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Abstract. In this paper, we investigate a boundary value problem (BVP)
involving a linear degenerate elliptic equation with homogeneous mixed
Dirichlet–Neumann boundary conditions. Our main focus is on the cases
where the weight function and its reciprocal are merely integrable, as this
can lead to the Lavrent’ev gap phenomenon. We demonstrate the close
relationship between the integrability of the reciprocal weight function
and regularity of the variational and duality solutions of the corresponding
BVP.
Key words: Degenerate elliptic equation, regularity results, variational
solutions, duality solutions, weighted Sobolev spaces

Анотацiя. Стаття присвячена аналiзу одного класу крайових задач
для лiнiйних вироджених елiптичних рiвнянь зi змiшаними крайови-
ми умовами першого та другого роду. Основна увага придiляється
випадку, коли вагова функцiя та обернена до неї є лише iнтегровани-
ми в заданiй областi, що може спричиняти появу ефекта Лаврент’єва.
В роботi показано, що iснує тiсний взаємозв’язок мiж iнтегрованiстю
оберненої функцiї до вагової та регулярнiстю варiацiйних i дуальних
розв’язкiв таких крайових задач.
Ключовi слова: Виродженi елiптичнi рiвняння, регулярнiсть
розв’язкiв, варiацiйнi розв’язки, дуальнi розв’язки, ваговi простори
Соболєва
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1. Introduction

In this paper we concentrate on the following class of Dirichlet-Neumann
boundary value problems (BVPs) for a linear elliptic equation

−div(ρA(x)∇u) = f in Ω, (1)
u = 0 on ΓD, (ρA∇u, ν) = 0 on ΓN . (2)
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The characteristic feature of this problem is the fact that the weight function
ρ : Ω→ R+ is subjected to the constraints

ρ(x) > 0 a.e. in Ω, ρ ∈ L1(Ω), and
1

ρ
∈ Lr(Ω) for some r ≥ 1, (3)

and we don’t assume (in contrast to the bulk publications in this field, for
instance, [4,5,7,13,15,26,27]) that this function belongs to theA2-Mackenhoupt
class. Hence, we admit the situation that this weight is not regular and,
as a consequence, the BVP (1)–(2) can inherit the so-called Lavrent’ev gap
phenomenon. It means that, in the general case, the smooth functions are not
necessarily dense in the corresponding weighted Sobolev space W , which leads
to solution non-uniqueness of a particular kind. Taking for the energy space
either W itself or its subspace H equal to the closure of the smooth functi-
ons one obtains at least two uniquely soluble problems. This fact immediately
leads to the existence of infinitely many weak solutions distinct from the W -
and H-solutions [31]. As a result, we deal with an ill-posed boundary value
problem and our primary goal is to find out whether the integrability of the
reciprocal function (1/ρ)r with r ≥ 1 affects the regularity of the corresponding
variational H- and W -solutions.

However, despite the extensive literature on degenerate partial differenti-
al equations, the link between integrability of the reciprocal function (1/ρ)r,
where ρ 6∈ A2, and regularity of the weak and variational solutions of the
boundary value problem described above remains open in general.

In the pioneering work [14] it was proven that if the weight function ρ in
(1) belongs to the Muckenhoupt class A2, then the solution of (1) is Hölder
continuous. Gradient estimates are obtained in [7] also under ρ ∈ A2 and a
smallness assumption in terms of a weighted BMO norm of A(x).

The following result has been established in [13]: if the weight ρ is regular,
i.e., H = W , and

ρ ∈ L∞(Ω), ρ ∈W 1,1(Ω), ρ−1/2 ∈W 1,σ(Ω) for some σ > 2, (4)

then for each f ∈ W−1,p(Ω) with p > N , the corresponding weak solution
belongs to L∞(Ω), ‖u‖L∞(Ω) ≤ C‖f‖W−1,p(Ω), and there exists ε > 0 such that
‖∇u‖L2+ε(Ω;RN ) < ∞. However, the conditions (4), that the authors impose
on the regular weight function ρ, which is assumed to be regular ρ ∈ A2, are
much stronger than those used in this paper.

It is also worth to mention the recent paper [4], where the authors establish
the global maximal regularity for the weak solutions to the following class of
BVPs

−div(A(x)∇u) = − div(A(x)F ) in Ω,

u = 0 on ∂Ω

provided the scalar weight ρ(x) =
√
|A(x)| is degenerate and ρ p ∈ Ap for

p > 1. Here, by the global maximal regularity, they mean the fulfillment of the
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so-called Calderón-Zygmund estimate∫
Ω
|∇u|qρq dx ≤ C

∫
Ω
|F |qρe dx, ∀ q > 1.

To obtain this estimate the authors impose additional regularity assumption
on the matrix A(x), in particular A ∈ VMO (see [5, 8, 33] for other results in
this field).

The recent results for the so-called X-elliptic equations with measurable
coefficients [32] show that an improvement in the summability of the data
yields a corresponding improvement in the summability of the solutions, in
a manner analogous to the one that occurs in the case of uniformly elliptic
equations.

The motivation for studying (1)–(2) is twofold. On the one hand, this
boundary value problem plays the role of a simplified model for optimization
problems in materials, and it may be viewed as a prototype of a steady-state
model of an elastic body with a damage [23]. In this case it is assumed that
the body is clamped on a portion ΓD of the boundary ∂Ω, while the remaining
part of the boundary ΓN = ∂Ω\ΓD serves as an influence zone for a Neumann
boundary control. As for the damage field in Ω, it can be associated with the
weight function ρ: the case ρ(x) ≥ ρad corresponds to intact material, ρ(x) = 0
to complete damage, and 0 < ρ(x) < ρad to partial degradation. For other
applications, we refer to [18,24].

On the other hand, the regularity results for the weak solutions of (1)–(2)
play a key role in the study of optimization problems with an L1-type control
acting in the coefficient of the elliptic operator. Problems of this kind have a
long history, beginning with the work of Murat [29] and Tartar [35]. Optimal
control in the leading coefficient was studied systematically by Casas [9] for the
Laplace equation, where the scalar coefficient v in div(v∇·) was taken as the
control subject to box constraints (including a strictly positive lower bound
and an upper bound), along with a slope constraint. For further developments
in this direction and different admissible classes of coefficient controls, we refer
to [6, 10–12,16,17,19–22].

To summarize, we study the Dirichlet-Neumann boundary value problem
(1)–(2) under the assumption that the weight function ρ : Ω → R+ with
integrability properties does not belong to A2-Muckenhoupt class. In this case
it is reasonable to assume that the standard weighted spaces H1,2

0,ρ (Ω; ΓD) and
W 1,2

0,ρ (Ω; ΓD) may differ from each other, W 1,2
0,ρ (Ω; ΓD) \H1,2

0,ρ (Ω; ΓD) 6= ∅, and
therefore, the problem (1)–(2) may admit infinitely many weak solutions in
the sense of distributions. Our focus is on studying the so-called variational
Vρ-solutions, where Vρ stands for an intermediate space, H1,2

0,ρ (Ω; ΓD) ⊆ Vρ ⊆
W 1,2

0,ρ (Ω; ΓD).
Using the embedding results for weighted Sobolev spaces and following in

many aspects the Stampacchia’s technique (see [34]), we study the existence
of variational Vρ-solutions and their regularity when the datum f belongs to
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Lp(Ω) with p ∈ [1,∞). We show that if p ≥ q∗ = 2rN
N(r−1)+2r , then, for each

intermediate space Vρ, there exists a unique variational Vρ-solution of (1)–(2)
possessing some higher integrability property, whereas this problem does not
have variational solutions if p < q∗ but instead it admits a unique duality
solution for each f ∈ Lp(Ω) provided p ∈ [1, q∗). We also show that variational
Vρ-solutions are bounded, u ∈ L∞(Ω) if only f ∈ Lp(Ω) with p > Nr

2r−N and
r > N/2. Here, the value r is closely related to the integrability of the reciprocal
function 1/ρ. The main contribution of this paper is collected in Table 1.

The paper is organized as follows. In Section 2 we introduce the notation
and preliminary results used throughout the paper. Section 3 contains auxiliary
results concerning definition of the main weighted Sobolev spaces and their key
properties. In Section 4 we discuss the existence issues relevant to the analysis
of BVP (1)–(2). Section 5 is devoted to the L∞-regularity result for variational
Vρ-solutions of BVP (1)–(2), whereas their higher integrability is a subject of
Section 6. Finally, Section 7 is devoted to the study of duality Vρ-solutions of
the Dirichlet-Neumann problem (1)–(2) with L1-datum in the right-hand side
of (1).

Weight
function ρ

Datum f The sort of
weak solu-
tions

Regularity of the
weak solutions

1 ρ ∈ Ψ(N/2) f ∈ V ′ρ Variational u ∈ Vρ
Vρ-solution

2 ρ ∈ Ψ(r), f ∈ Lp(Ω), Variational u ∈ Vρ ∩ L∞(Ω)

r > N/2 p > Nr
2r−N Vρ-solution

3 ρ ∈ Ψ(r), f ∈ Lp(Ω), Variational unknown
r > N/2 p = Nr

2r−N Vρ-solution

4 ρ ∈ Ψ(r) f ∈ Lp(Ω) Variational u ∈ Vρ ∩ Lm(Ω)

r > N/2 q∗ ≤ p < Nr
2r−N , Vρ-solution m = Npr

p(N−2r)+Nr

q∗ = 2rN
N(r−1)+2r

5 ρ ∈ Ψ(r) f ∈ Lp(Ω) Duality u ∈ Ls(Ω)

r > N/2 1 < p < q∗ Vρ-solution s = Npr
Nr−p(2r−N)

5 ρ ∈ Ψ(r) f ∈ L1(Ω) Duality u ∈ Lq(Ω) ∀ q ∈
r > N/2 Vρ-solution

[
1, Nr

N(r+1)−2r

)
Tab. 1. Regularity results.
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ON REGULARITY OF VARIATIONAL SOLUTIONS

2. Preliminaries and Basic Definitions

Let Ω be a bounded open subset of RN (N ≥ 2) with Lipschitz boundary
∂Ω. We assume that the boundary ∂Ω is decomposed into two disjoint
measurable parts,

∂Ω = ΓN ∪ ΓD,

where both ΓD and ΓN have positive (N − 1)-dimensional Hausdorff measure.
For any measurable set D ⊂ Ω, we denote by |D| its N -dimensional Lebesgue
measure LN (D). ForD ⊆ Ω, we writeD for its closure and ∂D for its boundary.
The characteristic function of D is denoted by χD and is defined by

χD(x) :=

{
1, x ∈ D,
0, otherwise.

Let X be a real Banach space with norm ‖ · ‖X , and let X ′ be its dual. We
denote the duality pairing on X ′ × X by 〈·, ·〉X′;X . Weak convergence and
weak-∗ convergence are denoted by ⇀ and ∗

⇀, respectively.
For 1 ≤ p ≤ ∞, we define Lp(Ω;RN ) as the space of measurable functions

f : Ω→ RN such that ‖f‖Lp(Ω;RN ) <∞, where

‖f‖Lp(Ω;RN ) =

(∫
Ω
|f(x)|p dx

)1/p

for 1 ≤ p <∞,

‖f‖L∞(Ω;RN ) = ess sup
x∈Ω

|f(x)|.

For vectors ξ, η ∈ RN , we write (ξ, η) = ξtη for the standard Euclidean
inner product, where t denotes transpose. The associated Euclidean norm is
|ξ| =

√
(ξ, ξ).

We write C∞c (RN ) for the locally convex space of smooth functions
with compact support. We recall several function spaces that will be used
throughout the paper.

Sobolev Spaces. For p ≥ 1, the Sobolev space W 1,p(Ω) is defined as the
closure of C∞c (RN ) with respect to the norm

‖y‖W 1,p(Ω) =

(∫
Ω

[
|y|p + |∇y|p

]
dx

)1/p

.

We also set
(
W 1,p(Ω)

)′ to denote the dual space to W 1,p(Ω). Setting

C∞0 (RN ; ΓD) =
{
ϕ ∈ C∞c (RN ) : ϕ = 0 on ΓD

}
,

we define the subspace W 1,p
0 (Ω; ΓD) of W 1,p(Ω) as the closure of the set

C∞0 (RN ; ΓD)N with respect to the norm

‖u‖
W 1,p

0 (Ω;ΓD)
=

(∫
Ω
|∇u|p dx

)1/p

.
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If p = 2, we usually write H1(Ω) = W 1,2(Ω). The letter H is used, since
H1(Ω) is a Hilbert space equipped with the scalar product

(u1, u2)H1(Ω) =

∫
Ω

[u1u2 + (∇u1,∇u2)] dx.

We also set H1
0 (Ω; ΓD) = W 1,2

0 (Ω; ΓD). It is clear that the space H1
0 (Ω; ΓD)

can be defined as

H1
0 (Ω; ΓD) =

{
u ∈ H1(Ω), γΓD(u) = 0

}
,

where γΓD(u) stands for the trace of u on ΓD. The dual space of H1
0 (Ω; ΓD)

(i.e., the set of all continuous linear functionals on H1
0 (Ω; ΓD)) is denoted

by H−1(Ω; ΓD), while the dual of W 1,p
0 (Ω; ΓD) is W−1,p′(Ω; ΓD), where p′ =

p/(p− 1).
Sobolev embedding theorem. We recall that a Banach space X is said to be

compactly embedded in a Banach space Y provided (i) ‖x‖Y ≤ C‖x‖X (x ∈ X)
for some constant C and (ii) each bounded sequence in X is pre-compact in
Y .

By the Sobolev embedding theorem and the Rellich–Kondrachov theorem,
we have the following result (see, for instance, [1, 3]):

• If 1 ≤ p < N , W 1,p(Ω) ↪→ Lq(Ω) with

– compact embedding for q ∈ [1, p∗), where
1

p∗
=

1

p
− 1

N
;

– continuous embedding for q = p∗,

• If p = N , W 1,p(Ω) ↪→ Lq(Ω) with compact embedding for q ∈ [1,∞);

• If p > N , W 1,p(Ω) ↪→ C0(Ω) with compact embedding.

Hereinafter we call the constant p∗ = Np/(N − p) the Sobolev embedding
exponent.

It is worth to emphasize that in all cases (i.e., 1 ≤ p ≤ ∞), the embedding
of W 1,p(Ω) in Lp(Ω) is compact. These results are still valid for W 1,p

0 (Ω; ΓD)
without any regularity assumption on ΓD ⊆ ∂Ω. In particular, for each 1 ≤
p < N , there exists a constant Sp (depending only on N and p) such that

‖u‖Lp∗ (Ω) ≤ Sp‖u‖W 1,p
0 (Ω)

, ∀u ∈W 1,p
0 (Ω; ΓD). (5)

Remark 1. As follows from estimate (5),W 1,p
0 (Ω) is continuously embedded

in Lp∗(Ω). Hence, by duality, we have that
[
Lp
∗
(Ω)
]′ is continuously embedded

in W−1,p′(Ω). So, if we define

p∗ = (p∗)′ =
Np

Np−N + p
,
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then we have
Lp∗(Ω) ↪→W−1,p′(Ω).

In particular, if p = 2, then 2∗ = 2N
N+2 , and the embedding of L2∗(Ω) into

H−1(Ω) is valid.

For some practical reasons, the first item of the above mentioned Sobolev
embedding theorem can be reformulated as follows (see [25]).

Theorem 1. Let r ≥ 1 be a given value. Then setting q = 2r/(r + 1), we
have q ∈ [1, 2) and, therefore,

• If N(r + 1) > 2r, then W 1,q(Ω) ↪→ Ls(Ω) with compact embedding for
s ∈ [1, q∗) and with continuous embedding for s = q∗ provided

q∗ =
2rN

N(r + 1)− 2r
;

• If N(r + 1) = 2r, then W 1,q(Ω) ↪→ Ls(Ω) with compact embedding for
s ∈ [1,∞);

• If N(r + 1) < 2r, then W 1,q(Ω) ↪→ C0(Ω) with compact embedding.

3. On Weighted Sobolev Spaces

Let ρ : Ω → R be a given function, and let r ∈ [1,∞). We say that
ρ : Ω→ R is a weight of the class Ψ(r) if

ρ(x) > 0 a.e. in Ω, ρ ∈ L∞(Ω),
1

ρ
∈ Lr(Ω).

Let L2(Ω, ρ dx) be the weighted Lebesgue space of all real-valued functions f
on Ω such that

‖f‖L2(Ω,ρ dx) =

(∫
Ω
f2ρ dx

) 1
2

< +∞. (6)

Then L2(Ω, ρ dx) endowed with the norm (6) is a uniformly convex Banach
space.

With a given weight function ρ ∈ Ψ(r) we can associate two weighted
Sobolev spaces W 1,2

ρ (Ω) and H1,2
ρ (Ω), where

(i) W 1,2
ρ (Ω) is the set of functions y ∈W 1,1(Ω) for which the energy norm

‖y‖ρ =

(∫
Ω

(
y2 + ρ |∇y|2

)
dx

) 1
2

is finite;

(ii) H1,2
ρ (Ω) is the closure of C∞(Ω) with respect to the ‖ · ‖ρ-norm.
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It is clear that H1,2
ρ (Ω) ⊆W 1,2

ρ (Ω) and the set of smooth functions C∞(Ω)
is ‖ · ‖ρ-dense in H1,2

ρ (Ω), whereas the space W 1,2
ρ (Ω) contains all functions

with a finite energy norm ‖ · ‖ρ. So, in general, H1,2
ρ (Ω) 6= W 1,2

ρ (Ω) and we
refer to [37] for counterexamples and other the details.

Since ρ ∈ Ψ(r) =⇒ 1/ρ ∈ L1(Ω), it follows that

∫
Ω
|y| dx ≤ |Ω|

1
2

(∫
Ω
|y|2 dx

) 1
2

≤
√
|Ω| ‖y‖ρ, (7)∫

Ω
|∇y| dx ≤

(∫
Ω
|∇y|2ρ dx

) 1
2
(∫

Ω
ρ−1 dx

) 1
2

≤ C‖y‖ρ. (8)

Hence,

1. the spaces H1,2
ρ (Ω) and W 1,2

ρ (Ω) are complete with respect to the norm
‖ · ‖ρ;

2. H1,2
ρ (Ω) and W 1,2

ρ (Ω) are Hilbert spaces;

3. H1,2
ρ (Ω) ⊆W 1,2

ρ (Ω);

4. H1,2
ρ (Ω),W 1,2

ρ (Ω) ↪→W 1,1(Ω) ∩ L2(Ω), and the estimate

‖v‖W 1,1(Ω) ≤

(√
|Ω| +

(∫
Ω
ρ−1 dx

) 1
2

)
‖v‖ρ

is valid for all elements v ∈W 1,2
ρ (Ω).

Remark 2. It is worth to notice that, in general, the assumption ρ ∈ Ψ(r)
with some r ≥ 1, does not guarantee that the weight function ρ belongs to the
class of A2 weights that was introduced by B. Muckenhoupt in the early 1970’s
(see [28]). In fact, when we write ρ ∈ A2 it means that there exists a constant
C > 0 such that

sup
B⊂RN

(
1

|B|

∫
B
ρ dx

)(
1

|B|

∫
B

1

ρ
dx

)
≤ C,

here the supremum is over all balls B. So, the condition ρ ∈ A2 requires uniform
bounds on all local averages, not just finiteness of global integrals

∫
Ω ρ dx and∫

Ω 1/ρ dx.

As an example of the function ρ ∈ Ψ(1) such that ρ 6∈ A2, we can give the
following one:

Ω = B1(0) ⊂ RN , ρ(x) = |x|α
(

ln
e

|x|

)β
with β > 1, 1 < α < N.
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Then passing to the polar coordinates (d, ϕ1, . . . , ϕN−1) and taking into
account that the growth of | ln(d)| as d → 0 is slower than any power of
1/d, i.e., (

ln
e

d

)β
≤ Cδd−δ, ∀ δ > 0,

it is easy to show that ρ ∈ Ψ(1). However, as d→ 0, we see that

1

|Bd|

∫
Bd

ρ dx ∼ dα
(

ln
e

d

)β
,

1

|Bd|

∫
Bd

1

ρ
dx ∼ d−α

(
ln
e

d

)−β
+

1

dN

∫ d

0
sN−1−α

(
ln
e

s

)−β
ds

∼ d−α
(

ln
e

d

)1−β
.

Therefore,(
1

|Bd|

∫
Bd

ρ dx

)(
1

|Bd|

∫
Bd

1

ρ
dx

)
∼ ln

e

d
→∞ as d→ 0.

So, ρ 6∈ A2. For more details, we refer to [36,37].

Definition 1. We say that a weight ρ ∈ Ψ(r) is regular if H1,2
ρ (Ω) =

W 1,2
ρ (Ω).

If ρ is a non-degenerate weight function, that is, ρ is bounded between two
positive constants, then it is easy to verify that H1,2

ρ (Ω) = W 1,2
ρ (Ω). However,

for a "typical" degenerate weight ρ the space of smooth functions C∞0 (Ω) is
not dense in W 1,2

ρ (Ω). Hence the identity H1,2
ρ (Ω) = W 1,2

ρ (Ω) is not always
valid even if 1/ρ ∈ L1(Ω). At the same time, we have the following remarkable
result. [36, 37].

Proposition 1. If ρ : Ω → R is such that ρ(x) > 0 a.e. in Ω and ρ ∈ A2,
then H1,2

ρ (Ω) = W 1,2
ρ (Ω).

For more properties of the weighted Sobolev spaces we refer to [36]. Before
proceeding further, we make use of the following observation.

Remark 3. Let ρ ∈ Ψ(r) be a given weight function with some r ≥ 1. Then,
setting q = 2r

r+1 , it follows from the Hö1der inequality that∫
Ω
|f |q dx =

∫
Ω
|f |qρr/(r+1) ρ−r/(r+1) dx

≤
(∫

Ω
|f |2ρ dx

)r/(r+1)(∫
Ω

(
1

ρ

)r
dx

)1/(r+1)

.

So, we get

‖f‖Lq(Ω) ≤
(∫

Ω

(
1

ρ

)r
dx

)1/2r

‖f‖L2(Ω,ρ dx).
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Hence, the following embedding

L2(Ω, ρ dx) ↪→ Lq(Ω) with q =
2r

r + 1

is continuous, and as a consequence, we obtain the embedding for the weighted
Sobolev spaces

H1,2
ρ (Ω) ↪→W 1,q(Ω), W 1,2

ρ (Ω) ↪→W 1,q(Ω) (9)

with q = 2r/(r + 1).

Remark 4. If ρ ∈ Ψ(r) for some r ≥ 1, then we have the following chain of
continuous embeddings (see (9) and Theorem 1)

W 1,2
ρ (Ω) ↪→W 1,q(Ω) ↪→ Lq

∗
(Ω) (10)

with
q =

2r

r + 1
and q∗ =

2rN

N(r + 1)− 2r
. (11)

Moreover, the embedding W 1,2
ρ (Ω) ↪→ Ls(Ω) is compact for all s ∈ [1, q∗).

Since H1,2
ρ (Ω) ⊆W 1,2

ρ (Ω), the same assertion holds true for the weighted space
H1,2
ρ (Ω).

For later use, we introduce the following couple of spaces that play si-
gnificant role in the study of boundary value problems for degenerate elliptic
equations:

(i) W 1,2
0,ρ (Ω; ΓD) is the set of functions y ∈W 1,1

0 (Ω; ΓD) for which the energy
norm

‖y‖ρ =

(∫
Ω

(
y2 + ρ |∇y|2

)
dx

) 1
2

is finite;

(ii) H1,2
0,ρ (Ω; ΓD) is the closure of C∞0 (RN ; ΓD) with respect to the ‖·‖ρ-norm.

Here,

W 1,1
0 (Ω; ΓD) =

{
u ∈W 1,1(Ω) with zero trace on ΓD, i.e.,γΓD(u) = 0

}
,

C∞0 (RN ; ΓD) =
{
ϕ ∈ C∞c (RN ) : ϕ = 0 on ΓD

}
.

The following result is well-known (see [25] for the proof).

Lemma 1. Let ρ ∈ Ψ(r) be a given weight function with r ≥ N/2. Then
there exists a constant CF > 0, depending on N , Ω, and ρ, such that the
following weighted Friedrichs inequality is valid∫

Ω
|u|2 dx ≤ CF

∫
Ω
|∇u|2ρ dx, ∀u ∈W 1.2

0,ρ (Ω). (12)

58



ON REGULARITY OF VARIATIONAL SOLUTIONS

It is clear that this assertion can be easily extended to the case when we set
W 1.2

0,ρ (Ω; ΓD) instead of W 1.2
0,ρ (Ω) and, as a consequence, this allows to claim:

‖u‖W 1.2
0,ρ (Ω;ΓD) =

(∫
Ω
|∇u|2ρ dx

)1/2

is an equivalent norm to ‖ · ‖ρ on W 1.2
0,ρ (Ω; ΓD) provided r ≥ N/2.

Let us show that the constant CF in (12) can be specified.

Lemma 2. Let Ω ⊂ RN with N ≥ 1 be a given bounded domain, and let
ρ ∈ Ψ(N2 ) be a given weight. Then

CF = CSob

(
1 + λ

−N+2
2N

1

)
‖ρ−1‖1/2

LN/2(Ω)
, (13)

where λ1 the first Dirichlet eigenvalue of the 2N
N+2 -Laplacian:

−∆ 2N
N+2

y = −div
(
|∇y|

2N
N+2
−2∇y

)
.

Proof. By Sobolev embedding theorem in its application to the non-weighted
spaces, we haveW 1,p

0 (Ω; ΓD) ↪→ Lq(Ω) with q = Np
N−p for all 1 ≤ p < N . Setting

q = 2, we can rewrite this inclusion as followsW
1, 2N
N+2

0 (Ω; ΓD) ↪→ L2(Ω). Hence,
there exists a constant SSob > 0 such that

‖u‖L2(Ω) ≤ CSob‖u‖
W

1, 2N
N+2

0 (Ω;ΓD)
, ∀u ∈W

1, 2N
N+2

0 (Ω; ΓD). (14)

Since the standard Friedrich’s inequality implies that

‖u‖
L

2N
N+2 (Ω)

≤ λ−
N+2
2N

1 ‖∇u‖
L

2N
N+2 (Ω;RN )

, ∀u ∈W
1, 2N
N+2

0 (Ω; ΓD),

where λ1 is the first eigenvalue of the 2N
N+2 -Laplacian, it follows from (14) that,

for each u ∈W
1, 2N
N+2

0 (Ω; ΓD), the following inequality holds

‖u‖L2(Ω) ≤ CSob
(

1 + λ
−N+2

2N
1

)
‖∇u‖

L
2N
N+2 (Ω;RN )

. (15)

Then, setting p = 2N
N+2 , we get

(∫
Ω
|∇u|p dx

)1/p

=

(∫
Ω

1

ρs
|∇u|pρs dx

)1/p

≤
(∫

Ω

1

ρsq′
dx

)1/pq′ (∫
Ω
|∇u|pqρsq dx

)1/pq

,
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where q, q′ ≥ 1, 1
q + 1

q′ = 1, and s ≥ 1 are arbitrary. Let’s define these
parameters as follows

pq = 2 and sq = 1.

Then, we see that

q =
2

p
=
N + 2

N
, s =

1

q
=

N

N + 2
, and q′ =

q

q − 1
=
N + 2

2
.

Hence, sq′ = N
2 , and, therefore,

‖∇u‖
L

2N
N+2 (Ω;RN )

≤
(∫

Ω

1

ρN/2
dx

) 2
N

1
2
(∫

Ω
|∇u|2ρ dx

)1/2

. (16)

Combining this result with (15), we arrive at the announced representation
(13).

As an obvious consequence of this lemma, we have the following result:

Proposition 2. Let ρ ∈ Ψ(N2 ) be a given weight. Then

‖u‖W 1.2
0,ρ (Ω;ΓD) =

(∫
Ω
|∇u|2ρ dx

)1/2

is an equivalent norm to ‖ · ‖ρ on W 1.2
0,ρ (Ω; ΓD).

Remark 5. Let H−1,2
ρ (Ω; ΓD) stands for the dual space of H1.2

0,ρ (Ω; ΓD).
Assume that ρ ∈ Ψ(r) for some r ≥ 1. Then we have a continuous embedding
(see (10))

H1,2
0,ρ (Ω; ΓD) ↪→ Lq

∗
(Ω) with q∗ =

2rN

N(r + 1)− 2r
.

Hence, by duality, we have that
[
Lq
∗
(Ω)
]′ is continuously embedded in

H−1,2
ρ (Ω; ΓD). So, if we define

q∗ = (q∗)′ =
2rN

Nr −N + 2r
,

then
Lq∗(Ω) ↪→ H−1,2

ρ (Ω; ΓD). (17)

In particular, if r = N , then N∗ = 2N
N+1 , and the embedding of LN∗(Ω) into

H−1,2
ρ (Ω; ΓD) is valid. For comparison, we recall that L2∗(Ω) ↪→ H−1,2(Ω; ΓD)

for 2∗ = 2N
N+2 .
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4. Existence Issues for One Class of Dirichlet-Neumann
Boundary Value Problems

The main object of our consideration in this paper is the following boundary
value problem (BVP)

−div(ρA(x)∇u) = f in Ω, (18)
u = 0 on ΓD, (19)

(ρA∇u, ν) = 0 on ΓN , (20)

where ν ∈ RN is the outward unit normal to ΓN , ρ ∈ Ψ(r) for some r ≥ 1, f
is a given distribution on Ω with suitable assumptions, and A : Ω→ RN×N is
a matrix-valued measurable function such that

(ξ, A(x)ξ) ≥ α|ξ|2, ‖A(x)‖∗ ≤ α−1 for a.a x ∈ Ω, and ∀ ξ ∈ RN (21)

with some α > 0. Here, ‖A(x)‖∗ = max1≤i≤N

√∑N
j=1 a

2
i,j(x) stands for the

so-called Schatten 2-norm. In fact, this is a mix of the max matrix norm with
the Frobenius norm.

Assumption (21) implies that ess supx∈Ω ‖A(x)‖∗ < ∞. In symbols, we
denote this fact by A ∈ L∞∗ (Ω;RN×N ).

Since the weight function ρ ∈ Ψ(r) can vanish in Ω on subsets with zero
Lebesgue measure, it follows that we deal with the Dirichlet-Neumann BVP
for degenerate elliptic equation (18)–(20).

In order to study the existence issues for (18)–(20), we associate with this
problem the following weighted Sobolev spaces: H1.2

0,ρ (Ω; ΓD) and W 1.2
0,ρ (Ω; ΓD).

Note that condition ρ ∈ Ψ(r) does not guarantee fulfillment of the equality
H1,2

0,ρ (Ω; ΓD) = W 1,2
0,ρ (Ω; ΓD). So, we should admit the existence of the weight

function ρ such that the set of smooth functions C∞0 ((Ω; ΓD) is not dense in
W 1,2

0,ρ (Ω; ΓD). As a result, we have: W 1,2
0,ρ (Ω; ΓD) \ H1,2

0,ρ (Ω; ΓD) 6= ∅. In view
of this, we adopt the following concepts of weak solutions to the Dirichlet-
Neumann BVP (18)–(20).

Definition 2. Let ρ ∈ Ψ(r) for some r ≥ 1. Let f be a given distribution
in W−1,2

ρ (Ω; ΓD). We say that u ∈W 1,2
0,ρ (Ω; ΓD) is a weak solution of (18)–(20)

(in the sense of distributions) if the integral identity∫
Ω

(∇ϕ,A(x)∇u) ρ dx = 〈f, ϕ〉
W−1,2
ρ (Ω;ΓD);W 1,2

0,ρ (Ω;ΓD)
(22)

holds true for each test function ϕ ∈ C∞0 (Ω; ΓD).

Definition 3. Let ρ be such that ρ ∈ Ψ(r) for some r ≥ 1, and
H1,2

0,ρ (Ω; ΓD) 6= W 1,2
0,ρ (Ω; ΓD). Let Vρ be an intermediate space, H1,2

0,ρ (Ω; ΓD) ⊆
Vρ ⊆ W 1,2

0,ρ (Ω; ΓD). Let f ∈ (Vρ)
′ be an arbitrary distribution. We say that

u ∈ Vρ is a Vρ-solution (or variational solution) of (18)–(20) if variational
equality (22) holds for each test function ϕ ∈ Vρ.
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So, if u is a Vρ-variation solution, we can set ϕ = u in (22). As a result, we
arrive at the so-called energy equality∫

Ω
(∇u,A(x)∇u) ρ dx = 〈f, u〉V ′ρ ;Vρ

. (23)

Hence, if a weak solution fails the energy equality (23), then it cannot be
variational.

The existence of variational solutions to the problem (18)–(20) can be easily
established using the Lax-Milgram Lemma.

Theorem 2. Let ρ ∈ Ψ(r), r ≥ N/2, be a given weight function. Let Vρ
be an intermediate space, H1,2

0,ρ (Ω; ΓD) ⊆ Vρ ⊆W 1,2
0,ρ (Ω; ΓD). Let f ∈ (Vρ)

′ be a
given distribution. Then for each intermediate space Vρ the Dirichlet-Neumann
BVP (18)–(20) admits a unique variational solution such that

‖u‖ρ,0 :=

(∫
Ω
|∇u|2ρ dx

)1/2

≤ α−1‖f‖V ′ρ , (24)

where the constant C∗ > 0 is predefined by the embedding (10).

Indeed, to establish this fact it is enough to define the bilinear form aρ :
Vρ × Vρ → R

aρ(u, v) =

∫
Ω

(A(x)∇u,∇v) ρ dx, ∀u, v ∈ Vρ.

and notice that due to the properties (21), we have

|aρ(u, v)| ≤ α−1

∫
Ω
|∇u||∇v|ρ dx ≤ α−1‖u‖ρ,0‖v‖ρ,0, (25)

aρ(u, u) ≥ α
∫

Ω
|∇u|2ρ dx = α‖u‖2ρ,0. (26)

As a result, the announced assertion and estimate (24) immediately follows
from the celebrated Lax-Milgramm Lemma.

It is easy to notice that any variational solution of the Dirichlet-Neumann
BVP (18)–(20) is its weak solution in the sense of distributions. However, the
converse statement is not true in general. In fact, a weak solution is variational
if, in addition, it satisfies the energy equality (23).

By analogy with [37], the following result can be proven.

Proposition 3. Let f ∈ W−1,2
ρ (Ω; ΓD) and ρ ∈ Ψ(r), with r ≥ N/2, be

given distribution. Assume that the Dirichlet-Neumann BVP (18)–(20) admits
two variational solutions uH ∈ H1,2

0,ρ (Ω; ΓD) and uW ∈ W 1,2
0,ρ (Ω; ΓD) such that

uH 6= uW . Then, for each ζ ∈ (0, 1), the function

u = ζuH + (1− ζ)uW

is a weak (but not variational) solution of (18)–(20).
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To discuss the uniqueness of a weak solution to the above problem, we give
the following result.

Proposition 4. If the set C∞0 (Ω; ΓD) is dense in W 1,2
0,ρ (Ω; ΓD), then the

weak solution of Dirichlet problem (18)–(20) is unique.

Proof. In spite of the fact that Definitions 2 and 3 are equivalent if the set
C∞0 (Ω; ΓD) is dense in W 1,2

0,ρ (Ω; ΓD), let’s assume for a moment that Dirichlet-
Neumann problem (18)–(20) admits two weak solutions u1 and u2. Then (22)
implies: ∫

Ω
(∇ϕ,A(x)∇u1) ρ dx =

∫
Ω
fϕ dx, ∀ v ∈W 1,2

0,ρ (Ω; ΓD),∫
Ω

(∇ϕ,A(x)∇u2) ρ dx =

∫
Ω
fϕ dx, ∀ v ∈W 1,2

0,ρ (Ω; ΓD).

Setting then ϕ = u1−u2 as the test function in these relations, after subtracti-
on, we obtain ∫

Ω
(∇u1 −∇u2, A(x) (∇u1 −∇u2)) ρ dx = 0.

So, u1 = u2 in view of the ellipticity property (26). The proof is complete.

5. L∞-Regularity Result in the Spirit of Stampacchia’s
Theorem

Let ρ ∈ Ψ(r) be a given weight function with r ≥ N/2. Let Vρ be an
intermediate space, H1,2

0,ρ (Ω; ΓD) ⊆ Vρ ⊆ W 1,2
0,ρ (Ω; ΓD). The main goal of this

section is to find out whether an increase on the regularity of the distribution
f ∈ V ′ρ yields more regular variational Vρ-solutions to the BVP (18)–(20).
With that in mind, we make use of the Sobolev Embedding Theorem 1 and
the following result.

Lemma 3 (Stampacchia). Let ψ : R+ → R+ be a nonincreasing function
such that

ψ(h) ≤ Mψ(k)δ

(h− k)γ
, ∀h > k > 0,

where M > 0, δ > 1, and γ > 0. Then ψ(d) = 0, where

dγ = Mψ(0)δ−12
δγ
δ−1 .

To establish the first regularity result, we recall that (see Remark 5)

Lq∗(Ω) ↪→ V ′ρ with q∗ =
2rN

N(r − 1) + 2r
. (27)

Then Theorem 2 implies that, for every f ∈ Lq∗(Ω), the Dirichlet-Neumann
BVP (18)–(20) admits a unique variational solution u that belongs to Vρ and
(according to Sobolev embedding) to Lq∗(Ω) with q∗ = 2rN

N(r+1)−2r .
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Theorem 3. Let ρ ∈ Ψ(r) be a given weight function with r > N/2. Let Vρ
be an intermediate space, H1,2

0,ρ (Ω; ΓD) ⊆ Vρ ⊆ W 1,2
0,ρ (Ω; ΓD). Then, for every

f ∈ Lp(Ω) with

p >
Nr

2r −N
, (28)

a unique variational Vρ-solution of Dirichlet-Neumann BVP (18)–(20) belongs
to L∞(Ω), and there exists a constant C = C (N,Ω, p, r, ρ, α) > 0 such that

‖u‖L∞(Ω) ≤ C‖f‖Lp(Ω). (29)

Proof. Let f ∈ Lp(Ω) be a given function. It is easy to see that, for an
arbitrary exponent p satisfying condition (28), the inequality p > q∗ is valid
provided r > N/2. Since Lp(Ω) ⊂ Lq∗(Ω) and Lq∗(Ω) ↪→ V ′ρ, it follows that f ∈
V ′ρ. Hence, the Dirichlet-Neumann BVP (18)–(20) admits a unique variational
Vρ-solution u ∈ Vρ and this solution satisfies integral identity (22) for each test
function ϕ ∈ Vρ. Therefore, for an arbitrary k > 0, we can choose ϕ = Gk(u)
as a test function in (22), where

Gk(s) = s−max {−k,min {s, k}} = (|s| − k)+ sgn(s), ∀ s ∈ R. (30)

Since Gk : R → R is a Lipschitz continuous function (see Fig. 1), it follows
that

∇Gk(u) = G′k(u)∇u a.e. in Ω.

Setting Ak = {x ∈ Ω : |u(x)| ≥ k} and noticing that ∇ϕ = ∇Gk(u) = ∇uχAk

Fig. 1. Graph of the function Gk : R→ R

almost everywhere in Ω, we obtain

α

∫
Ak

|∇Gk(u)|2ρ dx
by (21)
≤

∫
Ak

(∇Gk(u), A(x)∇Gk(u)) ρ dx

≤
∫

Ω
(∇Gk(u), A(x)∇u) ρ dx =

∫
Ω
fGk(u) dx

=

∫
Ak

fGk(u) dx. (31)
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Using then the embedding

Vρ ⊂W 1,2
0,ρ (Ω; ΓD) ↪→W 1,q

0 (Ω; ΓD) ↪→ Lq
∗
(Ω)

with
q =

2r

r + 1
and q∗ =

2rN

N(r + 1)− 2r
,

and the Sobolev inequality (5), we see that(∫
Ak

|∇Gk(u)|2ρ dx
)1/2

≥ Cq
(∫

Ak

|∇Gk(u)|q dx
)1/q

≥ Cq
Sq

(∫
Ak

|Gk(u)|q∗ dx
)1/q∗

. (32)

On the other hand, by the Hölder inequality, the last term in (31) can be
estimated as follows∫

Ak

fGk(u) dx ≤
(∫

Ak

|f |q∗ dx
)1/q∗ (∫

Ak

|Gk(u)|q∗ dx
)1/q∗

.

Utilizing this fact together with (32), we deduce from (31)

αC2
q

S2
q

(∫
Ak

|Gk(u)|q∗ dx
) 2
q∗

≤
(∫

Ak

|f |q∗ dx
)1/q∗ (∫

Ak

|Gk(u)|q∗ dx
)1/q∗

.

Killing the equal terms, we thus have

∫
Ak

|Gk(u)|q∗ dx ≤

(
S2
q

αC2
q

)q∗ (∫
Ak

|f |q∗ dx
)q∗/q∗

. (33)

By the initial assumptions, f ∈ Lp(Ω), where the exponent p satisfies condition
(28). Since

Nr

2r −N
>

2rN

N(r − 1) + 2r
, ∀ r > N

2
,

it follows that p > q∗ and, therefore, by Hölder inequality with exponents
s = p/q∗ and s′ = s/(s− 1) = p/(p− q∗), we get∫

Ak

|f |q∗ dx ≤
(∫

Ak

|f |p dx
)q∗/p

|Ak|(p−q∗)/p.

Then (33) yields

∫
Ak

|Gk(u)|q∗ dx ≤

(
S2
q‖f‖Lp(Ω)

αC2
q

)q∗
|Ak|

q∗
q∗
− q
∗
p . (34)
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Arguing as in [34], we take h > k, so that Ah ⊆ Ak, and Gk(u) ≥ h− k on Ah.
As a result, (34) implies

(h− k)q
∗ |Ah|≤

(
S2
q‖f‖Lp(Ω)

αC2
q

)q∗
|Ak|

q∗
q∗
− q
∗
p . (35)

Setting then

M =

(
S2
q‖f‖Lp(Ω)

αC2
q

)q∗
, δ =

q∗

q∗
− q∗

p
, γ = q∗, and ψ(k) = |Ak|,

we can rewrite (35) as follows

ψ(h) ≤ Mψ(k)δ

(h− k)γ
.

Since the assumption (28) implies that

q∗

q∗
− q∗

p
> 1 ∀ r > N

2
,

it follows from Lemma 3 that ψ(d) = 0 with

dq
∗

= Mψ(0)δ−12
δγ
δ−1 .

Hence, |Ad| = 0 and this leads us to the final conclusion

u(x) ≤ d = Ĉ‖f‖Lp(Ω) a.e. in Ω,

with

Ĉ =
S2
q

αC2
q

|Ω|
1
q∗
− 1
p
− 1
q∗ 2

q∗(p−q∗)
q∗(p−q∗)−q∗p .

Thus, ‖u‖L∞(Ω) ≤ d and this concludes the proof.

Remark 6. To demonstrate that the result of Theorem 3 is somehow
’natural’, let us compare it with similar results for non-degenerate elliptic
equations. It is well-known that in the case of non-degenerate elliptic equati-
ons the corresponding Dirichlet-Neumann BVP admits a unique weak soluti-
on in W 1,2

0 (Ω; ΓD) ∩ L∞(Ω) provided f ∈ Lp(Ω) with p > N/2 (see, for
instance, [2, 30, 34]). So, this assertion can be applicable if only N ≥ 3. Si-
nce

Nr

2r −N
>
N

2
, ∀N ≥ 3 and ∀ r > N

2
,

it follows that the boundedness of variational solutions for degenerate elliptic
equations requires more regularity for the function f . In particular, if N =
3 then p > 3/2 in non-degenerate case, whereas p > 6 with r = 2 in the
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degenerate case provided ρ ∈ Ψ(2). In some sense this fact can be interpreted
as a ’payment’ for degeneration in the principal part of elliptic operator.

At the same time if N = 2 then Stapacchia Theorem [34] does not cover
this case for non-degenerate elliptic equations. Meanwhile Theorem 3 claims
that any variational solution to BVP (18)–(20) belongs to L∞(Ω) if N = 2
and f ∈ Lp(Ω) with p > r/(r − 1) and r > 1. In particular, it is allowed to
take f ∈ L2(Ω) provided ρ ∈ Ψ(21/10).

6. On Higher Integrability of Variational Solutions

This section is devoted to the study of the higher integrability properties
of variational solutions to BVP (18)–(20) provided that

ρ ∈ Ψ(r) and f ∈ Lp(Ω)

with q∗ =
2rN

N(r − 1) + 2r
≤ p < Nr

2r −N
and r >

N

2
.

(36)

Following the approach and technique that have been proposed by L. Orsina
in [30] for the non-degenerate elliptic equation, we give the following result.

Theorem 4. Let ρ and f be given functions with properties (36). Let Vρ
be an intermediate space, H1,2

0,ρ (Ω; ΓD) ⊆ Vρ ⊆ W 1,2
0,ρ (Ω; ΓD). Then a unique

variational Vρ-solution of Dirichlet-Neumann BVP (18)–(20) belongs to Lm(Ω)
with

m =
Npr

Nr − p(2r −N)
, (37)

where
q∗ ≤ m <∞ whenever q∗ ≤ p <

Nr

2r −N
, (38)

and there exists a constant C = C (N,Ω, p, r, ρ, α) > 0 such that

‖u‖Lm(Ω) ≤ C‖f‖Lp(Ω). (39)

Proof. We begin the proof with the case of the strict inequality for the choice
of exponent p

q∗ =
2rN

N(r − 1) + 2r
< p <

Nr

2r −N
. (40)

Let ρ ∈ Ψ(r) with some r > N/2. Let f ∈ Lp(Ω) be a given function, where
the exponent p is subjected the constraints (36). Since p ≥ q∗, it follows that
Lp(Ω) ⊂ Lq∗(Ω). Then the embedding Lq∗(Ω) ↪→ V ′ρ implies that f ∈ V ′ρ.
Hence, the Dirichlet-Neumann BVP (18)–(20) admits a unique variational Vρ-
solution u ∈ Vρ and this solution satisfies integral identity (22) for each test
function ϕ ∈ Vρ. Therefore, for a fixed k > 0 and a given γ > 1, we can choose
ϕ = |Tk(u)|2γ−2 Tk(u) as a test function in (22), where

Tk(s) = max {−k,min {s, k}} . ∀ s ∈ R (41)
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Since Tk : R→ R is a Lipschitz continuous function (see Fig. 2), it follows that

∇Tk(u) = T ′k(u)∇u a.e. in Ω.

Then (22) yields

Fig. 2. Graph of the function Tk : R→ R

(2γ − 1)

∫
Ω

(A(x)∇u,∇Tk(u)) |Tk(u)|2γ−2 ρ dx

=

∫
Ω
f |Tk(u)|2γ−2 Tk(u) dx.

Since ∇u = ∇Tk(u) at those points where ∇Tk(u) 6= 0, it follows from (21)
that

α(2γ − 1)

∫
Ω
|∇Tk(u)|2 |Tk(u)|2γ−2 ρ dx

≤ (2γ − 1)

∫
Ω

(A(x)∇Tk(u),∇Tk(u)) |Tk(u)|2γ−2 ρ dx

≤
∫

Ω
|f | |Tk(u)|2γ−1 dx.

Due to the representation |∇Tk(u)|2 |Tk(u)|2γ−2 = 1
γ2
|∇|Tk(u)|γ |2, the previ-

ous relation can be rewritten as follows

α(2γ − 1)

γ2

∫
Ω
|∇|Tk(u)|γ |2 ρ dx ≤

∫
Ω
|f | |Tk(u)|2γ−1 dx. (42)

Using then the embedding

Vρ ⊂W 1,2
0,ρ (Ω; ΓD) ↪→W 1,q

0 (Ω; ΓD) ↪→ Lq
∗
(Ω)

with
q =

2r

r + 1
and q∗ =

2rN

N(r + 1)− 2r
,
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and the Sobolev inequality (5), we see that(∫
Ω
|∇|Tk(u)|γ |2 ρ dx

)1/2

≥ Cq
(∫

Ω
|∇|Tk(u)|γ |q dx

)1/q

≥ Cq
Sq

(∫
Ω
|Tk(u)|γq

∗
dx

)1/q∗

.

Then (42) yields

α(2γ − 1)C2
q

γ2S2
q

(∫
Ω
|Tk(u)|γq

∗
dx

)2/q∗

≤ ‖f‖Lp(Ω)

(∫
Ω
|Tk(u)|(2γ−1)p′ dx

)1/p′

, (43)

where p′ = p/(p− 1).
We now define γ as the root of the equation γq∗ = (2γ − 1)p′. Then

γ =
p

2p− (p− 1)q∗
,

and we see that 1 < γ <∞ for all p satisfying (40). Setting

m = γq∗ =
Npr

Nr − p(2r −N)

and observing that

m > 2 and
2

q∗
− 1

p′
> 0 ∀ p ∈

(
2rN

N(r − 1) + 2r
,

Nr

2r −N

)
,

we deduce from (43)(∫
Ω
|Tk(u)|m dx

) 2
q∗−

1
p′

≤ C‖f‖Lp(Ω).

Since 2
q∗ −

1
p′ = 1

m , we finally obtain

‖Tk(u)‖Lm(Ω) ≤ C‖f‖Lp(Ω), ∀ k > 0 (44)

with

C =
γ2S2

q

α(2γ − 1)C2
q

.

Thus, to conclude that u ∈ Lm(Ω) has a higher integrability property, it
remains to pass to the limit in (44) as k →∞ using the Fatou Lemma.

As for the particular case when p = q∗, we see that γ = γ(p) = γ(q∗) = 1.
Hence, m = γq∗ = q∗, and we arrive at the Sobolev embedding, Vρ ↪→ Lq

∗
(Ω).

The proof is complete.
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To conclude this section, we offer a brief remark on the case when
p = Nr/(2r − N). This is the so-called critical case, and to the best of our
knowledge, it remains an open question whether each variational solution to
the Dirichlet-Neumann BVP (18)–(20) possesses the property u ∈ L∞(Ω).
Therefore, we push forward as a hypothesis the following conjecture: in this
case a variational Vρ-solution for each intermediate space is such that u ∈ Ls(Ω)
for all s ∈ [q∗,∞), although it may fail to be bounded.

7. On Duality Solutions for Degenerate Elliptic Equations
with L1 Data

The main question we are going to discuss in this section is about the
existence of weak solutions to the Dirichlet-Neumann BVP (18)–(20) provided
f ∈ Lp(Ω) with 1 ≤ p < q∗ and ρ ∈ Ψ(r) for some r > N/2. As the datum
f does not belong to H−1,2

ρ (Ω; ΓD), the variational identity (22) has no sense
for the test functions ϕ ∈W−1,2

ρ (Ω; ΓD) \ C∞0 (Ω; ΓD). So, it is meaningless to
speak about variational solutions to BVP (18)–(20) in this case. However, we
cannot exclude the existence of weak solutions in the sense of Definition 2. In
order to specify this sort of solutions, we begin with some preliminaries.

Let ρ ∈ Ψ(r) be a given weight function with r > N/2. Let Vρ be an
intermediate space, H1,2

0,ρ (Ω; ΓD) ⊆ Vρ ⊆ W 1,2
0,ρ (Ω; ΓD). Let f and g be given

functions such that g ∈ L∞(Ω) and f ∈ Lp(Ω) for some q∗ ≤ p < Nr
2r−N . Then,

by Theorems 3 and 4, each of the boundary value problems

−div(ρA(x)∇u) = f in Ω, (45)
u = 0 on ΓD, (ρA∇u, ν) = 0 on ΓN (46)

and

−div(ρAt(x)∇v) = g in Ω, (47)
v = 0 on ΓD,

(
ρAt∇v, ν

)
= 0 on ΓN (48)

admits a unique Vρ-variational solution such that

v ∈ Vρ ∩ L∞(Ω) and u ∈ Vρ ∩ Lm(Ω) with m =
Npr

Nr − p(2r −N)
. (49)

Furthermore, these solutions satisfy the following relations (see Definition 3):∫
Ω

(∇v,A(x)∇u) ρ dx =

∫
Ω
fv dx,∫

Ω

(
∇u,At(x)∇v

)
ρ dx =

∫
Ω
gu dx.

Since ∫
Ω

(∇v,A(x)∇u) ρ dx =

∫
Ω

(
∇u,At(x)∇v

)
ρ dx,
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it follows that ∫
Ω
fv dx =

∫
Ω
gu dx. (50)

Noticing that this equality makes sense even if f ∈ L1(Ω) and u ∈ L1(Ω), we
arrive at the following concept (in non-degenerate case this fact inspired Guido
Stampacchia to the notion of duality solutions):

Definition 4. Let ρ ∈ Ψ(r), r > N/2 be a given weight, and let f be
an arbitrary function in Lp(Ω) with 1 ≤ p < q∗ = 2rN

N(r−1)+2r . We say that a
function u ∈ L1(Ω) is a duality Vρ-solution of BVP (45)–(46) with datum f
if the equality (50) holds true for every g ∈ L∞(Ω), where v stands for the
variational Vρ-solution of the adjoint problem (47)–(48).

The following theorem concerns the existence and uniqueness of a duality
Vρ-solution and some refinements regarding its regularity.

Theorem 5. Let ρ ∈ Ψ(r), r > N/2 be a given weight, and let Vρ be an
intermediate space, H1,2

0,ρ (Ω; ΓD) ⊆ Vρ ⊆ W 1,2
0,ρ (Ω; ΓD). Then, for any function

f ∈ L1(Ω), the Dirichlet-Neumann BVP (18)–(20) admits a unique duality
Vρ-solution u such that

u ∈ Lq(Ω) for every q ∈
[
1,

Nr

N(r + 1)− 2r

)
. (51)

Proof. Arguing in a similar manner to the proof of Theorem 3.3 in [30], we fix
an arbitrary exponent s > Nr

2r−N and define the linear functional T : Ls(Ω)→ R
by the rule

〈T, g〉 =

∫
Ω
fv dx, (52)

where f ∈ L1(Ω) is a given function and v stands for the variational Vρ-solution
of BVP (47)–(48).

Then, by Theorem 3, v ∈ Vρ ∩ L∞(Ω) and there exists a constant C > 0
such that

|〈T, g〉| ≤ ‖f‖L1(Ω)‖v‖L∞(Ω) ≤ C‖f‖L1(Ω)‖g‖Ls(Ω).

Hence, T ∈ (Ls(Ω))′ and, by Rietz Representation Theorem, there exists a
unique function us ∈ Ls

′
(Ω) such that

〈T, g〉 =

∫
Ω
usg dx, ∀ g ∈ Ls(Ω).

Since L∞(Ω) ⊂ Ls(Ω), it follows from (52) that∫
Ω
usg dx =

∫
Ω
fv dx, ∀ g ∈ L∞(Ω).

Thus, us is a duality Vρ-solution of (18)–(20).
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In order to show that us does not depends on s, it is enough to repeat the
previous arguments for the linear functional T : Ld(Ω) → R with s > d >
Nr

2r−N . Then we obtain∫
Ω
usg dx =

∫
Ω
fv dx =

∫
Ω
udg dx, ∀ g ∈ L∞(Ω).

Hence, us = ud as elements of L1(Ω), i.e., us(x) = ud(x) for almost all x ∈ Ω.
Therefore, there exists a unique function u which is a duality Vρ-solution of
(18)–(20), and it belongs to Ls′(Ω) for every s > Nr

2r−N , i.e., u ∈ Lq(Ω) for each

1 ≤ q <
(

Nr

2r −N

)′
=

Nr

N(r + 1)− 2r
.

This concludes the proof.

Let us show that the duality Vρ-solution to the BVP (18)–(20) is more
regular if the datum f belongs to Lp(Ω) with 1 < p < q∗.

Theorem 6. Let ρ ∈ Ψ(r), r > N/2 be a given weight, let Vρ be an
intermediate space, H1,2

0,ρ (Ω; ΓD) ⊆ Vρ ⊆ W 1,2
0,ρ (Ω; ΓD), and let f ∈ Lp(Ω) for

1 < p < q∗. Then the duality Vρ-solution to the BVP (18)–(20) belongs to
Ls(Ω) with

s =
Npr

Nr − p(2r −N)
, (53)

where
1 <

q∗

2
< s < q∗ whenever 1 < p < q∗.

Proof. Let p ∈ (1, q∗) be a fixed exponent, and let the exponent s be defined
as in (53). Then, setting

q = s′ =
s

s− 1
=

Npr

Nr(p− 1) + p(2r −N)
, (54)

we see that
q ∈

[
q∗ ,

Nr

2r −N

)
. (55)

We now define the functional T : Lq(Ω)→ R as follows

〈T, g〉 =

∫
Ω
fv dx, ∀ g ∈ Lq(Ω) (56)

where f ∈ Lp(Ω) is a given function and v stands for the variational Vρ-solution
of BVP (47)–(48).

Let us show that this functional is continuous on Lq(Ω), i.e., by linearity
T ∈ (Lq(Ω))′. Then Rietz Representation Theorem implies that this functional
can be identified with a unique element u ∈ Ls(Ω) such that

< T, g >=

∫
Ω
ug dx, ∀ g ∈ Lq(Ω).
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With that in mind, we notice that

|〈T, g〉|
by (56)
≤ ‖f‖Lp(Ω)‖v‖Lp′ (Ω), (57)

where q∗ < p′ = p/(p−1) <∞. On the other hand, by Theorem 4, there exists
a constant C > 0 such that

‖v‖Lm(q)(Ω) ≤ C‖g‖Lq(Ω),

where (see (38))

q∗ ≤ m(q) =
Nqr

Nr − q(2r −N)
<∞ whenever q satisfies (55).

Since the exponents p′ and m(q) change within the same range, we define q
such that m(q) = p′, i.e.,

Nqr

Nr − q(2r −N)
=

p

p− 1
.

As a result, we arrive at the representation (54). Taking this fact into account,
we see that ‖v‖Lp′ (Ω) = ‖v‖Lm(q)(Ω), and, therefore, (57) yields

|〈T, g〉| ≤ ‖f‖Lp(Ω)‖v‖Lm(q)(Ω) ≤ C‖f‖Lp(Ω)‖g‖Lq(Ω), ∀ g ∈ Lq(Ω).

Thus, ∫
Ω
ug dx = 〈T, g〉 =

∫
Ω
fv dx, ∀ g ∈ Lq(Ω),

where u ∈ Lq′(Ω) is the duality Vρ-solution of the BVP (18)–(20). Since q′ = s,
the announced result is proven.
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