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Infinite Bernoulli convolutions generated by

multigeometric series and their properties !

Abstract. The paper is devoted to infinite Bernoulli convolutions
generated by positive multigeometric series and to probability distributi-
ons of random variables whose digits in an even integer base-s expansion
with two redundant digits form a sequence of independent and identically
distributed random variables.

The main objects of the article are random variables:

&= E—"n’, where (§,) is a sequence of independent and identically di-

n=
stributed random variables taking values 0,1,2,...,s — 1,s,s + 1 with

probabilities po, p1, P2, ..., Ps—1,Ds, Ps+1 respectively (3 < s € N);
| 31— LIS 20 (n—1) (m+1)+14j
Z BT E— Z AT
n=1 j=1
where (7,) is a sequence of independent and identically distributed
random variables that take values 0 and 1 with probabilities go > 0 and
¢1 = 1 —¢qo > 0. We study conditions under which the above random
variables have absolutely continuous or singular distributions as well as
topological, metric, and fractal properties of their supports. The main
focus is on the case where the spectrum is a Cantorval.
For the case s = 4, we establish necessary and sufficient conditions for si-
ngularity and absolute continuity of the distributions of £ and 7, in parti-
cular when they are supported on the Guthrie-Nymann Cantorval. For
an arbitrary even s > 4, we determine necessary and sufficient conditions
for a random variable £ to admit a decomposition into the sum of two
independent random variables, one of which is uniformly distributed on
the unit interval and therefore absolutely continuous. Using the method of
characteristic functions, sufficient conditions for singularity and necessary
conditions for absolute continuity are obtained. For Cantorvals arising
as spectra of the corresponding distributions, the structure and fractal
properties of the boundary are investigated.
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within the framework of the Isaac Newton Institute Solidarity Programme and also received
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Awnoragisi. Crarrs npuCBAYeHA HECKIHYEHHUM 3ropTKaMm bBepmysui, Ke-
POBAHUM JIOJIATHUME MYJIbTUI€OMETPUIHUMU DsiJIaMM, 1 PO3IOJiIaM BH-
MaIKOBUX BEJTUYUH, ITUPPHU 300parkKeHHs] SIKUX y CHUCTEMI 3 TTAPHOIO HATY-
PAJIbHOIO OCHOBOIO § 1 JIBOMa HAJJIUIIKOBUMHU HU(MPAMU € HE3AJIEKHUMU
Ta OJIHAKOBO PO3NOIJICHNMY BUITAIKOBUMHU BEJIMIMHAMU.

OCHOBHI/IMI/I 00’eKTaMu JTOCJTiI2KEHHST € BUIMAKOBI BEJTMINHU:

&= Z f:{, ne (§n) — TOCHIIOBHICTD HE3AEKHUX BUIAKOBUX BEJUUUH,

STK1 Hz;6yBaIOTb snauenb 0,1,2,...,s — 1,s,5 + 1 3 iimoBipHOCTSMHU Do, D1,
D2y ..oy Ps—1, Ds, Ds+1 Bignosinuo (3 < s € N);

e}

Z 30(n— 1>(m+1 +Z 2N(n—1)(m+1)+1+j
sn ’

n=1 j=1

e (Nn)— TOCJIiIOBHICTh HE3aJIeKHUX OJHAKOBO PO3IOJIIEHUX BHIIAJIKO-
BUX BEJIMYWH, siKi HaOyBaloTh 3Ha4YeHb O Ta 1 3 #iMoBipHOCTSAME go > 0 i
q1 = 1 — qgo > 0 BinmosinHo. BuB4yaroTbcsi yMOBH a0COJIIOTHOI HEIlEPEPB-
HOCTi Ta CHUHI'YJIIPHOCTI PO3IMOJIJIIB I[UX BUIAIKOBUX BEJIUYUUH, TOIOJIOTO-
MeTpHUYHI 1 ppakTaIbHi BIACTUBOCTI X HOCIiB. OCHOBHA yBara 30cepeiKke-
Ha Ha BUIAJKaX, KOJU CIEKTPOM PO3IOIiTY € KAHTOPBAJI.
Y Bumasky s = 4 Jjis BUNAJAKOBUX BeJUYMH £ Ta 1) 3HAWIEHO HeoOXimHi
i gocTaTHI YMOBH CHHIYJISIDHOCTI Ta abCOJIIOTHOI HEMEPEPBHOCTI PO3MTOi-
JIiB, 30KpeMa KOJIM BOHU 30cepeKeHi Ha kaHnTopBaJi [arpi-Himana. s
JIOBIJIBHOTO MAPHOTO S > 4 3HaliIeHo HeOOXiAHI 1 JOCTaTHI YMOBH, 3a STKUX
& POBKIAIAEThCsA B CYMy JBOX HE3AJIEXKHUX BUIAIKOBUX BEJIMYWH, OTHA
3 AKWX Ma€ PIBHOMIDHUII PO3IOIT Ha OJMHUYHOMY BiJIPi3KYy, 1[0 PiBHO-
CHJIBHO 11 aBCOTIOTHIH HemepepBHOCTI. 3a IOTIOMOTO0 METOJIy XapaKTepH-
CTHYHUX PYHKINI OTPUMAHO JOCTATHI YMOBHU CHHTYJIIPHOCTI Ta HEOOXiTHi
YMOBH abCOJIIOTHOI HelepepBHOCTI. [[yIi KaHTOPBAaJIiB, IO € CIHEKTpaMu
PO3MIO/IiJIiB, BUBYEHO CTPYKTYPY 1 (pbpakTaabHi BIACTHBOCTI MEXKi.
KurouoBi ciioBa: HeckindeHHi 3ropTku Beprysuti, cuHryasipai posmno/iiin
BUITA/IKOBUX BEJIMYUH, MHOKMHU HEIIOBHUX CYM, KQHTOPBAJI, MYJIBTUI€O-
METPUYHI psijin

MSC2020: Pri 60E05, SEc 40A05, 28A80

1. Introduction

Singular continuous distributions of random variables are concentrated on
sets of Lebesgue measure zero, often with fractal structure. Such distributions
naturally arise in the study of random variables with independent digits in
various systems of representation (coding) of real numbers [30], [31]. A typical
phenomenon is that an infinite Bernoulli convolution generated by a convergent
positive series has a singular distribution. We are interested in infinite Bernoulli
convolutions generated by positive multigeometric series whose sets of subsums
are Cantorvals. Such series and their sets of subsums are currently the subject
of active research. The general topological and metric theory of subsums of
absolutely convergent series is not yet sufficiently developed and is still at a
constructive stage of study [10].
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INFINITE BERNOULLI CONVOLUTIONS AND THEIR PROPERTIES

This paper is devoted to probability measures on sets of subsums of multi-
geometric series, in particular those that are Cantorvals.

We recall some key definitions and facts that will be used later on, and
also formulate the problems that are partially addressed in this paper. Let
As; ={0,1,...,s—1} be an alphabet, and let Ly = Ay X Ag x--- X Ag x ... be
the space of sequences with elements from this alphabet for some 2 < s € N.

A subsum of a convergent series ro = vy + v9 + - -+ + vy + ..., determined
by aset M C N={1,2,...}, is the number

D
x(M) = Z Un:Zs:nvn, where e, =1ifne€ M, and e, =0if n ¢ M.
neMCN n=1

It is clear that each partial sum S,, = v1 +vs + - - - + v, and each remainder of
the series r,, = vp4+1 + Upy2 + ... is a subsum of the series, although these do
not exhaust all subsums. The set of subsums of a given convergent series > vy,
is the set of all its subsums, i.e.,

E(v,) = {x Tx = Zenvn, (en) € Lg} )
n=1

It is well known that the set of subsums of a convergent positive series is a
perfect continuum set that is symmetric with respect to its midpoint ro/2. It
may be a finite union of intervals, or it may be a nowhere dense set. Kakeya’s
result [13| provides necessary and sufficient conditions for the set of subsums to
belong to the first type, and sufficient conditions for it to belong to the second
type. A complete topological classification of sets of subsums of convergent
positive series is presented in [19].

Theorem 1. The set of subsums E(v,) of a convergent positive series
belongs to one of the following three types:

1. an interval or a finite union of intervals;
2. a set homeomorphic to the classical Cantor set
L a
C:{x:xzzg):, akE{O,Q}VkGN};
k=1

3. an M-Cantorval, that is, a set homeomorphic to

CUUGZM_M Ung,

n=1

G- U - U { +leak +Z2ak}-

a1€{0,1}  an_1€{0,1}
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At present, necessary and sufficient conditions for the set of subsums to be
a Cantorval or a nowhere dense set remain unknown. Criteria for these sets to
be of Lebesgue measure zero in the case of nowhere density are not yet fully
understood. These problems are being actively investigated for various classes
of numerical series with a relatively simple structure [26]. The most significant
results in this direction were obtained for multigeometric series

ki+kod o+ kmthkig+ o kmgt kg + o kg

where ki, ko, ...,k are fixed positive scalars, and 0 < ¢ < 1. In particular,
conditions for the set of subsums of multigeometric series to be a Cantorval
were established in [2], [4], [5], [8], [18], with further generalizations provided
in [14], [20]. Some conditions for the set of subsums of a non-multigeometric
series to be a Cantorval were found in [32].

One of the simplest and most famous Cantorvals was introduced by
J. Guthrie and J. Nymann in [11], where the authors considered the set

oo
X = {ZZ‘Z (an) € {0,2,3,5}N} :
n=1

which is the set of subsums of the series
3 2 3 2 3 2 3 2
iTitet et E T T TR TR
Its properties were also studied in [7], [9]. In particular, the latter paper investi-
gates the set U of numbers having a unique representation as a subsum of the
Guthrie-Nymann series. It was shown that U is dense in X, but has empty
interior. Some modifications of the set X were also studied in [21].

By an infinite Bernoulli convolution generated by a convergent series
v1 + v+ -+ v, + ..., we mean the distribution of the random variable
n = wvim +vane + -+ vunp + ..., where (n,) is a sequence of independent
and identically distributed random variables taking the values 0 and 1 with
probabilities gg > 0 and q; = 1 — ¢¢ > 0, respectively.

According to the Jessen—Wintner theorem [12], the distribution of 7 is
either purely absolutely continuous (probability that 7 takes a value in a zero
Lebesgue measure set is 0) or purely singular (there exists a set of Lebesgue
measure zero such that 1 belongs to it with probability 1). In general, necessary
and sufficient conditions for an infinite Bernoulli convolution to be singular or
absolutely continuous are still unknown. This problem is known as the problem
of refining or deepening the Jessen—Wintner theorem. In some special classes
of random variables, in particular for infinite Bernoulli convolutions, it can
sometimes be solved completely [1], [16], [17], [22], [23], [24], [25], [29].

+ ...
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INFINITE BERNOULLI CONVOLUTIONS AND THEIR PROPERTIES

2. Representations of numbers in a system with a
redundant alphabet

Throughout the paper, we use the following notation: m is a fixed positi-
ve integer parameter, s = 2m + 2, A = {0,1,...,s,s + 1} is the redundant
alphabet, L = A x A x ... is the set of sequences of elements of the alphabet.
In a similar manner, we define 4g = A\ {1,s} and Lo = Ag X Ag X ---.

o0
Ifz= > s"an = Aqjay..0m..., then the latter symbolic expression will
=1

n—

be called the A-representation of x. Parentheses in the A-representation of a

number will indicate a period. A cylinder of rank m with base cica...cp is

the set A cy..c,, Of all numbers z having a A-representation x = Ay, ay..ap...s

such that ay = ¢ for k = 1, m. The cylinder A ¢, ¢, is the interval [a,,; by],
m

where a,, = kzl g—’,g,bm = am+ ﬁil), and

Aclcg...cm = Aclcg...cmD U Aclcg...cml U---u Aclcg...cm[s—l—l}‘

Note that numbers from the interval [O, zf—” in the numeration system with

base s and two redundant digits s and s + 1 may have a unique representati-
on, a finite, countable, or continuum many distinct representations. Moreover,
any pair of consecutive digits (a,s + j) in a representation of a number can
be replaced, without changing the value of the corresponding series, by the
alternative pair (a + 1,7), where a € {0,1,...,s} and j € {0,1}. Therefore,
the number x = A(p,) has a continuum number of distinct representations,
since the pairs (0,s) and (1,0) are interchangeable. The number z = A(y) has
countably many representations x = Ay = Agrs) = Aqg(s) = Aq1..10(s)-
Assuming that s > 4, we prove that the number zg = A (53 has a unique A-
representation. Indeed, suppose that z¢ has another representation Ay, ay...a,...
different from the one indicated above. Then there exists a smallest k such
that the digit oy does not coincide with the corresponding digit in the given
representation. If kK = 2n — 1, then by assumption aj # 2. However,

Aoz 232(2) = Da3.231(s+1) < To < Aa3..233(0)-

Thus, as,—1 = 2. If k = 2n, then by assumption «y # 3. However,

A3 2323(2) = D3 2322(s11) < To < Aa3..2324(0)-

Therefore, as, = 3. Hence, the number xy has a unique A-representation.
Almost all numbers in the interval [(), i%”, in the sense of Lebesgue
measure, have continuum many distinct A-representations (a complete answer

to the question regarding distinct representations can be found in [27]).

Remark 1. Each redundant alphabet, together with the base s, determi-
nes its own geometry (topological, metric, and fractal theory). The case of
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two redundant digits has its own unique system of cylinder overlaps, which
differs from the case of a single redundant digit. Moreover, it includes a classi-
cal example — the Guthrie-Nymann series and Cantorval. Knowledge of the
“geometry of representation” of numbers significantly contributes to solving
problems in probabilistic number theory.

3. A random variable with independent and identically
distributed digits

Let us consider a random variable

oo
§= Z s = A§1§2-~-§n.-->
n=1

where (§,) is a sequence of independent random variables taking the values
0,1,2,...,s—1,s,s+1 with probabilities pg, p1, p2, - - ., Ds—1, Ps, Ps+1, respecti-
vely, where p; < 1. It is clear that the set E¢ of values of the random variable

s+1
s—1]"

of the distribution of £ and establishing structural, topological, metric, and
fractal properties of its spectrum (the set of growth points of the distribution
function).

According to the Jessen—Wintner theorem, the random variable £ has either
a purely singular distribution or a purely absolutely continuous distribution. In
the general setting, the problem of finding necessary and sufficient conditions
under which the distribution is singular is difficult. This paper is devoted to
a partial solution of this problem using the method of characteristic functions
and the method of distinguishing the absolutely continuous component. This
approach was effectively applied in the study of similar objects in [28].

Note that in the case m = 1 and p; = 0 = py, the spectrum of the
distribution of £ coincides with the Guthrie-Nymann Cantorval. For arbitrary
m € N, under the condition p; = 0 = ps, the spectrum of the distribution of £
coincides with the set of subsums of the series

& coincides with the interval [O, We are interested in revealing the type

G IR A I A A e
s S s s§2 g2 52 sm o gn st
—_— —_——
m m m

which is also a Cantorval and was partially studied in [3]. The infinite Bernoulli
convolution generated by this series is closely related to the distribution of the
random variable £&. We describe this relationship in detail below.

4. Absolutely continuous distributions on the
Guthrie-Nymann Cantorval

Theorem 2. Let m =1, that is, s =4. I[f po = p3 =po+ps = p1+ps = %
and p1 > po, then & has an absolutely continuous distribution.
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Proof. We prove that under the assumptions of the theorem, & can be
represented as the sum of two independent random variables 7 and 7, one
of which has an absolutely continuous (in fact, uniform) distribution on the
interval [0,1]. Then, by a well-known fact [15|, the sum 7 + 7 also has an
absolutely continuous distribution.

o0
Consider the random variable 7 = > 47"7,, where (7,) is a sequence

of independent random variables taking the values 0, 1, 2, 3 with probability %

each (as is well known, 7 has the uniform distribution on [0, 1]), and the random
o0

variable n = > 47"n,, where (n,) is a sequence of independent random vari-

n=1
ables taking the values 0, 1, 2 with probabilities u, v, and 1 —u — v, respectively

(it has a singular distribution on [0, 1]). Then their sum 7+n =0 = Z 47",

is a random variable whose digits 6, 1n the A- representatlon take the values
0,1,2,3,4,5 with probabilities py = 4u,p1 = 4u + 4v,p2 = % = p3,p4 =
i —po,P5 = i — p1. Since under the assumptions of the theorem this system is
consistent (it has a nonnegative solution with respect to u and v), we obtain
that £ = 7 + n has an absolutely continuous distribution.

Corollary 1. If one of the following conditions holds: pg = 0 = p1,pg =
0 = ps,ps = 0 = ps, then £ has an absolutely continuous distribution.

The above results can easily be extended to the case of an arbitrary integer
5> 3.

Theorem 3. The random variable £ can be represented as the sum of two
independent random variables, one of which is uniformly distributed on the
interval [0, 1], if and only if

1
przpo and py=p3 =0 =Psa=DPs1 =P0+Ps = P1tPstr = o (41)
Proof. Let us consider a random variable 7 = Z s "1, where (7,) is a
sequence of 1ndependent random variables takmg the values 0,1,...,s — 1

with probablhty each (as is well known 7 has the uniform dlstrlbution on
[0,1]), and the random variable n = Z s~ "y, where (1) is a sequence of

independent random variables taking the values 0,1,2 with probabilities wu,

v, and 1 — u — v, respectively (it has a singular Cantor-type distribution on
o0

[0,1]). Then their sum 747 =60 = > s~ "0, is a random variable whose digits

n=1

f,, in the A-representation take the values 0,1,...,s,s 4+ 1 with probabilities
po=tupr=tut+lopp=L=p3=-=pi1,ps=21—po,psi1=1—-p1.
Since under the assumptions of the theorem this system is consistent (it has a
solution with respect to u and v), we obtain that £ = 7 + 7 has an absolutely
continuous distribution.
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5. Conditions for singularity of the distribution: the
method of characteristic functions

To obtain sufficient conditions for the singularity of the distribution of &,
we use the method of characteristic functions. Recall that the characteristic
function of the distribution of a random variable ¢ with distribution function
F¢(x) is the complex-valued function f¢(t) defined as the expectation of the
random variable ¢ i.e.,

+oo
fe(t) = Me'e = / e dF;(z).

It is known [15] that for an absolutely continuous distribution of a random

variable ¢ with characteristic function f¢(t), the number Ly = | l‘im sup | fe ()]
t|—o00

is equal to 0; for a discrete distribution, L = 1; and for a singular distribution
L¢ €10, 1]. For a singular distribution, the value of L characterizes its closeness
to either an absolutely continuous or a discrete distribution. For a continuous
random variable ¢ with a pure Lebesgue type distribution, the condition Ls # 0
implies singularity. This is the essence of the method of characteristic functions
for proving singularity of a distribution.

Since (&) 1s a sequence of independent random variables and £ = 51 + 5
where 5 = 52 + 3 +..., we conclude that & and f are independent, and 5 ha&,

the same dlstrlbutlon as £. Thus, for the characteristic functions of £ and é we
have fe(t) = fé(t). By definition, we get

o]

) it S s7ke s g t
fe(t) = Met€ = Me =1 = MetS . Meist = ©1(t) fe <> )

where

t
901() Me'ts —p0+p1€s—|—p2@s +"'+p5+1e’s(s+1),

Therefore, if ¢1(tg) = 1, then fe(to) = fe(2).
Since ¢1(2ms™) = 1, it follows that

f£(271’) = fg(zﬂ's) == f£(27{'8n71) = f5(271'8n), n € N.
Now we have proved the following statement.

Lemma 1. The characteristic function fe(t) of the random variable
§ = A¢igy..¢,... admits the representation

00 s+1
= ’Lsk m
= lim_ H Pr(t k1:[1 o (), where oy (t Z pme sF 7,

and for every n € N satisfies the relation fe(2m) = fe(2ms™).
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Corollary 2. The following inequality holds

Le= |tl\i—1>noosup | fe(@)] > | fe(2m)].

Theorem 4. If m = 1, that is, s = 4, and at least one of the conditions
D2 # po+ pa or p3 # p1+ps holds, then € has a singular distribution on [0, %} )

Proof. We apply the method of characteristic functions. For s = 4 we have

er(t) = <p0 + Z Pm €OS 7% ) +1 Z Dm sm

m=1

and @y (2m) # 0 for k > 1, while ¢1(27m) = (po — p2 + pa) + i(p1 — P3 + p5).
Thus, ¢1(27) = 0 is equivalent to ps = po + p4, p3 = p1 + ps. Next we will show
that if these conditions fail, then |f¢(27)| # 0, and hence L¢ > 0.

Consider the product

oo
I ex2m). (5.1)
k=2

Its convergence is equivalent to the convergence of the series

> ler(2m) — 1], (5.2)
k=2

Let us estimate a general term of this series

2 213
> 2m 27
lpr(2m) — 1] = P0—1+ZPJCOS4TCJ + ijsmgj <
j=1 j=1

1
° T g m(r =)\

<2 ij sin2E—Zprjsin2T <

j= T#j

1
5 2

<2 ijsm a* <2 Zp]sm — <

5
4k

Note that the last two inequalities hold for all & > 1. Since the geometric
series with general term 27r4% converges, it follows from the comparison test
that the series (5.2) also converges, and hence the product (5.1) converges as
well. Thus, under the assumptions of the theorem we have |f¢(27)| > 0 and
L¢ > 0. Therefore, § has a singular distribution.

<2smfl < 27—

Corollary 3. If p1 = ps = 0 and the assumption of the theorem is fulfilled,
then & has a singular distribution on the Guthrie-Nymann Cantorval.
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Indeed, the theorem implies the singularity of the distribution of &, while
its spectrum is the Guthrie-Nymann Cantorval.

Theorem 5. If gy # %, then the infinite Bernoulli convolution generated
by the Guthrie-Nymann series has a purely singular distribution.

Proof. Consider the distribution of the random variable

3G, 2¢ 3Gz 24 3Cok—1 | 2Cok
(= Ay T T et e

where ((,) is a sequence of independent random variables taking the values
0 and 1 with probabilities gg and ¢, respectively. Then the random variable
N = 3Cap—_1 + 2Cox takes the values 0,2, 3,5 with probabilities q(Q), qoq1, 9091,
and ¢?, respectively. The independence of ((,) implies the independence of
the sequence (7). Therefore, the distribution of ¢ is in fact equivalent to the
distribution of & under the conditions py = q%, P2 = qQoq1,P3 = qGoqi,P5 =
ai,pr=0=py.

Since the assumption of Theorem 4 is fulfilled, i.e., goq1 = p2 # po = qg
or qoq1 = p3 # ps = ¢, we conclude that the distribution of ¢ is singular
whenever qo # 3 (q1 =1 —qo0 # 3)-

6. The general case

Theorem 6. Let m > 1 and s = 2m + 2. If at least one of the following
conditions

m

27 Tj
u = (po + ps —pg) + (p1 + Ps+1 +Ps—1) COS? +]Z;(pj +ps—j) cos mil #0,
T i T
0= (P Psr —psy)sin o > (pj — ps—j)sin 170

j=2
is fulfilled, then L¢ > | fe(2m)| > 0, and hence the distribution of & is singular.

On the other hand, if u =0 = v, then |f¢(2m)| = 0, and the question about the
type of the distribution of & remains open.

o0

Proof. Since the infinite product [] ¢x(27) converges, we have f¢(27) = 0 if
k=2

and only if ¢ (27) = 0. However,

= omj A 2]
o) — o 2my i 27T .
p1(2m) p0+2p]cos . —I—ZZp]sm . u + v,

j=1 j=1
where
s+1 .
T

J
u:po+2pjcosm+1 =

=1
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m .
™ )
= (Po+ps = pg) + (1 + Pst1 +ps—1) cos — 5t j§_2(pj + Ps—j) cos — E
s+1 m

. J
U_ZPJSIHT (p1+ps+l_ps—l)51n "‘Z — Ps—j smm+1,

because

CcoS M = COoSs <27r — W) = COS J7

m+1 m+1 m+1’
rs—j) j ™

sin =sin | 27 — = —sin .
m+1 m+1 m+1

Thus, if u # 0 or v # 0, we have ¢(2m) # 0 and L¢ > |fe(27)] > 0.
If, however, u = 0 = v, then ¢1(27) = 0, and no conclusion about L¢ can
be drawn.

Corollary 4. A necessary condition for the absolute continuity of the di-
stribution of € isu=0=wv.

Corollary 5. If py = 0 = ps, popaps - --ps—1Ps+1 # 0, and the assumpti-
ons of the theorem are satisfied, then the random variable £ has a singular
distribution whose spectrum is a Cantorval.

7. Fractal properties of the boundary of the spectrum

Let us consider the set B, = {z:x =3 " e,5 ", (en) € Lo}, which is
the spectrum of the random variable £ under the conditions p; = 0 = ps and
Pop2D3 - - Ps—1Ps+1 7 0. The topological and metric properties of the set Ej,
for s = 2m + 2, m € N, were studied in [3]. It was proved there that Fs is a
Cantorval and its Lebesgue measure is equal to 1. This measure coincides with
the total length of the intervals whose union is the interior of Ej.

Below we extend these results to the case of arbitrary s > 4, s € N, and
determine the fractal dimension of the boundary of the set FE.

It is easy to see that Ej is the attractor of an iterated function system

(IFS) consisting of s similarities w;(z) = 't forie Ay (see [6]), and hence
s s

B, = | J wi(B,) = W(E,).
1€AQ

Lemma 2. The following properties of W = {wq, wa, w3, ..., Ws—1,Wst1}
are easy to verify:

o The interval H = {O, %} is the minimal interval containing Fs;

e minwy(Es) =0, maxwy(Es) = % . %;
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e minw;(Es) =%, maxw;(Ey)=1+1- 55 forall2<i<s-—1;

e minw 1 (Es) = L, maxw, 1 (F,) =

s+1 1 s+1
S +

s s s—1°
Note that the distances between cylinders satisfy

5s—3
p(Bo, Az) = p(Afs_1), Afstr)) = s(s—1) > 0.

Theorem 7. The interval I = [:21, 1} 18 contained in the set Ey and s

the longest interval entirely contained in Es. Moreover, % =Ap) = A‘a), 1=

Afs-1) = Aoy

Proof. Recall that every number z € [0, 1] has a classical base-s expansion

=A%

aiaz...an...

as Qp,
:?+372++87n+7 an€{07172773_1} (71)

We first show that the interval [%, 1] is entirely contained in Ej. Let we
have an arbitrary x € [%, 1]. Then it has a base-s expansion x = A3, .
Next we show that there exists a sequence (by,) € Lo such that

b1 b2 b
=A%, 4. = o =+ 2 ot = ANy by

S'fl

If the sequence (a,) contains no digit 1, then we simply set by = 3 and
by, = ay for n > 1. In the case where the sequence (a,) contains some digits
equal to 1, we describe alternative replacements of digit blocks that produce
another representation of the same number using only digits from the alphabet
Ap. We begin with the case of replacing the period (1) in the representation of
a number. It is clear that x = A;az._'am D = A3ay...am (0[s+1])-

From now on, we assume that the representation of x does not end with
the period (1).

1. If as = 1, then the following substitutions eliminate digit 1 in the
representation:

S —
311...1a2k+2a2k+3... - A30[8+1]0[s+1]...0[s+1}a2k+2a2k+3...7

s _
311...1agk 410242 A2[8+1}0[s+1]0[s+1]...O[s+1]a2k+1a2k+2...‘
2. If as # 1, then we have
S _ S — 1
30laqas... — A2[8—1][8—&-1]@4&5...7 A3(121(14(15... = AS[az—l}[s+1}a4a5...a if ao 7& 0.

The following substitutions eliminate the first occurrence of the digit 1 in
the representation:

s — .

3az2...amlamt2am43... A3a2‘..am,1[am—l][s+1]am+2am+3...a

s _ .
3as...am0lamy3am4a... A3a2...am_1[am—l}[s—l}[s+1}am+3am+4...7 am 7é 0;

s — .
3az...a;0...01a 414 pOkt24prr A3a2...ak,1[ak—l][s—l]...[s—l][s+1]ak+1+p...a ag 7& 0;
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A0, 0tag sax s = D2ls—1)[s—1]...[s—1[s+apsapsan.

After eliminating the first block with 1, the second block becomes the
first one, and we proceed by the same algorithm. Continuing inductively, we
conclude that for every x € [%, 1] there exists a representation that does not

use the digits 1 and s. Therefore, [%, 1] C F.
For s > 4 the inequality % < 2(5:'_11) < 1 holds, and hence [2(‘?‘_11), 1] C
P 1] C E,. Since E; is symmetric with respect to its midpoint =5~ it

s 2(s—1)’
follows that
s+1 s+1 2
—— = ([l ,1]| = 1| C Es.
oo (oatn) = [ e
We now prove that this interval is maximal among all intervals contained
in Fs. To do so, we show that every left neighborhood (A?Q) — g A‘E’ )) of the

point A‘(SQ) contains an interval disjoint from FEs. Since Ag = [O, e 1)} Ay =

[%, % + 8(8171)} , and Ag N Ay = &, we obtain (S(S L f) NE; =9.
k—1
Since A9 9g = {ak,ak+ﬁ}, where a, = Y 2 %, and Ag 9o N
S—~— i=1 -~

r k
Ag 20 = I, we get (Gk+ m,ak—i-s%) N E; = @. Since ap, — ?21 as
k+1

k — oo, it is easy to choose k(g) such that the gap (ak + Wll) ap + i) of

Ejs lies entirely inside the prescribed left neighborhood of the point = . By
symmetry, an analogous situation occurs to the right of 1, namely there exist
gaps symmetric to the above ones with respect to the point 2(5%_11)

Corollary 6. The following equality holds:

I'=A3UA4U---UAR_g U UAQ...23 UA

[s — 1][s—2]

~-
k k

Theorem 8. The set E; \ intl is a countable union of pairwise disjoint
affine copies of Es, namely,

B (231) Ul UGB (7.2

where ©i(x = A agean-) = A9 is the right-shift operator on

.. 2001 a0 g
digits, and h(r = Aajag-an-—) = Dispi—ay][s+l—an] = Sﬂ x is the digit

inversion of the A-representation.
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Proof. Note that o;(x) is a similarity transformation with ratio k; = ﬁ? and
hence Ey and ¢;(Fs) are similar. The mapping h(z) is the central symmetry
with respect to the point (SH 0 of the set E,. Therefore, p;(Fs) and h(p;(Es))
are isometric figures.

Taking into account the consequences of the previous lemma and theorem,
we have

pilEs) = A9, 20N Es  M@i(Bs) =D 1] (s —1)[s + 1] " Bs-

The set Es C H is the attractor of the IFS W, and by Lemma 2,

wo(H) Nwi(H) = o, wi(H)Nwsy1(H) =@ for 2 <i<s;
wo(H)NI =@, ws(H)NI =@

Using again the consequences of the previous lemma and theorem, together
with the identities

vilEs) = Q9. 20N Es  h(@i(Es) = A _q). s — 1)[s + 1] " Bs

i

s—2
P(A2.. 2082, .20)= G— >0
N—— = 3(5 )

2 i+1

we obtain (7.2).

Theorem 9. The interior intE, of Es has Lebesgue measure equal to 1.

Proof. It is well known that if the sets D1 and Do are similar with similarity
ratio k, then their one-dimensional Lebesgue measures satisfy A(D2) = kA(Dy).
Taking into account Theorem 8, and equality (7.2) in particular, we obtain

s—3

2 2 2
A(int Eg) = — 1T g)\(z’ntEs) + ?A(intEs) + E)\(intEs) +--=
5—3 2
= intEs).
s—1 s—-1 (it E)

Hence (1— +2;) A(int B,) = 22, that implies A(int E) = 1.

Theorem 10. The boundary frEs of the Cantorval E; is an N -self-similar
set with Hausdorff-Besicovitch dimension log, 3.

Proof. The boundary frEs = E \ intEs of the set Ey is an N-self-similar set
(it is a union of pairwise disjoint affine copies of itself) since

o0

f?“ES—ZLJl[A2 zoﬁfTE UA —1[s+1 ]ﬁfT’Es ,

i
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and the distances satisfy

P(AQ..V. 20:82...20) = P(Bs — 1] [s—1)[s+ 1] s — 1] [s — 1][s + 1)) =

i i+1 i i+1

s—2
RrICES

while frFEs is similar to A NfrEs = A, _ N frEs with
2...‘20 [s —1]...[s = 1][s + 1]

similarity coefficient k; = 5—12
Therefore, its Hausdorff-Besicovitch dimension is equal to its N-similarity

dimension, which is the solution of the equation

[e.e] o0 )
2k =1le=>2) s =1,
i=1 i=1
namely, dimg frE,; = log, 3.

Corollary 7. The boundary of the Guthrie-Nymann Cantorval (the case
s =4) has Hausdorff-Besicovitch dimension equal to log, 3.
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