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Canonical form of low-dimensional matrices
with respect to one-sided transformations

Abstract. We construct a new canonical form for third-order matrices
with respect to one-sided transformations. Unlike the classical triangular
Hermite form, our canonical form is expressed as the product of two matri-
ces: PΦ, where P is invertible and Φ is in Smith form. This form enables
the description of all non-associated matrices with a given Smith form,
which, in particular, allows us to find all roots of matrix polynomial equati-
ons and to parametrically describe the third-order general linear group
over a field.
Key words: one-sided transformations, canonical form, Zelisko group,
Φ-skeleton.

Анотацiя. Побудовано нову канонiчну форму для матриць третьо-
го порядку вiдносно одностороннiх перетворень. На вiдмiну вiд кла-
сичної трикутної форми Ермiта, вона виражається як добуток двох
матриць: PΦ, де P – оборотна матриця, а Φ – форма Смiта. Вказана
форма дозволяє описувати всi неасоцiйованi матрицi iз заданою фор-
мою Смiта, що, зокрема, дозволяє знаходити всi коренi матричних по-
лiномiальних рiвнянь та параметрично описувати повну лiнiйну групу
третього порядку над полем.
Ключовi слова: одностороннi перетворення, канонiчна форма, група
Зелiско, Φ-скелет.

MSC2020: 15A21, 15A23, 16U30

1. Introduction

LetR be an associative, commutative ring with 1 6= 0, without zero divisors,
in which every finitely generated ideal is principal (Bézout domain). Let U(R)
be the group of units R. The elements a, b ∈ R are called associated if there
exists e ∈ U(R) such that a = be. Let R′ denote a set of representatives of
aU(R), where a ∈ R. Of course, we always assume that 1 ∈ R′. Denote by
K(a) a complete residue system modulo a, and by R∗ := R \ {0}. The symbol
(a, b) denotes the greatest common divisor (g.c.d.) of the elements a, b ∈ R.
The notation a|b means that a is a divisor of b.
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Matrices A and B in Mn(R) are said to be left associated (respectively,
right associated) if there exists U ∈ GLn(R) such that A = UB, (respectively,

there exists V ∈ GLn(R) such that A = BV ). In notation, A
l∼B denotes left

association. The matrix I denotes the identity n× n matrix.
A natural starting point in the study of a ring’s properties is the exami-

nation of the structure of its elements, including its units, regular elements,
zero divisors, and so on. When this approach is applied to the study of matrix
rings over R, the notion of determinant plays a key role in the characterization
of such elements. Specifically, invertible matrices are those whose determinants
are units in R; regular elements and zero divisors correspond, respectively, to
matrices with nonzero and zero determinants. When we turn to the description
of associated elements of Mn(R) the Hermite form will be required.

Let B be a nonsingular matrix in Mn(R). Then

B
l∼


β1 0 0 0 0
b21 β2 0 0 0
. . . . . . . . . . . . . . .
bn1 bn2 . . . bn.n−1 βn

 =: B,

where βj ∈ R′, bij ∈ K(βj) (see [4], [8, Theorem 1.5, p. 29]). The matrix B is
uniquely determined and is called the left Hermite form of B. Note that the
right Hermite form is defined by analogy.

The next step in studying matrices is to reduce them, by two-sided
transformations from the group GLn(R), to a simpler form. Suppose that each
nonzero m × n matrix D admits a diagonal reduction; that is, there exist
invertible matrices PD and QD over R of appropriate sizes such that

PDDQD = diag(δ1, . . . , δr, 0, . . . , 0) =: ∆, (1.1)

where δr ∈ R′ \ {0}, 1 ≤ r ≤ min(m,n), and δi | δi+1 for i = 1, . . . , r − 1.
In this case, following I. Kaplansky [5], the ring R is called an elementary
divisor domain. The matrix ∆ is uniquely determined and is called the Smith
form [14]; the elements δi are the invariant factors, and the matrices PD and
QD are called the left and right transforming matrices of D, respectively. A
necessary condition for R to be an elementary divisor domain is that R is a
Bézout domain. The question of whether the converse holds is a well-known
open problem on elementary divisor rings.

The Hermite and Smith forms play a fundamental role in matrix theory
and have numerous applications in both pure and applied mathematics. For
instance, they are used in constructive proofs of the structure theorem for
finitely generated Abelian groups, in computing invariant polynomials and
elementary divisors of polynomial matrices, in constructing triangular bases for
lattices in the geometry of numbers, in the study of modules within mathemati-
cal systems theory, in integer linear programming, and in solving systems of
linear Diophantine equations, among other areas. The majority of numerical
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studies concerning these normal forms focus on optimizing the algorithms for
their computation. However, several theoretical issues related to the structural
properties of these forms remain unresolved. One such issue is the description
of all right (or left) non-associated matrices with a given Smith form. This
problem arises, in particular, when determining all roots of matrix equati-
ons or describing the elements of the general linear group over a field. See, for
example, the case discussed at the end of the article and also in [9]. The Hermi-
te form, which serves as a tool for verifying one-sided equivalence of matrices,
is generally a rather coarse method for addressing such a "delicate"problem,
since it allows one to describe non-associated matrices with a fixed determi-
nant (see [8, p. 212]). In the proposed article, we construct a new canonical
form for third-order matrices with respect to one-sided transformations. This
form combines the properties of the Smith and Hermite forms and enables a
complete description of all non-associated matrices with a prescribed Smith
form.

2. Approach to developing a new canonical form

From equality (1.1), it follows that any matrix with Smith form ∆ can be
written as P−1∆Q−1. Therefore, by applying right transformations from the
group GLn(R), such matrix can be reduced to the form P−1∆. Hence, it is
natural to construct the desired canonical form as P−1∆. However, the matrix
P is not uniquely determined: every matrix from the coset G∆P is also a valid
left transforming matrix for P−1∆Q−1 (see [8, Property 2.2, p. 61]), where G∆

is the Zelisko group defined as follows:

G∆ = {H ∈ GLn(R) | ∃ H1 ∈ GLn(R) : H∆ = ∆H1},

see [1,2,15]. From [8, Property 2.2, p. 61], it follows that in the desired canonical
form, the matrix P must be chosen as a representative of the coset G∆P.
In [10], such form was constructed for matrices whose Smith form has the form
diag (1, . . . , 1, ϕ), ϕ 6= 0 , in the case when R is a Bézout domain of stable
range 1.5 (see the definition below).

In this paper, we construct a new canonical form for matrices under right
transformations, given by P−1Φ, where Φ := diag(γ, αγ, αβγ) is the Smith
form of nonsingular matrix under the condition (α, β) = 1. It should be noted
that the initial steps in this direction were taken in [11].

3. Auxiliary results

A commutative ring K with 1 6= 0 is said to have stable range 1.5 if,
whenever a, b, c ∈ K with c 6= 0 satisfy the condition (a, b, c) = 1, there exists
an element r ∈ K such that (a + br, c) = 1, see [12, 13]. Examples of rings
with stable range 1.5 include commutative principal ideal domains, adequate
rings [3], factorial rings.
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Throughout this paper, R is commutative Bézout domain of stable range
1.5. According to [8, Theorem 2.1, p. 51], R is an elementary divisor domain.

Theorem 1. [1,2]. Let Φ := diag (γ, αγ, αβγ) be nonsingular matrix over
R. Zelisko group GΦ consists of all invertible matrices of the form: h11 h12 h13

αh21 h22 h23

αβh31 βh32 h33

 . (3.1)

Set

Φ1 := I, Φ2 := diag (α, 1, 1), Φ3 := diag (αβ, β, 1),

where α, β ∈ R′. Let P ∈ GL3(R). Then

ΦiP
l∼

 σi1 0 0
∗ σi2 0
∗ ∗ σi3

 =: triang(σi1, σi2, σi3), i = 1, 2, 3.

We choose the elements of the set R′ so that

σ11 = σ12 = σ13 = 1, σ21σ22σ23 = α, σ31σ32σ33 = αβ2.

Remark 1. σi2σi3 is the g.c.d. of the second-order minors formed by the
elements of the last two columns of the matrices ΦiP , i = 1, 2, 3.

Definition 1. The 3 × 3 matrix SΦ(P ) := [ σij ] is called the Φ-skeleton
of P .

Theorem 2. [8, Theorem 7.1, p. 229]. Let P0 = [pij ] ∈ GL3(R), P1 :=[ p12 p13
p22 p23
p32 p33

]
, and SΦ(P ) = [σij ]. The equations

x ΦiPj =[ ai2 pi3 ],

x ΦiPj =[ ai1 pi2 pi3 ],

where ai1, ai2 ∈ R have solutions if and only if

aij ≡ pij (mod σij) (i = 2, 3, j = 0, 1).

Theorem 3. [8, Theorem 6.7, p. 225]. If P ∈ GL3(R) and H ∈ GΦ,
then SΦ(P ) = SΦ(HP ).

A matrix is called primitive if the g.c.d. of all its minors of the highest
order is equal to one. Let a = [a1 a2 a3]T be a primitive column over R. Denote
by δi the g.c.d. of the column Φia elements, i = 1, 2, 3.

Definition 2. Φ-rod of the column a (in notation RΦ(a)) is called the
column [ δ1 δ2 δ3 ]T .
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Remark 2. Let [pij ] ∈ GL3(R). It is easy to see if SΦ([pij ]) = [σij ], then

RΦ

(
[p13 p23 p33]T

)
= [ σ13 σ23 σ33 ]T .

Definition 3. Standard Φ-skeletons are called matrices of the form: 1 1 1
α 1 1
αβ β 1

 ,
 1 1 1
α 1 1
αβ 1 β

 ,
1 1 1

1 α 1
β αβ 1

 ,
1 1 1

1 1 α
β 1 αβ

 ,
1 1 1

1 α 1
1 αβ β

 ,
1 1 1

1 1 α
1 β αβ

 .
Theorem 4. [8, Theorem 7.3, p. 238]. Right non-associated matrices with

standard Φ-skeletons have the following form:1 0 0
a 1 0
c b 1

−1

Φ,

1 0 0
a 0 1
c 1 0

−1

Φ,

0 1 0
1 0 0
b c 1

−1

Φ,

0 1 0
0 a 1
1 0 0

−1

Φ,

0 0 1
1 0 0
b 1 0

−1

Φ,

0 0 1
0 1 0
1 0 0

−1

Φ,

where a ∈ K(α), b ∈ K(β), c ∈ K(αβ).

Lemma 1. Let A :=
[
a11 a12
a21 a22
a31 a32

]
be a primitive matrix over R. Then(∣∣∣∣a11 a12

a31 a32

∣∣∣∣, ∣∣∣∣a21 a22

a31 a32

∣∣∣∣) = (a31, a32).

Proof. There exist such u, v that

(a31, a32) = a31u+ a32v =: δ.

Then

A

[
u −a32

δ
v a31

δ

]
︸ ︷︷ ︸

U

=

a′11 a′12

a′21 a′22

δ 0

 =: A1.

Since U ∈ GL2(R), the matrix A1 is a primitive matrix. Hence, (a′12, a
′
22) = 1.

We have(∣∣∣∣a11 a12

a31 a32

∣∣∣∣, ∣∣∣∣a21 a22

a31 a32

∣∣∣∣) =

(∣∣∣∣a11 a12

a31 a32

∣∣∣∣ detU,

∣∣∣∣a21 a22

a31 a32

∣∣∣∣detU

)
=(

det

([
a11 a12

a31 a32

]
U

)
, det

([
a21 a22

a31 a32

]
U

))
=

=

(∣∣∣∣a′11 a′12

δ 0

∣∣∣∣, ∣∣∣∣a′21 a′22

δ 0

∣∣∣∣) = (δa′12, δa
′
22) = δ(a′12, a

′
22) = δ.
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Lemma 2. If (α, β) = 1, then Φ-skeleton of the matrix P := [pij ] ∈
GL3(R) has the form

SΦ(P ) =

 1 1 1
α1 α2 α3

α1β1 α2β2 α3β3

 , (3.2)

where

α3 := (α, p23, p33), α2 :=
(α, s3)

α3
, α1 :=

α(α, p23, p33)

(α, s3)
=

α

α2α3
, (3.3)

where s3 :=

∣∣∣∣p22 p23

p32 p33

∣∣∣∣;
β3 := (β, p33), β2 :=

β(β, p32, p33)

β3
, β1 :=

β

(β, p32, p33)
=

β2

β2β3
. (3.4)

Proof. According to the definition of the Φ-skeleton,

diag (α, 1, 1)P
l∼ triang(σ21, σ22, σ23) =: triang(α1, α2, α3).

Since (p13, (p23, p33)) = 1, then

α3 := (αp13, p23, p33) = (α, p23, p33);

α2α3 :=

α
∣∣∣∣p12 p13

p22 p23

∣∣∣∣︸ ︷︷ ︸
s1

, α

∣∣∣∣p12 p13

p32 p33

∣∣∣∣︸ ︷︷ ︸
s2

,

∣∣∣∣p22 p23

p32 p33

∣∣∣∣︸ ︷︷ ︸
s3

 = (α(s1, s2), s3)) = (α, s3).

Noting that α = α1α2α3, we verify that the equalities (3.3) hold.
According to the definition of the Φ-skeleton,

diag (αβ, β, 1)P
l∼ triang(σ31, σ32, σ33).

Using [8, Property 1.10, p. 15], we obtain

σ33 := (αβp13, βp23, p33) = (αβ, βp23, p33) = (β(α, p23), p33)

= β3

(
β

β3
(α, p23),

p33

β3

)
= β3

(
α, p23,

p33

β3

)
,

where β3 := (β, p33). Since (α, β) = 1,

σ33 = β3

((
α,
p33

β3

)
, p23

)
= β3

((
α, β3

p33

β3

)
, p23

)
= β3(α, p23, p33) = β3α3.

We have
σ32σ33 := (αβ2s1, αβs2, βs3) = β(αβs1, αs2, s3).
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Taking into account that (s1, s2, s3) = 1, as well as Lemma 1, from similar
considerations that we have just carried out, we obtain

(αβs1, αs2, s3) = (α, s3)(β, (s2, s3)) = (α, s3)(β, p32, p33).

Hence
σ32σ33 = β(β, p32, p33)(α, s3).

Thus
σ32 =

β(β, p32, p33)

β3

(α, s3)

α3
= β2α2.

Noting that β2 = β1β2β3, we are convinced that the equalities (3.4) are sati-
sfied, and hence the Φ-skeleton of the matrix P is (3.2).

Lemma 3. Let P ∈ GL3(R), SΦ(P ) = [ σij ], and σ33
σ23
6= β. There is

H ∈ GΦ such that

HP =

 ∗ ∗ ∗
∗ σ22 0
∗ ∗ σ33

 .
Proof. Let

[
p13 p23 p33

]T be the last column of P . Taking into account
Remark 1, based on [8, Theorem 6.3, p. 217] and Lemma 2, there exists H1 ∈
GΦ such that

H1

[
p13 p23 p33

]T
=
[
b α3 α3β3

]T
,

where (b, α3β3) = 1. Since
(
α
α3
b, β3

)
= 1, there exist u, v such that

α

α3
bu+ β3v = 1.

So  1 0 0
αu −1 v
0 0 1


︸ ︷︷ ︸

H2

H1P =:

 q11 q12 q13

q21 q22 0
q31 q32 σ33

 := P1,

where H2 ∈ GΦ (see Theorem 1). At the same time, according to the Theorem
3, SΦ(P1) = SΦ(P ).

Since σ23 = (αq13, σ33), there exist u1, v1 ∈ R with σ23 = αq13u1 + σ33v1.
Let us remind you that Φ2 = diag (α, 1, 1). Then σ33

σ23
0 −αq13

σ23
0 1 0
u1 0 v1

Φ2P1 =

 q′11 q′12 0
q21 q22 0
q′31 q′32 σ23

 =: D.

G.c.d. of the second-order minors of the last two columns of Φ2P , namely
σ22 and σ23, is invariant under left multiplication by an invertible matrix
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[8, Theorem 1.4, p. 27]. Therefore, σ22σ23 = σ23(q22, q
′
12) (see Remark 1).

Consequently, (q22, q
′
12) = σ22. The ring R has stable range 1.5. Hence there

exist u2, v2 ∈ R such that

i)
q22

σ22
u2 +

q′12

σ22
v2 = 1,

ii)

(
u2, α

σ33

σ23

)
= 1.

(3.5)

(see [8, Theorem 1.9, p. 34]). Then q22
σ22

− q′12
σ22

0

v2 u2 0
0 0 1

D =

 e21σ21 0 0
q′21 σ22 0
q′31 q′32 σ23

 (e21 ∈ U(R)).

It follows that

[
v2 u2 0

]  σ33
σ23

0 − α
σ23

0 1 0
u1 0 v1

Φ2P1 =
[
q′21 σ22 0

]
.

Consequently, [
αv2

σ33
σ23

u2 − α
σ23
v2

]
P1 =

[
q′21 σ22 0

]
.

Taking into account (3.5) and the fact (u2, v2) = 1, we get
(
u2, αv2

σ33
σ23

)
= 1.

Hence there is an invertible matrix of the form

H3 :=

 p q 0
αv2

σ33
σ23

u2 − α
σ23
v2

0 0 1

 ∈ GΦ

for some p, q ∈ R. Then

(H3H2H1)P =

 ∗ ∗ ∗
q′21 σ22 0
q31 q32 σ33

 .
Namely H3H2H1 is the desired matrix.

Lemma 4. Let P := [pij ] ∈ GL3(R), where p33 = σ33 and SΦ(P ) := [ σij ].
If
[
p31 + σ31t31 p32 σ33

]
is a primitive row, t31 ∈ R, there is H ∈ GΦ

such that

HP =

 ∗ ∗ ∗
∗ ∗ ∗

p31 + σ31t31 p32 σ33

 .
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Proof. By Definition 1, there is U ∈ GL3(R) such that

UΦ3P =

 σ31 0 0
∗ σ32 0
p31 p32 σ33

 (Φ3 = diag (αβ, β, 1)).

Then [
t31 0 1

]
UΦ3P =

[
p31 + σ31t31 p32 σ33

]
.

Since [
t31 0 1

]
UΦ3 =

[
p31 + σ31t31 p32 σ33

]
P−1,

the row [
t31 0 1

]
UΦ3 =

[
αβu31 βu32 u33

]
,

where [
u31 u32 u33

]
:=
[
t31 0 1

]
U

is primitive. By [8, Theorem 1.1, p. 24], there is an invertible matrix

H :=

 v11 v12 v13

0 v22 v23

αβu31 βu32 u33


is the desired matrix (see Theorem 1).

Lemma 5. Let P =
[ p11 p12 p13
p21 σ22 0
p31 p32 σ33

]
∈ GL3(R) and SΦ(P ) := [ σij ]. If[

p21 + σ21t21 σ22 0
p31 p32 σ33

]
is a primitive matrix, t21 ∈ R, there is H ∈ GΦ such that

HP =

 ∗ ∗ ∗
p21 + σ21t21 σ22 0

p31 p32 σ33

 .
Proof. Since σ23 = (αp13, σ33), there are u, v ∈ R such that σ23 = αp13u +
σ33v. Hence

U1 :=

 σ33
σ23

0 −αp13
σ23

0 1 0
u 0 v

 ∈ GL3(R)

and

U1Φ2P =

 p′11 p′12 0
p21 σ22 0
p′31 p′32 σ23

 .
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G.c.d. of the second-order minors of the last two columns of this matrix is equal
to σ22σ23. Consequently, σ22σ23|σ23p

′
12. It follows that p′12 = σ22l12, l12 ∈ R.

Then  1 −l12 0
0 1 0
0 0 1


︸ ︷︷ ︸

U2

U1Φ2P =

 σ21e21 0 0
p21 σ22 0
p′31 p′32 σ23

 (e21 ∈ U(R)).

Write  1 0 0
t21e 1 0

0 0 1

U2U1Φ2P =

 e21σ21 0 0
p21 + σ21t21 σ22 0

p′31 p′32 σ23

 .
Set

[uij ] :=

 1 0 0
e21t21 1 0

0 0 1

U2U1.

By assumption, the matrix[
u21 u22 u23

0 0 1

]
Φ2P =

[
p21 + σ21t21 σ22 0

p31 p32 σ33

]
is primitive. It follows that the matrix[

αu21 u22 u23

0 0 1

]
=

[
p21 + σ21t21 σ22 0

p31 p32 σ33

]
P−1

is primitive also. So, (αu21, u22) = 1. We have nαu21 + mu22 = 1 for some
m,n ∈ R. Taking into account Theorem 1, we get that

H :=

 m −n 0
αu21 u22 u23

0 0 1


is the desired matrix.

Lemma 6. Let P ∈ GL3(R), SΦ(P ) = [ σij ], and σ33 = βσ23. There is
H ∈ GΦ such that

HP =

 ∗ ∗ ∗
∗ ∗ σ23

∗ σ32 0

 .
Proof. According to the assumption

β =
σ33

σ23
=
α3β3

α3
= β3.
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Since β1β2β3 = β2, then β = β1β2. Let
[
p13 p23 p33

]T be the last column
of P . By Remark 2,

RΦ

([
p13 p23 p33

]T)
=
[
1 α3 α3β

]T
.

Based on [8, Theorem 6.4, p. 220], there exists H1 ∈ GΦ such that

H1

[
p13 p23 p33

]T
=
[
c α3 0

]T
.

According to Remark 1, the g.c.d. of the second-order minors formed by the
elements of the last two columns of the matrix Φ3H1P equals to α2α3β2β.
Thus, the matrix H1P has the form:

H1P =

∗ a c
∗ b α3

∗ α2β2d 0

 =: P1.

From the equality

α2α3β2β = (αβ2∆, α2β2d(αβc, α3β)),

where ∆ =

∣∣∣∣a c
b α3

∣∣∣∣, it follows that (α1β1∆, d) = 1. Then there exist u, v such

that

i) α1β1∆u+ dv = 1,

ii) (αβ,v) = 1.

(see [8, Theorem 1.9, p. 34]). Since (u, v) = 1, the row
[
αβu − α

α3
βcu v

]
is

primitive and can be completed to an invertible matrix of the form

H2 :=

 ∗ ∗ ∗
0 ∗ ∗

αβu − α
α3
βcu v

 ∈ GΦ.

Then

H2P1 =

∗ a′ c′

∗ b′ f ′

∗ α2β2 0

 =: P2.

Since SΦ(P ) = SΦ(P2), we get

(αc′, f ′) = α3 ⇒
(
αc′

α3
,
f ′

α3

)
= 1.

By [8, Theorem 1.9, p. 34] there are u1, v1 ∈ R such that

i)
αc′

α3
u1 +

f ′

α3
v1 = 1,

ii) (α, v1) = 1.

163



V. P. SHCHEDRYK

Considering that (u1, v1) = 1 we have (αu1, v1) = 1. So αu1m + v1n = 1 for
some m,n ∈ R. Then n −m 0

αu1 v1 0
0 0 1


︸ ︷︷ ︸

H3

P2 =

∗ ∗ ∗
∗ ∗ σ23

∗ σ32 0

 .

Sinse H3 ∈ GΦ the desired matrix will be H = H3H2H1.

Lemma 7. Let P :=
[ p11 p12 p13
p21 p22 σ23
p31 σ32 0

]
∈ GL3(R), where SΦ(P ) := [ σij ], σ33 =

σ23β. If
[
p31 + σ31t31 σ32 0

]
is a primitive row, t31 ∈ R, there is H ∈ GΦ

such that

HP =

 ∗ ∗ ∗
∗ ∗ ∗

p31 + σ31t31 σ32 0

 .
Proof. From Definition 1 and the fact σ33 = βσ23, we obtain

βσ23 = (αβp13, βσ23) ⇒ σ23 | αp13.

Then  1 −αp13
σ23

0

0 0 1
0 1 0


︸ ︷︷ ︸

U1

Φ3P =

 q11 q12 0
p31 σ32 0
βp21 βp22 σ33

 =: Q.

Based on Theorem 3, the g.c.d. of the second-order minors formed by the
elements of the last two columns of the matrix Q is equal to σ32σ33. Therefore,
σ32 | q12. Then 1 − q12

σ32
0

0 1 0
0 0 1


︸ ︷︷ ︸

U2

Q =

 σ31e 0 0
p31 σ32 0
βp21 βp22 σ33

 , (e ∈ U(R)).

Thus, the equality holds[
t31e

−1 1 0
]
U2U1Φ3P =

[
p31 + σ31t31 σ32 0

]
.

Denote [
u31 u32 u33

]
:=
[
t31e

−1 1 0
]
U2U1.

Repeating the reasoning of Lemma 4, we verify that the group GΦ contains a
matrix of the form

H :=

 v11 v12 v13

0 v22 v23

αβu31 βu32 u33


which is the desired one.

164



CANONICAL FORM OF LOW-DIMENSIONAL MATRICES

Lemma 8. Let R be a commutative Bézout domain of stable range 1.5. If

(a1, b1, c1) = (a2, b2, c2) = (c1, c2) = 1,

c1, c2 6= 0, then there exists r ∈ R such that

(a1 + b1r, c1) = (a2 + b2r, c2) = 1.

Proof. There exist m,n, u, v ∈ R such that

(a1 + b1m, c1) = (a2 + b2n, c2) = c1u− c2v = 1.

Then

c1u(n−m)− c2v(n−m) = (n−m)⇒ m+ c1u(n−m) = n+ c2v(n−m) =: r.

We have
(a1 + b1r, c1) = (a1 + b1(m+ c1u(n−m)), c1) =

= (a1 + b1m+ c1b1u(n−m)), c1) = (a1 + b1m, c1) = 1.

Similarly
(a2 + b2r, c2) = (a2 + b2(n+ c2v(n−m)), c2) = 1.

Let a ∈ R∗ and b, c ∈ R. We partition the residue class c + aR into
subclasses, where elements belong to the same subclass if they share the same
(g.c.d.) with b. The representatives of these subclasses form the set F (a, b).
The subset of F (a, b) consisting of elements that are coprime to b is denoted
by F ′(a, b).

Example 1. Let R = Z. Let us describe the elements of F (5, 21) and
F ′(5, 21).

The elements of the set F (5, 21) are the numbers written in the last 5
columns of the following table:

g.c.d. 5Z 1+5Z 2+ 5Z 3+5Z 4+5Z
1 5 1 2 8 4
3 15 6 12 3 9
7 35 91 7 28 119
21 0 21 42 63 84

, F’(5, 21) = { 5, 1, 2, 8, 4}.

�
Let P :=

[ p11 p12 p13
p21 p22 0
p31 p32 p33

]
be an invertible matrix. Then (p21, p22) = 1 and(∣∣∣∣p21 p22

p31 p32

∣∣∣∣ , (p21, p22)p33

)
=

(∣∣∣∣p21 p22

p31 p32

∣∣∣∣ , p33

)
= (−p31p22+p21p32, p33) = 1.

It follows that (−p31p22, p32, p33) = 1. Set

∆21(P ) := {d ∈ R | (−p31p22 + dp32, p33) = 1}.

Let α ∈ R∗. The set ∆21(P ) is partitioned into equivalence classes modulo α,
and a set of representatives of these classes is denoted by ∆α

21(P ).
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Example 2. Let R = Z and

P :=

 ∗ ∗ ∗
−1 3 0
2 · 3 3 · 5 2 · 52 · 7

 .
Let us describe the sets ∆21(P ), ∆13

21(P ), and ∆21
21(P ).

According to the definition

∆21(P ) := {d ∈ R|(−18 + 15d, 2 · 52 · 7) = 1}.

Consider the following congruences

i) 15x ≡ 18(mod 2),

ii) 15x ≡ 18(mod 7),

iii) 15x ≡ 18(mod 5).

The first two congruences have, respectively, the solutions 2Z and 4+7Z, while
the third congruence has no solutions. Thus,

∆21(P ) = Z \ {2Z, 4 + 7Z}.

Then
∆13

21(P ) = {1, 3, 5, 7, 9, 13, 15, 17, 19, 21, 23, 37, 51}

and

∆21
21(P ) = {1, 3, 5, 7, 9, 13, 15, 17, 19, 21, 23, 27, 29, 31, 33, 35, 37, 41}}.

Note that the set ∆13
21(P ) contains representatives of all residue classes

modulo 13, whereas the set ∆21
21(P ) contains no representatives of the resi-

due class 4 + 21Z. �
Similarly, for the invertible matrix

Q :=

 q11 q12 q13

q21 q22 q23

q31 q32 0


consider the following set

Γ21(Q) := {r ∈ R | (−q31q22 + rq32, q23) = 1}.

Let β ∈ R∗. The elements of the set Γ21(Q) will be partitioned into classes
modulo β. A set of representatives of these classes will be denoted by Γβ21(Q).

4. Main result

As noted above, the problem of finding a new canonical form of matrices
under one-sided transformations reduces to selecting a representative from the
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class GΦP , where P := [pij ] ∈ GL3(R). Consider an invertible matrix of the
form

K :=

 s11 s12 s13

p21 p22 p23

p31 p32 p33

 .
By Theorem 1, the matrix

H := KP−1 =

 ∗ ∗ ∗0 1 0
0 0 1


is element of GΦ. Hence, K ∈ GΦP . That is, all invertible matrices whose last
two rows coincide with the last two rows of the matrix P belong to the coset
GΦP . It follows that to find the normal form, it suffices to impose constraints
only on the elements of the last two rows of an invertible matrix. Once these
rows satisfy the required conditions, they can be completed arbitrarily to form
an invertible matrix, which can then be chosen as a representative of the coset
GΦP .

Theorem 5. Let R be a commutative Bézout domain of stable range 1.5,
α, β, γ ∈ R∗, where (α, β) = 1, Φ := diag (γ, αγ, αβγ), P ∈ GL3(R), SΦ(P ) =[
σij
]
.

I). If σ33
σ23
6= β, then by left transformations from GΦ, the matrix P is

reduced to the form

B1 :=

 ∗ ∗ ∗
b21 σ22 0
b31 b32 σ33

 , (4.1)

b32 ∈ F (σ32,
σ33
σ23

), b31 ∈ F ′(σ31, (b32, σ33)), b21 ∈ ∆σ21
21 (B1).

II). If σ33 = βσ23, then by left transformations from GΦ, the matrix P is
reduced to the form

B2 :=

 ∗ ∗ ∗
d21 d22 σ23

d31 σ32 0

 , (4.2)

d31 ∈ F ′(σ31, σ22), d22 ∈ K(α2), d21 ∈ Γσ2121 (B2).
In the coset GΦP , there is a unique matrix of the form (4.1) or (4.2), up

to completion of its last two rows to an invertible matrix.

Proof. I). Based on Lemmas 2 and 3, there exists a matrix H1 ∈ GΦ such
that the last two columns of the matrix H1P have the form a c

α2 0
b α3β3

 =: A.

Let b+ α2β2z ∈ F (α2β2, β3), z ∈ R that is,

(b+ α2β2z, β3) = (b, β3). (4.3)
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Consider the equation

x diag (αβ, β, 1)︸ ︷︷ ︸
Φ3

A =
[
b+ α2β2z α3β3

]
, (4.4)

The equality holds1 0 − α
α3

β
β3
c

0 1 0
0 0 1


︸ ︷︷ ︸

L1

Φ3A =

 α
α3

β
β3

∆ 0

α2β 0
b α3β3

 =: A1, ∆ :=

∣∣∣∣a c
b α3β3

∣∣∣∣ .

By Definition 1 and Theorem 3,(
α

α3

β

β3
∆, α2β

)
= α2β2.

There exist u, v ∈ R such that

u
α

α3

β

β3
∆ + vα2β = α2β2. (4.5)

Since α1 = α
α2α3

(see Lemma 2),

uα1
β∆

β2β3
+ v

β

β2
= 1.

This equality implies that (
v, α1

β∆

β2β3

)
= 1. (4.6)

Then  β
β2
−α1

β∆
β2β3

0

u v 0
0 0 1


︸ ︷︷ ︸

L2

B =

 0 0
α2β2 0
b α3β3

 .
We have

L1L2 =


β
β2
−α1

β∆
β2β3

− α
α3
β1c

u v − α
α3

β
β3
uc

0 0 1

 ∈ GL3(R).

Thus, for any t ∈ R, the solution of equation (4.4) is[
x0

1 x0
2 x0

3

]
:=
[
tz z 1

]
L1L2 =

=
[(
u+ β

β2
t
)
z,

(
v − α1

β∆
β2β3

t
)
z, µ− α

α3
β1czt

]
,
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where
µ := 1− α

α3

β

β3
ucz. (4.7)

Since the row
[
tz z 1

]
is primitive and the matrix L1L2 is invertible, the

row
[
x0

1 x0
2 x0

3

]
is primitive. Using (4.5), we get

b+ α2β2z = b+ u
α

α3

β

β3
(α3β3a− bc)z + vα2βz =

=

(
b− α

α3

β

β3
uczb

)
+ (βαuaz + βα2vz) = bµ+ β(αuaz + α2vz).

Based on the equality (4.3),

(b, β3) = (b+ α2β2z, β3) = (bµ+ β(αuaz + α2vz), β3) = (bµ, β3).

It follows that (
µ,

β3

(b, β3)

)
= 1.

By Lemma 2,

β2 =
β((β, α3β3), b)

β3
=
β((β, β3), b)

β3
=
β(β3, b)

β3
⇒ β3

(b, β3)
=

β

β2
.

Consequently, (
µ,

β

β2

)
= 1.

From (4.7) it follows that (
µ,

β

β3

)
= 1.

Taking into account the previous equality, as well as Lemma 2, we obtain(
µ,

β2

β2β3

)
= (µ, β1) = 1.

From (4.7) it also follows that (
µ,

α

α3
cz

)
= 1.

Thus, (
µ,

α

α3
β1cz

)
= 1.

Then, even more so, (
µ,

α

α3
β1cz, β

)
= 1.
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From the equality (4.6), it follows that(
v, α1

β∆

β2β3
, α

)
= 1.

Based on Lemma 8, there exists some t0 ∈ R such that(
v − α1

β∆

β2β3
t0, α

)
=

(
µ− α

α3
β1czt0, β

)
= 1. (4.8)

Set [
x0

1 x0
2 x0

3

]
:=
[(
u+ β

β2
t0

)
z,

(
v − α1

β∆
β2β3

t0

)
z, µ− α

α3
β1czt0

]
.

From the primitiveness of this row and the equality (4.8), it follows that the row[
αβx0

1 βx0
2 x0

3

]
is primitive, and hence it can be completed to an invertible

matrix of the form

H2 :=

 ∗ ∗ ∗
0 ∗ ∗

αβx0
1 βx0

2 x0
3

 ∈ GΦ.

(see [8, Theorem 1.1, p. 24]). Then

P1 := H2H1P =

 ∗ ∗ ∗
∗ ∗ ∗
a31 b32 α3β3

 , b32 := b+ α2β2z.

Set
b31 := a31 + α1β1r ∈ F ′(α1β1, (b32, α3β3)).

Based on Lemma 4, there exists some H3 ∈ GΦ such that

H3P1 =

 ∗ ∗ ∗
∗ ∗ ∗
b31 b32 α3β3

 =: P2.

As follows from the proof of Lemma 3, there exists some H4 ∈ GΦ such that

H4P2 =

 ∗ ∗ ∗
a21 α2 0
b31 b32 α3β3

 =: P3.

Set b21 := a21 +α1q ∈ ∆α2
21 (P3), q ∈ R. Then there exists some H5 ∈ GΦ (see

Lemma 5) such that

H5P3 =

 ∗ ∗ ∗
b21 α2 0
b31 b32 α3β3

 .
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To complete the proof of case 1), it remains to show that in the coset GΦP ,
matrices of the form (4.1) differ at most only in the first row.

Assume that in the coset GΦB1, where B1 is an invertible matrix of the
form (4.1), there exists a matrix of the form

C :=

c11 c12 c13
c21 α2 0
c31 c32 α3β3

 ,
where c32 ∈ F (α2β2, β3), c31 ∈ F ′(α1β1, (c32, α3β3)), c21 ∈ ∆α1

21 (C). Since

HB1 = C, (4.9)

where H is an invertible matrix of the form (3.1), the equality holds

[
αβh31 βh32 h33

] b12 b13

α2 0
b32 α3β3

 =
[
c32 α3β3

]
.

This means that the equation

x · diag (αβ, β, 1)

b12 b13

α2 0
b32 α3β3

 =
[
c32 α3β3

]
has a solution. Based on Theorem 2, a necessary and sufficient condition for
the solvability of this equation is b32 ≡ c32 (mod α2β2). According to Lemma
2,

β2β3 = β(β, b32, α3β3) = β(b32, (β, α3β3)) = β(b32, β3).

Since SΦ(B1) = SΦ(C) (see Theorem 3), it follows that

β2β3 = β(c32, β3) ⇒ (b32, β3) = (c32, β3).

Taking into account that b32, c32 ∈ F (α2β2, β3), we conclude that b32 = c32.
From (4.9), it also follows that the equation

x · diag (αβ, β, 1)B1 =
[
c31 b32 α3β3

]
has a solution. Then b31 ≡ c31 (mod α1β1) (see Theorem 2). Since c31 ∈
F ′α1β1,(b32,α3β3), it follows that c31 = b31. By a similar argument, we conclude
that c21 = b21.

II). According to Lemma 6, there is H1 ∈ GΦ such that

H1P =

∗ ∗ ∗
∗ ∗ α3

∗ α2β2 0

 =: P1.

By Lemma 7, there exists H2 ∈ GΦ such that

H2P1 =

 ∗ ∗ ∗
∗ ∗ ∗
d31 α2β2 0

 =: P2,
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where d31 ∈ F ′(α1, α2β2). Proceeding with reasoning similar to the second
half of the proof of the Lemma 6, we find H3 ∈ GΦ such that

H3P2 =

 ∗ a c
∗ b α3

d31 α2β2 0

 =: P3.

Consider the equality1 − α
α3
c 0

0 0 1
0 1 0


︸ ︷︷ ︸

L1

diag (α, 1, 1)P3 =

 ∗ α
α3

∆ 0

d31 α2β2 0
∗ b α3

 =: A,

where ∆ =

∣∣∣∣a c
b α3

∣∣∣∣. Using the definition of the Φ-skeleton and the fact that
α
α3

= α1α2, it follows that(
α

α3
∆, α2β2

)
= α2 ⇒ (α1∆, β2) = 1.

Since (α, β) = 1, then

(α3, β2) = 1 ⇒ (α1α3∆, β2) = 1.

Thus,
(uα3)α1∆ + vβ2 = 1

for some u, v ∈ R. We have β2 −α1∆ 0
α3u v 0

0 0 1


︸ ︷︷ ︸

L2

A =

α1e 0 0
∗ α2 0
∗ b α3

 (e ∈ U(R)).

At the same time,

L2L1 =

 β2 − α
α3
β2c
′ −α1∆′

α3u
′ −αc′u′ v′

0 1 0

 ∈ GL3(R).

Set d22 := b+ α2z ∈ K(α2). Solution of equation

x · diag (α, 1, 1)P3 =
[
∗ d22 α3

]
is [

0 z 1
]
L2L1 =

[
α3u

′z 1− αc′u′z v′z
]

=:
[
x0

1 x0
2 x0

3

]
.
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The row
[
0 z 1

]
is primitive, and therefore the row

[
x0

1 x0
2 x0

3

]
is also

primitive. From the structure of its elements, it follows that (αx0
1, x

0
2) = 1.

Hence, in GΦ, there exists a matrix of the form

H4 :=

 ∗ ∗ ∗
αx01 x02 x03

0 0 1

 .
Then

H4P3 =

 ∗ ∗ ∗
f d22 α3

d31 α2β2 0

 =: P4.

By Lemma 7, there is H5 ∈ R such that

H5P4 =

d11 d12 d13
d21 d22 α3

d31 α2β2 0

 ,
where d21 := f + α1t ∈ Γσ2121 (P5), t ∈ R.

The proof that, in the coset GΦP , matrices of the form (4.2) differ only in
the first row follows the scheme described in case I).

5. Application

Using the obtained results, we will search for the roots of the matrix equati-
on. It is worth noting that this problem is closely related to a well-known
issue from the second half of the last century concerning the separation of a
regular factor from a polynomial matrix. This problem was solved by P. Kazi-
mirskii [6,7]. It should be noted that Kazimirskii’s method describes only one
class of monic divisors of the matrix, provided that such divisors exist. Theorem
5, however, allows for their complete characterization (see the example below).

A matrix

A(x) = Akx
k +Ak−1x

k−1 + · · · +A0 (Ai ∈M3(C)).

is called monic if Ak = I. A matrix A(x) is called right-regularizable if there
exists U(x) ∈ GL3(C[x]) such that A(x)U(x) is a monic polynomial matrix.

Theorem 6. [8, Theorems 5.11, 5.13, p. 176]. The matrix

D(x) := P (x)−1 diag(1, x− α, (x− α)(x− β))Q(x)−1,

where P (x) := [pij(x)], Q(x) ∈ GL3(C[x]), α 6= β, is right-regularizable if and
only if the matrix

T :=

p21(α) p22(α) p23(α)
p31(α) p32(α) p33(α)
p31(β) p32(β) p33(β)


is invertible. In this case, there exists an invertible matrix U(x) such that

D(x)U(x) = Ix− T−1JT,

where J = diag(α, α, β).
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Example 3. Let R = C and α, β ∈ C, such taht α 6= β. We solve the matrix
equation

X4

0 0 0
0 0 0
0 0 1

+X3

0 0 0
0 1 0
0 0 −2(α+ β)

+

+X2

1 0 0
0 −α− 2β 0
0 0 α2 + 4αβ + β2

+ (5.1)

+X

−α− β 0 0
0 2αβ + β2 0
0 0 −2(α2β + αβ2)

+

αβ 0 0
0 −αβ2 0
0 0 α2β2

 = 0.

Replacing the matrix of independent variables X by the scalar x, we obtain
the following polynomial matrix: A(x) :=

=

(x− α)(x− β) 0 0
0 (x− α)(x− β)2 0
0 0 (x− α)2(x− β)2

 =: diag (ε1, ε2, ε3).

According to the generalized Bézout theorem, the matrix B is a root of the
equation (5.1) if and only if A(x) = (Ix − B)C(x). That is, the roots are
"hidden"in the left monic divisors of first degree of the matrix A(x). We will
divide the process of their search into several steps.

1). An estimate of the Smith normal form of the matrix Ix−B.
From the structure of the matrix A(x), it is clear that it coincides with its
Smith form. Let diag (ϕ1, ϕ2, ϕ3) be the Smith form of the matrix Ix − B.
Since Ix − B is a left divisor of the matrix A(x), based on [8, Theorem 4.3,
p. 127], ϕi|εi, i = 1, 2, 3. Considering that deg det(Ix − B) = 3, we conclude
that the possible Smith forms of the matrix Ix−B are:

Φ := diag (1, x− α, (x− α)(x− β)), Φ1 := I(x− α), Φ2 := I(x− β),

Φ3 := diag (1, 1, (x− α)2(x− β)), Φ4 := diag (1, 1, (x− α)(x− β)2).

2). Investigation of left divisors of the matrix A(x) having Smith form Φ.
Since the last invariant factor of the matrix Φ, namely (x−α)(x−β), is a divisor
of the first invariant factor of the matrix A(x), it follows from [8, Theorem
4.4, p. 128] and [8, Corollary 4.11, p. 147] that any matrix with Smith form
Φ is a left divisor of A(x). That is, all matrices of the form P−1ΦQ−1, where
P,Q ∈ C[x], are left divisors of A(x). Therefore, the problem reduces to finding
all monic matrices with Smith form Φ.

Let A(x) = B(x)C(x). Then A(x) = (B(x)U(x))(U−1(x)C(x)), where
U(x) ∈ GL3(C[x]). That is, all right associate matrices of B(x) are again
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left divisors of the matrix A(x). According to [8, Lemma 5.7, p. 175], the
coset B(x) GL3(C[x]) contains at most one monic matrix. Thus, different monic
matrices are right non-associated.

From [8, Theorem 4.5, p. 128], it follows that the set of right associated
matrices to the matrix P−1ΦQ−1 has the form (GΦP )−1Φ GL3(C[x]). Let
us denote by W (Φ) the set of representatives of the right cosets of GΦ in
GL3(C[x]). Then W−1(Φ) Φ is the set of all non-associated matrices with Smi-
th form Φ.

3). Investigation of right non-associated matrices having the given Smith
form Φ.
Matrices with Smith form Φ are divided into classes that have standard and
non-standard Φ-skeletons. The non-standard Φ-skeletons are:

S1 :=

 1 1 1
1 1 (x− α)

(x− β) (x− β) (x− α)

 , S2 :=

 1 1 1
1 (x− α) 1

(x− β) (x− α) (x− β)

 ,

S3 :=

 1 1 1
(x− α) 1 1
(x− α) (x− β) (x− β)

 .
Based on the above reasoning and Theorem 5, the set of right non-associated
matrices with Φ-skeleton S1 has the form: N−1

1 Φ, N−1
2 Φ, N−1Φ, where

N1 :=

 0 0 1

q−1
32 (q31 + 1) 1 0

q31 q32 x− α

 , q32 ∈ C∗, q31 ∈ C;

N2 :=

 0 0 1
0 1 0
t31 0 x− α

 , t31 ∈ C∗; N3 :=

 1 0 1
0 1 0

x− β 0 x− α

 .
Similarly, those with Φ-skeleton S2 are K−1

1 Φ, K−1
2 Φ, where

K1 :=

 0 1 0
0 f22 1
f31 x− α 0

 , f31 ∈ C∗, f22 ∈ C,

K2 :=

 1 1 0
0 g22 1

x− β x− α 0

 , g22 ∈ C.

The matrices with Φ-skeleton S3 have the form T−1
1 Φ, T−1

2 Φ, where

T1 :=

 1 −c−1
13 x 0

c21 0 1
c31 x− β 0

 , c31 ∈ C∗, c21 ∈ C,
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T2 :=

 1 1 0
d21 0 1
x− α x− β 0

 , d21 ∈ C.

4). Finding the roots of the equation(5.1).
From the obtained set of right non-associated polynomial matrices, those that
are right-regularizable should be selected. Based on Theorem 6, the sets N−1

i Φ,
i = 1, 2, 3, generate the following roots of the equation (5.1): N̈−1

i JN̈i, i =
1, 2, 3, where J = diag (α, α, β),

N̈1 :=

q−1
32 (q31 + 1) 1 0

q31 q32 0
q31 q32 β − α

 , N̈2 :=

 0 1 0
t31 0 0
t31 0 β − α

 ,
N̈3 :=

 0 1 0
α− β 0 0

0 0 β − α

 ,
where q31 ∈ C, q32, t31 ∈ C∗. Therefore, the remaining roots of this equation
are K̈−1

1 JK̈1, K̈−1
2 JK̈2, T̈−1

1 JT̈1, T̈−1
2 JT̈2, where

K̈1 :=

 0 f22 1
f31 0 0
f31 β − α 0

 , K̈2 :=

 0 g22 1
α− β 0 0

0 β − α 0

 ,
T̈1 :=

c21 0 1
c31 α− β 0
c31 0 0

 , T̈2 :=

 d21 0 1
0 α− β 0

β − α 0 0

 ,
where f22, q22, c21, d21 ∈ C, f31, c31 ∈ C∗. Finally, we list the roots generated by
monic divisors with standard Φ-skeletons. According to Theorem 4, the right
non-associated matrices with standard Φ-skeletons have the form: 1 0 0

a 1 0
bx+ c d 1

−1

Φ,

 1 0 0
a 0 1

bx+ c 1 0

−1

Φ,

0 1 0
1 0 0
d bx+ c 1

−1

Φ,

0 1 0
0 a 1
1 0 0

−1

Φ,

0 0 1
1 0 0
d 1 0

−1

Φ,

0 0 1
0 1 0
1 0 0

−1

Φ, (5.2)

where a, b, c ∈ C. The first three parametric matrices generate the following
roots of the equation (5.1): F̈−1

i JF̈i, i = 1, 2, 3, where

F̈1 :=

 a 1 0
αb+ c d 1
βb+ c d 1

 , F̈2 :=

 a 0 1
αb+ c 1 0
βb+ c 1 0

 , F̈3 :=

1 0 0
d αb+ c 1
d βb+ c 1

 ,
where a, c ∈ C, b ∈ C∗. The matrices from set (5.2) are not right-regularizable
and thus do not yield any roots of the equation (5.1). �
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Remark 3. The Kazimirskii method for describing the regular divisors of
the matrix A(x) with Smith form Φ allows one to find only the single class:
Ix− F̈−1

1 JF̈1.
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