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A family of maximal subalgebras of the Lie
algebra W,(K) !

Abstract. Let K be an algebraically closed field of characteristic
zero and P, = K|z1,...,2n] the polynomial ring. Any K-derivation
D on P, is of the form D:Z?:lfi(xl,...,xn)%, where f; €
P,. All such derivations form the Lie algebra W, := W,(K) over
the field K. We prove that for s = 1,...,n — 1 the subalgebra

ms(K) = {Z;l fia% + e gja%j | fi € Ps, gj € Pn} is a maximal
subalgebra of W,,. The ideal I = {Z?:sﬂ gj %} of ms(K) is isomorphic
to the Lie algebra Ps®@Der(K[zsy1,...,2n]) and mg(K)/Is ~ W, (K). The
Lie algebra W, (K) admits a natural grading W, = @, _, W#]. For the
subalgebra L = W,[fl] [a5) W,LO] and any D € W,, some cot;ditions on D are
pointed out under which L and D generate the entire algebra W,.

Key words: Lie algebra, maximal subalgebra, polynomial ring, derivati-
on, module over polynomial ring

Amnorariss. Hexait K — ajrebpaiyHO 3aMKHEHE II0JI€é XapaKTepu-
cruku Hyib 1 P, = K[z1,...,2,] — Kinbue muorowienis. Koxne K-
audepenuiosanns D na P, mae surasig D = >0 fi(x1, ..., :rn)%, zie
fi € P,. Bci maki gudepennioBanus yrBopioors anrebpy JIi W, :=
W, (K) nan nonem K. oseneno, mo qnsg s = 1,...,n — 1 migasre-
) o)
6pa ms(K) = {Zj:l fiaTji + Z?=s+1 95 B2y | fi € Ps, gj € Pn} € MaKCH-
MaJIbHOIO mijgaiaredbporo aarebpu JIi W,. Inean Iy = {E;‘:S 41 g]’%}
J

anrebpu JIi ms(K) isomopdunit anrebpi JIi Ps ® Der(K|[Zs41,...,Zn])
i me(K)/I, ~ We(K). Anrebpa JIi W,, Mae UpUpOAHE TpajyrOBaHHS
W, = @¢>71 WT[f]. Hns miganrebpu L = WT[fl] ® WJIO] 1 It JIOBLJIB-
Horo D € W,, BKazaHo yMOBH, IpH AKuX L i D TOpPOIKYIOTH BCIO aarebpy
JI W,.
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1. Introduction

Let K be an algebraically closed field of characteristic zero, P, =
Klzy,...,zy] the polynomial ring in n variables, and R, = K(x1,...,2p)
the field of rational functions. Denote by W,, = W,,(K) the Lie algebra of all
K-derivations on P,. Any element D € W, can be uniquely written in the
form

0 0
D:fl(l‘l,...,xn)ajxl+"'+fn(x1,...,$n)£, flean

so the Lie algebra W), is also the free module of rank n over the ring P, (with
the standard basis 8%17 e %). From the viewpoint of differential geometry,
W, is the Lie algebra of polynomial vector fields on K. The structure of the
Lie algebra W, has been studied by many authors but many open problems
remain. For example, the structure of maximal subalgebras was described only
in case n = 1, that is, for the Lie algebra W (see, [2]), while for n > 2 only
limited information is available. Maximal subalgebras of finite codimension
from W, were studied in [10], [11], maximal locally nilpotent and solvable
subalgebras were studied in [4], see also [6] and [1].

In this paper, we point out a family of maximal subalgebras m4(K),s =
1,...,n —1 of the Lie algebra W,, = W,,(K) and prove that they are pairwise
non-isomorphic for different values of s (Theorem 1).

As an application of results about module structure of the Lie algebra W),
we point out a criterion under which an element of W, generates together
with the (finite dimensional) subalgebra WT[L_I] @ WJZO] the entire Lie algebra
Wy, (Theorem 3).

We also study maximal subalgebras M of the Lie algebra W, of rank n
over P,. If M is not a submudule of the P,-module W,, and contains nonzero
ideals of rank < n, then M contains a unique polynomial ideal of some rank
< n of the Lie algebra M (Theorem 1).

Notation used in this paper is standard. We also use the standard grading
on Wy, : W,, = @j>_1 TLJ], where

W,[Lj] = {Z fiai € W, | with homogeneous f;, deg f; = j + 1 for f; # 0} .
i=1 ¢

If De W,Qﬂ, we say that D is homogeneous of degree deg D = j. For a P,-
module M we define its rank rk M as rk M = dimpg, R, ®p, M. The rank of a
subset of a P,-module is the rank of the corresponding generated submodule.
A subalgebra L of the Lie algebra W,, will be called a polynomial subalgebra
if L is a submodule of the P,-module W,, (the latter means that P,L = L.)
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A FAMILY OF MAXIMAL SUBALGEBRAS OF THE LIE ALGEBRA Wy(K)
2. A family of maximal subalgebras of W, (K).

The following statements can be verified immediately (see, for example, [8]).
Lemma 1. Let D1,Dy € Wy, (K) and f,g € P, = K[z1,...,zy.] Then:

1. [fD1,9Ds] = fD1(g9) D2 — gD2(f) D1 + fg[D1, Da].

2. If [D1,Ds] =0, then [fD1,9D2] = fD1(9)D2 — gDa(f)D:s.

S If B, = Z;”:l xja%j 1s the Fuler derivation, and f is a homogeneous
polynomial of degree m, then E,(f) =mf.

4. If D € Wy,(K) is a homogeneous derivation of degree k, then [E,, D] =
kD.

The next statement seems to be known, but since we could not find a
precise reference, we provide a complete proof.

Lemma 2. Let L be a subalgebra of the Lie algebra W, (K). If E,, € L,
then L is a graded subalgebra with respect to the standard grading on W, (K).

Proof. Recall that we use the standard grading on Wy,, Wy, (K) = ;> _; W,[f],

where the homogeneous component W#] consists of all derivations whose
polynomial coefficients are homogeneous of degree i + 1 or zero. Suppose, on
the contrary, that the statement of the lemma is false. Then there exists a
derivation D € L such that

D=D,+--+Dy,l1 <l <l

with & > 2, where D;, € W#"] are homogeneous components of degree [; such
that all D;, ¢ L. Choose such a derivation of the minimal possible length &.
Since E, € L, by Lemma 1 we have

[En,D] = llDl1 + -+ llek c L.
Therefore, [E,, D] — ;D € L. But then we have
[En, D] — D = (ll — lk)Dh + -+ (lk,1 — lk)le,l-

Note that [; # I for i < k. If the element [E,, D] — [ D is non-zero, it has
length £ — 1, which contradicts the minimality of k. Thus all homogeneous
components of D belong to L, and hence L is graded.

Note that there are only a few known examples of maximal subalgebras
of the Lie algebra W,, for n > 1, in contrast to the case Wi, where all such
subalgebras are described. The next statement provides a series of maximal
subalgebras of W),.



Y. Y. CHAPOVSKYI, O. YA. KOZACHOK, A. P. PETRAVCHUK

Theorem 1.

1. Let s be an integer with 1 < s <n — 1. Then the set

fig— +Zgj | fi € Py, gj €Dy
Z o)

Jj=s+1
s @ maximal subalgebra of the Lie algebra W,,.

2. The set

I, = Zgj |g]€P
Jj=s+1

is a polynomial ideal of the Lie algebra mg(K) and I ~ Ps ®
Der(K|[xsy1,...,2n]). Besides, the quotient algebra mgs(K)/Is is
tsomorphic to the Lie algebra W.

3. I is a unique non-trivial ideal of the Lie algebra mg(K).

4. The subalgebras ms(K) and mi(K) are non-isomorphic for s #t, s,t =
1,...,n—1.

Proof of (1). One can immediately check that mg(K) is a subalgebra of
W, (K). Let S be a subalgebra of W, (K) strictly containing the subalgebra
ms(K). The subalgebra ms(K) obviously contains the Euler derivation E, =
Yoy :cia%i, so by Lemma 2 the subalgebra S is graded, S = @,._; S;, where

S; =8N W,[f] and Wr[f] denotes the standard grading component of the Lie
algebra W, (K).

Repeating some parts of the proof of Lemma 2 one can show that the set
S\ ms(K) contains nonzero homogeneous derivations. Fix such a derivation
and denote it by D. Write D = Y"" | 28 , where h; € Pp,,i =1,...,n. Since
D ¢ my(K), there exists an index jp € {1 .., s} such that the coeﬂicient hj,

. . . h; . .
depends on a variable z;,,i9 > s + 1, that is, glfo # 0. Write the polynomial
20

hj, as a polynomial in x;,:
d
hjo, = uo + urwiy + -+ - + ugxy,

for some d > 1, where u; does not depend on z;, for t =0,...d and ugq # 0.
Consider the following homogeneous derivation:

0
D1 = |: . [D, 8$ioj| ax10:| qu 8.%'

where 0/0z;, is applied d — 1 times. Note that the coefficient gj, can be wri-
tten in the form g, = vy + viz;, with vy # 0, and the polynomials vy, v1 do
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not depend on z;,. Clearly, D; € S\ ms(K) as well. Without loss of generali-
ty, we may assume that v; € K*. Indeed, if v; ¢ K*, consider a monomial

a:lll .. .a;go ...zln of maximal total degree in the polynomial v1. Acting by the
linear operator
R 9 v
ad toooad i >0,i=1,...,n
(81'1 ) (axn) » VL = M ’ ’

on D we can obtain a derivation satisfying the condition vy € K*. Since D;
is homogeneous, it must be a linear homogeneous derivation. Acting by the
operator ad(x;, a%) on the derivation D; we obtain the derivation

20

0 - 0 " 0
Dy = [xioaxio;D1:| = ;Ci%‘oaxi = T, ;Ciag;i’

where ¢; € K, ¢j, # 0. Again, Dy € S\ my(K). We may assume that ¢; = 0
for all i > s, since 3 ;" ., Cixioa%i € ms(K). Note that

o 9 .9 .9 9
|:1L‘j0 78.1,‘1'0 s D2:| = [:Ujo 703%‘0 y Lig ; 018%] = xjo £ Ci% — $iocj0 7833]'0 .

Since the first term in the latter sum belongs to the subalgebra mg(K) and
cjo 7 0, we conclude that ﬂfioa% €S
Jo
Furthermore, for any p,1 < p < s, we have the equality

0 9] o
0z, 0z, | 0w,
So, we can find in the subalgebra S all derivations of the form xioa%p,
I1<p<s
Take an arbitrary element of the form f(zq,... ,wn)ag and let j < s.
0
Then

P 207 o 9of 0
|:f($1,...,$n)a$i07$zoal'j:| - f(xlaaxn)a$j xwal’j al'io'

Since the second term lies in mgs(K), we conclude that f % € S. Therefore,
S = W, (K), which shows that ms(K) is a maximal subalgebra of W,,(K).

Proof of (2). It is easy to check that I is an ideal of the Lie algebra ms(K).
Let D € I,. Then D can be written in the form

0 0
fs+1 8azs+1 fn c%:n
where f; € P,,i = s+1,...,n. Note that any polynomial in P,, = K[x1,..., ]
can be regarded as a polynomial in variables x441,...,z, with coeflicients in
P, = K[x1,...,z4]. In particular,

P, = P, @ K[xsi1,...,Zn).



Y. Y. CHAPOVSKYI, O. YA. KOZACHOK, A. P. PETRAVCHUK

Therefore:

0 0
++K[x$+1,7$n}aixn

ISEPS®<K[‘%.S+17"'7$7L] >2P5®Wn—s-

8558-{-1

The quotient algebra mg(K)/Is is clearly isomorphic to the Lie algebra
generated by the first s partial derivatives with coefficients in Ps, since the
terms involving 0/0z; for j > s lie in the ideal I,. Hence, ms(K)/Is ~ W

Proof of (3). Proceed step by step.

1. I is a maximal ideal of the Lie algebra ms(K). Indeed, mgs(K)/Is ~ W,
which is a simple Lie algebra.

2. I, is a minimal ideal of ms(K). To show this take an arbitrary nonzero
element D € ;. Consider the ideal J in mg4(K) generated by D Let
us show that J = I;. Indeed, applying the adjoint operators ad i =

1,...,n on D sufficiently many times we can obtain the element
D=c +--4c 0 ¢ €K
- Tt a$5+1 n8$n7 ’ ’
The elements 8%1, e 8 lie in my(K), so D € J. Note that D can be

chosen nonzero since D ;é 0, so for some k,s + 1 < k < n the coeffi-
cient ¢ is nonzero. It is obvious that cglxk% € ms(K). Therefore

D, cglxk%] = % € J. Then for an arbitrary derivation of the
form f(:nl,...,:nn)%,s +1 < i < n one can write the derivation

- ff(x)dx;ca%l and this derivation lies in the ideal I;. Then we obvi-

ously have
)d e J.
8372 [ / f(x xk

This demonstrates that J = I;.

3. Uniqueness. If we assume there exists a maximal ideal J # I, then the
sum J + Is must be mg(K). Therefore, we have

Wo(K) ~ my(K) /I = (J + I,) /I, ~ J/(J N L)

Since I is a minimal ideal of the Lie algebra mg(K) it holds J NI = 0.
The latter implies mgs(K) ~ Ws(K) @ I.

In [6], it was proved that the derived length of solvable subalgebras in
Wy (K) is at most 2n. The known example of solvable subalgebras that
achieves this bound was pointed out in [7], this is the solvable subalgebra

0

0
sn(K) = (Po+a1P0) 5+ + (Po1 + 2P 1)833

3901



A FAMILY OF MAXIMAL SUBALGEBRAS OF THE LIE ALGEBRA Wy (K)

see also [4]. Denote by d*(L) the maximum of derived lengths of solvable
subalgebras from a Lie algebra L. Note that the Lie algebra mg(K)
contains the subalgebra s, (K), so

d*(mg(K)) = d*(W,(K)) = 2n.
But we also have
d*(ms(K)) = d"(Ws(K) & I5) = max(d*(Ws(K)),

d*(I)) = max(2s,2n — 2s) # 2n

The obtained contradiction proves the uniqueness of the ideal I in the
Lie algebra mg(K).

Proof of (4). Suppose, on the contrary, that ms(K) ~ m:(K) for s # ¢ and let
¢ : mg(K) — my(K) be an isomorphism. By the above proven I is a maximal
ideal of the Lie algebra m4(K). Therefore, ¢(Is) = I; and hence Iy ~ I;. By
the above mentioned

Is~W, s®P, and L ~W,_® P,
It is easy to see that
d*(Wp—s @ Ps) = d*(Wy—s) =2(n — s)

and
d* Wyt @ Py) = d*(Wy—t) = 2(n — t).

Therefore Iy % I;, which implies mgs(K) % my(K) for s # t. The proof is
complete.

Remark 1. One may also consider a partition of the set {1,...,n} into a
disjoint union

{1,...,71}:IUJ,I:{il,...,is},J:{is+1,...,in}

and define the subalgebra

0 0
my(K) :K[xil,...,xis]%+...+K[xi1,...,xis]7ax‘ +
11 1s

0

8xis+1 8.%1”

This subalgebra is also maximal in W,, since it is conjugate to ms(K) via the
automorphism 6 € Aut P, defined by 0(x;) = z;;, j =1,...,n.
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Remark 2. One could attempt to generalize the previous theorem: for
example, for integers s1, 52,1 < 81 < s2 < n one can consider the K-subspace
of the Lie algebra W,, of the form

—p Y ... p Y 4yp Y L. ...ip
MMs1,2 1 9xq Tt s Oz, t P OTs,+1 Tt P 8x32+
0y ip 2

n8x32+1 naIn'

This subspace is a Lie subalgebra of W,,, but it is not maximal: my, s, is strictly
contained in the subalgebra mg, defined earlier.

To study maximal subalgebras of the Lie algebra W, (K), it is useful to
consider some general properties of polynomial subalgebras of this Lie algebra.
There is a natural way to construct such subalgebras. Let I be a nonzero ideal
of the ring P, and let L be an arbitrary nonzero subalgebra of W,,. Define the
next vector space over the field K consisting of finite sums of products

IL:{ZhiDi]hiEI, DZ-GL}.

Then IL is a subalgebra of W, and, if I = P,, we clearly have L C P, L. It
is obvious that IL is a polynomial subalgebra and rkIL = rk L. We consi-
der maximal subalgebras of rank n from the Lie algebra W, (K). The next
statement explains, in some sense, the structure of the Lie algebras mg(K)
from Theorem 1.

Proposition 1. Let M be a maximal subalgebra of the Lie algebra W,
with tk M = n. Then if M is not a polynomial subalgebra and contains a
nonzero ideal of rank < n — 1, then M has a unique maximal (by inclusion)
polynomial ideal My with rk(My) = k for some k < n such that M /M, does
not contain any ideals of rank < n — k.

Proof. Let the maximal subalgebra M be non-polynomial, and let J C M
be a nonzero ideal of M of rank < n. Then the product P,J is a polynomi-
al subalgebra of W,,, and [M, P,J] C P,J. Therefore, My = M + P,J is a
subalgebra of W,,. Note that M # W,. Indeed, if M; = W,,, then the nonzero
subalgebra P, J would be a proper ideal of the Lie algebra W,,. This is impossi-
ble, since W,, is a simple Lie algebra. Thus M; = M, and hence P,J C M.
We have therefore shown that every ideal J of M of rank < n is contained in
the polynomial ideal P,J of the Lie algebra M. Denote by My the maximal
polynomial ideal of M. Such an ideal exists, since the sum of any family of
polynomial ideals of M is again a polynomial ideal of M. Then Mj is the uni-
que maximal polynomial ideal of M, and it contains all ideals of rank < n of
the Lie algebra M. Denote k = rk(My), where the rank is understood as the
rank of a submodules of the P,-module W,,. Finally, let J/M; be a nonzero
ideal of the Lie algebra M /My with rk J/My < n—k. Then J is an ideal of M of
rank less than n, and J € My which contradicts the above results. Therefore,
the factor-algebra M /My has no nonzero ideals of rank < n — k.
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3. Module structure of W, (K) and its applications

The main result of the next theorem was first stated in [5] (Chapt.1, p.267)
for Lie algebras W, (K) over fields of positive characteristic (in fact, the sketch
of proof from [5] is true for characteristic zero). An explicit proof of this theorem
over an algebraically closed field of characteristic zero can be found in [3].

Theorem 2. Let the Lie algebra Wy, (K) = Wy, n > 2 be written as a direct
sum of homogeneous components of the standard grading

Wo=Wlowle.. . owmMas.... (3.1)

Then L = WV[LO] is a subalgebra of W,, L ~ gl,,(K) and every summand of the
sum (3.1) is a finite dimensional module over L. Every L-module W,[Im], m >0

18 a direct sum WT[Lm] = M,, ® N, of two irreducible submodules, where M,,
consists of divergence-free derivations and N,, consists of all the derivations

from Wibm] that are polynomial multiple of the Euler derivation E,.

Lemma 3 (see, for example [9], Ch.VI). Let g be a semisimple Lie algebra
over the field K. If U,V are irreducible non-isomorphic g-modules, then the
module U &V has only three proper submodules: U,V and 0.

Proposition 2. Let W,, = Wi EBWr[LO} D-- ‘@W#] @. .. be the decomposi-
tion of W,, into direct sum of homogeneous components of the standard gradi-
ng on W,,,n > 2. Let Wy] = M; ®&® N;, © > 0, where M;, N; are irreducible
submodules of the W,[LO]—module W,[Li] from Theorem 2. Then

Lodim WA = (), dim Ny = (77, dim 0, = RS,

2. If S,T are submodules of the W module Wy, then [S,T] is also a
submodule of W,,;

3. [M;, M;] = M, for all i,j > 0;
4. [N;, N;] = Njyj for all 4,5 > 0, i # j; [N;, N;) = 0, for all i > 0;
5. [M;, Nj] = Wy[liﬂl for all 4,j > 0, except the cases: (a) i = j = 0, where
b)i=0,j=1,2,..., where [My, N;] = N;
c)i>1,7 =0, where [M;, No| = M,.
6. Wi N =Wl forall j >0
Proof.

1. Follows immediately.

11
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Obvious.

To prove this part of the lemma it is enough to show (in view of Theorem
1 and part 2 of this lemma) that [M;, M;] # 0 for 4,5 > 0. Take the
elements le+1 0 ¢ M;, $j2+1 0 ¢ M;. Then

. 0 ; 0
i+1 J+1 i+1
2] D1y’ Ty 911 =+ 1)} 1‘28

So, [M;, M;] # 0 for i,j > 0 and therefore [M;, M;| = M;, ;.

—(i+ 1)x1x§“ - £ 0.

As in the proof of the part 3 of the lemma it is enough to show that
[Ni, N;] # 0 for i # j, 4,5 > 0 (obviously [N;, N;] € N;y;). Take the
elements z¢ E,, € N;, 23 E,, € N;. Then

fori,5 > 0,14 # j. So, [N;, Nj| = Niyj for all i,j > 0, i # j. The equality
[N;, N;] =0 for i > 0 can be immediately checked.

. If ¢ = 0, then [My, N;] = N; for j > 1 because N, is an irreducible

Wi -module. Of course, [Mp, No] = 0 since Ng = E, K.
Let ¢ > 1, j > 1. Take the elements :E12+1 77 € M; and xlE € Nj. Let

us show that the product T = [z 82 , @] E,] lies neither in M, ; nor

in N;yj. Indeed, this product has the form

— i1 it i+1
T=jx; x5 E, —z:vlacQ P

Since ¢ > 1, j > 1 T has nonzero divergence (div(T' = j(n + i+ j —
1) 7j—1 i+1

T T )) and is T not proportional to the Euler derivation F,,. Thus,
T ¢ M1 and T ¢ Njiq. The latter means that the w,-submodule
[M;, N;] is nonzero and equals neither M;,; nor N;i;. By Lemma 3 we
have [M;, N;] = 1] Let us look at the remaining case [M;, No]. Since
No = E, K, where E,, is the Euler derivation which acts scalarly on M;
(in view of Lemma 2) we see that [M;, No| = M,;.

It is obvious that [Wq[z_l], N;] C WYY Therefore it is sufficient to show

that the W."-module [W#H, N;] is nonzero and does not coincide with
neither M;_1 nor N;_;. Take a nonzero element fEn € Nj. Then

0 (9 f
B i
The latter equality implies that [Wp Wi ,No| = W,[l_l]. Let 5 > 0. Then

deg f > 1 and at least one partlal derlvatlve % is nonzero. As the
k

product fa%k does not belong to N;_1, we see that [W[ 1 ,Nj] = Wy
by Lemma 3.
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The proof is complete.

Corollary 1. Let W,[f] and quj] be homogeneous components of the

standard grading Wy, = Wp(K) = @ Wy[f],n > 2. Then the next equalities
i>-1
are satisfied:

Wil Wil =it > o,

except the case when i = j = 0, where | T[LO}, ,[LO]} = My =~ sl,(K). Obviously
[WT[Z_I],W,[I_I]] =0 since [a%i, %] =0,i,j=1,...,n.

Proof. In view of Lemma 3 and Proposition 2 we need only to show that

[ 7[71] ,[Lm]] =% 0, m > 0. But this inequality can be checked immediately.

)

The subalgebra W of the Lie algebra W, (K) is contained in the
subalgebra W#l] &) W7[lo] which is isomorphic to the linear affine Lie algebra
af fn(K). This Lie algebra is the semidirect sum of the Lie algebra gl(V') and
the abelian Lie algebra V', dimg V' = n, with the natural action of ¢gi(V') on
V. Note that the Lie algebra wi e Wl is not maximal in Wi (K) because
it is contained in the Lie subalgebra of W,,(K) consisting of all the derivations
with constant divergence.

Nevertheless, the subalgebra W#H &) WJLO] has some properties similar to
those of maximal subalgebras of W,,(K).

Theorem 3. Let L = Wib_l] &5 WT[LO} be the subalgebra of Wy, n > 2 consi-
sting of all the derivations D = Y i | fla%l with deg f; < 1,41 =1,...,n.

An element D = D_y+ Do+ D1+ ---+ Dy, D; € Wr[f], k > 1 with Dy # 0,
generates together with L the entire Lie algebra W, if and only if div D # const
and either k > 2 or k =1 and D1 is not proportional to the Euler derivation
E,.

Proof. Let a derivation D € W,
D=D_1+Dy+Dy+ -+ Dy, k>1, Dy #0,

satisfy all the conditions of the theorem. Denote by the U = (L, D) the
subalgebra of W,, generated by L and D. Let us show that U = W,,. Since
the Euler derivation F, belongs to L the subalgebra U is graded: U = € Uj,

i>—1
where U; = U N W,[f]. Indeed, for any element B
SeUS=8 148+ 4+ 85,5 Wl
it holds (by Lemma 2) the equality
[En,S]=—S_1+0So+ S1+ -+ mSpn.

13
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By'induction on m one can prove that S; € U, i = —1,0,1,...,m, so U; =
W#] N U. Note that the K-subspace U;, ¢ > —1, is a submodule of the W,[zo]—
[0]

module Wy[f] because Wy~ C U. Therefore, for any ¢ > 0, the submodule U;
equals either W#} or M;, or N; by Lemma 3. Since Dj, # 0 in the expression

D=D_1+ Do+ D1+ -+ D,

the submodule U}, is nonzero.

First, let kK =1, i.e. D = D_q1 4+ Dy + D;. Since D; is not proportional to
E,, we have Uy # Ni. The condition div D7 # const implies that Uy # M.
Therefore Uy = Wy]. But then

wi=wilwicu,... . wilcui>2

The latter means that U = W), (K).

Now, let £ > 2. If U, = W,[lk] then taking into account the inclusion WT[Z_I] -
U, we see that W,[lk_l] cu,..., i}] C U. But then Wy[f] c U fori>1 and
U = Wy (K). Further, if U, = Ny, then [ T[L_l],Nk] i by Proposition
2. One can show in similar way that U = W,,(K). Let now Uy = M. Since
div D # const we have div Dg # const for some 1 < s < k. But then U # 0,
Us # Mg. If Ug = WJLS} then we can show as above that U = W, (K). Let
Us = Ns. Then, by Proposition 2, [Uy,Us] = [My, Ns] = ts] Repeating
the previous considerations one can show that U = W,,.

Now, let L and D generate the Lie algebra W,. All the derivations with
constant divergence form a proper subalgebra W, of W,,(K). Since L C W, we
see that div D # const. Write the derivation D in the form

D=D_14 Do+ Di+---+ Dy, D; e Wi

Since div D # const we see that kK > 1. If k = 1 and Dy = fE, for some
f € K[z1,...,x,] then D1 € Ny1. But L+ N is a proper subalgebra of W,,(K).
The latter contradicts our assumption on D. Therefore Dy is non-proportional
to the Euler derivation E,,. The proof is complete.

Using Theorem 3 one can easily prove the next statement (see [1]|, Proposi-
tion 2.21).

Corollary 2. The set W, of all derivations from the Lie algebra W,,,n > 2
with constant divergence is a maximal subalgebra of the Lie algebra W, (K).
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