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Abstract. In this paper, we investigate a boundary value problem (BVP)
involving a linear degenerate elliptic equation with homogeneous mixed
Dirichlet-Neumann boundary conditions. Our main focus is on the cases
where the weight function and its reciprocal are merely integrable, as this
can lead to the Lavrent’ev gap phenomenon. We demonstrate the close
relationship between the integrability of the reciprocal weight function
and regularity of the variational and duality solutions of the corresponding
BVP.
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Awnoragisi. CrarTs npucBsideHa aHaII3y OJHOIO KJIACY KPalOBUX 3aJad
U1 JTHIRHAX BUPOJKEHUX eJINTUYHUX PiBHAHB 31 3MilaHuMMU KpailoBU-
MM YyMOBaMM NEpIIOro Ta Apyroro poiay. OCHOBHa yBara IPUILISETHCS
BHIIQJIKY, KOJIM BaroBa (YyHKIS Ta 0OepHEHA 70 Hel € JIUIle iHTerPOBaHU-
MU B 3aJ[aHiit 00J1aCTi, 110 MOXKe CIpUINHATH mosBy edekTa JlaBpeHnT’eBa.
B poboti mokaszamo, mo icHye TicHMIT B3a€MO3B’sI30K MiK iHTErPOBaHICTIO
obepHeHol DYHKIIT 0 BaroBol Ta PerysspHICTIO BapialliHuX i JIyaJbHUX
pPO3B’sI3KiB TaKWX KpaioBHUX 3a/ad.

KuarouoBi cmaoBa: Bupomxkeni eminTudni piBHSIHHSI, peryJIsipHICTH
pO3B’a3KiB, BapialiiiHi po3B’a3KU, JyaJbHI PO3B’SI3KM, BAroBi MPOCTOPU
CoboseBa

MSC2020: Pr1 35J70, SECc 35B65

1. Introduction

In this paper we concentrate on the following class of Dirichlet-Neumann

boundary value problems (BVPs) for a linear elliptic equation

—div(p A(x)Vu) = f in Q,
u=0 on I'p, (pAVu,r)=0 on Iy.
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The characteristic feature of this problem is the fact that the weight function
p: Q) — Ry is subjected to the constraints

p(x) >0 ae in Q, peLY(Q), and ; € L"(Q) for some r>1, (3)
and we don’t assume (in contrast to the bulk publications in this field, for
instance, [4,5,7,13,15,26,27]|) that this function belongs to the As-Mackenhoupt
class. Hence, we admit the situation that this weight is not regular and,
as a consequence, the BVP (1)-(2) can inherit the so-called Lavrent’ev gap
phenomenon. It means that, in the general case, the smooth functions are not
necessarily dense in the corresponding weighted Sobolev space W, which leads
to solution non-uniqueness of a particular kind. Taking for the energy space
either W itself or its subspace H equal to the closure of the smooth functi-
ons one obtains at least two uniquely soluble problems. This fact immediately
leads to the existence of infinitely many weak solutions distinct from the W-
and H-solutions [31]. As a result, we deal with an ill-posed boundary value
problem and our primary goal is to find out whether the integrability of the
reciprocal function (1/p)" with r > 1 affects the regularity of the corresponding
variational H- and W-solutions.

However, despite the extensive literature on degenerate partial differenti-
al equations, the link between integrability of the reciprocal function (1/p)",
where p € Ao, and regularity of the weak and variational solutions of the
boundary value problem described above remains open in general.

In the pioneering work [14] it was proven that if the weight function p in
(1) belongs to the Muckenhoupt class A9, then the solution of (1) is Holder
continuous. Gradient estimates are obtained in [7] also under p € Ay and a
smallness assumption in terms of a weighted BMO norm of A(x).

The following result has been established in [13]: if the weight p is regular,
ie., H=W, and

pe LX), peWh(), p Y2ewlo(Q)for some o>2, (4)

then for each f € W=1P(Q) with p > N, the corresponding weak solution
belongs to L>(Q), [|ul[ () < C||fllw-1r(q), and there exists ¢ > 0 such that
[Vl p2+e @y < co. However, the conditions (4), that the authors impose
on the regular weight function p, which is assumed to be regular p € As, are
much stronger than those used in this paper.

It is also worth to mention the recent paper [4], where the authors establish
the global maximal regularity for the weak solutions to the following class of
BVPs

—div(A(z)Vu) = —div(A(z)F) in Q,
u=0 on JN

provided the scalar weight p(x) = +/|A(z)| is degenerate and p? € A, for
p > 1. Here, by the global maximal regularity, they mean the fulfillment of the
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so-called Calderén-Zygmund estimate

/ |Vu|?p? dx < C/ |F|9°dx, Yq>1.
Q Q

To obtain this estimate the authors impose additional regularity assumption
on the matrix A(z), in particular A € VMO (see 5,8, 33] for other results in
this field).

The recent results for the so-called X-elliptic equations with measurable
coefficients [32] show that an improvement in the summability of the data
yields a corresponding improvement in the summability of the solutions, in
a manner analogous to the one that occurs in the case of uniformly elliptic
equations.

The motivation for studying (1)—(2) is twofold. On the one hand, this
boundary value problem plays the role of a simplified model for optimization
problems in materials, and it may be viewed as a prototype of a steady-state
model of an elastic body with a damage [23]. In this case it is assumed that
the body is clamped on a portion I'p of the boundary 02, while the remaining
part of the boundary I'y = 02\ I'p serves as an influence zone for a Neumann
boundary control. As for the damage field in 2, it can be associated with the
weight function p: the case p(x) > puq corresponds to intact material, p(xz) =0
to complete damage, and 0 < p(x) < puq to partial degradation. For other
applications, we refer to [18,24].

On the other hand, the regularity results for the weak solutions of (1)—(2)
play a key role in the study of optimization problems with an L!-type control
acting in the coefficient of the elliptic operator. Problems of this kind have a
long history, beginning with the work of Murat [29] and Tartar [35]. Optimal
control in the leading coefficient was studied systematically by Casas [9] for the
Laplace equation, where the scalar coefficient v in div(vV-) was taken as the
control subject to box constraints (including a strictly positive lower bound
and an upper bound), along with a slope constraint. For further developments
in this direction and different admissible classes of coefficient controls, we refer
to [6,10-12,16,17,19-22].

To summarize, we study the Dirichlet-Neumann boundary value problem
(1)-(2) under the assumption that the weight function p : @ — R4 with
integrability properties does not belong to As-Muckenhoupt class. In this case
it is reasonable to assume that the standard weighted spaces H&’i(@; I'p) and
Wol”z(Q; I'p) may differ from each other, Wolﬁ(Q; I'p)\ H&’i(Q; I'p) # 0, and
therefore, the problem (1)—(2) may admit infinitely many weak solutions in
the sense of distributions. Our focus is on studying the so-called variational
V,-solutions, where V, stands for an intermediate space, H&’E(Q;F p)CV,C
Wo (2 Tp).

Using the embedding results for weighted Sobolev spaces and following in
many aspects the Stampacchia’s technique (see [34]), we study the existence
of variational V-solutions and their regularity when the datum f belongs to
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LP(Q) with p € [1,00). We show that if p > ¢ = rN then, for each

r—1)+2r’
intermediate space V), there exists a unique Variationa(l Vp)—solution of (1)—(2)
possessing some higher integrability property, whereas this problem does not
have variational solutions if p < ¢, but instead it admits a unique duality
solution for each f € LP(Q) provided p € [1, ¢g«). We also show that variational
V,-solutions are bounded, u € L*°(Q) if only f € LP(Q2) with p > 27{\£TN and
r > N/2. Here, the value r is closely related to the integrability of the reciprocal
function 1/p. The main contribution of this paper is collected in Table 1.

The paper is organized as follows. In Section 2 we introduce the notation
and preliminary results used throughout the paper. Section 3 contains auxiliary
results concerning definition of the main weighted Sobolev spaces and their key
properties. In Section 4 we discuss the existence issues relevant to the analysis
of BVP (1)—(2). Section 5 is devoted to the L>-regularity result for variational
V,-solutions of BVP (1)-(2), whereas their higher integrability is a subject of
Section 6. Finally, Section 7 is devoted to the study of duality V)-solutions of
the Dirichlet-Neumann problem (1)—(2) with L!-datum in the right-hand side

of (1).

52

Weight Datum f The sort of | Regularity of the

function p weak solu- | weak solutions
tions

1 pEV(N/2) | feV, Variational | u eV,

V,-solution

p € U(r), feLrrQ), Variational | u € V, N L>(2)

r > N/2 p> g V,-solution

p € U(r), ferrq), Variational | unknown

r> N/2 p= QﬁTN V,-solution

peV(r) ferLr ) Variational | u €V, N L™(Q)

r > N/2 g <p <2 2}31?]\,, Vp-solution | m = /p(N—A;%

9 = NG-17or

pEY(r) feLpP(Q) Duality u € L*(Q)

r> N/2 1<p<ayqs V,-solution | s = %

peV(r) feLyQ) Duality ue Li(Q) Vqe

r> N/2 V;,—solution ’71, m)

Tab. 1. Regularity results.




ON REGULARITY OF VARIATIONAL SOLUTIONS
2. Preliminaries and Basic Definitions

Let Q be a bounded open subset of RV (N > 2) with Lipschitz boundary
0. We assume that the boundary 9Q is decomposed into two disjoint

measurable parts,
o =Tnyulp,

where both I'p and I'y have positive (N — 1)-dimensional Hausdorff measure.
For any measurable set D C 2, we denote by |D| its N-dimensional Lebesgue
measure LV (D). For D C Q, we write D for its closure and dD for its boundary.
The characteristic function of D is denoted by xp and is defined by

(2) 1, zeD,
x) =
XD 0, otherwise.

Let X be a real Banach space with norm | - || x, and let X’ be its dual. We
denote the duality pairing on X’ x X by (-,-)x».x. Weak convergence and

weak-* convergence are denoted by — and -, respectively.
For 1 < p < oo, we define LP(£; R"V) as the space of measurable functions
f:Q — RY such that | £l Lr () < 00, Where

1/p
HfHLP(Q;RN) = </Q |f(x)]P d:13> for 1 < p < o0,

[ fll oo (rvy = esssup | f(z)].
z€Q

For vectors &, € RN, we write (£,1) = &' for the standard Euclidean
inner product, where ! denotes transpose. The associated Euclidean norm is

€l = V(& €).

We write C°(RY) for the locally convex space of smooth functions
with compact support. We recall several function spaces that will be used
throughout the paper.

Sobolev Spaces. For p > 1, the Sobolev space W1P(Q) is defined as the
closure of C°(RY) with respect to the norm

1/p
ooy = ([ I+ 190p] as)

We also set (Wl’p(Q)), to denote the dual space to WP (). Setting
CSO(RN;FD) = {gp € CSO(RN) : p=0on FD},

we define the subspace Wol’p(Q;FD) of W1P(Q) as the closure of the set
C&°(RY;Tp)N with respect to the norm

1/p
_ p
Fullo gy = (/Q\vuy da:) .
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If p = 2, we usually write H'(2) = W12(Q). The letter H is used, since
H'(Q) is a Hilbert space equipped with the scalar product

(ul, UQ)Hl(Q) = / [U1UQ + (Vul, VUQ)] dx.
Q

We also set Hi(Q;Tp) = W01’2(Q;FD). It is clear that the space H}(;Tp)

can be defined as

H&(QarD) = {’LL € Hl(Q)v ’YFD(U) = 0}7

where 71, (u) stands for the trace of u on I'p. The dual space of HE(Q;Tp)
(i.e., the set of all continuous linear functionals on HE(€;T'p)) is denoted
by H™'(Q;Tp), while the dual of Wy*(Q;Tp) is W17 (Q;T'p), where p/ =
pl(p—1).

Sobolev embedding theorem. We recall that a Banach space X is said to be
compactly embedded in a Banach space Y provided (i) ||z|ly < C||lz||x (z € X)
for some constant C' and (ii) each bounded sequence in X is pre-compact in
Y.

By the Sobolev embedding theorem and the Rellich-Kondrachov theorem,
we have the following result (see, for instance, [1,3]):

e If 1 <p< N, WHP(Q) — L4(Q) with
1

Y

1 1
— compact embedding for ¢ € [1,p*), where — = —

p p
— continuous embedding for ¢ = p*,

o If p=N, WP(Q) — L(Q) with compact embedding for ¢ € [1, 00);
o If p> N, WP(Q) — C°()) with compact embedding.

Hereinafter we call the constant p* = Np/(N — p) the Sobolev embedding
exponent.

It is worth to emphasize that in all cases (i.e., 1 < p < 00), the embedding
of WHP(Q) in LP(Q) is compact. These results are still valid for VVO1 P(;Tp)
without any regularity assumption on I'p C 0. In particular, for each 1 <
p < N, there exists a constant S, (depending only on N and p) such that

el oy < Spllullygroggy:  Vu € WP (@ Tp). (5)

Remark 1. As follows from estimate (5), I/VO1 (Q) is continuously embedded
in LP" (). Hence, by duality, we have that [Lp* (Q)]/ is continuously embedded
in W=7 (Q). So, if we define
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then we have
LP(Q) — WP (Q).
In particular, if p = 2, then 2, = %, and the embedding of L?(2) into
H=1(Q) is valid.
For some practical reasons, the first item of the above mentioned Sobolev
embedding theorem can be reformulated as follows (see [25]).

Theorem 1. Let r > 1 be a given value. Then setting q = 2r/(r + 1), we
have q € [1,2) and, therefore,

e If N(r+1) > 2r, then WH9(Q) — L*(Q) with compact embedding for
s € [1,q%) and with continuous embedding for s = q* provided

2rN )
N(r+1)—2r’

*

q =
o If N(r+1) = 2r, then WH4(Q) — L5(Q) with compact embedding for
s € [1,00);

e If N(r+1) < 2r, then WH(Q) — C°(Q) with compact embedding.

3. On Weighted Sobolev Spaces

Let p : @ — R be a given function, and let r € [1,00). We say that
p:Q — Ris a weight of the class ¥(r) if

1
p(x) >0ae in Q, peL>Q), p e L"(Q).

Let L?(f2, pdx) be the weighted Lebesgue space of all real-valued functions f
on {2 such that

1l pan) = ( /Q fzpdaf>2 < toc. (6)

Then L*(Q, pdz) endowed with the norm (6) is a uniformly convex Banach
space.

With a given weight function p € W¥(r) we can associate two weighted
Sobolev spaces Wpl’2(Q) and H;’z(Q), where

(i) W,2() is the set of functions y € W11(€2) for which the energy norm

lyll, = </Q (v + pIVyl) d:r);

is finite;
(ii) H,}’Q(Q) is the closure of C*°(Q2) with respect to the || - || ,-norm.
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It is clear that Hy?(Q) C W,}’Q(Q) and the set of smooth functions C*°(£2)
is || - || ,-dense in Hp’2(Q), whereas the space W,}’Q(Q) contains all functions
with a finite energy norm || - ||,. So, in general, H;’Q(Q) # Wpl’2(Q) and we
refer to [37] for counterexamples and other the details.

Since p € ¥(r) = 1/p € L*(), it follows that

1
1 2
[l <oi ( / \dex) <V Iyl )

1 1
2 2
[vitas< ([ 1vopac)” ([oae) <cml,®
Q Q Q

Hence,

1. the spaces Hy*(Q) and W,?(2) are complete with respect to the norm
[RRiP

2. Hp1’2(Q) and W;’Q(Q) are Hilbert spaces;

3. Hp™(9) € Wy (Q);

4. H;’Q(Q), W/}’Z(Q) — WH(Q) N L?(Q2), and the estimate

1
2
lellwra < ( a + ( /Q pldx) ) loll,

is valid for all elements v € Wg 2(Q).

Remark 2. It is worth to notice that, in general, the assumption p € ¥(r)
with some r > 1, does not guarantee that the weight function p belongs to the
class of Ay weights that was introduced by B. Muckenhoupt in the early 1970’s
(see [28]). In fact, when we write p € Az it means that there exists a constant

C > 0 such that
g J,0) (ia [, )
sup | — pdx — —dx ) <C,
BCRN<|B| B |Bl /g p

here the supremum is over all balls B. So, the condition p € As requires uniform
bounds on all local averages, not just finiteness of global integrals fQ pdx and

Jo1/pdz.

As an example of the function p € W(1) such that p € Ay, we can give the
following one:

B
Q= B;(0) c RY, p(a:)—]w\a<ln|6’) with f>1, 1 <a < N.
T

56



ON REGULARITY OF VARIATIONAL SOLUTIONS

Then passing to the polar coordinates (d,p1,...,on—1) and taking into
account that the growth of |In(d)| as d — 0 is slower than any power of
1/d, i.e.,

B
(1n 2) < C5d™0, W50,
it is easy to show that p € U(1). However, as d — 0, we see that
1

|Bal J,

1 1 -6 1[4 -8
— —dx ~d™* (ln E) + N/ g1« (ln E) ds
|Bal JB, P d d¥ Jo §

~d° (m 2)17& .

pdx ~ d* (lng)ﬁ,

Therefore,

1 1 1 e
— pda:) ( dac>~ln—>ooas d—0.
(\Bd’ By |Bal JB, P d

So, p € As. For more details, we refer to [36,37].

Definition 1. We say that a weight p € W¥(r) is regular if Hy?*(Q) =
W,2(9).

If p is a non-degenerate weight function, that is, p is bounded between two
positive constants, then it is easy to verify that H p1’2(Q) = W‘} 2(Q) However,
for a "typical" degenerate weight p the space of smooth functions C§°(Q2) is
not dense in W‘}Q(Q). Hence the identity H;’Z(Q) = W,}’Z(Q) is not always
valid even if 1/p € L'(£2). At the same time, we have the following remarkable
result. [36,37].

Proposition 1. If p: Q — R is such that p(z) > 0 a.e. in Q and p € Ay,
then H,?(Q) = W, 2(Q).

For more properties of the weighted Sobolev spaces we refer to [36]. Before
proceeding further, we make use of the following observation.

Remark 3. Let p € ¥(r) be a given weight function with some r > 1. Then,

setting ¢ = %, it follows from the Holder inequality that

J1sitdo= [\ /e g
Q Q

r/(r+1) 1\" 1/(r+1)
() () )
Q Q \P
1\" 1/2r
£l za(o) < (/ﬂ (p) dx) 1 £1122(,p da) -

So, we get
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Hence, the following embedding

2r

L2(Q LIY(Q) with ¢ =
(Q, pdz) — LUQ) with ¢ —

is continuous, and as a consequence, we obtain the embedding for the weighted
Sobolev spaces

H)?(Q) = WH(Q), W)2(Q) — Wh(Q) (9)

with ¢ = 2r/(r + 1).

Remark 4. If p € U(r) for some r > 1, then we have the following chain of
continuous embeddings (see (9) and Theorem 1)

W;’2(Q) — Wh(Q) — LT (Q) (10)

with
2r 2rN

_ o N 11
g ad = Ny Z (1

Cor+1

Moreover, the embedding W,}’Z(Q) — L*(2) is compact for all s € [1,¢%).
Since Hy?(2) € W,3(Q), the same assertion holds true for the weighted space
Hy? ().

For later use, we introduce the following couple of spaces that play si-
gnificant role in the study of boundary value problems for degenerate elliptic
equations:

(i) W&’i(ﬂ; I'p) is the set of functions y € Wol’l(Q; I'p) for which the energy

norm )
2
Iyll, = (/Q (v* +p|Vy[%) dl’)

(i) H&’i(Q; I'p) is the closure of C§°(RY;T'p) with respect to the || - || ,-norm.

is finite;

Here,

Wol’l(Q; I'p) = {u € W(Q) with zero trace on I'p, i.e.,yr,, (u) =0},
CRY;Tp)={pe CXMRY) : p=00onTp}.

The following result is well-known (see [25] for the proof).

Lemma 1. Let p € U(r) be a given weight function with r > N/2. Then
there exists a constant Cp > 0, depending on N, Q, and p, such that the
following weighted Friedrichs inequality is valid

/Q\u|2dac < CF/Q \Vul*pde, VYuc Wopo(Q) (12)
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It is clear that this assertion can be easily extended to the case when we set
We: (Q I'p) instead of Wolg(Q) and, as a consequence, this allows to claim:

1/2
_ 2
e 2

is an equivalent norm to | - ||, on W (Q I'p) provided r > N/2.
Let us show that the constant CF in (12) can be specified.

Lemma 2. Let Q@ C RN with N > 1 be a given bounded domain, and let
pE \II(%) be a given weight. Then

~ 5 —1)j1/2
Cr = CSOb 1+ )‘1 Hp HLN/2(Q)7 (13)
where A\ the first Dirichlet eigenvalue of the %—Laplacian:
. 2N _ 9
—A oy y = —div (\Vy|N+2 Vy) .
N+2

Proof. By Sobolev embedding theorem in its application to the non-weighted
spaces, we have Wol’p(Q; I'p) — L1(Q) with g = ]\][V_pp forall 1 <p < N. Setting

17ﬂ
q = 2, we can rewrite this inclusion as follows W, V> (Q; T'p) < L?(92). Hence,

there exists a constant Sgo, > 0 such that

2N
aN , Yuce€ VVOLN+2 (Q;PD). (14)

[ullz2 () <CSobHUH1 g
0 * (Q§FD)

Since the standard Friedrich’s inequality implies that

_ 1,20
lull ax, S Vul v o Vue Wy ¥R (@T),

LNF2(Q) Z(RN)

where A is the ﬁrst eigenvalue of the 2 +2 -Laplacian, it follows from (14) that,

for each u € WO”V = (Q;Tp), the following inequality holds
N2
lullzzco < Coon (1435 ) 19l gy, (15)

Then, setting p = ]\%—%, we get

1/p 1 1/p
</ |Vul? da:) = (/ —|Vulfp? da:)
Q QP
1 1/pq 1/pq
< (/ 7 da;) (/ [VulPlp Sqd:c)
Q
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where ¢,q > 1, % + % = 1, and s > 1 are arbitrary. Let’s define these
parameters as follows

pg=2 and sq=1.

Then, we see that

2 N+2 1 N q o q N +2
4 P N qg N+2’ 1 qg—1 2
Hence, sq' = %, and, therefore,

1 3 1/2
< - 2
HVUHL%(Q;RN) < </Q N2 dx> (/Q |Vul pdaz) . (16)

Combining this result with (15), we arrive at the announced representation
(13).

As an obvious consequence of this lemma, we have the following result:

Proposition 2. Let p € \Il(%) be a given weight. Then

1/2
_ 2
HUHWO{'E(Q;FD) = (/Q Vul pdm)

is an equivalent norm to || - ||, on Wol"p?(Q;FD).

Remark 5. Let H;1’2(Q;FD) stands for the dual space of H&"ﬁ(Q;FD).
Assume that p € U(r) for some r > 1. Then we have a continuous embedding
(see (10))

* 2rN
Hy2(QTp) « LT (Q) with ¢ = ————————.
070( I'p) () with ¢ N(r+1)—2r
Hence, by duality, we have that [Lq*(Q)]/ is continuously embedded in
H;1’2(Q;FD). So, if we define

2rN
_ *\/ __
=) = N2
then
L%(Q) < H, Y (Q;Tp). (17)

In particular, if r = N, then N, = ]\2,—]):1, and the embedding of L™ () into

H,"(Q;T'p) is valid. For comparison, we recall that L2+(Q) < H~52(Q;Tp)

for 2, = %
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4. Existence Issues for One Class of Dirichlet-Neumann
Boundary Value Problems

The main object of our consideration in this paper is the following boundary
value problem (BVP)

—div(pA(x)Vu) = f in Q, (18)
u=0 on I'p, (19)
(p AVu,v) =0 on Ty, (20)

where v € RY is the outward unit normal to I'y, p € ¥(r) for some r > 1, f
is a given distribution on Q with suitable assumptions, and A : Q — RVXV ig
a matrix-valued measurable function such that

(€, A(x)€) > al¢)?, ||A(z)||« <a lforaa z€Q, andVEcRY  (21)

with some a > 0. Here, ||A(2)]« = maX1gi§Nw/Z§-V:1 azj(af) stands for the
so-called Schatten 2-norm. In fact, this is a mix of the max matrix norm with
the Frobenius norm.

Assumption (21) implies that esssup,cq ||A(z)|lx < oco. In symbols, we
denote this fact by A € L(€; RV*N),

Since the weight function p € ¥(r) can vanish in  on subsets with zero
Lebesgue measure, it follows that we deal with the Dirichlet-Neumann BVP
for degenerate elliptic equation (18)-(20).

In order to study the existence issues for (18)—(20), we associate with this
problem the following weighted Sobolev spaces: H&ﬁ(Q; I'p) and Wol"p?(Q; I'p).
Note that condition p € ¥(r) does not guarantee fulfillment of the equality
Hé”g(Q; I'p) = W&’i(ﬂ;lﬂp). So, we should admit the existence of the weight
function p such that the set of smooth functions C§°((£2;T'p) is not dense in
W&’IJQ(Q;FD). As a result, we have: Wolﬁ’pQ(Q;FD) \ H&’g(Q;FD) # (. In view
of this, we adopt the following concepts of weak solutions to the Dirichlet-
Neumann BVP (18)—(20).

Definition 2. Let p € ¥(r) for some r > 1. Let f be a given distribution
in Wp_l’z(Q; I'p). We say that u € Wolj(Q; I'p) is a weak solution of (18)-(20)
(in the sense of distributions) if the integral identity

/Q (Vo, A(x)Vu) pdz = (f, SD>WP—172(Q;FD);W&«;(Q;FD) (22)

holds true for each test function ¢ € C§°(Q;T'p).

Definition 3. Let p be such that p € U(r) for some r > 1, and
H&’pz(Q;FD) # Wolf(Q;FD). Let V, be an intermediate space, H&’z(Q;FD) -
V, C Wol,f(Q;FD). Let f € (V,)" be an arbitrary distribution. We say that
u € V, is a V,-solution (or variational solution) of (18)-(20) if variational
equality (22) holds for each test function ¢ € V.
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So, if u is a V),-variation solution, we can set ¢ = u in (22). As a result, we
arrive at the so-called energy equality

[ (V. A@)¥0) pde = (fr)y, (23)

Hence, if a weak solution fails the energy equality (23), then it cannot be
variational.

The existence of variational solutions to the problem (18)—(20) can be easily
established using the Lax-Milgram Lemma.

Theorem 2. Let p € V(r), r > N/2, be a given weight function. Let V,,
be an intermediate space, H&’i(Q;FD) cV,C Wol”j(Q;FD), Let f € (V,) bea
given distribution. Then for each intermediate space V, the Dirichlet-Neumann
BVP (18)—(20) admits a unique variational solution such that

1/2
oi= ([ 1VuPods) " <a il (24)

where the constant C* > 0 is predefined by the embedding (10).

[

Indeed, to establish this fact it is enough to define the bilinear form a, :
Vo, xV,—=R

ap(u,v) = /Q (A(x)Vu,Vov)pdx, Vu,veV,.
and notice that due to the properties (21), we have
(o) <™ [ [VullVulpde < o fulll o (25)
aplu) = o [ [VuPpde = allulf. (26)

As a result, the announced assertion and estimate (24) immediately follows
from the celebrated Lax-Milgramm Lemma.

It is easy to notice that any variational solution of the Dirichlet-Neumann
BVP (18)—(20) is its weak solution in the sense of distributions. However, the
converse statement is not true in general. In fact, a weak solution is variational
if, in addition, it satisfies the energy equality (23).

By analogy with [37], the following result can be proven.

Proposition 3. Let f € W, "(Q;Tp) and p € ¥(r), with r > N/2, be
given distribution. Assume that the Dirichlet-Neumann BVP (18)-(20) admits
two variational solutions uf € H&’g(ﬂ; I'p) and uV € W&’E(Q; I'p) such that
ufl # uW. Then, for each ¢ € (0,1), the function

u=Cull +(1-0)uV
is a weak (but not variational) solution of (18)-(20).
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To discuss the uniqueness of a weak solution to the above problem, we give
the following result.

Proposition 4. If the set C5°(€;'p) is dense in W(},’E(Q;FD), then the
weak solution of Dirichlet problem (18)—(20) is unique.

Proof. In spite of the fact that Definitions 2 and 3 are equivalent if the set
C3°(;T'p) is dense in Wolf(Q; I'p), let’s assume for a moment that Dirichlet-
Neumann problem (18)—(20) admits two weak solutions u; and ug. Then (22)
implies:

/ (Vep, A(z) V) pda = / fedz, YveWy (),
Q Q

/Q(VQD,A(:U)VUQ)pdx:/Qfgde VUEW&’S(Q;FD).

Setting then ¢ = w1 —ug as the test function in these relations, after subtracti-
on, we obtain

/Q (Vur — Vug, A(x) (Vur — Vug)) pdx = 0.

So, u; = ug in view of the ellipticity property (26). The proof is complete.

5. L*°-Regularity Result in the Spirit of Stampacchia’s
Theorem

Let p € U(r) be a given weight function with » > N/2. Let V, be an
intermediate space, Héy’g(Q;FD) cV,C W&f(Q;FD). The main goal of this
section is to find out whether an increase on the regularity of the distribution
[ €V, yields more regular variational V,-solutions to the BVP (18)-(20).
With that in mind, we make use of the Sobolev Embedding Theorem 1 and
the following result.

Lemma 3 (Stampacchia). Let 1) : Ry — Ry be a nonincreasing function

such that
My(k)®

vk < o

where M >0, 6 > 1, and v > 0. Then 1(d) = 0, where

Vh>k>0,

47 = Map(0)° 12577,
To establish the first regularity result, we recall that (see Remark 5)

2rN
N(r—1)+2r
Then Theorem 2 implies that, for every f € L% (), the Dirichlet-Neumann

BVP (18)—(20) admits a unique variational solution u that belongs to V, and

(according to Sobolev embedding) to L7 () with ¢* = ]\7(7‘2—:7{\)[—27"

L(Q) = V) with ¢, = (27)
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Theorem 3. Let p € V(r) be a given weight function with r > N/2. Let V,
be an intermediate space, H&’i(Q;FD) cV,C W&’z(Q;FD). Then, for every

f € LP(Q) with
Nr

2r — N’
a unique variational V,-solution of Dirichlet-Neumann BVP (18)—(20) belongs
to L>®(Q2), and there ezists a constant C = C (N,Q,p,r, p,a) > 0 such that

p> (28)

lull oo () < Cllf | Lr(0)- (29)

Proof. Let f € LP(Q) be a given function. It is easy to see that, for an
arbitrary exponent p satisfying condition (28), the inequality p > ¢, is valid
provided > N/2. Since LP(Q2) C L% () and L% (Q2) — V], it follows that f €
V. Hence, the Dirichlet-Neumann BVP (18)-(20) admits a unique variational
V,-solution u € V,, and this solution satisfies integral identity (22) for each test
function ¢ € V,. Therefore, for an arbitrary k& > 0, we can choose ¢ = Gj(u)
as a test function in (22), where

Gr(s) = s —max {—k,min {s,k}} = (|s| — k), sgn(s), VsecR. (30)

Since G : R — R is a Lipschitz continuous function (see Fig. 1), it follows
that
VGi(u) = Gi,(u)Vu a.e. in Q.

Setting Ay, = {x € Q: |u(x)| > k} and noticing that Vo = VG (u) = Vuxa,

Fig. 1. Graph of the function Gy : R — R

almost everywhere in €2, we obtain
by (21)
a/ IVGr(u)*pdz < / (VGi(u), A(z)VGi(u)) pdx
Ap Ay

< /Q (VGr(u), Ax)Vu) pda = /Q fGi(u) de

= fGr(u) dx. (31)
A
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Using then the embedding
V, C Wy (@ Tp) = Wy Tp) — LT (Q)
with

2r 4 o 2rN
an =
rt1 T TN+ -2

q:

and the Sobolev inequality (5), we see that

(/A Ivak(u)l%dg;)l/2 s c, (/A WGk(u”qu)l/q

> g: </Ak |G(w)| dl‘) v : (32)

On the other hand, by the Hoélder inequality, the last term in (31) can be
estimated as follows

1/q* 1/q
N fGr(u) dz < </Ak | f] 9 dx) (/Ak |G (u)|T d:c) :

Utilizing this fact together with (32), we deduce from (31)

aC?

ql* 1/‘1* 1/‘1*
= (/,%'G""(“)'q d:v) < (/Ak|fyq dx) (Ak‘Gk(“)‘q da:) .

Killing the equal terms, we thus have

. g2 \ 7 qa*/qx

By the initial assumptions, f € LP(2), where the exponent p satisfies condition
(28). Since

Nr - 2rN v >N
r>
2r— N~ N(r—1)+2r’ 27

it follows that p > ¢. and, therefore, by Holder inequality with exponents
s=p/q. and s’ = 5/(s — 1) = p/(p — ), we get

q=/p
/ | £]9 da < </ Vi dm) ‘Ak‘(p—q*)/p_
Ap Ap

Then (33) yields

» S2 q* * *
/A IGr(w)|? do < <qm“m) |Ag| =% (34)
k

2
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Arguing as in [34], we take h > k, so that A, C Ay, and Gi(u) > h—k on A,
As a result, (34) implies

A< Sz Sl ey ! P
(h = k)T |An|= oz |Ag|a" 7. (35)
q

Setting then

S f Nl e v ¢ ¢ .
aCy

we can rewrite (35) as follows

P(h) < 75

Since the assumption (28) implies that

* *

N
q——q—>1 Vr>—,

G P 2
it follows from Lemma 3 that ¢(d) = 0 with

47 = Mip(0)° 12571,
Hence, |A4| = 0 and this leads us to the final conclusion

u(@) <d =C|flro ae in Q

with
~ 52 111 7 (p—ax)
C = 7q‘Q|Q* p  q* 2‘1*(17—11*)_11*17.
aC?

Thus, |lu|| () < d and this concludes the proof.

Remark 6. To demonstrate that the result of Theorem 3 is somehow
‘natural’, let us compare it with similar results for non-degenerate elliptic
equations. It is well-known that in the case of non-degenerate elliptic equati-
ons the corresponding Dirichlet-Neumann BVP admits a unique weak soluti-
on in Wy (2 Tp) N L®(Q) provided f € LP(Q) with p > N/2 (see, for
instance, |2, 30, 34]). So, this assertion can be applicable if only N > 3. Si-
nce

Nr N N
— > —
2T—N>2’ VN >3 and V7”>27

it follows that the boundedness of variational solutions for degenerate elliptic
equations requires more regularity for the function f. In particular, if N =
3 then p > 3/2 in non-degenerate case, whereas p > 6 with r = 2 in the
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degenerate case provided p € ¥(2). In some sense this fact can be interpreted
as a 'payment’ for degeneration in the principal part of elliptic operator.

At the same time if N = 2 then Stapacchia Theorem [34] does not cover
this case for non-degenerate elliptic equations. Meanwhile Theorem 3 claims
that any variational solution to BVP (18)-(20) belongs to L*°(2) if N = 2
and f € LP(Q) with p > r/(r — 1) and = > 1. In particular, it is allowed to
take f € L%(Q) provided p € ¥(21/10).

6. On Higher Integrability of Variational Solutions

This section is devoted to the study of the higher integrability properties
of variational solutions to BVP (18)—(20) provided that

p€V(r) and fe LP(Q)
2rN Nr N (36)

v o d r>2.
Nor—D+2r PSg—ny ™4 773

with g, =

Following the approach and technique that have been proposed by L. Orsina
in [30] for the non-degenerate elliptic equation, we give the following result.

Theorem 4. Let p and f be given functions with properties (36). Let V,
be an intermediate space, H(%”E(Q;I’D) cV,Cc W&’pz(Q;I’D). Then a unique
variational V,-solution of Dirichlet-Neumann BVP (18)(20) belongs to L™ (§)
with

Npr
= 37
m Nr—p(2r — N)’ (37)
where
r

- < h L<p<——T_ 38
¢"<m<oo whenever g <p< g (38)

and there exists a constant C = C (N,Q,p,r, p,a) > 0 such that
lull Ly < CllfllLe(o)- (39)

Proof. We begin the proof with the case of the strict inequality for the choice

of exponent p
2rN Nr

< p< .
N(r—1)+2r PSS9 =N

Let p € ¥(r) with some r > N/2. Let f € LP(Q2) be a given function, where
the exponent p is subjected the constraints (36). Since p > g, it follows that
LP(Q) C L%(Q). Then the embedding L%(Q) < V; implies that f € V.
Hence, the Dirichlet-Neumann BVP (18)—(20) admits a unique variational V-
solution u € V,, and this solution satisfies integral identity (22) for each test
function ¢ € V). Therefore, for a fixed £ > 0 and a given v > 1, we can choose
© = |Th(w)|* "2 Ty (u) as a test function in (22), where

qx = (40)

Ti(s) = max{—k,min {s,k}}. VseR (41)
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Since T : R — R is a Lipschitz continuous function (see Fig. 2), it follows that
VTi(u) = Ti(u)Vu ae.in Q.

Then (22) yields

Y

Fig. 2. Graph of the function T}, : R - R

(27— 1) /Q (A(x)Vu, VTk(w) [Tk (u)|* 2 pdz
_ /Q F 1 T(w) 272 Ty () .

Since Vu = VTj(u) at those points where VT (u) # 0, it follows from (21)
that

a(2y — 1) /Q VT (u0) 2T () 22 p
<@y-1) /Q (A(2)VTi (), V() [Te(w) P2 p de

2v—1
< /Q I Te(a) 7

Due to the representation |VT}(u)|* [Ty (u)|*' ™2 = 7% V[T (w)|"]?, the previ-
ous relation can be rewritten as follows

a2y —1 B
(72)/ V| Ti(u)|[? pda < / | 1T (u)) 7 da. (42)
v Q Q
Using then the embedding
V, C W2 (T p) — Wy (@ T'p) = LT (Q)

with

2r 4 o 2rN
an = ——----
r+1 T TN+ -2

q:
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and the Sobolev inequality (5), we see that

(f rvakmm%das)m ([ v dx)l/q

> Cy
C 1/q*
= Ti(w)|"? d .
=5, (Lo )
Then (42) yields

a(2y —1)C? 2/
252(/ | T ()" de)
(291 /v
<l ( /Q T () P da:) . 43)

where p' =p/(p — 1).
We now define « as the root of the equation v¢* = (29 — 1)p’. Then

__pr
2p—(p—1)g*’

and we see that 1 < v < oo for all p satisfying (40). Setting

’y:

. Npr
m = =
4 Nr—p(2r — N)
and observing that
2 1 2rN Nr
2 d ———=>0V
meeoan q* p’> pe(N(r—l)—l—Qr’Qr—N)’

we deduce from (43)

2
7

([ a)” " <l

L1

Since q% — 1% = %, we finally obtain
1Tk (u)lLm) < Cllfllzr), YAk >0 (44)
with 5o
_ 75
a2y -1)C2

Thus, to conclude that u € L™() has a higher integrability property, it
remains to pass to the limit in (44) as k — oo using the Fatou Lemma.

As for the particular case when p = g, we see that v = v(p) = v(q ) =1.
Hence, m = y¢* = ¢*, and we arrive at the Sobolev embedding, V,, = L9 ().
The proof is complete.
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To conclude this section, we offer a brief remark on the case when
p = Nr/(2r — N). This is the so-called critical case, and to the best of our
knowledge, it remains an open question whether each variational solution to
the Dirichlet-Neumann BVP (18)-(20) possesses the property u € L%(Q).
Therefore, we push forward as a hypothesis the following conjecture: in this
case a variational V,-solution for each intermediate space is such that u € L*(12)
for all s € [g«, c0), although it may fail to be bounded.

7. On Duality Solutions for Degenerate Elliptic Equations
with L' Data

The main question we are going to discuss in this section is about the
existence of weak solutions to the Dirichlet-Neumann BVP (18)—(20) provided
f e LP(Q) with 1 < p < g, and p € U(r) for some r > N/2. As the datum
f does not belong to H, "*(;T'p), the variational identity (22) has no sense
for the test functions ¢ € W,;LQ(Q; I'p)\ C5°(€;T'p). So, it is meaningless to
speak about variational solutions to BVP (18)—(20) in this case. However, we
cannot exclude the existence of weak solutions in the sense of Definition 2. In
order to specify this sort of solutions, we begin with some preliminaries.

Let p € ¥(r) be a given weight function with » > N/2. Let V, be an
intermediate space, H&ﬁ(Q;FD) cV,C W&’pz(Q;FD). Let f and g be given
functions such that g € L>°(Q) and f € LP(2) for some ¢, < p < Q{’N%N Then,
by Theorems 3 and 4, each of the boundary value problems

—div(p A(x)Vu) = f in Q, (45)
u=0 on I'p, (pAVu,r)=0 on I'y (46)
and
—div(p A'(z)Vv) =g in Q, (47)
v=0 on I'p, (pA'Vv,rv)=0 on I'y (48)

admits a unique V-variational solution such that

Npr
Nr—p(2r—N)

veV,NL>?(Q) and weV,NL"™(Q) with m = (49)

Furthermore, these solutions satisfy the following relations (see Definition 3):
/ (Vu, A(x)Vu) pde = / fvdz,
Q Q
/ (Vu, A'(2)Vv) pda = / gudz.
Q Q

Since

/(VU,A(x)VU)pdm:/ (Vu, A'(2)Vv) pdz,
Q Q
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/vadx:/ﬂgudx. (50)

Noticing that this equality makes sense even if f € L'(Q2) and u € LY(Q), we
arrive at the following concept (in non-degenerate case this fact inspired Guido
Stampacchia to the notion of duality solutions):

it follows that

Definition 4. Let p € ¥(r), r > N/2 be a given weight, and let f be
an arbitrary function in LP(Q) with 1 < p < ¢, = Mf_?’i% We say that a
function u € L'(Q) is a duality V,-solution of BVP (45)-(46) with datum f
if the equality (50) holds true for every g € L*°(Q2), where v stands for the

variational V,-solution of the adjoint problem (47)-(48).

The following theorem concerns the existence and uniqueness of a duality
V,-solution and some refinements regarding its regularity.

Theorem 5. Let p € W(r), r > N/2 be a given weight, and let V, be an
intermediate space, H&’E(Q;FD) cV,C WOI”E(Q; I'p). Then, for any function
f € LY(R), the Dirichlet-Neumann BVP (18)~(20) admits a unique duality
V,-solution u such that

Nr
LY(Q 1, —/—m. 51
u € LYQ) for every qe[’N(r—i—l)—Qr) (51)
Proof. Arguing in a similar manner to the proof of Theorem 3.3 in [30], we fix

an arbitrary exponent s > 21{[ " and define the linear functional 7' : L*(Q2) — R
by the rule

T.g)= | vds (52)
Q
where f € L*(Q) is a given function and v stands for the variational V,-solution
of BVP (47)-(48).
Then, by Theorem 3, v € V, N L*>(f2) and there exists a constant C' > 0
such that

(T )| < @ llollee) < Cllf Ly @ llgllLs -

Hence, T € (L*(Q2))" and, by Rietz Representation Theorem, there exists a
unique function u, € L¥ (Q) such that

(T, g) = / usgdx, Yge L*(Q).
Q
Since L*(Q2) C L*(Q), it follows from (52) that
/ usg dr = / fvdz, Vge L>*(9Q).
Q Q

Thus, u, is a duality V,-solution of (18)—(20).
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In order to show that us does not depends on s, it is enough to repeat the
previous arguments for the linear functional T : L4(Q) — R with s > d >
N7 Then we obtain

2r—N-*
/usgdx:/fvdx:/udgdw, Vge L*(Q).
Q Q Q

Hence, us = ug as elements of L'(Q), i.e., us(z) = ug(z) for almost all x € Q.
Therefore, there exists a unique function u which is a duality V,-solution of
(18)—(20), and it belongs to L* (Q) for every s > 2TN%N, ie., u € L1(Q) for each

Nr /_ Nr
2r—N) N(r+1)—2r

1<g< (
This concludes the proof.

Let us show that the duality V),-solution to the BVP (18)—(20) is more
regular if the datum f belongs to LP(€2) with 1 < p < ¢..

Theorem 6. Let p € Y(r), r > N/2 be a given weight, let V, be an
intermediate space, Hé”z(Q;FD) cV,c Wol”lf(Q;FD), and let f € LP(Q) for
1 < p < q«. Then the duality V,-solution to the BVP (18)—(20) belongs to
L3(Q2) with

B Npr
o Nr—p(2r — N)’

(53)

where .

1<%<8<q>k whenever 1 < p < gy.

Proof. Let p € (1,¢.) be a fixed exponent, and let the exponent s be defined
as in (53). Then, setting

, s Npr

LR Nr(p—1)+p2r—N)’ (54)
we see that ~
r
q¢c {Q* 5 27°—N> . (55)
We now define the functional 7" : LI(Q2) — R as follows
T.g)= [ fods, Vge L@ (56)
Q

where f € LP(Q) is a given function and v stands for the variational V,-solution
of BVP (47)-(48).

Let us show that this functional is continuous on L4(f2), i.e., by linearity
T € (19(9))". Then Rietz Representation Theorem implies that this functional
can be identified with a unique element u € L*(§2) such that

<T,g >:/ugdx, Vge L1(9D).
Q

72



ON REGULARITY OF VARIATIONAL SOLUTIONS

With that in mind, we notice that

by (56)
(Tl < Wfllee@ vl e @) (57)

where ¢* < p’ = p/(p—1) < co. On the other hand, by Theorem 4, there exists
a constant C' > 0 such that

HU”Lm(q)(Q) < CHQHL(I(Q)’
where (see (38))

Nagr
Nr —q(2r—N)

¢ <m(q) = < 0o whenever ¢ satisfies (55).

Since the exponents p’ and m(q) change within the same range, we define ¢
such that m(q) =p/, i.e.,

Nqr D
Nr—q(2r—N) p—1

As a result, we arrive at the representation (54). Taking this fact into account,
we see that [|v]| 1,1 () = [0l ym (), and, therefore, (57) yields

(T )| < N flle@ vl pma ) < Clflle@ 9l L), Vg € LI(Q).
Thus,
[ ugis=(t.9) = [ fods, vge L@,
Q Q

where u € L7 (Q) is the duality V,-solution of the BVP (18)-(20). Since ¢’ = s,
the announced result is proven.
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