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Approximation of optimal control for
functional-differential equations by optimal
control of equations without delay in
infinite-dimensional spaces

Abstract. The problem of optimal control for a functional-differential
equation of parabolic type in a Banach space is studied. An approximation
procedure is proposed, which consists of replacing the original equation
by the system of parabolic equations without delay. It is proved that the
optimal control for such a system weakly converges to the optimal control
of the original problem
Key words: C0-semigroup, functional-differential equation, delay, weak
convergence, mild solution, optimal control, approximation system

Анотацiя. Вивчається задача оптимального керування
функцiонально-диференцiальним рiвнянням параболiчного типу
в банаховому просторi, шляхом його замiни апроксимацiйною систе-
мою параболiчних рiвнянь без запiзнення. Доведено, що оптимальне
керування для такої системи слабко збiгається до оптимального
керування початкового рiвняння.
Ключовi слова: C0-напiвгрупа, слабка збiжнiсть, мiнiмiзатор,
м’який розв’язок, оптимальне керування, апроксимацiйна система
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1. Introduction

Let X be a Banach space with the norm ‖ · ‖X , which will be denoted by
‖ · ‖ in the sequel. By Ch = C([−h, 0];X) we denote the space of X-valued
continuous functions ϕ : [−h, 0] 7→ X with the norm

‖ϕ‖C = sup
t∈[−h,0]

‖ϕ(t)‖,
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where h > 0 is the delay value. Let L(X,X) be the space of linear bounded
operators acting in X.

Let A : X 7→ X be an unbounded closed linear operator, D(A) be its
domain which is dense in X. We assume that A is the infinitesimal generator
of C0-semigroup S(t) = etA, t ≥ 0 of bounded operators, and S(t) is a compact
operator for t > 0.

We consider the optimal control problem for infinite-dimensional
functional-differential equation

dx(t)
dt = Ax(t) + f1(t, x(t),

∫ 0
−h x(t+ θ)dθ)

+f2

(
t, x(t),

∫ 0
−h x(t+ θ)dθ)u(t), t ∈ [0, T ],

x(t) = ϕ(t), t ∈ [−h, 0]

(1.1)

with the cost functional

J [u] =

∫ T

0
G(t, x(t), u(t))dt→ inf . (1.2)

Problem (1.1)-(1.2) is put into correspondence an optimal control problem
for specially constructed system of equations without delay (2.4)-(2.5) (see
below), which is called an approximation system.

The main result of the paper is to establish convergence of optimal solutions
of the approximation system (2.4)-(2.5) to the optimal solutions of the original
problem (1.1)-(1.2). More precisely , if m is the number of equations in system
(2.4), and (x∗, u∗, J∗) and (z∗0m, u

∗
m, J

∗
m) are solutions of (1.1)-(1.2) and (2.4)-

(2.5), then
1) J∗m → J∗, m→∞,
2) on some subsequence u∗mk

w→ u∗ in Lp(0, T ;X), z∗0m → x∗ in C([0, T ];X).
Optimal control problems of functional-differential equations are of great

interest both from a theoretical point of view and due to a wide range of appli-
cations. The theory of optimal control of such equations in finite-dimensional
spaces is considered in [10]. Regarding such problems in infinite-dimensional
spaces, we refer to the monograph [12] where classical issues are presented: the
maximum principle, dynamic programming, etc. The viscosity solutions for
functional-differential equations in Banach spaces was studied in the works [7],
[6]. In [1], an approach related to the Hamilton-Jacobi equation is developed.
In the work [11], sufficient coefficient conditions for the existence of optimal
controls for functional-differential equations of parabolic type were obtained,
and for equations of neutral type it was done in [15].

In this paper, a new approach is applied to the study of optimal control
problems, which allows reducing the study of the control problem of functional-
differential equations to the control problem of the specially constructed system
of equations without delay.

It should be noted that the method of studying functional-differential
equations by constructing an approximation system of equations without delay
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was used in the works [4], [13] when studying stability and boundary value
problems in the finite-dimensional case. Such an approach has not been appli-
ed to optimal control problems before.

The paper consists of five sections. The first section is the introduction. In
section 2, we give a rigorous statement of the problem and the formulation of
the main result. The third section contains some auxiliary results. The proof
of the main result is given in section 4. In section 5, we demonstrate the
application of the obtained theoretical results to the optimal control problem
of functional-differential equations in partial derivatives.

2. Setting of the problem and the main result

Assume that the following conditions hold:
H1) Semigroup S(t) is compact for t > 0.
This assumption is not restrictive. It holds for standard differential

operators (see Example).
A1) fi : [0, T ]×X ×X 7→ X are continuous functons, i = 1, 2;
A2) (linear growth condition) there exists K > 0 such that

‖f1(t, x, y)‖+ ‖f2(t, x, y)‖ ≤ K(1 + ‖x‖+ ‖y‖)

for every t ∈ [0, T ], x, y ∈ X;
A3) (Lipshitz condition)

‖f1(t, x1, y1)− f1(t, x2, y2)‖+ ‖f2(t, x1, y1)− f2(t, x2, y2)‖
≤ K(‖x1 − x2‖+ ‖y1 − y2‖),

for every t ∈ [0, T ], x1, x2, y1, y2 ∈ X;
A4) initial function ϕ : [−h, 0] 7→ X is continuous;
A5) control function u(t) is assumed to be admissible if u ∈ Lp(0, T ;X)

(p > 1) and u(t) ∈ F for a.a. t ∈ (0, T ), where F is a closed convex subset of
X.

The set of admissible controls we denote by U , and

‖u‖p =
(∫ T

0
‖u‖pdt

) 1
p
;

A6) G : [0, T ] × X × X 7→ [0,∞) is continuous, and the function u 7→
G(t, x, u) is convex;

A7) there exist constants C0 > 0, C > 0, ν > 0 such that for arbitrary x1,
x2, u ∈ X, t ∈ [0, T ] we have

|G(t, x1, u)−G(t, x2, u)| ≤ C0‖x1 − x2‖(1 + ‖x1‖ν + ‖x2‖ν + ‖u‖p); (2.1)

G(t, x, u) ≥ C‖u‖p; (2.2)
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A8) the mapping u 7→ G(t, x, u) is Fréchet differentiable, the corresponding
Fréchet derivative Lu is continuous, and there exist positive constants C1, α
such that

‖Lu(t, x, u)‖∗ ≤ C1(1 + ‖x‖α + ‖u‖p−1),

where ‖ · ‖∗ is the norm in the dual space X∗.
The initial-value problem (1.1) we will understand in the mild sense.

Definition 1. A continuous function [0, T ] 3 t 7→ x(t) ∈ X is called a mild
solution of (1.1) on [0, T ] if

1) x(t) = ϕ(t), t ∈ [−h, 0];
2) x ∈ C([0, T ], X);
3) x(t) satisfies the integral equation

x(t) = S(t)ϕ(0) +

∫ t

0
S(t− s)f1

(
s, x(s),

∫ 0

−h
x(s+ θ)dθ

)
ds

+

∫ t

0
S(t− s)f2

(
s, x(s),

∫ 0

−h
x(s+ θ)dθ

)
u(s)ds. (2.3)

From [17] we deduce that such a solution exists and it is unique.
Now we construct an approximation system of equations without delay.
Let us fix m ∈ N and split the interval [−h, 0] by points − h

mj, j = 0,m
into m parts.

We define functions zj(t) ∈ X as solutions of the following initial-value
problems:

dz0 =
(
Az0 + f1

(
t, z0(t), hm

m∑
j=1

zj(t)
)

+ f2

(
t, z0(t), hm

m∑
j=1

zj(t)
)
u(t)

)
dt,

dzj(t) = (mh (zj−1(t)− zj(t)))dt, t ∈ [0, T ],

zj(0) = ϕ(−hjm ), j = 0,m.

(2.4)

Here z0(t) we understand in the mild sense, and others - in the usual ODE
sense.

It is easy to verify that problem (2.4) has a unique solution.

Definition 2. We say that system (2.4) is an approximation problem for
(1.1), if

sup
t∈[0,T ]

‖x(t− h

m
j, u)− zj(t, u)‖ → 0, m→∞, j = 0,m.

For the system (2.4) we consider the cost functional

Jm[u] =

∫ T

0
G(t, z0(t), u(t))dt→ inf . (2.5)

Let us denote
J∗ = inf

u∈U
J [u], J∗m = inf

u∈U
Jm[u].

The main result of the paper is the following theorem.
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Theorem 1. Assume that conditions H1), A1)-A8) hold. Then optimal
control problems (1.1)- (1.2) and (2.4)-(2.5) have solutions (x∗(t), u∗(t)) and
(z∗0m(t), u∗m(t)). Moreover,

1)
J∗m → J∗, m→∞; (2.6)

2) for any η > 0 there exists m0 such that for m > m0 we have∣∣J∗ − J [u∗m]
∣∣ < η, (2.7)

i.e., the optimal control of the approximation problem is "almost optimal"for
the original one;

3) there exists a sequence mk →∞, k →∞ such that

z∗omk(t)→ x∗(t) in C([0, T ];X); (2.8)

u∗m
w→ u∗ weakly in Lp(0, T ).

If, additionally, problem (1.1)-(1.2) has a unique solution then convergences
(2.8) take place for m→∞.

3. Auxiliary results

Let us denote by W the set of all admissible controls u such that ‖u‖p ≤ B
for some B > 0. For u ∈W we denote by x(t, u) and zj(t, u) the corresponding
solutions of (1.1) and (2.4).

Theorem 2. Assume that conditions H1), A1)-A5) hold. Then (2.4) is the
approximation problem for (1.1) uniformly with respect to u ∈W , i.e.,

sup
u∈W

sup
t∈[0,T ]

‖x(t− h

m
j, u)− zj(t, u)‖ → 0, m→∞. (3.1)

To prove this theorem we need the following result.

Lemma 1. Under conditions of Theorem 2 the solution of (1.1) with u ∈
W satisfies the inequality

sup
|t1−t2|≤l,

t1,t2∈[−h,T ]

‖x(t2, u)− x(t1, u)‖ ≤ C(T, ‖ϕ‖C , h, l, B)→ 0, l→ 0. (3.2)

Proof. In the proof, we will denote x(t, u) and zj(t, u) by x(t) and zj(t),
respectively. We will also omit the dependence on u of all the latter functions,
observing the uniformity of all estimates for u ∈W .

According to the definition of solution of (2.3) we have

‖x(t)| ≤ ‖S(t)ϕ(0)‖+

∫ t

0
‖S(t− s)f1

(
s, x(s),

∫ 0

−h
x(s+ θ)dθ

)
‖ds+
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+

∫ t

0
‖S(t− s)f2

(
s, x(s),

∫ 0

−h
x(s+ θ)dθ

)
‖‖u(s)‖ds. (3.3)

Since S(t) is a C0-semigroup, so ‖S(t)‖ ≤M , t ∈ [0, T ].
It is easy to see that∫ 0

−h
‖x(s+ θ)‖dθ ≤ ‖ϕ‖C +

∫ s

0
‖x(s1)‖ds1.

Then from A2) and Hölder′s inequality, we get

‖x(t)‖q ≤ 3q−1
(
M q‖ϕ(0)‖q +M qKq4q−1

∫ t

0
(1 + ‖x(s)‖q + ‖ϕ‖qC

+

∫ s

0
‖x(s1)‖qds1)ds+M qKq4q−1

∫ t

0
(1 + ‖x(s)‖q

+ ‖ϕ‖qC +

∫ s

0
‖x(s1)‖qds1)ds · ‖u‖qp)

)
, (3.4)

where 1
p + 1

q = 1.
So,

sup
s∈[0,t]

‖x(s)‖q ≤ C1 + C2(B)

∫ t

0
sup

s1∈[0,s]
‖x(s1)‖qds1,

and from the Gronwall inequality we obtain

sup
s∈[0,T ]

‖x(s)‖q ≤ C3(T, ‖ϕ‖C , h,B) (3.5)

uniformly with respect to u ∈W .
Let t2 = t1 + r, r ≤ l.
If t1 ≥ 0 then

x(t2)− x(t1) = (S(t2)− S(t1))ϕ(0)

+

∫ t1

0
((S(t2 − s)− S(t1 − s))f1(s, x(s),

∫ 0

−h
x(s+ θ)dθ)ds

+

∫ t2

t1

S(t2 − s)f1(s, x(s),

∫ 0

−h
x(s+ θ)dθ)ds

+

∫ t1

0
((S(t2 − s)− S(t1 − s))f2(s, x(s),

∫ 0

−h
x(s+ θ)dθ)u(s)ds

+

∫ t2

t1

S(t2 − s)f2(s, x(s),

∫ 0

−h
x(s+ θ)dθ)u(s)ds.

Thus, in this case we deduce that

sup
|t1−t2|<l

‖x(t2)− x(t1)‖q = sup
r∈[0,l]

‖x(t1 + r)− x(t1)‖q) ≤
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≤ 5q−1
(

sup
r∈[0,l]

‖S(t1 + r)ϕ(0)− S(t1)ϕ(0)‖q

+ sup
r∈[0,l]

∫ t1

0
‖S(t1 + r − s)− S(t1 − s)‖q‖f1(s, x(s),

∫ 0

−h
x(s+ θ)dθ)‖qds

+ sup
r∈[0,l]

∫ t1+l

t1

‖S(t1 + r − s)‖q‖f1(s, x(s),

∫ 0

−h
x(s+ θ)dθ)‖qds

+ sup
r∈[0,l]

∫ t1

0
‖S(t1 + r − s)− S(t1 − s)‖q‖f2(s, x,

∫ 0

−h
x(s+ θ)dθ)‖q‖u‖qds

+ sup
r∈[0,l]

∫ t1+l

t1

‖S(t1 + r − s)‖q‖f2(s, x,

∫ 0

−h
x(s+ θ)dθ)(s)‖q‖u‖qds

)
= I1 + I2 + I3 + I4 + I5. (3.6)

Let us estimate each summand in (3.6).
Due to the uniform continuity of C0-semigroup we obtain that I1 tends to

zero as l→ 0 uniformly on t1.
Applying A2) and (3.4), we have

I2 ≤ T sup
r∈[0,l]

∫ t1

0
‖S(t1 + r − s)− S(t1 − s)‖qds·

sup
s∈[0,T ]

‖f1(s, x(s),

∫ 0

−h
x(s+ θ)dθ)‖q ≤

≤
∫ T

0
‖S(t+ r)− S(t)‖qdtKq(1 + 2C3(T, ‖ϕ‖C , h))q, (3.7)

due to (3.5).
Compactness of S(t) for t > 0 implies continuity in the uniform operator

topology for t > 0. Therefore, due to the Lebesgue dominated convergence
theorem the right-hand part of (3.7) tends to zero as l→ 0.

Further, due to (3.4) we have

I3 ≤ Kq(1 + 2C3(T, ‖ϕ‖C , h))q
∫ t2

t1

‖S(t1 + r − s)‖qds ≤

≤ KqM q(1 + 2C3(T, ‖ϕ‖C , h)q · l→ 0, as l→ 0. (3.8)

Using conditions A2), A5) and Hölder′s inequality, we get

I4 ≤ T
∫ T

0

‖S(t+ r)− S(t)‖qdtKq(1 + 2C3(T, ‖ϕ‖C , h))q
( ∫ t

0

‖u(s)‖p
) q

p

≤ T
∫ T

0

‖S(t+ r)− S(t)‖qdt(BK)q(1 + 2C3(T, ‖ϕ‖C , h))q → 0, as l→ 0. (3.9)

Finally,

I5 ≤ sup
r∈[0,l]

t1+l∫
t1

‖S(t+ r − s)‖q‖f2(s, x(s),

0∫
−h

x(s+ θ)dθ)‖qds
t1+l∫
t1

‖u‖p
) q
p ≤
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≤ (BK)q(1 + 2C3(T, ‖ϕ‖C , h))qM ql→ 0, l→ 0. (3.10)

If t1 and t1 + l belong to [−h, 0], then from the definition of solution we have

sup
|t2−t1|≤l

‖x(t2, u)− x(t1, u)‖ = sup
|t2−t1|≤l

‖ϕ(t2)− ϕ(t1)‖ → 0, l→ 0

due to uniform continuity of ϕ(t) on [−h, 0].
If t1 ∈ [−h, 0] and t2 > 0, then

‖x(t2, u)− x(t1, u)‖ ≤ ‖x(t2, u)− ϕ(0)‖+ ‖ϕ(0)− x(t1, u)‖. (3.11)

In this case we see that if l → 0 then t1 → 0 and t2 → 0. In particular, the
second summand in (3.11) tends to zero uniformly on u ∈ W . For the first
summand we have

‖x(t2)− ϕ(0)‖ ≤ ‖S(t2)ϕ(0)− ϕ(0)‖+ l sup
t∈[0,T ]

‖f1(t, x(t),

∫ 0

−h
x(t+ θ)dθ‖

+ l sup
t∈[0,T ]

‖f2(t, x(t),

∫ 0

−h
x(t+ θ)dθ‖Bp.

Thus, using assumtions on f1, f2 and estimates (3.5) we conclude that the first
summmand in (3.11) also tends to zero uniformly on u ∈W .

The Lemma is proved.
Unlike the finite-dimensional case, the lemma does not establish the rate

of convergence in formula (3.1). Here, the rate depends on the behavior of the
semigroup S(t) as t → 0, which in turn depends on the form of the operator
A.

Let’s move on to the proof of Theorem 2.

Proof. For sufficiently small µ > 0 we put

xµ(t, u) =
1

µ

∫ t+µ

t
x(s)ds, t ∈ [−h, T ], (3.12)

where for values s ≥ T we assume x(s) to be a constant by continuity.
It is clear that the function xµ(t) = xµ(t, u) is strictly differentiable and

ẋµ(t) =
1

µ
(x(t+ µ)− x(t)). (3.13)

Moreover, due to Lemma 1

sup
t∈[−h,T ]

‖x(t)− xµ(t)‖ =
1

µ
sup

t∈[−h,T ]
‖
t+µ∫
t

(x(t)− x(s))ds‖ ≤

≤ 1

µ

t+µ∫
t

sup
t,s∈[−h,T ]

‖x(t)− x(s)‖ds ≤ C(T, ‖ϕ‖C , µ,B)→ 0, µ→ 0. (3.14)
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Let us denote yj(t) = x(t− h
mj) and

Nj(t) = ‖yj(t)− zj(t)‖, j = 0,m.

We split system (2.4) into two subsystems, i.e.,

zj(t) = z
(1)
j (t) + z

(2)
j (t),

where z(1)
j (t) is the solution of the system

h
m ż

(1)
1 = x(t)− z(1)

1 (t),
h
m ż

(1)
j = z

(1)
j−1(t)− z(1)

j (t), j = 1,m,

z
(1)
j (0) = x(−hj

m ),

(3.15)

and z(2)
j (t) is the solution of the system

h
m ż

(2)
1 = −z(2)

1 (t) + (z0(t)− x(t)),
h
m ż

(2)
j = z

(2)
j−1(t)− z(2)

j (t), j = 1,m,

z
(2)
j (0) = 0.

(3.16)

Then

sup
t∈[0,T ]

‖x(t− h

m
j)− zj(t)‖ ≤ sup

t∈[0,T ]
‖yj(t)− z(1)

j (t)‖+ sup
t∈[0,T ]

‖z(2)
j (t)‖. (3.17)

Let us prove that

sup
t∈[0,T ]

‖yj(t)− z(1)
j (t)‖ ≤ C1(T, ‖ϕ‖, h, h

m
,B)→ 0,m→ 0. (3.18)

We write x(t) in the form

x(t) = xµ(t) + x(t)− xµ(t) = xµ(t)− x1(t)

and put
yj(t) = y

(1)
j (t) + y

(2)
j (t),

where y(1)
j (t) = xµ(t− h

mj), y
(2)
j (t) = x1(t− h

mj).
Then the solution of (3.15) can be written in the form

z
(1)
j (t) = ϕj(t) + vj(t),

where ϕj(t) = ϕj(t, u) is the solution of the system
h
m ϕ̇1 = −ϕ1 + xµ,
h
m ϕ̇j = −ϕj−1 − ϕj , j = 2,m,

ϕj(0) = y
(1)
j (0) = xµ(− h

mj),

(3.19)
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and vj(t) = vj(t, u) is the solution of the system
h
m v̇1 = −v1 + x1,
h
m v̇j = vj−1 − vj , j = 2,m,

vj(0) = y
(2)
j (0) = x1(−hj

m )− xµ(−hj
m ).

(3.20)

Then

sup
t∈[0,T ]

‖yj(t)− z(1)
j (t)‖ ≤ sup

t∈[0,T ]
‖y(1)
j (t) + y

(2)
j (t)− ϕj(t)− vj(t)‖

≤ sup
t∈[0,T ]

‖y(1)
j (t)− ϕj(t)‖+ sup

t∈[0,T ]
‖y(2)
j (t)‖+ sup

t∈[0,T ]
‖vj(t)‖. (3.21)

Let us estimate each summand in the right-hand part of (3.21).
We start with j = 1. Let us denote ε1(t) = ϕ1(t)− y(1)

1 (t).
Then ε1(0) = 0 and

ε̇1 = ϕ̇1 − ẏ(1)
1 =

m

h
(xµ − x1)− ẏ(1)

1 =

=
m

h
(−x1 + ẏ

(1)
1 ) +

m

h
(xµ − ẏ(1)

1 )− ẏ(1)
1 =

= −m
h
ε1 +

m

h
(xµ − ẏ(1)

1 )− y(1)
1 = −m

h
ε1 + ψ(t),

where ψ(t) = h
m(xµ − y(1)

1 )− ẏ(1)
1 .

Therefore, ε1(t) satisfies the initial-value problem{
ε̇1 = −m

h ε1 + ψ(t),

ε1(0) = 0.
(3.22)

For ψ(t) due to the strict differentiability of xµ(t) we get

‖ψ(t, um)‖ = ‖m
h

(xµ(t)− y(1)
1 (t))− ẏ(1)

1 (t)‖

= ‖m
h

(xµ(t)− xµ(t− h

m
))− ẋµ(t− h

m
)‖

=
m

h
‖(xµ(t)− xµ(t− h

m
))− ẋµ(t− h

m
)
h

m
‖

≤ 1

µ

m

h
sup

s∈[t− h
m
,t]

‖ẋµ(s)− ẋµ(t− h

m
‖ h
m

≤ 1

µ
( sup
s∈[t− h

m
,t]

(‖x(s+ µ)− x(t− h

m
+ µ)‖+ ‖x(s)− x(t− h

m
)‖))→ 0,

m→∞.

The last convergence is uniform with respect to u ∈ W according to Lemma
1. So,

sup
t∈[0,T ]

‖ψ(t, um)‖ → 0, m→∞.
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The variation of constants formula implies

ε1(t) =

∫ t

0
exp(−m

h
(t− s))ψ(s)ds.

Then from the estimate

sup
t∈[0,T ]

‖
∫ t

0
exp(−m

h
(t− s)) · ψ(s)ds‖

≤ sup
t∈[0,T ]

‖
∫ t

0
exp(−m

h
(t− s))‖ds sup

t∈[0,T ]
‖ψ(t)‖

≤ h

m
C(T, ‖ϕ‖C ,

h

m
,B) (3.23)

we deduce that ε1(t) satisfies the inequality

sup
t∈[0,T ]

‖ε1(t)‖ ≤ h

m
C(T, ‖ϕ‖C ,

h

m
,B).

Further, for y(2)
1 (t) from (3.14) we have

sup
t∈[0,T ]

‖y(2)
1 (t)‖ = sup

t∈[0,T ]
‖x(t− h

m
)− xµ(t− h

m
)‖ ≤ C(T, ‖ϕ‖C , µ,B|).

For v1(t) we apply the variation of constants formula to (3.20):

v1(t) = exp(−m
h
t)v1(0) +

∫ t

0
exp(−m

h
(t− s))x1(s)ds.

So,

sup
t∈[0,T ]

‖v1(t)‖ ≤ ‖v1(0)‖+ sup
t∈[0,T ]

‖
∫ t

0
e−

m
h

(t−s)x1(s)ds‖.

But v1(0) = x1(− h
m). So, ‖v1(0)‖ ≤ C(T, ‖ϕ‖, µ) and due to (3.14)

sup
t∈[0,T ]

‖
∫ t

0
e−

m
h

(t−s)x1(s)ds‖ · h
m
≤ h

m
C(T, ‖ϕ‖, µ,B). (3.24)

From the estimates obtained above we conclude that

sup
t∈[0,T ]

‖v1(t)‖ ≤ C(T, ‖ϕ‖, µ,B).

Therefore,

sup
t∈[0,T ]

‖y1(t)− z(1)
1 (t)‖ ≤ h

mµ
C(T, ‖ϕ‖, h

m
,B) + C(T, ‖ϕ‖, µ,B).
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Having made similar estimates for j = 2, we obtain

sup
t∈[0,T ]

‖yj(t)− z(1)
j (t)‖ ≤ C1(T, ‖ϕ‖, h, h

m
,B)→ 0, m→∞.

Thus, we have proved inequality (3.18).
To estimate the second summand in (3.17) we apply the variation of

constant method. After that we have

‖z(2)
j (t)‖ ≤ sup

t∈[0,T ]
N0(t).

Further, let us estimate z0(t)− x(t). From assumption A3) we get

‖z0(t)− x(t)‖

= KM

∫ t

0

(
‖z0(s)− x(s)‖+ ‖ h

m

m∑
j=1

zj(s)−
∫ 0

−h
x(s+ θ)dθ)‖

)
ds

+KM

∫ t

0

(
‖z0(s)− x(s)‖+ ‖ h

m

m∑
j=1

zj(s)−
∫ 0

−h
x(s+ θ)dθ)‖

)
‖u(s)‖ds.

Taking into account the equality

∫ 0

−h
x(s+ θ)dθ − h

m

m∑
j=1

zj(s) =
m∑
j=1

∫ − h
m

(j−1)

− h
m
j

x(s+ θ)dθ

− h

m

m∑
j=1

zj(s) =

m∑
j=1

∫ − h
m

(j−1)

− h
m
j

x(s+ θ)dθ

−
m∑
j=1

∫ − h
m

(j−1)

− h
m
j

zj(s)dθ =

m∑
j=1

∫ − h
m

(j−1)

− h
m
j

(x(s+ θ)− zj(s)))dθ,

we obtain

sup
t∈[0,T ]

‖
∫ 0

−h
x(s+ θ)dθ − h

m

m∑
j=1

zj(s)‖

≤ sup
t∈[0,T ]

m∑
j=1

∫ − h
m

(j−1)

− h
m
j

‖x(s+ θ)− zj(s)‖dθ

≤ C(T, ‖ϕ‖C ,
h

m
,B)

as a consequence of Lemma 1.
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Combining estimates obtained above we conclude that

‖z0(t)− x(t)‖q ≤ 2q−1(KM)q
(∫ t

0
(‖z0(s)− x(s)‖

+
m∑
j=1

∫ − h
m

(j−1)

− h
m
j

‖x(s+ θ)− zj(s)‖)ds
)q

+ (KM)q
(∫ t

0
(‖z0(s)− x(s)‖

+

m∑
j=1

∫ − h
m

(j−1)

− h
m
j

‖x(s+ θ)− zj(s))‖‖u‖)ds
)q

= 2q−1(I1 + I2),

where

I1 ≤ (MK)q2q−1
(∫ t

0
‖z0(s)− x(s)‖qds+ TCq(T, ‖ϕ‖C ,

h

m
,B)

)
,

I2 ≤ (MK)q‖u‖qp
(∫ t

0
‖z0(s)− x(s)‖qds+ TCq(T, ‖ϕ‖C ,

h

m
,B)

)
.

So,

‖z0(t)− x(t)‖q ≤ (MK)q22q−1(1 + ‖u‖qp)
∫ t

0
‖z0(s)− x(s)‖qds

+ (MK)q2q−1TCq(T, ‖ϕ‖C ,
h

m
,B)

= C∗1

∫ t

0
‖z0(s)− x(s)‖qds+ C∗2 (

h

m
).

Applying Gronwall’s lemma we have

sup
t∈[0,T ]

‖z0(t)− x(t)‖q ≤ C∗2 (
h

m
) exp(C∗1T )→ 0, m→∞,

which completes the proof.

Lemma 2. Assume that conditions H1), A1) - A5) hold. If um
w→ u0 in

Lp(0, T ;X) as m → ∞, then the solution of initial-value problem (1.1) with
u(t) = um(t) converges uniformly on [0, T ] to the solution of (1.1) with control
u(t) = u0(t), i.e.,

x(t, um) ⇒ x(t, u0), m→∞. (3.25)

Proof of Lemma 2.
We note that the weak convergence of {um} implies boundness. So, inequali-

ty (3.5) guarantees uniform boundness of {x(t, um)} on [0, T ]. Lemma 1
guarantees equicontinuity of {x(t, um)} on [0, T ]. Let us show precompactness
of {x(t, um)} in X for every t ∈ [0, T ]. To simplify notations we put xm(t) =
x(t, um).
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According to the definition

xm(t) = S(t)ϕ(0) +

∫ t

0
S(t− s)f1(s, xm(s),

∫ 0

−h
xm(s+ θ)dθ)ds

+

∫ t

0
S(t− s)f2(s, xm(s),

∫ 0

−h
xm(s+ θ)dθ)um(s)ds. (3.26)

It is clear that the required compactness takes place for t = 0. The set S(t)ϕ(0)
is compact for t ∈ (0, T ].

To prove compactness of sets which are described by the second and the
third summand in (3.26) we need the following result.

Proposition. [16], Prop. 8.1] If S(t), t > 0 is a compact operator and
p ≥ 1, then the operator

F (f)(t) =

∫ t

0
S(t− s)f(s)ds, f ∈ Lp(0, T ;X), t ∈ [0, T ]

is a compact operator from Lp(0, T ;X) into C([0, T ], X).
Boundness of {xm(t)} and condition A2) imply boundness of

f1(t, xm(t),
∫ 0
−h xm(s + θ)dθ) in L1(0, T ;X). So, Proposition guarantees the

compactness of the second term in (3.26). In the same way, using A5),
boundness of {xm(t)}, and boundness of {um} we can show the compactness
of the third summand.

So, due to the Ascoli Theorem, the sequence {xm(t)} is precompact in
C([0, T ], X) and we can extract a subsequence xmk(t), which converges to x0(t)
in C([0, T ], X). Let us show that x0(t) is a solution of initial-value problem (1.1)
with control u = u0.

Indeed, we have

xmk(t) = S(t)ϕ(0) +

∫ t

0
S(t− s)f1(s, xmk(s),

∫ 0

−h
xmk(s+ θ)dθ)ds

+

∫ t

0
S(t− s)f2(s, xmk(s),

∫ 0

−h
xmk(s+ θ)dθ)umk(s)ds

−
∫ t

0
S(t− s)f2(s, x0(s),

∫ 0

−h
x0(s+ θ)dθ)umk(s)ds

+

∫ t

0
S(t− s)f2(s, x0(s),

∫ 0

−h
x0(s+ θ)dθ)umk(s)ds

= I1 + I2 + I3 + I4. (3.27)

The second term I2 tends to
∫ t

0 S(t − s)f1(s, x0(s),
∫ 0
−h x0(s + θ)dθ)ds due to

convergence of xmk , condition A2), and the Lebesgue dominated convergence
theorem.

For I3 we have

|I3| ≤MN(1 + h) sup
[0,T ]
|xm(t)− x0(t)|‖um‖pp → 0, mk →∞,
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as a consequence of boundness of um in Lp(0, T ;X).
For I4 weak convergence of umk gives

I4 →
∫ t

0
S(t− s)f2(s, x0(s),

∫ 0

−h
x0(s+ θ)dθ)u0(s)ds, mk →∞

So, passing to the limit in (3.27) as mk →∞, we get

x0(t) = S(t)ϕ(0) +

∫ t

0
S(t− s)f1(s, x0(s),

∫ 0

−h
x0(s+ θ)dθ)ds

+

∫ t

0
S(t− s)f2(s, x0(s),

∫ 0

−h
x0(s+ θ)dθ)u0(s)ds (3.28)

Due to the uniqueness of solution of (3.28) we can claim that the whole
sequence xm tends to x0. Lemma is proved.

As a direct consequence of Theorem 2, Lemma 2, and the inequality

‖z0(t, um)− x(t, u0)‖ ≤ ‖z0(t, um)− x(t, um)‖
+ ‖x(t, um)− x(t, u0)‖

we obtain the following result.

Lemma 3. Assume that conditions H1), A1)-A5) hold. If um
w→ u0

in Lp(0, T ;X) as m → ∞, then the solution of initial-value problem (2.4)
z0(t, um) with u(t) = um(t) converges uniformly on [0, T ] to the solution
x(t, u0), i.e.,

z0(t, um) ⇒ x(t, u0), m→∞.

4. Proof of the main rezult

Existence of the optimal pair (z∗0m, u
∗
m) for every m can be proved in a

standard way by extracting a weakly convergent to u∗m(t) minimizing sequence
u

(n)
m (t) with passing to the limit as n→∞. In this case, conditions A6)-A8) are

used. Moreover, due convexity of F and Mazur’s theorem [18] we obtain that
u∗m ∈ U . Existence of the optimal pair (x∗(t), u∗(t)) of the problem (1.1)-(1.2)
follows from results of [11].

So, let us analyze

J∗m = Jm(u∗m) =

∫ T

0
G(t, z∗0m(t), u∗m(t))dt.

Let u be an arbitrary constant vector from U . Then

J∗m = Jm(u∗m) ≤ Jm(u). (4.1)
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Thus, for every m we have∫ T

0
G(t, z∗0m(t), u∗m(t))dt ≤

∫ T

0
G(t, z0m(t, u), u)dt,

where z0m(t, u) is a solution of the first equation in (2.4) with control u.
From Lemma 3 we have

sup
t∈[0,T ]

|z0m(t, u)− x(t, u)| → 0, m→∞.

Then condition (2.1) implies

sup
t∈[0,T ]

∣∣∣G(t, z0m(t, u), u)−G(t, x(t, u), u)
∣∣∣→ 0, m→∞.

So, there exists a constant γ > 0, which does not depend on m such that∫ T

0
G(t, z∗0m(t), u∗m)dt ≤ γ.

Then condition (2.1) implies

‖u∗m‖pp ≤
γ

C
. (4.2)

So, the sequence {u∗m} is weakly compact in Lp(0, T,X) and there exists a
subsequence of optimal controls (still denoted by u∗m) which converges weakly
to some u0 ∈ U . Let x0(t) be a solution of (1.1)-(1.2) with control u(t) = u0(t).
Lemma 3 implies that z∗0m(t) uniformly on [0, T ] converges to x0(t) as m→∞.

Let us prove that
J∗m → J∗, m→∞.

From (2.1) we have∣∣∣Jm(u∗)− J(u∗)
∣∣∣ ≤ ∫ T

0

∣∣∣G(t, z0m(t, u∗), u∗)−G(t, x∗(t, u∗), u∗))
∣∣∣dt→ 0,

m→∞.

So, for any η > 0 there exists m0 such that for m > m0∣∣∣Jm(u∗)− J(u∗)
∣∣∣ < η. (4.3)

In particular,
Jm(u∗) < J(u∗) + η (4.4)

for m > m0.
From the other hand,

J∗ ≤ J(u∗m) = J∗m + J(u∗m)− Jm(u∗m). (4.5)
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Due to Theorem 2 and conditions (2.1), (4.2) we obtain∣∣∣Jm(u∗m)− J(u∗m)
∣∣∣

=
∣∣∣ ∫ T

0
G(t, z∗0m(t, u∗m), u∗m)dt−

∫ T

0
G(t, x(t, u∗m), u∗m)dt

∣∣∣
≤
∫ T

0

∣∣∣G(t, z∗0m(t, u∗m), u∗m)dt−G(t, x(t, u∗m), u∗m)
∣∣∣dt→ 0, m→∞ (4.6)

Therefore, for any η > 0 there exists m0 such that for m > m0∣∣∣Jm(u∗m)− J(u∗m)
∣∣∣ < η (4.7)

Then J∗ ≤ J∗m + η and from inequality (4.4) for m > m0 we get∣∣∣J∗m − J∗∣∣∣ < η. (4.8)

It means that
J∗m → J∗, m→∞, (4.9)

and the first statement of Theorem 1 is proved.
From the inequality∣∣∣J∗ − J(u∗m)

∣∣∣ ≤ ∣∣∣J∗m − J∗∣∣∣+
∣∣∣Jm(u∗m)− J(u∗m)

∣∣∣,
and (4.7), (4.9) we obtain statement 2) of Theorem 1.

Let us prove statement 3). First we prove that (x0(t), u0(t)) is an optimal
pair in (1.1) - (1.2).

Since J∗m =
∫ T

0 G(t, z∗0m(t), u∗m(t))dt, then due to (4.9) we have

J∗ = lim
m→∞

∫ T

0
G(t, z∗0m(t), u∗m)dt. (4.10)

Now we prove integrability of G(t, x0(t), u∗m(t)). Let a ∈ U be an arbitrary
element. Using condition A8), we get

|G(t, x0(t), u∗m(t))−G(t, x0(t), a)|
≤ sup

λ∈(0,1)
‖Lu(t, x0(t), a+ λ(u∗m(t)− a))‖∗‖u∗m(t)− a‖

Then, using A8) again, we have

G(t, x0(t), u∗m(t)) ≤ G(t, x0(t), a)

C1(1 + ‖x0(t)‖α + ‖u∗m(t)− a‖p−1)‖u∗m(t)− a‖.

The last inequality implies integrability of G(t, x0(t), u∗m).
Let χR be an indicator function of the set {t ∈ [0, T ] : ‖u0(t)‖ ≤ R}.
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From the convexity of u 7→ G(t, x, u) we obtain∫ T

0
G(t, x0(t), u∗m(t))χR(t)dt

≥
∫ T

0
G(t, x0(t), u0(t))χR(t)dt

+

∫ T

0
Lu(t, x0(t), u0(t))(u∗m(t)− u0(t))χR(t)dt. (4.11)

The second term in (4.11) tends to zero as m→∞, because of the inequality

‖Lu(t, x0(t), u0(t)‖∗χR ≤ C1(1 + ‖x0(t)‖α +Rp−1).

Then

lim
n→∞

inf

∫ T

0
G(t, x0(t), u∗m(t))χR(t)dt ≥

∫ T

0
G(t, x0(t), u0(t))χR(t)dt. (4.12)

Using G ≥ 0, χR ≤ 1, χR(t)→ 1, R→∞ and (4.12), we deduce that∫ T

0
G(t, x0(t), u0(t))dt ≤ lim

m→∞
inf

∫ T

0
G(t, x0(t), u∗m(t))dt. (4.13)

Further, we have

J∗ = lim
m→∞

inf

∫ T

0
G(t, z∗0m(t), u∗m(t))dt

≥ lim
m→∞

inf

∫ T

0

[
G(t, z∗0m(t), u∗m(t))−G(t, x0(t), u∗m(t))

]
dt

+ lim
m→∞

inf

∫ T

0

[
G(t, x0(t), u∗m(t))−G(t, x0(t), u0(t))

]
dt

+

∫ T

0
G(t, x0(t), u0(t)). (4.14)

The first summand in (4.14) equals zero due to (2.1) and (4.2). The second
summand is non-negative due to (4.12). So, the pair (x0(t), u0(t) is optimal
and we have proved the required property 3) of Theorem 1.

Finally, if we assume that the problem (1.1) - (1.2) has a unique solution,
then according to previous results we conclude that every convergent sequence
(z∗0m(t), u∗m(t)) tends to one and the same limit, which means that the
convergence takes place for m→∞. Theorem is proved.
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5. Application to semilinear partial functional-differential
equation

Let Q be bounded domain in Rd with ∂Q satisfying the Lyapunov condi-
tion. In this domain we consider the elliptic operator A

Ax = A(y)x =
d∑

i,j=1

∂yj (aij(y))∂yi(x(y)) = div(a(y)∇x(y)). (5.1)

The coefficients aij(y) of this operator are Hölder continuous with the exponent
β ∈ (0, 1), symmetric, and satisfy the ellipticity condition

d∑
i,j=1

aij(y)ηiηj ≥ C0|η|2, η ∈ Rd, (5.2)

for some C0 > 0, here | · | the Euclidean norm in Rd.
We denote X = L2(D) = H with the norm ‖x‖2 =

∫
Q x

2(y)dy, D(A) =

H2(Q)
⋂
H1

0 (Q).
In this space we consider the next optimal control problem

∂x(t, y)

∂t
=

d∑
i,j=1

∂yj ((aij)∂yix(t, y)) + f1(t, x(t, y),

∫ 0

−h
x(t+ θ, y)dθ)

+ f2(t, x(t, y),

∫ 0

−h
x(t+ θ, y)dθ)u(t, y),

x(t, y) = ϕ(t, y), t ∈ [−h, 0], y ∈ Q,
x(t, y) = 0, y ∈ ∂Q, t ∈ [0, T ). (5.3)

J [u] =

∫ T

0

[( ∫
Q
x2(t, y)dy

) p
2

+
(∫

Q
u2(t, y)dy

) p
2
]
dt→ inf, (5.4)

p ≥ 2, p ∈ Z and even number. It will consider admissible controls to be the
functions u ∈ L2(QT ), QT = (0, T )×Q, such that u(t, ·) ∈ F , for a.e. t ∈ (0, T ),
F is a convex and closed set in L2(Q).

For example, F may be ball BR(Q) = {x ∈ L2(Q) :
∫
Q x

2(y)dy ≤ R2}, for
same R > 0. Similar problems for equations with delays were considered, for
example, in the works of [3], [2], [14].

The functions

f1 : [0, T ]×R1 ×R1 7→ R1, f2 : [0, T ]×R1 ×R1 7→ R1

are continuous functions with respect to all variables.
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Suppose also that ther exist constant K > 0 such that

1) |f1(t, v, z)|+ |f2(t, v, z)| ≤ K(1 + |v|+ |z|);
2) |f1(t, v1, z1)− f1(t, v2, z2)|+ |f1(t, v1, z1)− f1(t, v2, z2)|
≤ K(|v1 − v2|+ |z1 − z2|)

for all t, v, z, v1, z1, v2, z2 in the domain.
It’s well known [8], that A−1 is compact operator, then from [9] Sec 1.4 the

semigroup S(t) is compact for t > 0. Thus the condition about the operator A
holds. Using the Nemytskii operator for the functions f1 and f2, problem (5.3)-
(5.4) can be rewriten in abstract form (1.1)-(1.2). In this case, the functional
G(t, x, u) = ‖x‖p + ‖u‖p.

Let’s check the conditions A1)-A8).
Condition A1).
From 1) it follows that f1, f2 : [0, T ] × H × H 7→ H. The satisfaction of

conditions A2) and A3) clearly follows from conditions 1) and 2). It also follows
that condition A1) holds.

Condition A6) follows from the continuity of the norm.
Let us verify condition A7).

|G(t, x, u)−G(t, x1, u)| = ‖x‖p − ‖x1‖p ≤ ‖x− x1‖C(1 + ‖x‖p−1 + ‖x1‖p−1).

The Fréchet derivative is G
′
u = p

2‖u‖
p−2u, which follows from the Riesz

representation.
Therefore, all conditions of the Theorem 1 hold. In this case, the system

∂z0(t, y)

∂t
=

d∑
i,j=1

∂yj ((aij)∂yiz0(t, y)) + f1(t, z0(t, y),
h

m

m∑
j=1

zj(t, y))

+ f2(t, z0(t, y),
h

m

m∑
j=1

zj(t, y))u(t, y),

∂zj(t, y)

∂t
=
m

h
(zj−1(t, y)− zj(t, y));

zj(0, y) = ϕ(
−ht
m

, y), y ∈ Q;

zj(t, y) = 0, y ∈ ∂Q, j = 0,m

will be a delay-free approximation for the system (5.3).
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