU Ta PO3BUTKY OL/IBII 3araJbHUX KJIaciB
aHAJITHIHUX y KPY3i DyHKIH Ta o0y 10BY /U151 HUX HAMKPAIIAX JIHIHHAX
MeTroniB HabmkeHHsI. OcobIMBY yBary IpHUAIEHO KjlacaM, yTBOPEHUM 3a
y4acTi ycepeJHEHIX MOJIYJIiB HellepepBHOCTI Ta MakopaHT. HaBeneno Hosi
TOYHI Pe3yJIbTaTH, IO IPOJOBXKYIOTh IO TEMATUKY Y JIHIHHIX HOPMOBa-
Hux npocropax B(p,q, ), 0 < p < ¢ < 0o, min(g, \) > 1.

KurouoBi cioBa: kiac yHKIIH, MOMIY/Ib HENEPEPBHOCTI, MAXKOPAHTA,
N-TOTIEPEYHUK, HARKpaIIUi JIHIHHINE MeTo 1 HaOJIU KEHHSI.

MSC2020: Pri 30E10, 41A45, 41A46, SEc 41A10, 41A44, 41A50

1. Introduction.

Problems related to the calculation of values (exact, ordinal, asymptotic)
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of various n-widths of classes of functions in linear normed spaces continue
to attract the attention of mathematicians. It should be noted that in the
complex case, in contrast to the real case, relatively few final results in one
sense or another are known. This applies even to domains in a disk form, when
it comes to classes of functions analytic in them, defined using majorants and
averaged (possibly using weight functions) moduli of continuity. An important
place in this kind of research is given to the construction of the best linear
approximation methods. In many cases, this allows us to find exact values of
the linear n-widths for classes of the indicated type, consisting of functions
analytic in a disk. Since this article is devoted to the mentioned themes, then
in order to obtain a complete picture of the state of the issue, it is advisable
to dwell on some key points of previously conducted research. To do this, we
recall the necessary concepts.

Let X be a linear normed space and B the unit ball in it, 91 be a convex
centrally symmetric set from X containing null, L, C X be a linear n-
dimensional subspace, L™ C X be a subspace of codimension n, A : X — L,, be
a linear continuous operator from X into L,, Y be an arbitrary linear normed
space containing 9, Y* be the dual space to Y, {lx}}_; C Y* be an arbitrary
set of linear functionals, C™ be Cartesian product of n specimens of the set of
complex numbers C, V : C" — X be a linear continuous operator from C" into
X. Remind [11], that the quantity

EM, Ly)x = inf{sup{||f — Afllx: feM}: AX C L,}

characterizes the best linear approximation of a set 9 by elements from Ly,.
A linear operator A (if it exists) for which

E(OM, Ly)x = sup{||f — Af|lx : f €M}

defines the best linear approximation method for 9t in X.
The quantity of

EON, Ly )x:=sup{ E(f, Ln)x : f €M} =sup{inf{[|f —gl[x : g€ Ln} : fCM}

characterizes the deviation of a set 01 from L,,. Since E(9M, L, )x < E(M, L, )x,
then, as noted in [11], it is interesting a case of the existence of the best linear
approximation method A, realizing on a set 9t the upper bound of the best
approximations by elements from L,, i.e.

E(M, Ly)x = sup{||f — Af|x : f € M}.

The quantities
dp, (M, X) = inf{E(MM, L,,)x : L, C X},

5, (9, X) = inf{E(OM, Ln)x : Ly © X},
b, (M, X) = sup{sup{e > 0:eBN L,y1 CTM}: Lypy1 C X},
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in(M, X) = inf{inf{sup{[|f = V(I.(f), ., ln(f))l|xc : | € M}
VC" XMV, (k)= C Y},
d" (M, X) = inf{sup{||fllx: feMnL"}: L" C X}

are called, respectively, the Kolmogorov, linear, Bernstein, informational and
Gelfand n-widths of a set 91 in X (see, for example, |11, ch.1, §1.1], [13, ch.
4, 4.1], [14, ch.II, §1-4|, |24, ch.3, §1]). The following relationships are satisfied
between the listed approximation characteristics of a set 91 from X:

d, (9, X)
A, X) < i (M, X) < 6,(9M, X) < E(M, Ln)x. (1.1)

b, (O, X) <
At the same time
dp,(M,X) < E(OM, Ly)x < E(ON, Ly)x. (1.2)

It is important to note [14, ch.II, §3] that if X and Y are linear normed
spaces and Y is a subspace of X such that 9t C Y, then

d"(M,Y) = d" (M, X). (1.3)
The definition of the Bernstein n-width in this case implies the inequality
b (O, X) = b, (M, Y). (1.4)
If there is a subspace L, C X, dimL, = n, when
BE(9M, Ly)x = dy, (M, X),

then Ly, is called an extremal subspace  for the Kolmogorov n-width d, (901, X).
In other words, an extremal subspace L,, C X is the best for approximating a
set M among all n-dimensional subspaces {L, } C X.

A subspace L, C X, dimL,, =n (if it exists) for which

EOM, Ln)x = 6, (M, X)

is called extremal for the linear n-width. Of particular interest [11] is finding
an extremal subspace L, C X, dimL, = n, when

E(M, Ly)x = EON, Ly)x = dp (M, X) = §,(M, X).
If there exists a subspace L, C X, dimL; ,; = n + 1, such that
b (M, X) =sup{e >0:eBNL, ; CM},

then it is called extremal for the Bernstein n-width b, (9, X).
A subspace L} C X of codimension n (if it exists) for which

d" (M, X) = sup{[|fllx - f € MN LY}
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is called extremal for the Gelfand n-width d" (9, X).

In fact, by analogy with [12], a set of linear functionals {l;}}_, C Y*, 9 C
Y, participating in the determination of the quantity i, (9, X), can be consi-
dered as a coding method, which associates a function f € 9t with information
about it in the form of a point from C", i.e. {z1 = l1(f), ..., 2n = lo(f)} € C™.
Then V : C™ — X should be considered as a method of recovery of functions
f from 9N by a specified information. Thus, in the course of calculation of two
exact lower bounds in the formula for i, (90, X), we are dealing with finding of
the best method of recovery V : C* — X (if it exists) of functions f from 9N,
provided that an optimal linear normed space §(, such that 9 C §(, has already
been found, in which f € 91 is optimally coded by a set of linear functionals
{le}p, C Y*. From the above it follows that it is appropriate to talk about
an optimal method of (Y, {lNk}Z:l C Y*, V) — recovery (if it exists) of functions
from a class 9 in a linear normed space X. In this case we get

in O, X) = sup{[|f = V(L (F)s oo In(F))xc : | € MY

Based on [12] and (1.1), we note that the problems of the exact calculation
of the quantities of n-widths and a search of optimal method of (Y, {lx}io, C
Y?*, ‘7) — recovery are equivalent in a certain sense. However, in the second
problem, unlike the first, it is necessary to find a set (iﬁv{', {lg}p_, C Y*, 17) (if
it exists) that guarantees the minimum possible recovery error on a class 91 in
a space X.

2. K.I. Babenko’s result and its further extension

In this section we will not discuss any characteristics of smoothness of
analytic functions in a disk, but it is nevertheles important in the sense that it
traces the evolution in construction of the best linear approximation methods
for a number of classes, starting with the fundamental K.I. Babenko’s result
[3]. Some conceptual points of the indicated result were subsequently used by
one of the authors of this article in [26]-[31] into the course of construction
the best linear approximation methods for the classes of functions analytic in
a disk and defined by majorants and averaged moduli of continuity.

Let us introduce the necessary concepts and notations. A disk of radius
R € (0,00) and a set of analytic functions in it are denoted by the symbols
Ur :={z € C: |z|] < R} and A(UR) respectively in the complex plane. We set
U := U, for R = 1. For an arbitrary function f € A(Ug) in the case p € (0, R)
we will use a quantity

2T . 1/q
(2 [ 1f(peyiear) ™, 1< <o,
0

it —
omax | f(pe")l, q = o0.

Mq(f7 p) =
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By the symbol Hy g, 1 < ¢ < 00, R € (0,00), we denote the Hardy space
consisting of functions f € A(Ug) that have a finite norm

I fllg.r == 1 fll, » = Hm{My(f,0) : p = R —0}.
It is known [5, ch.1, 1.1] that each function f € Hgr has a radial limits

f(Re) = lim{ f(pe') : p — R — 0} for almost all 0 < ¢ < 27, and its norm is
realized at the angular boundary values, i.e.

27 ) 1/
(25 [ 1f(Retmat) ™, 1< < o0,
0

1l = ,
ess sup [f(Re")], q = oo,
0<t<2n
where the integral is understood in the Lebesgue sense. We put H, := H, 1 and

I £llq := I fllg1 in the case R =1 for f € H,. Let us denote by ™ m €N,
the m-th order derivative of a function f € A(Ug) with respect to a complex
variable z. We conside the classes of functions

W= {f € A{Ug) : f'™ € Hyp, |f"™|¢r <1},

where m € N, 1 < ¢ < 00, R € (0,00) and suppose W™ := W for R = 1. Let
L} be a subspace of algebraic polynomials of complex variable z of a degree
not exceeding n — 1 where n € N.

In the case ¢ = oo, R = 1, K.I. Babenko constructed in [3] the linear
operator A Ho, — L} defining the best linear approximation method for the
classes W2, m € N, in the space Hy, when n > m. Speaking further about
the best linear approximation methods for the classes W;", 1 < ¢ < oo, in the
spaces H,, which map H, into L}, we will keep in mind that m,n € N and
n = m in this section. From [3] follows that, in fact, K.I. Babenko calculated
upper bounds for the linear n-widths of the classes W2, m € N, in the space
H. Fundamental V.M. Tikhomirov’s result [23] on the n-width of a ball helped
to find lower bounds for the Kolmogorov n-widths in this case, which coincided
with the already known upper bounds for the linear of n-widths. As a result of
this, exact values of the Kolmogorov and linear n-widths of these classes were
obtained in H...

In [20] L.V. Taikov showed that the best linear approximation methods
constructed by K.I. Babenko in [3] are also the best for the classes W{™ in the
space Hj. In [21] L.V. Taikov extended the results on calculation the exact
values of the Kolmogorov’s n-widths of classes W in the spaces H, from the
case ¢ = 0o [3]| to cases 1 < ¢ < 0o. As the consequence of the results from
[20] and [21], we obtain the exact values of the linear n-widths of classes W{"
in Hl.

It is necessary to specially mention J.T. Scheick’s work [15]. The problems
of calculating the exact values of the best polynomial approximation of more
general classes of functions than WZ! were considered in the spaces Hu g,
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0 < R < 1. The meaningful results obtained in [15] contributed, in part,
to similar further generalizations made in the works of V.I. Beliy and M.Z.
Dveyrin [4], M.Z. Dveyrin [8]. Determined in them classes constructed by the
union functions [19, ch. II, §3| became a natural generalization of the classes
W, in the spaces Hy, 1 < ¢ < oo. The best linear approximation methods
were constructed and the exact values of the Kolmogorov, linear and a number
of other n-widths were found for such classes in the spaces Hy g, 1 < ¢ < o0,
0 < R < 1. It should be noted that the ideas laid down by K.I. Babenko in
[3] were productively used by the authors of works [4] and [8] in the course of
obtaining some final results. Further extension of the indicated investigations
to the Bergman spaces By, 1 < ¢ < 00, |7] and to the spaces B(p,q,A), 0 < p <
q < 00, 0 < A< oo, min(g,A\) > 1, studied, for example, by M.I. Gvaradze in
[10], was carried out by M.Z. Dveyrin and 1.V. Chebanenko in [9]. In particular,
it turned out that in the spaces B, and B(p, g, A) the best linear approximation
methods for the classes defined by union functions have the same form as in
the papers [4], [8].

By Ly :=L4(U), 1 < g < 0o, we denote a normed linear space of complex-
valued functions f defined in U with modulus summable on U to the ¢-th

power, for which || f|z, = {% ff\f(z)\qudy}l/q < 00. For ¢ = 0o we set
U

| fllco = esssup{|f(z)| : z € U}. It is obvious that the Bergman space By,
1 < g < oo, we can define by B, = {f € AU) : ||fllB, == Ifllz, < oo},
1 € ¢ < 0. In A. Pinkus’s monograph [14, ch.VIII, sec.2| the best linear
approximation methods were constructed for the classes W(TR, 1 < q < o0,
R > 1, in the spaces £, and the exact values of the linear, Kolmogorov and
a number of other n-widths of the specified classes were calculated in £,. As
before, the fundamental K.I. Babenko’s result [3] also played an important role
here.

3. L.V. Taikov’s and N. Ainulloev’s results and their
further extension

For the first time, exact values of the Kolmogorov n-widths of the classes
of functions analytic in a disk, defined by the averaged moduli of continuity
and majorants, were obtained in the fundamental works 22| and [1]-[2]. Let X
be a linear normed space of functions f € A(U) having a finite norm || f||x and
R € (0,00). By Xp we mean a linear normed space of functions f € A(Ug)
having a finite norm || f(2)|lx, = ||f(R2)|/x. In the case R = 1 we assume
X := X;. We introduce the following notation for ease of presentation: for an
arbitrary function f € Xp we write its moduli of continuity of the first and
second orders in the forms

w1(fst)xp = sup{|| f(ze'T?) = f(ze™ ) |xp ¢ 17| < )82 0,

wa(f, 2)xp = sup{[|f (2¢"7) = 2f(2) + f(2e7)llxp, ¢ 7] < 1}, > 0.
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For R =1 we suppose wi(f, kt)x := wi(f, kt)x,, k = 1,2.
Throughout what follows, we assume that W(¢), ¢t > 0, is an arbitrary
continuous increasing function such that \I/(O) = 0. We will call it a majorant.

Let R € (0,00), f € A(Ug), and 3 c(f)z" is the Taylor series of a function
keZ
f where ¢x(f), k € Z4, are the Taylor’s coefficients of f. For p # 0 we have

Of(pe'™) /o = i 3 cu(f)kpFe™ ™, where we set 9f(0)/07 = 0 when p = 0.
keN

Then all partial derivatives fé,mg) = 0™f/0t™, m € N, computed of a function
f to an argument 7 of a complex variable z = pexp(iT), are also analytic
functions in a disk Ug, and the equality

amf

Drm A f(2)2™ 4 a1 V()2 Lt avm f(2)z,

ajm € C, j = 1,m, can be obtained by the method of the mathematical
induction. It is also obvious that f,,(2) = izf'(2), farg( )= ( é% 1)(z));rg,

m € N\ {1}, and fO(z) = farg(z) = f(2), z € Ur. We will use the following
notation under the denoting of classes of functions analytic in Ug:

~/(2k)
k
Won(®) ={f € Hyp: — / wa(f,20) b, et < U (2k> vk € NJ,

0

ma(0) = {f € A(Ug) : f™™ € W, r(T)},
W (W) == {f € A(UR) : f{73) € Wor(¥)},

where m € Z;, 1 < ¢ < oo, R € (0,00). When m = 0 we have W, p(¥) =
WO R(W) = W) (W). For R = 1 we put Wy(¥) := Wy1(¥) and W (¥) :=
(), W () = W ().

For the first time, the exact values of the Kolmogorov n-widths of classes
of functions analytic in the unit disk and defined by averaged smoothness
characteristics and majorants, were obtained by L.V. Taikov in the spaces
H,, 1 < g < oo, [22]. In particular, this concerns the classes Wg"*"¥(¥) and

W (W), m € Zy, when a majorant W satisfies the condition

\I/()\t)> T {125m()\7r/2) 0<A<2, (3.1)

> AT ’
V() “ =2 2011, A2,

for 0 <t < w/2 and 0 < A < oo. It also follows from [22] that the set
of majorants ¥(t) = Ct* (™2 where C' € (0,00) is a constant, satisfy the
relation (3.1). We put

t
1
Gu(we(fxp.t) t/wk f.27)x, 1—|—(,u —1)sm(7;t>)d7' t>0, (3.2)
0
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for an arbitrary function f from a linear normed space Xg, R € (0,00), and
k=1,2.Here p > 1for k =1and p > 1/2 for k = 2. We consider the following
classes of functions in X using the quantity (3.2):

WXR(wk,\D;u)::{feXR:Qu(wk(f)xR,t) W(t) Ve (0, 2]}k 1,2, (3.3)

W;gr;arg(wla\p;/") = {f € XR farg € WXR(wla \I/;:UJ)}7 (34)
W (w2, s 1) = {f € Xp : f™ € Wi, (w2, T; )}, (3.5)
Wi (wo, Wy p) == {f € Xp 1 f{) € W (w2, U3 )}, (3.6)

Wt (w1, i) = { f € X %gu(wl(f)xR,t) <w(vie (o, g} Lo

W (w1, Uy p) o= {f € Xp 1 [ € Wi (wr, @5 1)} (3.8)

In formulas (3.4)-(3.6) and (3.8) we assume that m € Z,. When m = 0 the
classes of functions (3.4) and (3.5)-(3.6) coincide with (3.3) for £ = 1 and
k = 2, respectively, and the classes (3.8) coincide with (3.7). We will write
X instead of X; when R = 1 in formulas (3.2)-(3.8). Note that in the case
Xr=Hyr, 1 <qg< oo, Re(0,00), it is sufficient to require that f € A(Ug)
in the formulas (3.4)-(3.6) and (3.8) instead of f € H, r because from the
inclusions f(™ e Hy R or fé;';) € H, g, m € N, it follows that f belongs to the

space Hy R.
In order to extend of L.V. Taikov’s results [22], N. Ainulloev [1] considered
the some other classes of functions. In particular, when X = H, from [1]

follows the exact values of the Kolmogorov n-widths of classes W}’?q (wo, W; 1),
m,n € N,n >m, and quarg(wg, U:p), m € Zy, in the spaces Hy, 1 < ¢ < o0,
if a majorant W satisfies the condition

1
b > 7o ) (e () (vt = (5))ar - 69)
0

for a given p > 1/2 and for any values u € (0,7/2] and ¢ € (0,00). Here

(1 —cosz), :={1l —coszx for 0 <z < m;2 for z > 7}.

Note that in the special case when p = 1 and ¢t := Au, A € (0,00), the
condition (3.9) turns into (3.1). In [1] it was shown that the power functions
W(t) = Ct*) satisfy the relation (3.9), where C' € (0, 00) is a constant and

1

a(p) == 7r—2,u/$ 1+ (1 —1)sm<7r2x)>sin(72rz>d:x

0
The case when =1 and «(1) = 2/(m — 2) is contained in [22].
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As a continuation of this theme in the spaces H,, 1 < ¢ < oo, the exact
values of the Kolmogorov n-widths can be found from the results of [2| for the

arg(

classes /VIV/IZ w1, ¥;u), m € N, where a majorant ¥ satisfies the condition

1
T
T(r/@np) 2n,u tn/ sin(tnx)) 1 + (42 — 1)sm< 5 ))dw (3.10)
0

for given 1 > 1 and any values ¢ € (0,7/2] and n € N. Here
(sinz)s := {sinz for 0 < z < 7/2;1 for x > w/2}.

It was shown in [2] that of majorants W(t) = C+?() satisfy the relation (3.10),
where C' € (0,00) is a constant and

B(pn) =1+ (27;)20/xcos (%) (1 + (p? — 1) sin (%))dm

In this case 7/2 < f(u) < 2V p € [1,00) and lim{B(p) : p — oo} =
B(1) = m/2.

It should be especially noted that the semi-additivity property of the best
approximation functional was used in the course of obtaining the upper bounds
for the Kolmogorov n-widths of the classes of analitic functions in [22], [1]-]2].
An operator defining a type of the intermediate approximation was chosen
specificaly, based on the peculiarity of the class of functions considered in each
of the articles [22], [1]-[2]. The conditions (3.1), (3.9), (3.10) on majorants that
participate in the determining of the corresponding classes of analytic functions
have the natural origin. Without their fulfillment, it would be impossible to
obtain a lower bounds for the Kolmogorov n-widths using V.M. Tikhomirov’s
theorem on the width of a ball. It was also important to show that the sets of
majorants satisfying the indicated conditions are not empty.

By one of the authors of this article was constructed the best linear approxi-
mation methods for the classes considered in [22], [1]-[2], which were defined
by averaged (or by averaged with weight) moduli of continuity of the first and
second orders, as well as majorants. It was the further development of the indi-
cated themes and made it possible to find the exact values of linear and other
n-widths in each of the specific cases considered above.

Thus, for the classes W9 (¥), m € Z, 1 < ¢ < oo, following from [22],
when a majorants ¥ satisfy the condition (3.1), the best linear approximation
methods were constructed in the spaces Hyr, 0 < R < 1, and the exact
values of different n-widths were found in [26]. Later, similar results were also
obtained for the classes W (V¥), 1 < ¢ < oo, m € N, n > m, in the spaces
H,r, 0<R<1,|31].

Let a majorant W satisfies the condition (3.10) and X = Hy, 1 < ¢ < oo.
In 28] the best linear approximation methods were constructed in the spases
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Hyr, 0 < R < 1, for the classes Wgarg(wl,ﬁ/;u), m € N\{1}, considered in
[2]. The exact values of the linear and other n-widths of these classes were also
found in [28].

Further, if a majorant ¥ satisfies the condition (3.9) and X = H,, 1 < ¢ <
00, the best linear approximation methods were found in [27] in the spaces H,
for the classes W}Z’mg (w2, U; ), m € N, from [1]. The exact values of the linear
and other n-widths were also calculated in [27]. Similar extremal problems were
considered for the classes of analytic functions W}}Z (wo, ¥; ), m € N, in the
spaces X = Hy, 1 < ¢ < o0, in [22] and later in [26] and [31].

It should be especially noted that one general idea was applied in the
construction of the best linear approximation methods for the classes of
analytic functions considered in the articles [26]-[28], [30]-[31]. Its meaning was
that the best linear approximation method should consist of two summends.
The first summend was the best linear approximation method in the space
Hypr, 0 < R<1,1< q < oo, for the class W (or WY := {f € A(U) :

q
é%) € Hy, Hfé;?;) llg < 1}), m € N, if the considered by us class of analytic in U

functions was defined by the averaged smoothness characteristic of the m-th
order derivative f(™) ¢ H, (or fé?;) € H,). The second summend was a speci-
ally shosen linear operator that “thinly” took into account a structure of the
intermediate approximation used to obtain an upper bound for the Kolmogorov
n-width for the class of analytic functions consided in one of the articles [22]
or [1] or [2].

Based on the described approach, M.Sh. Shabozov and G.A. Yusupov [17]
constructed the best linear approximation methods and found the exact values
for the linear and other n-widths of classes of functions Wi (w2, W5 ), 1 < g <
oo, m € N, n > m, in the spaces Hy r, 0 < R < 1, provided that the majorant
VU satisfies the condition (3.9).

It should be noted that the questions connected with the construction in
a certain meaning the best linear approximation methods in Hy, 1 < g < oo,
were considered in [32|, when the expressions optimized on the classes

H' = {f € AUg): f*™ € Hyp}, m€Zy, R>1, Hyp:=H.p,
contained the quantities gﬂ/(%(n_m))(wg(f(m))quR,t), 0<t<7/(2(n—m)),
which were defined by the formula (3.2).

4. Main result of the article

The following is the theorem, which constitutes the main content of the
article and can be considered as a further development of the themes outlined
in section 3. The indicated development is carried out mainly in two directions.
Before briefly formulating each of them, we will provide the following notations.

Let v(|z|), z € U, be a nonnegative, nonzeroequivalent, summable function
on U. Then by L,~ = L,(U,7), 1 < ¢ < oo, we mean the linear normed
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space of complex-valued functions f in U for which yY/9f € £, and ||f|| Lon i=
IVY9f | . .- The Bergman spaces with weight function « are defined by

Byn = By(U,y) ={f € AU) : [[fl|B,, = I fll £, <00}, 1< g <00

1 1/q
For this situation we have | f|| B, , = { [ py(p)M{(f, p)dp} and in the case
0

7 = 1 we write By := By, [18], [30].

The first direction includes those results in which the calculation of exact
values of various n-widths of classes of analytic functions and the constructi-
on of the best linear approximation methods for them take place in other
linear normed spaces containing these classes. For example, in [30] the classes
W,'r(¥) were considered in the spaces L.

Towards the second direction expediently to put similar studies, but
in linear normed spaces Xr, R € (0,1], when the considered classes of
analytic functions are defined in X. For example, the classes of functions
ngl’jrg (w1, T p), Wm; "9 (wg, W; ) were considered by M.Sh. Shabozov, M.S.
Saidusainov (2014), M. S. Saidusainov (2016) in the weighted Bergman spaces
By~:r = By~(Ugr) and the classes of function WanTg(wl,\I/,u), m € N,
1 < g < oo, were investigated in the Hardy spaces Hy g, R € (0,1] in [16].
Moreover, the best linear approximation methods constructed previously in
[27] and [28] also turned out to be the best for the classes of functions consi-
dered above. The work [29] can also be put to the second direction.

It should be especially noted that the fundamental ideas and methods
developed in [1]-[4], [8]-]9], [20], [22], [26]-[28], were used to varying measure
in the works [16]-[17], [30]-[32].

Let us introduce the necessary notions before formulating the main results
that relate to the first direction of researchs. By the symbol B(p, ¢, A), 0 < p <
q < 00, min(g, A) > 1, we denote the linear normed space of complex-valued
functions f(z), z € U, that have a finite norm

1
A g 1/X
g = { [ (1= 9077100 / fpemprar)ap)
0

Here the integrals are understood in the Lebesgue sense. Then the Banach
spaces B(p,q,\) considered in section 2 of article can be represented by
B(p7Q7 ) - {f € A( : HfHB(pq, = Hf”g(m,)\) < OO} We denote by
= | fllBp,g.0) When f € Bp,q, ) and have

1
/ X1/p—1/q)— 1M)‘(f, ) }1/)\ (41)
0
for 1 < A < oo and
a0 = sup{(1 = p) P HIM,(f,p) - 0 < p < 1} (4.2)
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for A = oo. Recall that the spaces B(p, ¢, A\) became a natural generalization
of the Banach spaces

1 27

By = {1 AW): 17, = [ [ @07 2|f(pe)ldrdp < o} 0<p<1,
0 0

considered by P.L. Duren, B.W. Romberg, A.L. Shields in [6] (see also [18, §1,
1.3]). It is obviously, that H, C B(p,q,\), 1 < ¢ < oo. Note that a number
of problems of polynomial approximation of analytic functions in a disk in the
Banach spaces B(p, g, \) were considered, for example, in [9], [25], [29], [33].

Let us introduce the necessary notations for the formulation of the theorem
1, assuming that

tyi=———, u=21/2, neNmeZi,n>m; R>1z¢cUg;

agm =k(k—1)..(k—=—m+1), kkmeN, k>m, apo:=1VkeN;
t*

Brem = An—m) /(1 —sin((n — m)Ou)) cos((k — m)0)do;

T—2
0

for m,n € Nand n > m

o k=0m—1,
tunte) = { [0+ i (3un (1 (5525) )
_1>yz‘2(n )}2k7 R

form=0and neN

Yro(z) = [RQ(H—’C) + (5,”) (1 — (2nk_ k>2) — 1) |Z|2(n—k)}zk’ k=0n=T:

an = Span{¢k m(z)}z:(l) ;
Kn 1,m f7 Z 77k mck wk,m(z)a (43)

where 0, := {1 for k =0,m — 1; R2(’“_") for k =m,n — 1} when m € N and
Mk,0 = R2k=n) k. —0,n — 1, when m = 0;

L :={feBp,q¢)N: fF0)=0,k=0,n—1}; Ly, :=span{l,z,...,2"};

n - 1/¢=1/p
F,q(n) = 012132(1{(1 - )l/pil/q/)n} = a —(Fl —k/((ll//i _ 11//@([1)))/n)n ) (4.4)

Hpar(n) = {BY (X1, A(1/p-1/q)) for 1<\ < o0; F, 4(n) for A=00}, (4.5)
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where 0 < p < ¢ < 00, ¢ > 1, and B(a,b) is Euler integrals of the first kind,
converging for a,b > 0. Note that the value of H, , x(n) — 0 for n — co.

Using (3.2), we consider the classes of functions that are similar in a certain
sense to (3.3) and (3.5), i.e.

Wq,R(wz, U;p) = WH%R(W% U )

™

—{f € Hur': 55 Ol D, o) < 00 v € (03]}

and
Wis(w2, Uy ) == {f € A(UR) : ™ € Wy p(ws, ¥; )}, m € Zy.

For m = 0 we have /W%R(WQ,\I/;/,L) = qu,R(wg, Uip). If meZy and p=1 we
obtain WWR(wQ, ;1) C WR(¥) (see section 3).

Theorem 1. Let p > 1/2 be an arbitrary fized number; R > 1; 0 < p <
g < oo, min(q,\) > 1; m € Zy, n € N and n > m; a majorant ¥ satisfies the
condition (3.9). Then the following equalities hold:

bn(/WZTR(w% N M)a B(p,q,7)) = dn(WgR(w% v M)a B(p, q, A))

= hn(W;?R(WQ’\I’;M)vg(pa q, A)) = E(W R(W2, v ,LL) L )g(p,q»\)

= E(W w2V 1), T g o

= sup{|f — Knctn (Dl gy /€ Wehlwn, U5 )}

- WHp,qA(n)\y(w), (4.6)

On,m n—m)u

where hn(W;@R(wg, 0 u),g(p, q,\)) is anyone from n-widths : dy, oy, d", by, or
in of the class I/quR(u)g7 U; 1) in the space B(p,q, \). Furthermore

1) in the cases of the mn-widths dn(WgR(wg, i), B(p,q,\) and
5n(/W$R(wz,\I/;u),l§(p,q, \)) the subspace Ly, is extremal;

2) the continuous linear operator /NXn_Lm determines the best linear approxi-
mation method for the class W;IR(wg, U ) in the space B(p,q, \);

3) the subspace LT is extremal for the Gelfand n-width

dn(W(;,nR(w%\Ij;,u)vB(pqu)\));
4) the subspace L) . is extremal for the Bernshtein n-widths

b (W (w2, Ui 1), B(p. ¢, N) and b (W2, s 1), B(p, 4, V)):

5) the exact value of the information n-width in(/\;fR(wg, U; 1), B(p,q,\))
is realized in the space B(p, q,\) by the optimal method of (YNZ = Hg, {ﬁ(f) =
c—1(f), C Y5V = A, l,m) —recovery of functions [ from the class

Wq,R(w% \Ijv H)
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Proof. Based on (1.1)—(1.4), to obtain equalities (4.6) it is necessary to find

the upper bound for the quantity S(W;lR(wg, U; w), Zn,m)g(p o))

bound for the Bernstein n-width of class WfR(wg, U: 1) in the space B(p, g, \).
In this case, both bounds must coincide. To solve the first of these two
problems, we will use some reasoning from [30], [32]. Using the K.I. Babenko’s
kernel [3]

and the lower

B (7, 1) cos(kt), 7 € (0,1),
ken Hhtnm
we suppose
Grinm(p,t) = Rm(£>nemt18%nm<£,t>, 0<p<R (4.7)
i R "\ R
Note that [14, ch. VIII, 2]
7 1
P\
= [ 1Grnm(p,t dt:Rm<—> . 4.8
= ) 3 (4.9
0

For an arbitrary function f € WQT,”R(OJQ, U; ) whenn >mandn € N,m € Zy,
z € Ug, we denote

mn n . 2(n—Fk)
> N+ T o) (1 (F) 7 7)#, men
Nyamlfoz) =] 520 = ’

AERRCEON
()1 — (5 2", m=0.
Zan(-(&)" )
(4.9)
Then for p € (0, R) and t € [0,27) we obtain the equality
1 27
f(peit) - A:—l m(f7 peit) = 27 / f(m) (Reie)eimeGR;n,m(pv l— 0)d9 (410)
' T
0

using the formulas (4.7), (4.9). Integrals are understood in the Lebesgue sense
everywhere below.

For a function f € A(Ur) when fm e /W%R(wg, U; 1) we use the approach
from [1], which is based on the intermediate approximation of f (™) by the such
function

s

Fo(f, 2= (LM [ (0 450 e ) (1 sin (0 m) o) o

T—2
0
= Z Bk,makymck(f)zk_m, z€Urp,m€ L. (4.11)
keZ (k>m)
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Using the idea of reasoning [30, pp. 1098-1099] we put in correspondence
to the function (4.11) the algebraic polynomial of z of following form
n—m—1

Vn—fm,—l,Q(Ft* (f(m)),z) = Z Blﬁdm,makﬂn,mckﬁn(f> <1 - (2(77,—]:71)—k) 2) 2.
k=0

With its help we define the linear operator K:_Lm cHy g — gR(p, q,\), where

2w
1 o
n— 1m(f7 ) 27T/Vnm1,2(~7:t*(f(m))7Rew)ezmeGR;n,m(pat_e)de
0
Qkm E—m N2\ /|z]\2(r=F) i
—Zﬁkm (1 (g ) )(R) a0 @)

The function (4.3) is the sum of two functions (4.9) and (4.12), i.e
K’Vl—Lm(f? Z) = An 1 m(f Z) + An 1 m(fa Z): f € W;:LR(W% \I/;,u,), z € Ug.

Using the definition of the norm in the linear space g(p, q,\), 0 <p<q< oo,
min(g,A) > 1, as well as formulas (4.4), (4.5), (4.8), (4.10), (4.12) and the
special case of Young’s inequality [14, ch.VIII, §2|, we have

Rm—n

n,m

Hf_Kn—l,m(f)HE(p,q,A) < Hf(m)_vn—m—lﬁ(]:t* (f(m)))Hq,R Hp.ga(n). (4.13)

From (4.11) and the triangle inequality for the norm we obtain
1F = Vaem—1,2(Fe (P llgr < 1F = Fo (£l

HIFe (F7) = Vaeme1r2(Fe (7))l - (4.14)

The first and the second terms in (4.14) are estimated based on the arguments
similar to [30, pp.1100-1103] taking into account the specifics of the class under
con81derat10n As a result, the upper bound follows from (3.2), the definition
of class W (w2, W; ) and (4.13)—(4.14)

—

EW (w2, 5 10) 5 0y < SUPLIT = Betn (Dl gy € Wiawn, Wi 1)}

Rm T Rm=" (n—m)p
W,Hp,q,A(n)mgu("@(f)Hqﬁyt*) = mﬂp,q,x(n)ﬁx
m/(2(n—m)u)

X / wg(f(m), 2T)H, n (1 + (,LL2 — 1) sin((n — m)Tu))dT

0

<

R i
< — ). .
= anm Hp’q’)‘(n)\IJ(Q(n — m)u) (4.15)

153



S. B. VAKARCHUK, M. B. VAKARCHUK

Let us proceed to obtaining the lower bound for the quantity
bn(quR(wg, U 1), B(p,q,\)). For this we will use the inequalities that hold
for any polynomial II,, € L}, [14, ch.VIII, §2]

Py lg < My(Iy, p), ||H§zm)Hq,R < R m ||l g, (4.16)

where 0 < p<1,R>21,n>m,me Z,.If 1 <X < oo we multiply both parts
of the first inequality (4.16) by (1 — p)*1/P=1/D=-1 0 < p<1,0<p < q < oo,
q =2 1, integrate over p within the limits from 0 to 1 and raise to the power of
1/A. If A = oo we multiply both parts of the first inequality from the formula
(4.16) by (1—p)Y/P=1/4_ calculate the maximum by p to the left and right parts
of the expression obtained in this way and use the formula (4.2). Using (4.5)
we write the general result in the form

[T lp.g.x

IL, ||y <
H an %p,q,/\(”)

, 1 <A< o0

We have from the obtained relation and from the second inequality of (4.16)
the following result

n—m
R Onm

Iim - “nm
| Hp,q)x(”)

q,R < ”Han,q,A' (4~17)

In L}, we consider the closed ball from the space B(p, ¢, \)
on41(6) == BN Ly y = {Ill, € Ly 1y ¢ [[Hn|lpgn < €}

of the radius
. Rmm T
5= 7%p,q,A(n)w(2(7) (4.18)

Qnm n— m),u
and show that it belongs to the class ﬁ/\qu(wg, U; 1). To do this, we use the
inequality

wo(Ily, 22) g, , < Ap(2)|IL,

¢, R X

‘(1737

where A, (z) := 2(1 — cos(nx)). (see, for example, [30]). It is obviously that

) e Ly _,.+1- Then we have from the last inequality and (4.17)

—m
R ™oy,

w H%m),Qa: <Ap_m(z Hq(lm) <—"
(0, 22) 1, < B0 IO g < g o

An—fm(m)”Han,q,)\' (4.19)

Adapting the corresponding reasoning from [1] for the case under consi-
deration, we multiply (4.19) by

T 9 . /T
— -1 (7))70 t<o0, 0<z<t.
2(7r—2)t< = Dsin (5 Stsoe Use
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Then we integrate the left and the right sides of the resulting inequality over x
in the limits from 0 to ¢ and use (4.18). As a result we obtain such inequality
for an arbitrary polynomial II,, € 0,,41(€)

t

ju(wg(ﬂgm))yqﬂ, )= t/WQ 11(m™) 2g) qR(1+(,u2—1)sin (%))dw
0
t
S\I/<2(njm t/ (1I—os(n—m)x )*<1+(u —1)sm<2 ))dw (4.20)
0
Setting u := m/(2(n — m)u) we replace the integration variable x = ¢7 in

the integral on the right-hand side in (4.20). Using the condition (3.9) for a
majorant ¥, we have
jﬂ(WQ(H%m))Hq,th)

1
~ / 1 - cos ))(1 4 (p2 —1)sin (%))df <U(H). (4.21)
0

From (4.21) it follows that o,11(€) C W\(ZLR(WQ,\IJ;/L). As already noted in
section 3, the set of majorants satisfying the condition (3.9) is not empty.

Using the definition of the Bernstein n-width and the formula (4.18), we
obtain the lower bound

bn(WgR(w% U 1), B(p,q,\)) Zsup{e >0:eBNLy ;| C W;?R(wg, U:u)}

>z= W?—[p’qv)\(n)\ll(ﬁ). (4.22)

Qn,m n—m)u

Then the equalities (4.6) follow from the relations (4.15), (4.22), (1.1)—(1.4).
From the proved equalities and the concepts given in the introduction, the
fulfillment of points 1), 2) and 4) out of the formulation of theorem 1 also
follows.
Point 3) is satisfied based on the following considerations. Since for the
Taylor coefﬁcients of an arbitrary function f € W R(wg, U; ) N LY we have

cr(f) = f®(0)/k! =0, k=0,n — 1, then from (4.3), (4.9), (4.12) we obtain
Kn_Lm(f,z):Vn_m_l,g(]:t*(f(m)),z) Ay n(f,2) =0 Vz € Up. (4.23)

From (1.3), (4.13)—(4.15), (4.23) and the definition of the Gelfand n-width it

follows the fulfillment of inequalities

A" (W (wa, s 1), B(p, ¢, N)) = d" (Wi (wa, s 1), B(p, ¢, \))

<sup{ Fllpgr = I~ Kncrn (Dl /€ Wyhleon, U5 ) 0 L2}
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< sup{[|f — Kn—l,m(f)‘|§(p7q7>\) 1 f € Wt;,nR(W% W5 )}

m—n
< }imn?{p,q,x(n)‘l’ (ﬁ) (4.24)
The fact that L? is extremal for the Gelfand n-widths follows from (4.6) and
(4.24). ~
Let us demonstrate the fulfillment of the point 5). We suppouse that Y :=
H,, 1< g < oo. Obviously, /nglR(wg, U; ) C H,. The Taylor coefficients of an

arbitrary function f € H, are defined by the formulas

21

wlf) = 5 [ e it ke zy,

0

where f(e') are the angular boundary values of f, which exist for almost all
0 <t <27 [5, ch.3, 3.2]. Based on the form of the linear functionals I(f) for
functions f from the Hardy spaces Hy, 1 < ¢ < 0o, (see, for example, [5, ch.7,
7.2], [6, §2]) we consider the Taylor coefficients cx_1(f), k = I,n as the linear
functionals {Ix(f) := cx_1(f o, C Y*. Using (4.3), (4.15) and the definition
of the information n-width, we obtain

in (Wia(w2, U5 1), B(p, 4, \))
< inffup{[f =V (co( /) -sCn1 (Nl gpgny  FEW R (wa, Usp) }: VE"C B(p,g,\)}

< sup{||f — Kn—l,m(f)HE(p,q)\) 1 f € W;?R(W% W)}

R ™
< — U(——-). 4.2
Qnm Hpaa(n) (2(n—m),u> (4.25)
From (4.6) and (4 25) it follows that the method of ( = Hq,{l~k( f) =

cr—1(f )}k 1 C Y* Vo= A, 1m) —recovery is optimal for functions f of the
class W;lR((,uQ, U ).

It should also be noted that the best linear approximation methods (4.3)
constructed in the course of proving this theorem, for ;1 = 1 coincides with the
best linear approximation methods obtained in [30] for the classes W (),
1<g<oo, R>1,m €N, in the linear normed spaces L, . Theorem 1 is
proved.

In conclusion of the article, we will indicate the possible directions for
further research. For example, extremal problems similar to those solved in
theorf/m 1 can be considered for the classes W5 (), quzléwg(\ll), quz,’;iwg(\ll)
and W;néarg(\ll), where 1 < g < oo, R > 1, m € Z., in the linear normed

spaces B(p,q,\), 0 < p < q < 0o, min(g, \) > 1.
In the case R = 1, similar in meaning extremal problems can be consi-

dered in the Banach spaces Br(p,q,\) = {f € A(Ur) : [f(&)lpgrr =
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| f(R2)|[pgr < o0}, 0 < R < 1; B(p,g,A) = Bi(p,q,A), for the
classes of functions analytic in U, ie. W (¥), W *9(T), Wi (wa, ¥; 1),
W;gn’arg(wg, U: 1), Wg’arg(wl, U; 1) where X := B(p,q, \). The results of arti-
cle [29], which were obtained for several other classes of function analytic in a
disk, can be the concrete example of further investigations in this direction.
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