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Approximation properties of some singular
integral on the classes of functions defined by
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Abstract. The paper investigates the asymptotic behavior of the exact
upper bounds of deviations in the uniform metric of the Weierstrass
integrals of functions belonging to the classes W rHω, generated by the
modulus of continuity ω(t).
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1. Introduction

Let C be the space of 2π–periodic continuous functions, where the norm is
defined by the equality ‖f‖C = max

t
|f(t)| and L be the space of 2π–periodic

integrable functions over one period, where the norm is defined by the equality

‖f‖L = ‖f‖1 =
π∫
−π
|f(t)|dt.

Definition 1. [28, p. 113] The modulus of continuity of the function f(x),
continuous on the interval [a, b], is called the function ω(t) = ω(f, t), defined
for t ∈ [0, b− a] by the equality

ω(t) = ω(f, t) = sup
0≤h≤t

max
a≤x≤b−h

|f(x+ h)− f(x)| = sup
|x′−x′′|≤t,
x′,x′′∈[a,b]

|f(x′)− f(x′′)|.
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Let ω(t) be an arbitrary fixed modulus of continuity. We say that the
function f(x) ∈ C belongs to the class Hω if ω(f, t) ≤ ω(t), or, equivalently, if
the inequality

|f(t1)− f(t2)| ≤ ω (|t1 − t2|)

holds for any t1, t2 ∈ R.
Let W r, r ∈ N, denote the set of 2π-periodic functions whose derivatives

up to order r− 1 are absolutely continuous and whose r-th derivative satisfies
|f (r)(t)| ≤ 1 for almost all t.

Then W rHω is the class of functions f(t) from C such that f (r) ∈ Hω, i.e.

W rHω = {f ∈W r : f (r) ∈ Hω}, r ∈ N.

Let us consider the boundary value problem in the unit disk for the equation

∂2u

∂ρ2
+

1

ρ

∂u

∂ρ
− 1

ρ2

∂4u

∂x4
= 0. (1.1)

The solution of equation (1.1) satisfying the boundary condition

u (ρ, x)
∣∣
ρ=1

= f(x), −π ≤ x ≤ π, (1.2)

where f(x) is an integrable 2π–periodic function, will be denoted byW (ρ; f ;x).
Then the solution of the boundary value problem (1.1)–(1.2) can be written as

W (ρ; f ;x) =
1

π

π∫
−π

f(t+ x)
{1

2
+
∞∑
k=1

ρk
2

cos kt
}
dt, 0 ≤ ρ < 1. (1.3)

The quantity (1.3) is called the Weierstrass integral of the function f (see,
for example, [1, p. 150]). Similarly to [31], setting ρ = e−

1
δ , we can rewrite the

Weierstrass integral as

Wδ(f ;x) =
1

π

π∫
−π

f(x+ t)
{1

2
+

∞∑
k=1

e−
k2

δ cos kt
}
dt, δ > 0. (1.4)

The Weierstrass integral (1.4), like the polyharmonic integrals [17, 20, 21],
belongs to the class of integrals with delta-like kernels. Therefore, studying its
approximation properties in certain functional spaces is highly relevant from
the standpoint of modern applied mathematics [2, 4, 10,11,24,27].

The problem of finding asymptotic equalities for the quantity

E (N;Wδ)C = sup
f∈N
‖f (·)−Wδ (f ; ·)‖C , (1.5)

where N ⊆ C is the given class of functions and Wδ(f ;x) is the Weierstrass
integral, is called, following O. I. Stepanets [28], the Kolmogorov–Nikol’skii
problem.
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If there exists an explicit function ϕ(δ) such that as δ →∞

E(N;Wδ)C = ϕ(δ) + o(ϕ(δ)),

then the Kolmogorov–Nikol’skii problem is said to be solved for the Weierstrass
integral Wδ(f ;x) on the class N in the metric of the space C.

In the uniform metric, the Kolmogorov–Nikol’skii problem for the Wei-
erstrass integral on the Zygmund classes Zα was studied by Korovkin [15],
Bausov [8], and Falaleev [13]; for the Sobolev classes W r

∞ — by Baskakov [9].
Asymptotic equalities for approximation of Stepanets classes [28] by means of
the Weierstrass integrals were obtained in [16,18].

At present, the study of approximation characteristics of differentiable
function classes defined by modulus of continuity and linear summation
methods of Fourier series determined by a set of functions of a natural
argument and depending on a real parameter δ, still involves a number of open
problems. Among such methods, in particular, is the Weierstrass integral. It
is worth mentioning the work [19], where the similar problem was considered.
At the same time, the approximation properties of triangular linear summati-
on methods of Fourier series on the mentioned classes of functions are quite
thoroughly studied [25,26,29].

Therefore, the main objective of this paper is to investigate the asymptotic
behavior of the quantity

E(W rHω;Wδ)C = sup
f∈W rHω

‖f(·)−Wδ(f ; ·)‖C , r = 1, 2, δ →∞. (1.6)

2. Approximation of the class W 1Hω by Weierstrass
integrals

Theorem 1. For any modulus of continuity ω(t), as δ →∞, the following
asymptotic inequality holds:

E
(
W 1Hω;Wδ

)
C
≤ 1

2
√
δ

π
√
δ∫

0

ω

(
2t√
δ

)[
Φ

(
π
√
δ

2

)
−Φ

(
t

2

)]
dt+

+O

(
e−

π2δ
4 ω

(
1√
δ

))
, (2.1)

where Φ(x) = 2√
π

x∫
0

e−u
2
du is the probability integral. If ω(t) is a convex

modulus of continuity, then the inequality (2.1) turns into an equality.

Proof. To prove the theorem, we first rewrite the Weierstrass integral in the
form of the well-known singular integral. To this end, the kernel of the Wei-
erstrass integral can be represented as follows:

Kδ(t) =
1

2
+
∞∑
k=1

e−
k2

δ cos kt =
1

2
ϕδ(0) +

∞∑
k=1

ϕδ(k),
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where ϕδ(u) = e−
u2

δ cosut.
Applying the Poisson summation formula (see, e.g., [30, p. 60]), we obtain

Kδ(t) =
√

2π

{
1

2
Φδ(0) +

∞∑
k=1

Φδ(2πk)

}
, (2.2)

where Φδ(u) is the cosine Fourier transform of the function ϕδ(u), that is,

Φδ(u) =

√
2

π

∞∫
0

ϕδ(z) cos zudz =

√
2

π

∞∫
0

e−
z2

δ cos zt cos zudz =

=
1√
2π

∞∫
0

e−
z2

δ cos z(u+ t)dz +
1√
2π

∞∫
0

e−
z2

δ cos z(u− t)dz = I1 + I2.

Using the formula (3.896.4) from [14]

∞∫
0

e−βx
2

cos bxdx =
1

2

√
π

β
exp

(
− b

2

4β

)
, Reβ > 0,

we find the values of the integrals I1 and I2

I1 :=
1√
2π

∞∫
0

e−
z2

δ cos z(u+ t)dz =

√
δ

2
√

2
e−

δ(u+t)2

4 , (2.3)

I2 :=
1√
2π

∞∫
0

e−
z2

δ cos z(u− t)dz =

√
δ

2
√

2
e−

δ(u−t)2
4 . (2.4)

Therefore, taking into account (2.2)–(2.4), we obtain

Φδ(u) =

√
δ

2
√

2

(
e−

δ(u+t)2

4 + e−
δ(u−t)2

4

)
.

Hence,

Kδ(t) =
√

2π

{ √
δ

2
√

2
e−

δt2

4 +

√
δ

2
√

2

∞∑
k=1

(
e−

δ(2πk+t)2

4 + e−
δ(2πk−t)2

4

)}
=

=

√
πδ

2

∞∑
k=−∞

e−
δ(2πk+t)2

4 ,

and, consequently,

Wδ(f ;x) =
1

π

√
πδ

2

π∫
−π

f(x+ t)
∞∑

k=−∞
e−

δ(2πk+t)2

4 dt =
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=

√
δ

2
√
π

∞∑
k=−∞

π∫
−π

f(x+ t)e−
δ(2πk+t)2

4 dt =

√
δ

2
√
π

∞∫
−∞

(f(x+ t))2π e
− δt

2

4 dt. (2.5)

Along with the function f(t), consider the shifted function f1(t) = f(t+x).
Since the class W rHω is invariant under translations, we have f1 ∈ W rHω

whenever f ∈W rHω. Moreover, f1(0)−Wδ(f1; 0) = f(x)−Wδ(f ;x). Therefore,

E (W rHω;Wδ)C = sup
f∈W rHω

|f(0)−Wδ(f ; 0)| . (2.6)

Using representation (2.5), we can write the difference f(0)−Wδ(f ; 0) as

f(0)−Wδ(f ; 0) = 2f(0)

√
δ

2
√
π

∞∫
0

e−
δt2

4 dt−
√
δ

2
√
π

0∫
−∞

(f(t))2π e
− δt

2

4 dt−

−
√
δ

2
√
π

∞∫
0

(f(t))2π e
− δt

2

4 dt =

√
δ

2
√
π

∞∫
0

[2f(0)− f(t)− f(−t)]2π e
− δt

2

4 dt =

=
1

2
√
π

∞∫
0

[
2f(0)− f

(
t√
δ

)
− f

(
− t√

δ

)]
2π
√
δ

e−
t2

4 dt. (2.7)

Consequently,

E
(
W 1Hω;Wδ

)
C

= sup
f∈W 1Hω

∣∣∣∣∣∣ 1

2
√
π

∞∫
0

(
ϕ

(
t√
δ

))
2π
√
δ

e−
t2

4 dt

∣∣∣∣∣∣ , (2.8)

where
ϕ (t) := f (t) + f (−t)− 2f(0).

Then

1

2
√
π

∞∫
0

(
ϕ

(
t√
δ

))
2π
√
δ

e−
t2

4 dt =
1

2
√
π

π
√
δ∫

0

ϕ

(
t√
δ

)
e−

t2

4 dt+

+
1

2
√
π

∞∫
π
√
δ

(
ϕ

(
t√
δ

))
2π
√
δ

e−
t2

4 dt = I(f) +R(f), (2.9)

where

I(f) :=
1

2
√
π

π
√
δ∫

0

(
ϕ

(
t√
δ

))
e−

t2

4 dt,

R(f) :=
1

2
√
π

∞∫
π
√
δ

(
ϕ

(
t√
δ

))
2π
√
δ

e−
t2

4 dt.
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Taking into account that ϕ(0) = 0 and integrating by parts, we obtain an
estimate for I(f):

|I(f)| = 1

2
√
π

∣∣∣∣∣∣∣
π
√
δ∫

0

ϕ

(
t√
δ

)
e−

t2

4 dt

∣∣∣∣∣∣∣ =
1

2
√
π

∣∣∣∣∣∣∣
π
√
δ∫

0

ϕ

(
t√
δ

)
d

 t∫
π
√
δ

e−
τ2

4 dτ


∣∣∣∣∣∣∣ =

=
1

2
√
πδ

∣∣∣∣∣∣∣
π
√
δ∫

0

ϕ′
(

t√
δ

) t∫
π
√
δ

e−
τ2

4 dτdt

∣∣∣∣∣∣∣ .
Since ϕ′(t) = f ′(t)− f ′(−t) and f ∈W 1Hω, we have

∣∣∣ϕ′ ( t√
δ

)∣∣∣ ≤ ω ( 2t√
δ

)
.

Therefore,

sup
f∈W 1Hω

|I(f)| ≤ 1

2
√
πδ

π
√
δ∫

0

ω

(
2t√
δ

) ∣∣∣∣∣∣∣
t∫

π
√
δ

e−
τ2

4 dτ

∣∣∣∣∣∣∣ dt.
Since ∣∣∣∣∣∣∣

t∫
π
√
δ

e−
τ2

4 dτ

∣∣∣∣∣∣∣ =
√
π

[
Φ

(
π
√
δ

2

)
− Φ

(
t

2

)]
,

where Φ(x) = 2√
π

x∫
0

e−u
2
du is the probability integral, we obtain

sup
f∈W 1Hω

|I(f)| ≤ 1

2
√
δ

π
√
δ∫

0

ω

(
2t√
δ

)[
Φ

(
π
√
δ

2

)
− Φ

(
t

2

)]
dt. (2.10)

Now let us estimate the value of R(f).
Using the Lagrange mean value theorem, we obtain∣∣∣∣ϕ( t√

δ

)∣∣∣∣ =

∣∣∣∣(f ( t√
δ

)
− f(0)

)
−
(
f(0)− f

(
− t√

δ

))∣∣∣∣ =

=

∣∣∣∣ t√δ f ′(ξ1)− t√
δ
f ′(ξ2)

∣∣∣∣ =
t√
δ
|f ′(ξ1)− f ′(ξ2)|,

where ξ1 and ξ2 are some points belonging respectively to the intervals
(

0, t√
δ

)
and

(
− t√

δ
, 0
)
. Hence, taking into account that f ∈ W 1Hω and using the

properties of the modulus of continuity, we obtain∣∣∣∣ϕ( t√
δ

)∣∣∣∣ =
t√
δ
|f ′(ξ1)−f ′(ξ2)| ≤ t√

δ
ω

(
2t√
δ

)
≤ (2t+ 1)t√

δ
ω

(
1√
δ

)
. (2.11)
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Using the following formula (see, for example, [22, p. 33]):

1− 2√
π

x∫
0

e−z
2
dz =

2√
π

∞∫
x

e−z
2
dz =

=
e−x

2

√
πx

[
1 +

∞∑
k=1

(−1)k
1 · 3 · ... · (2k − 1)

(2x2)k

]
, (2.12)

from (2.11) we have

|R(f)| =

∣∣∣∣∣∣∣
1

2
√
π

∞∫
π
√
δ

(
ϕ

(
t√
δ

))
2π
√
δ

e−
t2

4 dt

∣∣∣∣∣∣∣ ≤

≤ K1√
δ
ω

(
1√
δ

) ∣∣∣∣∣∣∣
∞∫

π
√
δ

((2t+ 1)t)2π
√
δ e
− t

2

4 dt

∣∣∣∣∣∣∣ ≤ K2

√
δω

(
1√
δ

) ∞∫
π
√
δ

e−
t2

4 dt =

= K3e
−π

2δ
4 ω

(
1√
δ

)[
1 +

∞∑
k=1

(−1)k
1 · 3 · ... · (2k − 1)

(π
2δ
2 )k

]
.

Therefore, we obtain

|R(f)| = O

(
e−

π2δ
4 ω

(
1√
δ

))
. (2.13)

Combining (2.8)–(2.10), (2.13), we obtain relation (2.1).
Let now ω be a convex modulus of continuity. To show the sharpness of the

obtained estimate, we choose a function f0 ∈ W 1Hω such that its derivative
f ′0 is an odd 2π-periodic function and, for 0 ≤ t ≤ π, is defined by

f ′0(t) =


1

2
ω(2t), 0 ≤ t ≤ π

2
,

1

2
ω(2(π − t)), π

2
≤ t ≤ π.

Then f ′0 ∈ Hω and hence f0 ∈W 1Hω. Moreover, for 0 ≤ t ≤ π

2
we have

ϕ′(t) = f ′0(t)− f ′0(−t) = 2f ′0(t) = ω(2t).

Thus, for the chosen function f0 relation (2.10) becomes an equality, which
proves the theorem.

Corollary 1. Substituting ω(t) = t into equation (2.1) of Theorem 1, we
obtain the asymptotic equality as δ →∞

E
(
W 2;Wδ

)
C

=
1

δ
+O

(
e−

π2δ
4

1√
δ

)
.

40



APPROXIMATION PROPERTIES OF SOME SINGULAR INTEGRAL ...

Proof. Indeed, substituting ω(t) = t into equation (2.1), we obtain

E
(
W 2;Wδ

)
C

=
1

2
√
δ

π
√
δ∫

0

2t√
δ

[
Φ

(
π
√
δ

2

)
−Φ

(
t

2

)]
dt+O

(
e−

π2δ
4

1√
δ

)
.

Applying integration by parts twice and using formula (2.12), we estimate
the integral in the last equality

1

2
√
δ

π
√
δ∫

0

2t√
δ

[
Φ

(
π
√
δ

2

)
−Φ

(
t

2

)]
dt =

1

2δ

π
√
δ∫

0

t2
(

Φ

(
t

2

))′
dt =

=
1

2
√
πδ

π
√
δ∫

0

t2e−
t2

4 dt =
1

2
√
πδ

−2π
√
δe−

π2δ
4 + 2

π
√
δ∫

0

e−
t2

4 dt

 =

=
1√
πδ

π
√
δ∫

0

e−
t2

4 dt+O

(
e−

π2δ
4

1√
δ

)
=

1

δ
Φ

(
π
√
δ

2

)
+O

(
e−

π2δ
4

1√
δ

)
=

=
1

δ
− 1

δ

e−
π2δ
4

√
π π
√
δ

2

[
1 +

∞∑
k=1

(−1)k
1 · 3 · ... · (2k − 1)

(π
2δ
2 )k

]
+O

(
e−

π2δ
4

1√
δ

)
=

=
1

δ
+O

(
e−

π2δ
4

1√
δ

)
.

The corollary is proved.

Corollary 2. Substituting ω(t) = tα, 0 < α < 1, into equation (2.1) of
Theorem 1, we obtain the asymptotic equality as δ →∞

E
(
W 1Hα;Wδ

)
C

=
22αΓ

(
α+2

2

)
(1 + α)

√
π

1

δ
1+α
2

+O

(
e−

π2δ
4

1

δ
α
2

)
.

Proof. Indeed, substituting ω(t) = tα into equation (2.1) and integrating by
parts, we get

E
(
W 1Hα;Wδ

)
C

=
2α−1

δ
1+α
2

π
√
δ∫

0

tα

[
Φ

(
π
√
δ

2

)
− Φ

(
t

2

)]
dt+O

(
e−

π2δ
4

1

δ
α
2

)
=

=
2α−1

(1 + α)
√
πδ

1+α
2

π
√
δ∫

0

t1+αe−
t2

4 dt+O

(
e−

π2δ
4

1

δ
α
2

)
. (2.14)
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Using formula (860.17) from [12]

∞∫
0

tαe−
t2

4 dt = 2αΓ

(
α+ 1

2

)
, α > −1, (2.15)

we obtain

π
√
δ∫

0

t1+αe−
t2

4 dt =

∞∫
0

t1+αe−
t2

4 dt−
∞∫

π
√
δ

t1+αe−
t2

4 dt =

= 21+αΓ

(
α+ 2

2

)
−

∞∫
π
√
δ

t1+αe−
t2

4 dt. (2.16)

Integrating by parts and using formula (2.12), we have

∞∫
π
√
δ

t1+αe−
t2

4 dt≤K1δ
α
2 e−

π2δ
4 +K2

∞∫
π
√
δ

tα−1e−
t2

4 dt ≤

≤ K1δ
α
2 e−

π2δ
4 +

K3√
δ
e−

π2δ
4 ≤ K4δ

α
2 e−

π2δ
4 . (2.17)

From formulas (2.14)–(2.17), we obtain the statement of the corollary.

3. Approximation of the class W 2Hω by Weierstrass
integrals

Theorem 2. For any modulus of continuity ω(t), as δ →∞, the following
asymptotic inequality holds:

E
(
W 2Hω;Wδ

)
C
≤ 1

δ
+O

(
1

δ
ω

(
1√
δ

)
+

1√
δ
e−

π2δ
4

)
. (3.1)

If ω(t) is a convex modulus of continuity, then inequality (3.1) turns into an
equality.

Proof. Similarly to (2.8), the following equality holds:

E
(
W 2Hω;Wδ

)
C

= sup
f∈W 2Hω

∣∣∣∣∣∣ 1

2
√
π

∞∫
0

(
ϕ1

(
t√
δ

))
2π
√
δ

e−
t2

4 dt

∣∣∣∣∣∣ ,
where

ϕ1(t) := f(t) + f(−t)− 2f(0).
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Then

1

2
√
π

∞∫
0

(
ϕ1

(
t√
δ

))
2π
√
δ

e−
t2

4 dt =
1

2
√
π

π
√
δ∫

0

ϕ1

(
t√
δ

)
e−

t2

4 dt+

+
1

2
√
π

∞∫
π
√
δ

(
ϕ1

(
t√
δ

))
2π
√
δ

e−
t2

4 dt = I3(f) +R3(f). (3.2)

where

I3(f) :=
1

2
√
π

π
√
δ∫

0

ϕ1

(
t√
δ

)
e−

t2

4 dt,

R3(f) :=
1

2
√
π

∞∫
π
√
δ

(
ϕ1

(
t√
δ

))
2π
√
δ

e−
t2

4 dt.

Taking into account that ϕ1(0) = ϕ′1(0) = 0, and integrating by parts
twice, we obtain

|I3(f)| =

∣∣∣∣∣∣∣
1

2
√
π

π
√
δ∫

0

ϕ1

( t√
δ

)
e−

t2

4 dt

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
1

2
√
π

π
√
δ∫

0

ϕ1

( t√
δ

)
d

t∫
π
√
δ

e−
τ2

4 dτ

∣∣∣∣∣∣∣ =

=
1

2
√
πδ

∣∣∣∣∣∣∣
π
√
δ∫

0

ϕ′1

( t√
δ

) t∫
π
√
δ

e−
τ2

4 dτ dt

∣∣∣∣∣∣∣ =

=
1

2
√
πδ

∣∣∣∣∣∣∣
π
√
δ∫

0

ϕ′′1

( t√
δ

) t∫
π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz dt

∣∣∣∣∣∣∣ =

=
1

2
√
πδ

∣∣∣∣∣∣∣
π
√
δ∫

0

((
f ′′
( t√

δ

)
− f ′′(0)

)
+
(
f ′′
(
− t√

δ

)
− f ′′(0)

))
×

×
t∫

π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz dt +2

π
√
δ∫

0

f ′′(0)

t∫
π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz dt

∣∣∣∣∣∣∣ .
We estimate the second term on the right-hand side of the last equality:

1

2
√
πδ

∣∣∣∣∣∣∣2
π
√
δ∫

0

f ′′(0)

t∫
π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz dt

∣∣∣∣∣∣∣ =
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=
|f ′′(0)|√

πδ

∣∣∣∣∣∣∣
π
√
δ∫

0

t∫
π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz dt

∣∣∣∣∣∣∣ .
Since ∣∣∣∣∣∣∣

π
√
δ∫

0

t∫
π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz dt

∣∣∣∣∣∣∣ =
1

2

π
√
δ∫

0

t2e−
t2

4 dt,

we obtain

1

2
√
πδ

∣∣∣∣∣∣∣2
π
√
δ∫

0

f ′′(0)

t∫
π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz dt

∣∣∣∣∣∣∣ =
|f ′′(0)|
2
√
πδ

π
√
δ∫

0

t2e−
t2

4 dt.

Taking into account that |f ′′(0)| ≤ 1, we get

|f ′′(0)|
2
√
πδ

π
√
δ∫

0

t2e−
t2

4 dt ≤ 1

2
√
πδ

π
√
δ∫

0

t2e−
t2

4 dt.

As in the proof of Corollary 1,

1

2
√
πδ

π
√
δ∫

0

t2e−
t2

4 dt =
1

δ
+O

(
e−

π2δ
4

1√
δ

)
.

Therefore,

1

2
√
πδ

∣∣∣∣∣∣∣2
π
√
δ∫

0

f ′′(0)

t∫
π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz dt

∣∣∣∣∣∣∣ ≤
1

δ
+O

(
e−

π2δ
4

1√
δ

)
.

Hence,

sup
f∈W 2Hω

|I3(f)| ≤ 1

δ
+

+
1

2
√
πδ

sup
f∈W 2Hω

∣∣∣∣∣
π
√
δ∫

0

[(
f ′′
(

t√
δ

)
− f ′′(0)

)
+

(
f ′′
(
− t√

δ

)
− f ′′(0)

)]

×
t∫

π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz dt

∣∣∣∣∣+O

(
1√
δ
e−

π2δ
4

)
≤

≤ 1

δ
+

1√
πδ

π
√
δ∫

0

ω

(
t√
δ

) ∣∣∣∣∣∣∣
t∫

π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz

∣∣∣∣∣∣∣ dt+O

(
1√
δ
e−

π2δ
4

)
. (3.3)
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Now let us estimate R3(f).
Using the Lagrange mean value theorem, we find∣∣∣∣ϕ1

(
t√
δ

)∣∣∣∣ =

∣∣∣∣(f ( t√
δ

)
− f(0)

)
−
(
f(0)− f

(
− t√

δ

))∣∣∣∣ =

=

∣∣∣∣ t√δ f ′(ξ1)− t√
δ
f ′(ξ2)

∣∣∣∣ =
t√
δ
|f ′(ξ1)− f ′(ξ2)|,

where ξ1 and ξ2 are some points from the intervals
(

0, t√
δ

)
and

(
− t√

δ
, 0
)
,

respectively. Hence ξ2 < ξ1.
Using the Lagrange theorem again, we obtain

t√
δ
|f ′(ξ1)− f ′(ξ2)| = t√

δ
(ξ1 − ξ2)|f ′′(ξ3)|,

where ξ3 is some point in the interval (ξ2, ξ1).
Since f ∈W 2Hω, we have |f ′′(ξ3)| ≤ 1, and therefore∣∣∣∣ϕ1

(
t√
δ

)∣∣∣∣ ≤ Kt2

δ
.

Then, from the last estimate and relation (2.12), it follows that

|R3(f)| =

∣∣∣∣∣∣∣
1

2
√
π

∞∫
π
√
δ

(
ϕ1

(
t√
δ

))
2π
√
δ

e−
t2

4 dt

∣∣∣∣∣∣∣ ≤

≤ K1

δ

∞∫
π
√
δ

(
t2
)

2π
√
δ
e−

t2

4 dt ≤ K2

∞∫
π
√
δ

e−
t2

4 dt = O

(
1√
δ
e−

π2δ
4

)
.

Hence

|R3(f)| = O

(
1√
δ
e−

π2δ
4

)
. (3.4)

Therefore, from formulas (3.3), (3.4), we obtain

E
(
W 2Hω;Wδ

)
C
≤ 1

δ
+

1√
πδ

π
√
δ∫

0

ω

(
t√
δ

)∣∣∣∣∣∣∣
t∫

π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz

∣∣∣∣∣∣∣ dt+O
(

1√
δ
e−

π2δ
4

)
.

Since ∣∣∣∣∣∣∣
t∫

π
√
δ

π
√
δ∫

z

e−
τ2

4 dτ dz

∣∣∣∣∣∣∣ =
√
π

t∫
π
√
δ

[
Φ
(z

2

)
− Φ

(
π
√
δ

2

)]
dz,
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we get

E
(
W 2Hω;Wδ

)
C
≤ 1

δ
+

1

δ

π
√
δ∫

0

ω

(
t√
δ

) t∫
π
√
δ

[
Φ
(z

2

)
− Φ

(
π
√
δ

2

)]
dz dt+

+O

(
1√
δ
e−

π2δ
4

)
.

Moreover, using the property

ω

(
t√
δ

)
≤ (t+ 1)ω

(
1√
δ

)
,

we have

1

δ

π
√
δ∫

0

ω

(
t√
δ

) t∫
π
√
δ

[
Φ
(z

2

)
− Φ

(
π
√
δ

2

)]
dz dt = O

(
1

δ
ω

(
1√
δ

))
.

Since ω
(

1√
δ

)
→ 0, δ → ∞, this term is not principal and has order o

(
1
δ

)
.

Thus, relation (3.1) holds.
If ω = ω(t) is a convex modulus of continuity, then relation (1.26) turns

into an equality. Indeed, in this case one can choose a function f0 ∈ W 2Hω

such that, in a neighbourhood of the origin, f ′′0 (0) = 1 and

f ′′0 (t)− f ′′0 (0) = f ′′0 (−t)− f ′′0 (0) = −ω(t), 0 ≤ t ≤ π

2
.

Then ∣∣f ′′0 (t)− f ′′0 (0)
∣∣ =

∣∣f ′′0 (−t)− f ′′0 (0)
∣∣ = ω(t).

Therefore, the estimates used in relation (1.26) become exact for this extremal
function. Hence, for a convex modulus of continuity ω, relation (1.26) turns
into an equality. The theorem is proved.

Note that the Weierstrass integral is, on the one hand, the solution of
the partial differential equation of parabolic type, and on the other hand, the
integral with the positive kernel. Therefore, the approximation properties of
this integral studied in this paper on classes of differentiable functions defined
by the modulus of continuity will contribute to the effective solution of certain
optimization problems [3, 5–7,23].
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