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Transposed Poisson structures on osp(1,2) !

Abstract. In this article, we describe transposed Poisson superalgebra
structures on the 5-dimensional orthosymplectic Lie superalgebra osp(1, 2)
in characteristic 3. Specifically, we demonstrate that on osp(1,2), there is
only trivial transposed Poisson structure.
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AmHoraniss. Y miiff crarTi MM ONUCYEMO CTPYKTYPU TPAHCIIOHOBAHOL
cymnepasrebpu Ilyaccona Ha 5-BuUMipHit OpTOCUMILTIEKTHIHIH cymepaaredpi
JIi 0sp(1,2) y xapakTepucruii 3. 30KpemMa, MU IIOKa3yeMo, 1o Ha 0sp(1, 2)
iCHy€ JinIlle TpUBiaJbHA TPAHCIIOHOBaHA CTPYKTypa llyaccona.

KurouoBi cioBa: TpancrionoBana cyrepaJirebpa [lyaccona, oprocuminie-
KTu4Ha cynepasredpa Jli, §-nqudepenrioBanns
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1. Introduction

Poisson algebras have their roots in the Poisson geometry of the 1970s.
Since then, Poisson algebras have emerged in various branches of physics and
mathematics. Currently, the transposed Poisson algebra is a dual concept of
the Poisson algebra that was recently introduced by Bai, Bai, Guo, and Wu
[2]. Consequently, the transposed Poisson algebra and the transposed Poisson
superalgebra on some (super)algebras were studied by many authors (3,4, 6],
[5,10,11,13,15,16,20].

In ( [6], Corollary 9) it was proved that there are no non-trivial transposed
Poisson algebra structures defined on a complex semisimple finite-dimensional
Lie algebra. In particular, on sl,(C). Further, for the Schrodinger algebra
s = 5l(C) x $ (semi-direct sum), where ) is the 3-dimensional Heisenberg
(nilpotent Lie) algebra, there are no non-trivial transposed Poisson algebra
structures defined on s ( [6], Corollary 10).
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The centrally extended conformal Galilei algebra g(*) (for 0 <l € N—
{11}) consists of sl3(C) and copies of the Heisenberg algebra, that is, g® is
a Lie algebra extension of sly(C). In ( [11], Section 4) the transposed Poisson
structures were studied on gi¥). Specifically, there are no non-trivial transposed
Poisson structures on ﬁ(l).

In [12], the transposed Poisson structure on perfect Lie algebras was studi-
ed. More precisely, let £ = sly(C) x t be the Lie algebra for m > 2, where t
is a (m + 1)-dimensional irreducible representation of slo(C). Then there are
no non-trivial transposed Poisson algebra structures defined on £.

The Lie algebras s, g, and £" are Lie algebras extensions of sly (©).

The following result ( [18], Corollary 7) generalizes the well known fact that
claims that a complex simple finite-dimensional Lie algebra does not admit a
non-trivial transposed Poisson structure (see [6], Corollary 9).

Corollary 1. Let g be a prime Lie algebra over a field of characteristic
p # 2,3 endowed with a non-degenerate symmetric invariant bilinear form.
Then g does not admit a non-trivial transposed Poisson structure.

Moreover, in ( [18], Subsection 2.3) it was shown that there are non-trivial
simple finite-dimensional transposed Poisson algebras over fields of positive
characteristic. For this, consider the special linear Lie algebra sl,(F), where
F is a field of characteristic p > 2. If p > 3, by Corollary 1 any transposed
Poisson structure on s, (F) with p{ n is trivial.

Furthermore, in [18] the author proved that there are non-trivial simple
finite-dimensional transposed Poisson algebras over fields of prime characteri-
stic. Specifically, it was proved that the modular Witt algebra W, (W, is the
Lie algebra of derivations of the truncated polynomial algebra in one variable
A, = Flz]/(«P)) has non-trivial simple finite-dimensional transposed Poisson
algebras.

Theorem 1. ([18], Theorem 20) Let (W,, 0, [-,-]) be a transposed Poisson
structure defined on the modular Witt algebra W, with p > 3. Then the algebra
(Wp,0) is a mutation of an algebra isomorphic to the algebra of truncated
polynomials in one variable Ay,. In particular, this mutation can be trivial.
Moreover, if it is non-trivial, it is not a Poisson algebra.

Note that sla(F) coincides with the modular Witt algebra Ws, when the
base field F has the characteristic p = 3. The following Theorem 2 was also
considered in [17] (Remark 7).

Theorem 2. ( [18], Theorem 22) Let (Ws,0,|[-,-]) be a transposed Poisson
structure. Then the algebra (Ws,0) is a mutation of an algebra isomorphic
to the algebra of truncated polynomials in one variable Asz. In particular, this
mutation can be trivial. If it is non-trivial, it is not a Poisson algebra.

From the current results and Theorems 1, 2, we have the following problems.
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Problem 1. For the Lie algebra sly(C), are there Lie (super)algebras
extensions g of sl3(C) such that there are non-trivial transposed Poisson algebra
structures on g?

Problem 2. Are valid the Theorems 1 and 2 for any Lie (super)algebra
extensions of the algebra (W), o), when [ has characteristic p > 37

The problems 1 and 2 consider both finite-dimensional simple and non-
simple Lie (super)algebras.

In this paper, we respond negatively to the problem 2, that is, the problem 2
is false for the case sla(F) = Ws, that is, we prove that the orthosymplectic Lie
superalgebra osp(1, 2), contrary to sly(F), does not have non-trivial transposed
Poisson algebra structures. Specifically, we demonstrate in Theorem 3 that the
transposed Poisson algebra structures on osp(1,2) are trivial.

2. Preliminaries

2.1. Transposed Poisson superalgebras

The concept of a transposed Poisson algebra was first described in [2], and
the transposed Poisson superalgebra is a superization of that idea.

Definition 1. Let g = go ® g1 be a Zs-graded vector space equipped
with two nonzero bilinear super-operations - and [-,-]. The triple (g, -, [-,]) is
called a transposed Poisson superalgebra (TPS) if (g, -) is a supercommutative
associative superalgebra and (g, [-,-]) is a Lie superalgebra that satisfies the
following compatibility condition

2¢-[a,b] = [c-a,b] + (=D)ll[a, c-b], a,b,cegyUg. (2.1)

Definition 2. Let (g,[-,-]) be a Lie superalgebra. A transposed Poisson
superalgebra structure in (g, [-,]) is a supercommutative associative multipli-
cation - in g which makes (g, -, [-,:]) a TPS.

Definition 3. Let (g,[-,-]) be a superalgebra and ¢ be a homogeneous
linear map g — g. Then ¢ is called a %-superderivation if it satisfies

1

el ) = 5 (Ie(@), b+ ()10, o0)]), abegoua.  (22)

Note that %—superderivations represent a specific instance of ¢-
superderivations and that these, in turn, are generalizations of é-derivations
introduced in [7].

We will use the notation

Dy (g) = Di(e) ® Di(g)

==

for the space of %—superderivations of a superalgebra g.
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Lemma 1. Let (g,-,[-,:]) be a transposed Poisson superalgebra and a €
goUg1. Then the left multiplication L, of (g, ) is a % -superderivation of (g, [-,-])

2
and |Lq| = |al.

Multiplication by a field element is the simplest example of a %—
superderivation. Such %—superderivations will be called trivial.

3. Transposed Poisson structures on osp(1,2)

In the following, the base field F has the characteristic p = 3.

Let B = B(4,2) be the Shestakov superalgebra which is an exceptional
alternative superalgebra of characteristic 3 (see [21]), where By = M»([F), and
B, =F-my &F-ms is the 2-dimensional irreducible Cayley bimodule over By,
that is, By acts on B as follows:

€ij - M = 5ikmj7 iajak € {1?2}5

where a € By, m € Bi, and a — a* is the symplectic involution in By =
M (F). The odd multiplication in By is defined by

mi = —es1, m3 = e1z, mymg = ey1, and mamy = —eg.

In characteristic p = 3, the orthosymplectic Lie superalgebra osp(1,2)
appears to be related to B(4,2). Specifically, the 5-dimensional simple Lie
superalgebra osp(1,2) is isomorphic to the quotient B(4,2)(7) /F - I, where I is
the matrix identity of order 2x2 and B(4,2)() is the commutator superalgebra
of the Shestakov superalgebra B(4,2).

Now, since F has the characteristic 3, we will frequently use 2 = —1 or
—2 = 1. Thus, the Lie superalgebra osp(1,2) = g = go ® g1 has the following
structure: Let go = sla2(F) be the 3-dimensional Lie algebra with the following
basis {F, H, F'} with multiplication

FH=FE, FH=-F, EF= %H (3.1)
and let g = Vo =F - u+ F - v be the Lie module with basis {u,v} such that
uH =u, vH = —v, uE=v, uF =0, vE =0, vF = —u. (3.2)
Odd multiplication in g; is defined by
u? = F, uv:vu:%H, and v* = E. (3.3)
Here we are explicitly using the notation [, -] for the supermultiplication in g.

The superalgebra osp(1,2) is a Lie superalgebra extension of sly(IF) because
slo(IF) is the even part of osp(1,2).
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Remark 1. If p # 3 we have the 5-dimensional superalgebra g(3,2) =
sla(F) & Vo with multiplication defined by (3.1), (3.2) and (3.3). In addition,
the superalgebra g(3,2) is also isomorphic to the quotient B(4,2)(-)/F - I.

In ( [14], Section 8) it was proved that the simple superalgebra g(3,2) is
not a binary-Lie superalgebra; thus, g(3,2) is not a Lie superalgebra.

3.1. Even i-derivations of osp(1,2)

In this subsection, we only take into account even linear maps ¢ :
osp(1,2) — osp(1,2), that is, those that satisty ¢ (g;) C g; for ¢ € {0,1}. Thus
lp| = 0, then ¢ is a %-Superderivation of 0sp(1,2) if and only if ¢ is a usual
3-derivation of 0sp(1,2). Let D be an even %—superderivation of g = osp(1,2),
then from (2.2) we have

1
D(ab) = i(D(a)b +aD(b)) (3.4)
for all homogeneous elements a,b € gg U g1.
Consider

D(E) = anE + a12H + ag3F, (3.5)
D(H) = a1 E + aznH + a3k, (3.6)
D(F) = as1E + azgH + assF), (3.7)
D(u) = priu+ Przv, (3.8)
D(U) = Bo1u + Bogv, (39)

where oj, 3;; € F. In the sequel, we will frequently use the relation (3.4); so,
from (3.1) we get

D(F)=D(FEH)=—(D(F)H + ED(H)),
annFE +aipH + iz
= —(a11E + a12H + ai3F)H — E(a2 B + g H + agsF)
= —a 4+ a13F — anlt — %aggH,
then asy = 11 and a3 = aqs. Thus
D(H) = anE + an H + aF, (3.10)

Also,
~p(F) Y D(FH) = —(D(F)H + FD(H)),
and by (3.7) and (3.10)
—ag1E — azoH — assF

= —(OéglE + 0432H + 0433F)H — F(OéQlE + Oqu + 0412F)

1
=—az1F + a3 F + 50[21H + a1 F,
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then a3z = o117 and age = ag1. Hence
D(F) =az1F + a1 H + a1 F. (3.11)

Further, by
5 D(H) =" D(EF) = ~(D(E)F + ED(F)),

—a21E — OéllH — 0413F
= —(allE + OélgH + OélgF)F — E(aglE + ang + OéllF)
1

1
= —50411H —apF —ankE — 50411H,

and the equality does not offer any information.
In addition,

D(w) 2 D(wH) = —(D(uw)H + uD(H)),

3.8),(3.10
Briu + Bigv (38,610 —(Briu+ Prav)H — u(ao E + a1 H + a2 F)

= —f1u + Bi2v — a1V — au

subsequently 811 = a1 and ag; = 0. So, from (3.10), (3.11) and (3.8) we have

D(H) = a1 H + a9 F, (3.12)
D(F) = az1F + a1 F, (313)
D(u) = aj1u + Srav. (3.14)

On the other hand, from

we have

3.14),(3.13
o B1LB318) —(an1u + B120)F — u(az1 E + a1 F) = Brau — aziv

and 12 = as; = 0. Therefore, substituting in (3.13) and (3.14) we get

D(F) = a1, F, (3.15)
D(u) = ajyu. (3.16)
Moreover,
(3.2)
—D(v) =" D(vH) = —(D(v)H +vD(H)),
—Ba1u — Baov (39,812 —(Baru + Bogv)H — v(a1 H + a2 F)

= —Ba1u + Paav + a11v + ajau
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then 22 = i1 and a2 = 0. Therefore, from (3.5), (3.12) and (3.9) we get

D(E) = a1 E + aisF, (3.17)
D(H) = anH, (3.18)
D(U) = Boru + aq1v. (3.19)

02 DWE) = —(D(v)E + vD(E)),

3.19),(3.17
o 1L —(Bnu + a11v)E = v(an E + aizF) = —f21v + aizu

then a3 = 0 and f2; = 0. Thus, from (3.17) and (3.19)
D(E) = on E, (3.20)
D(v) = aq1v. (3.21)
Furthermore, from

—D(w) Y DwF) = —(D(w)F + vD(F)),

—Q11U = —(OénU)F — ’U(Oan) = anu+ ajju = 20114,
and the equality does not offer any information. Also, from

D) Y D(wE) = —(D(w)E + uD(E)),

we get

(3.16),(3.20)
v =

o1 —(anu)E —u(a F) = —a1v — ag1v = —2aq10,

and the equality does not offer any information. Similarly, from (3.3) and (3.4)
it is easy to see that the relations

D(E) = D(v?) = —D(v)v — vD(v),
—D(H) = D(uv) = —D(u)v — uD(v),
D(F) = D(u?) = =D(u)u — u(D(u)),

does not offer any information. Thus, summarizing from (3.20), (3.18), (3.15),
(3.16) and (3.21) we have the following

D(E) = an E,
D(H) = a11 H,
D(F) = a1, F,
D(u) = ajju,
D(v) = aq1v

Then, D(z) = ax for any = € osp(1,2) and some o € F. Also the matrix

associated with the even %—superderivation D is
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[D] = = ol

oo oR
cooQ o
coQ oo
o0 oo o
. oo oo

for some « € F, where [ is the matrix identity.

Proposition 1. We have DY (g) = (id), where id is the identity map.
2

3.2. Odd i-derivations of osp(1,2)

This subsection solely takes into account odd linear maps ¢ : osp(1,2) —
osp(1,2), i.e. those which satisfy ¢ (g;) C g1—; for i € {0,1}. Thus |p| =1, and
from (2.2), D is an odd %—superderivation of g = 0sp(1,2) if and only if

1
D(ab) = 5 (D(a)b + (—-1)laD(b)) (3.22)
for all a,b € go U g;.
Consider

D(E) = a11u + aiav, (3.23)

D(H) = (21U + 220, (324)

D(F) = 31U + 320, (325)

D(u) =anFE + agpH + ay3F, (326)

D(U) = a5 + aseH + assF. (327)

where o;; € F. Here we will frequently use the relation (3.22); then, from (3.1)
and (3.23) we have

D(E)=D(FH)=—(D(E)H + ED(H)),

ap1u + v = —(onu + a12v) H — E(ao1u + aoov) = —aqiu + a0 + v,

then a1 = a1 = 0; so

D(E) = a1av, (3.28)
D(H) = (9. (329)
Also
~p(F) ) D(FH) = —(D(F)H + FD(H)),
imply
—Q31U — 39V (3:25(3.29) —(az1u + azv) H — F(agv) = —aziu + asv — axu,
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then aga = e = 0, then from (3.29) and (3.25) we get
D(H) =0, (3.30)
D(F) = aszju. (3.31)

Further, by

%D(H) O pEF) = —(D(E)F + ED(F)),

0= —(algv)F — E(aglu) = aq9u + az1v, then oo = azy = 0. Thus, from
(3.28) and (3.31) we have

D(E) = D(F)=0. (3.32)
Besides, from

D)2 D(wH) = —(D(u)H — uD(H)),

3.26),(3.30
o1 B+ agoH + a3 F (3:26).(3.30) —(an B+ ageH + oy3F)H = —ay E + agzF

then ay; = a2 = 0. So, from (3.26) we have
D(U) = Oé43F. (333)

On the other hand,

imply
33),(3.32)
0 = —(0443F)F,

and the equality does not offer any information. Moreover, from (3.2)
—D(v) = D(vH) = —(D(u)H — vD(H)),

3.27),(3.30
—a51E —asoH — as3F ( ):( ) —(as1F+aseH +as3F)H = —as1 E + as3F

then asy = as3 = 0. Therefore, from (3.27) we get

D(?}) = 0451E. (334)
Also,
(32)
0'2) D(WE) = —(D(v)E — vD(E)),
0 (3.34),(3.32) (a5 E)E,

and the equality does not offer any information. Furthermore,

~D(w) 2 D(wF) = ~(D(v)F - vD(F)),
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—ouysF = — (o5 E)F = a51H,

then ay3 = as1 = 0. So
D(u) = D(v) = 0. (3.35)

Thus, from (3.30), (3.32) and (3.35), we conclude that D = 0.
Proposition 2. D1 (g) = {0}.
2

Finally, we now describe the transposed Poisson superalgebra structures on
(g,["]), where g = osp(1,2).

Theorem 3. All transposed Poisson superalgebra structures on (g, [-,-]) are
trivial.
Proof. Let (g,-,[-,-]) be a TPS, that is, (g,-) is supercommutative and (2.1)

hold. Denote by ¢, and 1. the left multiplications by a € gy and ¢ € g,
respectively, in (g, -).
Let a,b € go and ¢,d € g1

b-a=pp(a), a-c=pq(c), (3.36)

cra=1.(a), c-d=1.(d), (3.37)
In view of the supercommutativity of (g, -), we have

b-a=pq(b), a-c=1el(a), (3.38)

c-a=pq(c), c-d=—=14(c), (3.39)

By (2.1) we have pg, o, pr € Dg (g) and ¥y, 1, € Dll (g). Then
2 2
prp = agid, ¢y = agid and pp = arid

for some ag, ap,ar € F by Proposition 1 and ), = 1, = 0 by Proposition 2.
It follows from (3.36) and (3.38) that agp = ag = ap = 0. Thus, - is trivial.
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