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Approximation properties of some singular
integral on the classes of functions defined by
the modulus of continuity

Abstract. The paper investigates the asymptotic behavior of the exact
upper bounds of deviations in the uniform metric of the Weierstrass
integrals of functions belonging to the classes W"H,,, generated by the
modulus of continuity w(t).

Key words: modulus of continuity, asymptotic equality, Weierstrass
integral, functional classes
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1. Introduction

Let C' be the space of 2r—periodic continuous functions, where the norm is
defined by the equality || f|lc = max |f(t)] and L be the space of 2r—periodic

integrable functions over one period, where the norm is defined by the equality

1L =111 :_f F(0)|dt.

Definition 1. |28, p. 113] The modulus of continuity of the function f(z),
continuous on the interval [a, b], is called the function w(t) = w(f,t), defined
for t € [0,b — a] by the equality

wt) =w(f,t)= sup max [f(z+h)- f(z)= sup |f(2’)— f(a")].
0<h<t a<z<b—h o/ —2 | <t,
z/,z' €la,b]
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Let w(t) be an arbitrary fixed modulus of continuity. We say that the
function f(x) € C belongs to the class H,, if w(f,t) < w(t), or, equivalently, if
the inequality

[f(t1) = f(t2)] S w ([t — t2])

holds for any t1,t2 € R.

Let W7, r € N, denote the set of 2w-periodic functions whose derivatives
up to order r — 1 are absolutely continuous and whose r-th derivative satisfies
|£)(t)] < 1 for almost all ¢.

Then W7 H,, is the class of functions f(¢) from C such that (") € H,, i.e.

W'H,={few: f") e H,}, reN.
Let us consider the boundary value problem in the unit disk for the equation
Pu  10u 1 0%
gy 1.1
o2 " pop  pRoat (1)
The solution of equation (1.1) satisfying the boundary condition

u(p,az) }pzl :f(l’), —T<x <, (1'2)

where f(z) is an integrable 2r—periodic function, will be denoted by W (p; f; x).
Then the solution of the boundary value problem (1.1)—(1.2) can be written as

1 [ 1 &
W(p;f;:v):W/f(t+x){2+2pk2coskt}dt, 0<p<l (1.3)
7 k=1

The quantity (1.3) is called the Weierstrass integral of the function f (see,
for example, [1, p. 150]). Similarly to [31], setting p = e_%, we can rewrite the
Weierstrass integral as

1/ 1 & k2
Ws(fiz)=_ | flo +t){§ +> e s Coskt}dt, 5> 0. (1.4)
o k=1

The Weierstrass integral (1.4), like the polyharmonic integrals [17,20,21],
belongs to the class of integrals with delta-like kernels. Therefore, studying its
approximation properties in certain functional spaces is highly relevant from
the standpoint of modern applied mathematics [2,4,10,11,24,27].

The problem of finding asymptotic equalities for the quantity

€ (M Ws)ce =§gg|!f(') = Ws (£l (1.5)

where 91 C C' is the given class of functions and Ws(f;x) is the Weierstrass
integral, is called, following O.I. Stepanets [28|, the Kolmogorov—Nikol’skii
problem.
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If there exists an explicit function ¢(9) such that as 6 — oo
E(Ws)o = ¢(0) + o(#(9)),

then the Kolmogorov—Nikol’skii problem is said to be solved for the Weierstrass
integral Ws(f; ) on the class 91 in the metric of the space C.

In the uniform metric, the Kolmogorov—Nikol’skii problem for the Wei-
erstrass integral on the Zygmund classes Z, was studied by Korovkin [15],
Bausov [8], and Falaleev [13]; for the Sobolev classes W, — by Baskakov [9].
Asymptotic equalities for approximation of Stepanets classes [28] by means of
the Weierstrass integrals were obtained in [16,18|.

At present, the study of approximation characteristics of differentiable
function classes defined by modulus of continuity and linear summation
methods of Fourier series determined by a set of functions of a natural
argument and depending on a real parameter 9, still involves a number of open
problems. Among such methods, in particular, is the Weierstrass integral. It
is worth mentioning the work [19], where the similar problem was considered.
At the same time, the approximation properties of triangular linear summati-
on methods of Fourier series on the mentioned classes of functions are quite
thoroughly studied [25,26,29].

Therefore, the main objective of this paper is to investigate the asymptotic
behavior of the quantity

EW"Hy; Ws)c = oy IFC) = Ws(fi)lle, r=1,2, 6 > 00 (L6)
S

2. Approximation of the class W!'H, by Weierstrass
integrals

Theorem 1. For any modulus of continuity w(t), as § — oo, the following
asymptotic inequality holds:

comtmanez 2y Jo () (57) -+ )

+0 6“’(\}5» , (2.1)

x
where ®(z) = %fe_qﬂdu is the probability integral. If w(t) is a convex
0

dt+

modulus of continuity, then the inequality (2.1) turns into an equality.

Proof. To prove the theorem, we first rewrite the Weierstrass integral in the
form of the well-known singular integral. To this end, the kernel of the Wei-
erstrass integral can be represented as follows:

f7+Ze 5 cos kit fgo(s 0)+ ) ws(k)
k=1
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u2
where ¢g5(u) = e~ 5 cosut.
Applying the Poisson summation formula (see, e.g., [30, p. 60]), we obtain

Ks(t) = \/ﬂ{;%(m +Z®5(27rk)}, (2.2)

k=1

where ®5(u) is the cosine Fourier transform of the function ¢s(u), that is,

o
/ ) cos zudz =
0

[o.¢]
_%cosz u+t)dz + / _%cosz (u—t)dz =1 + Is.
0

s

o0
_ L
5 cos ztcos zudz =
0

v

Using the formula (3.896.4) from [14]

o

2
—Ba? _1 = _r
/e cos bxdx 2\/;exp < 4ﬁ> , Ref >0,

0

we find the values of the integrals I7 and I

17 Ve swen?
—— [ e § cosz(u+t)dz T 2.3
= 0/ )iz = e (23)

(o] z 5 W 9
f 5 cosz(u—t)dz = 2\\26_ pegt (2.4)

Therefore, taking into account (2.2)—(2.4), we obtain

1) utt)? u—t)2
Ps(u) = 2\55 (e_é(zt fe T ) .
Hence
Vo s Vi & ( s@2rk+t)2 6(27rkt)2>
Ks(t) =V2r{ ——e ¢4 + —— e 1 +e T 1 —
s() { 2v2 272 ;
VT6 = _sGmktn?
= 2 é 4 s
k=—o00

W5(f;$)=7lr\/;?5/f(x+t) > L
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ﬂ > 7 _ s2mk+t)? \/5 7 _ si2
:Mkz_:oo_/f(x+t)e - / (F(@+8)y e T dt. (2.5)

Along with the function f(t), consider the shifted function f;(t) = f(t+x).
Since the class W"H,, is invariant under translations, we have f; € W"H,,
whenever f € W"H,,. Moreover, f1(0)—Ws(f1;0) = f(z)—Ws(f; ). Therefore,

EW"Hy;Ws)e = sup  |f(0) — W5(f;0)]. (2.6)
FEWTH,,

Using representation (2.5), we can write the difference f(0) — Ws(f;0) as

0
F(0) ~ Wy(£:0) = 27(0)5 2 / L= Y0 (1)), e
/ ‘= f; [ 20 = 50~ F(-t)]pp et =
0 0

Consequently,

e p ()= 1 (1) + 1 (~1) —2£(0)
Then
17( t -2 _LNS ) e a
27 J #(38)) s t‘mo/“”(ﬁ)e o
+2\1/7? /OO <¢ (jg»%/gefdt: I(f) + R(f), (2.9)
Ve
where
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Taking into account that ¢(0) = 0 and integrating by parts, we obtain an
estimate for I(f):

v /3 t
101= g | [ o ()%t =5z | [ o(F5)a| [ o] -
“ava|) Y\s “ava|) Y\s
0 0 s
1 T8 t
([t > / _x2
= e~ 1drdt|.
2V'mé /80 <\/5 "
0 3
Since ¢'(t) = f'(t) — f'(—t) and f € W'H,,, we have |¢’ (ﬁ)‘ <w (%) )
Therefore,
/3 t
owp 1171 < 5= [w( )| [ e arar
-
FEW1H,, T 2Vmo N
0 Vi
Since
t
0 t
/e Tdr| = 71'[ ({)—@(2)],
Vs
where ®(x 27r S e~ du is the probability integral, we obtain

O

T3
/<> () o

Now let us estimate the value of R(f).
Using the Lagrange mean value theorem, we obtain

2 ()l (G5) o) - (o1 (=5))] -

\ (&) - =) -

jgu'(fl) — &),

where &1 and &5 are some points belonging respectively to the intervals <0, %)

and ( \[,O) Hence, taking into account that f € W'H, and using the
properties of the modulus of continuity, we obtain

()] e = s (2) <220 (1) o
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Using the following formula (see, for example, [22, p. 33]):

2 r 2 7
—\/7?/6_22(12: ﬁ/e_ZQdZ:

1+Z ’“1 i (%1)], (2.12)

2$2)k

from (2.11) we have

IR = |52 Z (go (\%>>%ﬂe—tjdt <
™0

< I\;l <\1[> 7((215—1— 1)t)2m/ge—§dt < KoVow (%) 7e_t42dt =
V5 /3

1 °°_1,€1-3-...-(2k—1)].
+;( ) =y

2

= ng*ﬂTSw (1)
Ve

Therefore, we obtain
28 1
= TTw!l—] ). 2.13
R =0 (e () (213)

Combining (2.8)—(2.10), (2.13), we obtain relation (2.1).

Let now w be a convex modulus of continuity. To show the sharpness of the
obtained estimate, we choose a function fo € W1H,, such that its derivative
/¢ is an odd 2m-periodic function and, for 0 <t < 7, is defined by

1

I
§w(2(ﬂ' —t)), 5 < <t<m.

Then f(’) € H,, and hence fo € W'H,,. Moreover, for 0 <t < g we have

(1) = fo(t) — fol—t) = 2fp(t) = w(2t).

Thus, for the chosen function fy relation (2.10) becomes an equality, which
proves the theorem.

Corollary 1. Substituting w(t) =t into equation (2.1) of Theorem 1, we
obtain the asymptotic equality as 6 — oo

E (W2 Ws) P
; 5()*5 e \/5 .
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Proof. Indeed, substituting w(¢) = ¢ into equation (2.1), we obtain

S B ) N AN g
S(W,Wa)C—Q\/gO/\/g[q)< 2) q><2> dt+0<e 4\/8>'

Applying integration by parts twice and using formula (2.12), we estimate
the integral in the last equality

2t /5 ¢ e A\
2f/ [ ( ) ¢<2)]dt:%/t2<q><2)) =
L 1 mis
_2\/7760/t26 4dt:27\/7>r5 —2mVde T O/e idt| =

P 1 1 (V3 1
2 726 i 726

= — 1 - _ :7@ _— - _

ﬁ50/€ 4dt+0<e 1 \/S) 5 ( 5 )—i—O(e 1 7

6
1 1 e 1 1-3- (2k—1) <w261>
=_-—= 1+ ) +0(eT — ) =
]. 7r2§ ]_
=—-+4+0(e 7 — .
5 <6 \/3>

The corollary is proved.

Corollary 2. Substituting w(t) =t*, 0 < a < 1, into equation (2.1) of
Theorem 1, we obtain the asymptotic equality as 6 — oo

N 2207 (242) 1 _x% 1
EWH Ws),, = (1+£z)i/E)51§‘*+O<e 7 5).

Proof. Indeed, substituting w(t) =t into equation (2.1) and integrating by
parts, we get

w[R

a—1
EW'H  Ws), = i”“ / e

; 52
0
go-1 e 1
a— 2
= (1 )\/»51 / t1+a€_ 4 dt + 0(6_465Q> (2 14)
+ o mTO 2 2
0
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Using formula (860.17) from [12]

o

2 1
/t%—ldt — 20T <O‘; > . o> —1, (2.15)
0
we obtain
71'\/3 o o0
2
/tHaeldt:/t”%l dt /tHo‘etAldt:
0 0 ﬂ\/g
2 [o@)
2
= oltap (O‘;r> - / e g, (2.16)

/3
Integrating by parts and using formula (2.12), we have

o0 o0
t2 a 7r26 t2
/t1+o‘e_4dt§K1(52e_4 + Kg/ta_le_4dt <
5 /3
< Ki5%e T + 7%575 < Kyo%e T, (2.17)

From formulas (2.14)-(2.17), we obtain the statement of the corollary.

3. Approximation of the class W?H, by Weierstrass
integrals

Theorem 2. For any modulus of continuity w(t), as § — oo, the following
asymptotic inequality holds:

£ (W2Hu Wy) o < 540 (;w <%) + \}gea> . (3.1)

If w(t) is a convex modulus of continuity, then inequality (3.1) turns into an
equality.

Proof. Similarly to (2.8), the following equality holds:

1 7 t t2
E(W?H,;Ws),, = sup /(gpl ()) e 1dt|,
( )C fEW2H,, 2ﬁ0 V) ) ands

where
e1(t) = f(t) + f(=t) — 2f(0).
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Then
00 /6
b t . _ s
2/r S \TVG) ) s VN NG

-l 70 <¢1 (%)) et = L(f) + Rs(f). (32)

ﬂ—\/g 277\/3
where s
™0
1 t 2
I3(f) =57 / ®1 (5>6 Tdt,
0
1 7 t 2
rn= gz [ (2(55)),00
™0

Taking into account that ¢;1(0) =
twice, we obtain

/5 t
B = |57 O/ or(J)e Tl = [ e(R)a [ ar -
V5

:2\}%5 /golll(\;g) / /e_fdrdzdt -
~5vei) | ((7(55) - 1@) + (#(- ) - 1"0) ) =

t ﬂ\/g 71'\/5

t w6
x/ /e4d7'dzdt +2/f”(0) /e4d7'dzdt.
™eé *

™ * 0
We estimate the second term on the right-hand side of the last equality:

1 v t /5

2
1" - —
OGS Q/f(O)/ /e Tdrdzdt
0

m™e F
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ﬂ\/gtﬁ\/g

! 2
= /700 / / /ezldezdt.
N
0 Vs 2
Since
71'\/3 t \[ 1 ﬂ\/g
t2
/// *4d7dzdt 22/t2e4dt7
0 73 0
we obtain

7T 7T

% /” // _4d7dzdt—|f”\/%)‘/

0
Taking into account that |f”(0)] < 1, we get

|f"(0)] 1 Ngz
NG / z\ra/t Tat

As in the proof of Corollary 1,

) v . )

R - =SV —zs 1

2ﬁ5/te 4dt—5+0<e 1 5>'
0

Therefore,
1 ﬂ'\/g t ﬂ\/g 1
1" —ﬁ —
- < Z
NG Z/f(())/ /e Tdrdzdt _5+O<e
0 Ve Z
Hence,
1
sp |(f)| < 5+
feWQHw
*a7 [ () o)+ (7 (-5
————  sup
2ﬁ6f€W2H
t 7r\/5 1
/ _4dezdt +O< 5 )S
1 ] ™/ t mw/o 1
t 2
< 4 . -7 _
_6+ ms/w(\/g)//e 4d7'dzdt—|—0< e
0 Vo Z
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Now let us estimate R3(f).
Using the Lagrange mean value theorem, we find

g (k)H(f () -#0) - (r0-1(-35))|

‘ *f (&2)| =

jgu'(sl) ~ &),

where £ and & are some points from the intervals (0, %) and (—%,O),

respectively. Hence & < &;.
Using the Lagrange theorem again, we obtain

flf() (6] = %(sl—@)rf"(gg)r,

where {3 is some point in the interval (£2,&7).
Since f € W2H,,, we have |f”(£3)| < 1, and therefore

()=

Then, from the last estimate and relation (2.12), it follows that

Rl = |5 Z (cm (%))ﬁdt <
™0

o0

Kl T 2 _t2 _i2 1 _ %5
<5 / (t%)gp 5 Tdt < Ko /e 4dt:O<\/ge 7 >
V6 Ve
Hence
R =0 (e ) (3.4
3 \6 . .
Therefore, from formulas (3.3), (3.4), we obtain
/3 t ™6
& (W?H,,; W) <1 1/ // 7§d7’dz dt+0O ie*#
wite)o =51 755 NG '
\/5 z
Since
t m/o t
_2 z /8
/ /6 Tdrdz —ﬁ/ @(2)—®<2>] y
Ve # /5
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we get

£ (WQHw; WS)C <

S
_l’_
| =
3
O?é
/7~
SI=
N———

Moreover, using the property

()=o)

o(5)-o (?)] dzdt = O <(15w (%)) .

Since w (—) — 0,0 — oo, this term is not principal and has order o (%)

v

NG
Thus, relation (3.1) holds.

If w= w(t) is a convex modulus of continuity, then relation (1.26) turns
into an equality. Indeed, in this case one can choose a function fy € W2H,
such that, in a neighbourhood of the origin, fJ/(0) = 1 and

0(t) = f5(0) = fo'(=t) = fo(0) = —w(t), 0<t<

|3

Then
o () = f5 (0)] = [ (=t) = f5(0)] = w(t).
Therefore, the estimates used in relation (1.26) become exact for this extremal

function. Hence, for a convex modulus of continuity w, relation (1.26) turns
into an equality. The theorem is proved.

Note that the Weierstrass integral is, on the one hand, the solution of
the partial differential equation of parabolic type, and on the other hand, the
integral with the positive kernel. Therefore, the approximation properties of
this integral studied in this paper on classes of differentiable functions defined
by the modulus of continuity will contribute to the effective solution of certain
optimization problems [3,5-7,23|.
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