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A family of maximal subalgebras of the Lie
algebra Wn(K) 1

Abstract. Let K be an algebraically closed field of characteristic
zero and Pn = K[x1, . . . , xn] the polynomial ring. Any K-derivation
D on Pn is of the form D =

∑n
i=1 fi(x1, . . . , xn) ∂

∂xi
, where fi ∈

Pn. All such derivations form the Lie algebra Wn := Wn(K) over
the field K. We prove that for s = 1, . . . , n − 1 the subalgebra
ms(K) =

{∑s
i=1 fi

∂
∂xi

+
∑n
j=s+1 gj

∂
∂xj
| fi ∈ Ps, gj ∈ Pn

}
is a maximal

subalgebra ofWn. The ideal Is =
{∑n

j=s+1 gj
∂
∂xj

}
ofms(K) is isomorphic

to the Lie algebra Ps⊗Der(K[xs+1, . . . , xn]) andms(K)/Is 'Ws(K). The
Lie algebra Wn(K) admits a natural grading Wn =

⊕
i≥−1W

[i]
n . For the

subalgebra L = W
[−1]
n ⊕W [0]

n and any D ∈Wn some conditions on D are
pointed out under which L and D generate the entire algebra Wn.

Key words: Lie algebra, maximal subalgebra, polynomial ring, derivati-
on, module over polynomial ring

Анотацiя. Нехай K – алгебраїчно замкнене поле характери-
стики нуль i Pn = K[x1, . . . , xn] – кiльце многочленiв. Кожне K-
диференцiювання D на Pn має вигляд D =

∑n
i=1 fi(x1, . . . , xn) ∂

∂xi
, де

fi ∈ Pn. Всi такi диференцiювання утворюють алгебру Лi Wn :=
Wn(K) над полем K. Доведено, що для s = 1, . . . , n − 1 пiдалге-
бра ms(K) =

{∑s
i=1 fi

∂
∂xi

+
∑n
j=s+1 gj

∂
∂xj
| fi ∈ Ps, gj ∈ Pn

}
є макси-

мальною пiдалгеброю алгебри Лi Wn. Iдеал Is =
{∑n

j=s+1 gj
∂
∂xj

}
алгебри Лi ms(K) iзоморфний алгебрi Лi Ps ⊗ Der(K[xs+1, . . . , xn])
i ms(K)/Is ' Ws(K). Алгебра Лi Wn має природнє градуювання
Wn =

⊕
i≥−1W

[i]
n . Для пiдалгебри L = W

[−1]
n ⊕ W

[0]
n i для довiль-

ного D ∈Wn вказано умови, при яких L i D породжують всю алгебру
Лi Wn.
Ключовi слова: алгебра Лi, максимальна пiдалгебра, кiльце полiно-
мiв, диференцiювання, модуль над кiльцем многочленiв
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1. Introduction

Let K be an algebraically closed field of characteristic zero, Pn =
K[x1, . . . , xn] the polynomial ring in n variables, and Rn = K(x1, . . . , xn)
the field of rational functions. Denote by Wn = Wn(K) the Lie algebra of all
K-derivations on Pn. Any element D ∈ Wn can be uniquely written in the
form

D = f1(x1, . . . , xn)
∂

∂x1
+ · · ·+ fn(x1, . . . , xn)

∂

∂xn
, fi ∈ Pn,

so the Lie algebra Wn is also the free module of rank n over the ring Pn (with
the standard basis ∂

∂x1
, . . . , ∂

∂xn
). From the viewpoint of differential geometry,

Wn is the Lie algebra of polynomial vector fields on Kn. The structure of the
Lie algebra Wn has been studied by many authors but many open problems
remain. For example, the structure of maximal subalgebras was described only
in case n = 1, that is, for the Lie algebra W1 (see, [2]), while for n ≥ 2 only
limited information is available. Maximal subalgebras of finite codimension
from Wn were studied in [10], [11], maximal locally nilpotent and solvable
subalgebras were studied in [4], see also [6] and [1].

In this paper, we point out a family of maximal subalgebras ms(K), s =
1, . . . , n− 1 of the Lie algebra Wn = Wn(K) and prove that they are pairwise
non-isomorphic for different values of s (Theorem 1).

As an application of results about module structure of the Lie algebra Wn

we point out a criterion under which an element of Wn generates together
with the (finite dimensional) subalgebra W [−1]

n ⊕W [0]
n the entire Lie algebra

Wn (Theorem 3).
We also study maximal subalgebras M of the Lie algebra Wn of rank n

over Pn. If M is not a submudule of the Pn-module Wn and contains nonzero
ideals of rank < n, then M contains a unique polynomial ideal of some rank
< n of the Lie algebra M (Theorem 1).

Notation used in this paper is standard. We also use the standard grading
on Wn : Wn =

⊕
j≥−1W

[j]
n , where

W [j]
n =

{
n∑
i=1

fi
∂

∂xi
∈Wn | with homogeneous fi, deg fi = j + 1 for fi 6= 0

}
.

If D ∈ W [j]
n , we say that D is homogeneous of degree degD = j. For a Pn-

module M we define its rank rkM as rkM = dimRn Rn⊗Pn M . The rank of a
subset of a Pn-module is the rank of the corresponding generated submodule.
A subalgebra L of the Lie algebra Wn will be called a polynomial subalgebra
if L is a submodule of the Pn-module Wn (the latter means that PnL = L.)
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2. A family of maximal subalgebras of Wn(K).

The following statements can be verified immediately (see, for example, [8]).

Lemma 1. Let D1, D2 ∈Wn(K) and f, g ∈ Pn = K[x1, . . . , xn.] Then:

1. [fD1, gD2] = fD1(g)D2 − gD2(f)D1 + fg[D1, D2].

2. If [D1, D2] = 0, then [fD1, gD2] = fD1(g)D2 − gD2(f)D1.

3. If En =
∑n

j=1 xj
∂
∂xj

is the Euler derivation, and f is a homogeneous
polynomial of degree m, then En(f) = mf .

4. If D ∈ Wn(K) is a homogeneous derivation of degree k, then [En, D] =
kD.

The next statement seems to be known, but since we could not find a
precise reference, we provide a complete proof.

Lemma 2. Let L be a subalgebra of the Lie algebra Wn(K). If En ∈ L,
then L is a graded subalgebra with respect to the standard grading on Wn(K).

Proof. Recall that we use the standard grading onWn,Wn(K) =
⊕

i≥−1W
[i]
n ,

where the homogeneous component W
[i]
n consists of all derivations whose

polynomial coefficients are homogeneous of degree i + 1 or zero. Suppose, on
the contrary, that the statement of the lemma is false. Then there exists a
derivation D ∈ L such that

D = Dl1 + · · ·+Dlk , l1 < l2 · · · < lk

with k ≥ 2, where Dli ∈ W
[li]
n are homogeneous components of degree li such

that all Dli 6∈ L. Choose such a derivation of the minimal possible length k.
Since En ∈ L, by Lemma 1 we have

[En, D] = l1Dl1 + · · ·+ lkDlk ∈ L.

Therefore, [En, D]− lkD ∈ L. But then we have

[En, D]− lkD = (l1 − lk)Dl1 + · · ·+ (lk−1 − lk)Dlk−1
.

Note that li 6= lk for i < k. If the element [En, D] − lkD is non-zero, it has
length k − 1, which contradicts the minimality of k. Thus all homogeneous
components of D belong to L, and hence L is graded.

Note that there are only a few known examples of maximal subalgebras
of the Lie algebra Wn for n > 1, in contrast to the case W1, where all such
subalgebras are described. The next statement provides a series of maximal
subalgebras of Wn.
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Theorem 1.

1. Let s be an integer with 1 ≤ s ≤ n− 1. Then the set

ms(K) =


s∑
i=1

fi
∂

∂xi
+

n∑
j=s+1

gj
∂

∂xj
| fi ∈ Ps, gj ∈ Pn


is a maximal subalgebra of the Lie algebra Wn.

2. The set

Is =


n∑

j=s+1

gj
∂

∂xj
| gj ∈ Pn


is a polynomial ideal of the Lie algebra ms(K) and Is ' Ps ⊗
Der(K[xs+1, . . . , xn]). Besides, the quotient algebra ms(K)/Is is
isomorphic to the Lie algebra Ws.

3. Is is a unique non-trivial ideal of the Lie algebra ms(K).

4. The subalgebras ms(K) and mt(K) are non-isomorphic for s 6= t, s, t =
1, . . . , n− 1.

Proof of (1). One can immediately check that ms(K) is a subalgebra of
Wn(K). Let S be a subalgebra of Wn(K) strictly containing the subalgebra
ms(K). The subalgebra ms(K) obviously contains the Euler derivation En =∑n

i=1 xi
∂
∂xi

, so by Lemma 2 the subalgebra S is graded, S =
⊕

i≥−1 Si, where

Si = S ∩W [i]
n and W

[i]
n denotes the standard grading component of the Lie

algebra Wn(K).
Repeating some parts of the proof of Lemma 2 one can show that the set

S \ ms(K) contains nonzero homogeneous derivations. Fix such a derivation
and denote it by D. Write D =

∑n
i=1 hi

∂
∂xi
, where hi ∈ Pn, i = 1, . . . , n. Since

D /∈ ms(K), there exists an index j0 ∈ {1, . . . , s} such that the coefficient hj0
depends on a variable xi0 , i0 ≥ s + 1, that is, ∂hj0∂xi0

6= 0. Write the polynomial
hj0 as a polynomial in xi0 :

hj0 = u0 + u1xi0 + · · ·+ udx
d
i0

for some d ≥ 1, where ut does not depend on xi0 for t = 0, . . . d and ud 6= 0.

Consider the following homogeneous derivation:

D1 :=

[
. . .

[
D,

∂

∂xi0

]
, . . . ,

∂

∂xi0

]
=

n∑
l=1

ql
∂

∂xl
,

where ∂/∂xi0 is applied d − 1 times. Note that the coefficient qj0 can be wri-
tten in the form qj0 = v0 + v1xi0 with v1 6= 0, and the polynomials v0, v1 do
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not depend on xi0 . Clearly, D1 ∈ S \ms(K) as well. Without loss of generali-
ty, we may assume that v1 ∈ K∗. Indeed, if v1 /∈ K∗, consider a monomial
xl11 . . . x

0
i0
. . . xlnn of maximal total degree in the polynomial v1. Acting by the

linear operator

ad(
∂

∂x1
)l1 . . . ad(

∂

∂xn
)ln , li ≥ 0, i = 1, . . . , n

on D1 we can obtain a derivation satisfying the condition v1 ∈ K∗. Since D1

is homogeneous, it must be a linear homogeneous derivation. Acting by the
operator ad(xi0

∂
∂xi0

) on the derivation D1 we obtain the derivation

D2 :=

[
xi0

∂

∂xi0
, D1

]
=

n∑
i=1

cixi0
∂

∂xi
= xi0

n∑
i=1

ci
∂

∂xi
,

where ci ∈ K, cj0 6= 0. Again, D2 ∈ S \ms(K). We may assume that ci = 0
for all i > s, since

∑n
i=s+1 cixi0

∂
∂xi
∈ ms(K). Note that[

xj0
∂

∂xi0
, D2

]
=

[
xj0

∂

∂xi0
, xi0

s∑
i=1

ci
∂

∂xi

]
= xj0

s∑
i=1

ci
∂

∂xi
− xi0cj0

∂

∂xj0
.

Since the first term in the latter sum belongs to the subalgebra ms(K) and
cj0 6= 0, we conclude that xi0

∂
∂xj0
∈ S.

Furthermore, for any p, 1 ≤ p ≤ s, we have the equality[
xj0

∂

∂xp
, xi0

∂

∂xj0

]
= −xi0

∂

∂xp
.

So, we can find in the subalgebra S all derivations of the form xi0
∂
∂xp

,
1 ≤ p ≤ s.

Take an arbitrary element of the form f(x1, . . . , xn) ∂
∂xi0

and let j ≤ s.
Then [

f(x1, . . . , xn)
∂

∂xi0
, xi0

∂

∂xj

]
= f(x1, . . . , xn)

∂

∂xj
− xi0

∂f

∂xj

∂

∂xi0
.

Since the second term lies in ms(K), we conclude that f ∂
∂xj
∈ S. Therefore,

S = Wn(K), which shows that ms(K) is a maximal subalgebra of Wn(K).

Proof of (2). It is easy to check that Is is an ideal of the Lie algebra ms(K).
Let D ∈ Is. Then D can be written in the form

D = fs+1
∂

∂xs+1
+ · · ·+ fn

∂

∂xn
,

where fi ∈ Pn, i = s+1, . . . , n. Note that any polynomial in Pn = K[x1, . . . , xn]
can be regarded as a polynomial in variables xs+1, . . . , xn with coefficients in
Ps = K[x1, . . . , xs]. In particular,

Pn ∼= Ps ⊗K[xs+1, . . . , xn].
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Therefore:

Is ∼= Ps⊗
(
K[xs+1, . . . , xn]

∂

∂xs+1
+ · · ·+K[xs+1, . . . , xn]

∂

∂xn

)
∼= Ps⊗Wn−s.

The quotient algebra ms(K)/Is is clearly isomorphic to the Lie algebra
generated by the first s partial derivatives with coefficients in Ps, since the
terms involving ∂/∂xj for j > s lie in the ideal Is. Hence, ms(K)/Is 'Ws.

Proof of (3). Proceed step by step.

1. Is is a maximal ideal of the Lie algebra ms(K). Indeed, ms(K)/Is 'Ws,
which is a simple Lie algebra.

2. Is is a minimal ideal of ms(K). To show this take an arbitrary nonzero
element D ∈ Is. Consider the ideal J in ms(K) generated by D. Let
us show that J = Is. Indeed, applying the adjoint operators ad ∂

∂xi
, i =

1, . . . , n on D sufficiently many times we can obtain the element

D = cs+1
∂

∂xs+1
+ · · ·+ cn

∂

∂xn
, ci ∈ K.

The elements ∂
∂x1

, . . . , ∂
∂xn

lie in ms(K), so D ∈ J . Note that D can be
chosen nonzero since D 6= 0, so for some k, s + 1 ≤ k ≤ n the coeffi-
cient ck is nonzero. It is obvious that c−1

k xk
∂
∂xk
∈ ms(K). Therefore

[D, c−1
k xk

∂
∂xk

] = ∂
∂xk

∈ J. Then for an arbitrary derivation of the
form f(x1, . . . , xn) ∂

∂xi
, s + 1 ≤ i ≤ n one can write the derivation

−
∫
f(x)dxk

∂
∂xi

and this derivation lies in the ideal Is. Then we obvi-
ously have

f(x)
∂

∂xi
=

[
−
∫
f(x)dxk

∂

∂xi
,
∂

∂xk

]
∈ J.

This demonstrates that J = Is.

3. Uniqueness. If we assume there exists a maximal ideal J 6= Is, then the
sum J + Is must be ms(K). Therefore, we have

Ws(K) ' ms(K)/Is = (J + Is)/Is ' J/(J ∩ Is)

Since Is is a minimal ideal of the Lie algebra ms(K) it holds J ∩ Is = 0.
The latter implies ms(K) 'Ws(K)⊕ Is.
In [6], it was proved that the derived length of solvable subalgebras in
Wn(K) is at most 2n. The known example of solvable subalgebras that
achieves this bound was pointed out in [7], this is the solvable subalgebra

sn(K) = (P0 + x1P0)
∂

∂x1
+ · · ·+ (Pn−1 + xnPn−1)

∂

∂xn
,

8
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see also [4]. Denote by d?(L) the maximum of derived lengths of solvable
subalgebras from a Lie algebra L. Note that the Lie algebra ms(K)
contains the subalgebra sn(K), so

d?(ms(K)) = d?(Wn(K)) = 2n.

But we also have

d?(ms(K)) = d?(Ws(K)⊕ Is) = max(d?(Ws(K)),

d?(Is)) = max(2s, 2n− 2s) 6= 2n

The obtained contradiction proves the uniqueness of the ideal Is in the
Lie algebra ms(K).

Proof of (4). Suppose, on the contrary, that ms(K) ' mt(K) for s 6= t and let
ϕ : ms(K)→ mt(K) be an isomorphism. By the above proven Is is a maximal
ideal of the Lie algebra ms(K). Therefore, ϕ(Is) = It and hence Is ' It. By
the above mentioned

Is 'Wn−s ⊗ Ps and It 'Wn−t ⊗ Pt.

It is easy to see that

d?(Wn−s ⊗ Ps) = d?(Wn−s) = 2(n− s)

and
d?(Wn−t ⊗ Pt) = d?(Wn−t) = 2(n− t).

Therefore Is 6' It, which implies ms(K) 6' mt(K) for s 6= t. The proof is
complete.

Remark 1. One may also consider a partition of the set {1, . . . , n} into a
disjoint union

{1, . . . , n} = I ∪ J, I = {i1, . . . , is}, J = {is+1, . . . , in}

and define the subalgebra

mI(K) = K[xi1 , . . . , xis ]
∂

∂xi1
+ · · ·+K[xi1 , . . . , xis ]

∂

∂xis
+

+ Pn
∂

∂xis+1

+ · · ·+ Pn
∂

∂xin
.

This subalgebra is also maximal in Wn since it is conjugate to ms(K) via the
automorphism θ ∈ AutPn defined by θ(xj) = xij , j = 1, . . . , n.

9
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Remark 2. One could attempt to generalize the previous theorem: for
example, for integers s1, s2, 1 ≤ s1 < s2 < n one can consider the K-subspace
of the Lie algebra Wn of the form

ms1,s2 := Ps1
∂

∂x1
+ · · ·+ Ps1

∂

∂xs1
+ Ps2

∂

∂xs1+1
+ · · ·+ Ps2

∂

∂xs2
+

+Pn
∂

∂xs2+1
+ · · ·+ Pn

∂

∂xn
.

This subspace is a Lie subalgebra ofWn, but it is not maximal:ms1,s2 is strictly
contained in the subalgebra ms1 defined earlier.

To study maximal subalgebras of the Lie algebra Wn(K), it is useful to
consider some general properties of polynomial subalgebras of this Lie algebra.
There is a natural way to construct such subalgebras. Let I be a nonzero ideal
of the ring Pn and let L be an arbitrary nonzero subalgebra of Wn. Define the
next vector space over the field K consisting of finite sums of products

IL =
{∑

hiDi | hi ∈ I, Di ∈ L
}
.

Then IL is a subalgebra of Wn and, if I = Pn we clearly have L ⊆ PnL. It
is obvious that IL is a polynomial subalgebra and rk IL = rkL. We consi-
der maximal subalgebras of rank n from the Lie algebra Wn(K). The next
statement explains, in some sense, the structure of the Lie algebras ms(K)
from Theorem 1.

Proposition 1. Let M be a maximal subalgebra of the Lie algebra Wn

with rkM = n. Then if M is not a polynomial subalgebra and contains a
nonzero ideal of rank ≤ n − 1, then M has a unique maximal (by inclusion)
polynomial ideal M0 with rk(M0) = k for some k < n such that M/M0 does
not contain any ideals of rank < n− k.

Proof. Let the maximal subalgebra M be non-polynomial, and let J ⊂ M
be a nonzero ideal of M of rank < n. Then the product PnJ is a polynomi-
al subalgebra of Wn, and [M,PnJ ] ⊂ PnJ . Therefore, M1 = M + PnJ is a
subalgebra of Wn. Note that M1 6= Wn. Indeed, if M1 = Wn, then the nonzero
subalgebra PnJ would be a proper ideal of the Lie algebraWn. This is impossi-
ble, since Wn is a simple Lie algebra. Thus M1 = M , and hence PnJ ⊂ M .
We have therefore shown that every ideal J of M of rank < n is contained in
the polynomial ideal PnJ of the Lie algebra M . Denote by M0 the maximal
polynomial ideal of M . Such an ideal exists, since the sum of any family of
polynomial ideals of M is again a polynomial ideal of M . Then M0 is the uni-
que maximal polynomial ideal of M , and it contains all ideals of rank < n of
the Lie algebra M . Denote k = rk(M0), where the rank is understood as the
rank of a submodules of the Pn-module Wn. Finally, let J/M0 be a nonzero
ideal of the Lie algebraM/M0 with rk J/M0 < n−k. Then J is an ideal ofM of
rank less than n, and J 6⊆M0 which contradicts the above results. Therefore,
the factor-algebra M/M0 has no nonzero ideals of rank < n− k.
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3. Module structure of Wn(K) and its applications

The main result of the next theorem was first stated in [5] (Chapt.1, p.267)
for Lie algebras Wn(K) over fields of positive characteristic (in fact, the sketch
of proof from [5] is true for characteristic zero). An explicit proof of this theorem
over an algebraically closed field of characteristic zero can be found in [3].

Theorem 2. Let the Lie algebra Wn(K) = Wn, n ≥ 2 be written as a direct
sum of homogeneous components of the standard grading

Wn = W [−1]
n ⊕W [0]

n ⊕ · · · ⊕W [m]
n ⊕ . . . . (3.1)

Then L = W
[0]
n is a subalgebra of Wn, L ' gln(K) and every summand of the

sum (3.1) is a finite dimensional module over L. Every L-module W [m]
n ,m ≥ 0

is a direct sum W
[m]
n = Mm ⊕ Nm of two irreducible submodules, where Mm

consists of divergence-free derivations and Nm consists of all the derivations
from W

[m]
n that are polynomial multiple of the Euler derivation En.

Lemma 3 (see, for example [9], Ch.VI). Let g be a semisimple Lie algebra
over the field K. If U, V are irreducible non-isomorphic g-modules, then the
module U ⊕ V has only three proper submodules: U, V and 0.

Proposition 2. LetWn = W
[−1]
n ⊕W [0]

n ⊕· · ·⊕W [i]
n ⊕. . . be the decomposi-

tion of Wn into direct sum of homogeneous components of the standard gradi-
ng on Wn, n ≥ 2. Let W [i]

n = Mi ⊕ Ni, i ≥ 0, where Mi, Ni are irreducible
submodules of the W [0]

n -module W [i]
n from Theorem 2. Then

1. dimW
[i]
n = n

(
n+i
i+1

)
, dimNi =

(
n+i−1

i

)
, dimMi = (n+i+1)(n+i−1)!

(i+1)!(n−2)! ;

2. If S, T are submodules of the W
[0]
n -module Wn, then [S, T ] is also a

submodule of Wn;

3. [Mi,Mj ] = Mi+j for all i, j ≥ 0;

4. [Ni, Nj ] = Ni+j for all i, j ≥ 0, i 6= j; [Ni, Ni] = 0, for all i ≥ 0;

5. [Mi, Nj ] = W
[i+j]
n for all i, j ≥ 0, except the cases: (a) i = j = 0, where

[M0, N0] = 0,

(b) i = 0, j = 1, 2, . . . , where [M0, Nj ] = Nj ,

(c) i ≥ 1, j = 0, where [Mi, N0] = Mi.

6. [W
[−1]
n , Nj ] = W

[j−1]
n for all j ≥ 0

Proof.

1. Follows immediately.

11
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2. Obvious.

3. To prove this part of the lemma it is enough to show (in view of Theorem
1 and part 2 of this lemma) that [Mi,Mj ] 6= 0 for i, j ≥ 0. Take the
elements xi+1

1
∂
∂x2
∈Mi, x

j+1
2

∂
∂x1
∈Mj . Then

[xi+1
1

∂

∂x2
, xj+1

2

∂

∂x1
] = (j + 1)xi+1

1 xj2
∂

∂x1
− (i+ 1)xi1x

j+1
2

∂

∂x2
6= 0.

So, [Mi,Mj ] 6= 0 for i, j ≥ 0 and therefore [Mi,Mj ] = Mi+j .

4. As in the proof of the part 3 of the lemma it is enough to show that
[Ni, Nj ] 6= 0 for i 6= j, i, j ≥ 0 (obviously [Ni, Nj ] ⊆ Ni+j). Take the
elements xi1En ∈ Ni, x

j
2En ∈ Nj . Then

[xi1En, x
j
2En] = (jxi1x

j
2 − ix

i
1x
j
2)En 6= 0

for i, j ≥ 0, i 6= j. So, [Ni, Nj ] = Ni+j for all i, j ≥ 0, i 6= j. The equality
[Ni, Ni] = 0 for i ≥ 0 can be immediately checked.

5. If i = 0, then [M0, Nj ] = Nj for j ≥ 1 because Nj is an irreducible
W

[0]
n -module. Of course, [M0, N0] = 0 since N0 = EnK.

Let i ≥ 1, j ≥ 1. Take the elements xi+1
2

∂
∂x1
∈ Mi and x

j
1En ∈ Nj . Let

us show that the product T = [xi+1
2

∂
∂x1

, xj1En] lies neither in Mi+j nor
in Ni+j . Indeed, this product has the form

T = jxj−1
1 xi+1

2 En − ixj1x
i+1
2

∂

∂x1
.

Since i ≥ 1, j ≥ 1 T has nonzero divergence (div(T = j(n + i + j −
1)xj−1

1 xi+1
2 )) and is T not proportional to the Euler derivation En. Thus,

T /∈ Mi+1 and T /∈ Ni+1. The latter means that the W [0]
n -submodule

[Mi, Nj ] is nonzero and equals neither Mi+j nor Ni+j . By Lemma 3 we
have [Mi, Nj ] = W

[i+j]
n . Let us look at the remaining case [Mi, N0]. Since

N0 = EnK, where En is the Euler derivation which acts scalarly on Mi

(in view of Lemma 2) we see that [Mi, N0] = Mi.

6. It is obvious that [W
[−1]
n , Nj ] ⊂W [j−1]

n . Therefore it is sufficient to show
that the W [0]

n -module [W
[−1]
n , Nj ] is nonzero and does not coincide with

neither Mj−1 nor Nj−1. Take a nonzero element fEn ∈ Nj . Then

[
∂

∂xk
, fEn] =

∂f

∂xk
En + f

∂

∂xk
.

The latter equality implies that [W
[−1]
n , N0] = W

[−1]
n . Let j > 0. Then

deg f ≥ 1 and at least one partial derivative ∂f
∂xk

is nonzero. As the

product f ∂
∂xk

does not belong to Nj−1, we see that [W
[−1]
n , Nj ] = W

[j−1]
n

by Lemma 3.

12
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The proof is complete.

Corollary 1. Let W
[i]
n and W

[j]
n be homogeneous components of the

standard grading Wn = Wn(K) =
⊕
i≥−1

W
[i]
n , n ≥ 2. Then the next equalities

are satisfied:
[W [i]

n ,W
[j]
n ] = W [i+j]

n , i, j ≥ 0,

except the case when i = j = 0, where [W
[0]
n ,W

[0]
n ] = M0 ' sln(K). Obviously

[W
[−1]
n ,W

[−1]
n ] = 0 since [ ∂

∂xi
, ∂
∂xj

] = 0, i, j = 1, . . . , n.

Proof. In view of Lemma 3 and Proposition 2 we need only to show that
[W

[−1]
n ,W

[m]
n ] 6= 0, m ≥ 0. But this inequality can be checked immediately.

The subalgebra W
[0]
n of the Lie algebra Wn(K) is contained in the

subalgebra W [−1]
n ⊕W [0]

n which is isomorphic to the linear affine Lie algebra
affn(K). This Lie algebra is the semidirect sum of the Lie algebra gl(V ) and
the abelian Lie algebra V , dimK V = n, with the natural action of gl(V ) on
V . Note that the Lie algebra W [−1]

n ⊕W [0]
n is not maximal in Wn(K) because

it is contained in the Lie subalgebra of Wn(K) consisting of all the derivations
with constant divergence.

Nevertheless, the subalgebra W [−1]
n ⊕W [0]

n has some properties similar to
those of maximal subalgebras of Wn(K).

Theorem 3. Let L = W
[−1]
n ⊕W [0]

n be the subalgebra of Wn, n ≥ 2 consi-
sting of all the derivations D =

∑n
i=1 fi

∂
∂xi

with deg fi ≤ 1, i = 1, . . . , n.

An element D = D−1 + D0 + D1 + · · · + Dk, Di ∈ W [i]
n , k ≥ 1 with Dk 6= 0,

generates together with L the entire Lie algebraWn if and only if divD 6= const
and either k ≥ 2 or k = 1 and D1 is not proportional to the Euler derivation
En.

Proof. Let a derivation D ∈Wn,

D = D−1 +D0 +D1 + · · ·+Dk, k ≥ 1, Dk 6= 0,

satisfy all the conditions of the theorem. Denote by the U = 〈L,D〉 the
subalgebra of Wn generated by L and D. Let us show that U = Wn. Since
the Euler derivation En belongs to L the subalgebra U is graded: U =

⊕
i≥−1

Ui,

where Ui = U ∩W [i]
n . Indeed, for any element

S ∈ U, S = S−1 + S0 + S1 + · · ·+ Sm, Si ∈W [i]
n

it holds (by Lemma 2) the equality

[En, S] = −S−1 + 0S0 + S1 + · · ·+mSm.

13
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By induction on m one can prove that Si ∈ U , i = −1, 0, 1, . . . ,m, so Ui =

W
[i]
n ∩ U . Note that the K-subspace Ui, i ≥ −1, is a submodule of the W [0]

n -
module W [i]

n because W [0]
n ⊂ U . Therefore, for any i ≥ 0, the submodule Ui

equals either W [i]
n or Mi, or Ni by Lemma 3. Since Dk 6= 0 in the expression

D = D−1 +D0 +D1 + · · ·+Dk,

the submodule Uk is nonzero.
First, let k = 1, i.e. D = D−1 + D0 + D1. Since D1 is not proportional to

En we have U1 6= N1. The condition divD1 6= const implies that U1 6= M1.
Therefore U1 = W

[1]
n . But then

W [2]
n = [W [1]

n ,W [1]
n ] ⊆ U, . . . ,W [i]

n ⊆ U, i ≥ 2.

The latter means that U = Wn(K).

Now, let k ≥ 2. If Uk = W
[k]
n then taking into account the inclusionW [−1]

n ⊂
U, we see that W [k−1]

n ⊂ U, . . . ,W
[1]
n ⊂ U . But then W [i]

n ⊂ U for i ≥ 1 and
U = Wn(K). Further, if Uk = Nk then [W

[−1]
n , Nk] = W

[k−1]
n by Proposition

2. One can show in similar way that U = Wn(K). Let now Uk = Mk. Since
divD 6= const we have divDs 6= const for some 1 ≤ s ≤ k. But then Us 6= 0,
Us 6= Ms. If Us = W

[s]
n then we can show as above that U = Wn(K). Let

Us = Ns. Then, by Proposition 2, [Uk, Us] = [Mk, Ns] = W
[k+s]
n . Repeating

the previous considerations one can show that U = Wn.
Now, let L and D generate the Lie algebra Wn. All the derivations with

constant divergence form a proper subalgebra Wc of Wn(K). Since L ⊆Wc we
see that divD 6= const. Write the derivation D in the form

D = D−1 +D0 +D1 + · · ·+Dk, Di ∈W [i]
n .

Since divD 6= const we see that k ≥ 1. If k = 1 and D1 = fEn for some
f ∈ K[x1, . . . , xn] then D1 ∈ N1. But L+N1 is a proper subalgebra ofWn(K).
The latter contradicts our assumption on D. Therefore D1 is non-proportional
to the Euler derivation En. The proof is complete.

Using Theorem 3 one can easily prove the next statement (see [1], Proposi-
tion 2.21).

Corollary 2. The set Wc of all derivations from the Lie algebra Wn, n ≥ 2
with constant divergence is a maximal subalgebra of the Lie algebra Wn(K).
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