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Canonical form of low-dimensional matrices
with respect to one-sided transformations

Abstract. We construct a new canonical form for third-order matrices
with respect to one-sided transformations. Unlike the classical triangular
Hermite form, our canonical form is expressed as the product of two matri-
ces: P®, where P is invertible and ® is in Smith form. This form enables
the description of all non-associated matrices with a given Smith form,
which, in particular, allows us to find all roots of matrix polynomial equati-
ons and to parametrically describe the third-order general linear group
over a field.

Key words: one-sided transformations, canonical form, Zelisko group,
d-skeleton.

Anwnoranis. [loOyoBano HOBYy KaHOHIUHY GOPMYy [IJIsi MATPHIL TPETHO-
ro TOPSJIKY BiTHOCHO OJHOCTOPOHHIX meperBopenb. Ha BinmMiny Bim kia-
cu4dHOl TpUKYTHOI dpopmu Epmira, BoHa BHpaKaeThcs AK TOOYTOK JIBOX
marpuilk: PP, ne P — oboporna marpuns, a ¢ — dpopma Cwmita. Bkazana
dbopma 103BOJIsIE ONMUCYBATH BCi HeACOIitoBaHl MaTpHIl i3 3a1aH00 HOop-
moto CwmiTa, 1110, 30Kpema, J103BOJISIE 3HAXOAUTU BCI KOPEHI MATPUYHUX I10-
JIIHOMIiaJIbHUX PIBHAHB Ta MapaMEeTPUYHO OIICYBATH IOBHY JIHINHY IDyILy
TPETHOTO MOPSIJIKY HAJI ITOJIEM.

Kuro4oBi cjioBa: 0qHOCTOPOHHI IEpeTBOPEHHsT, KAHOHIUHA (hopMa, TPyTa
3esnicko, P-ckester.
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1. Introduction

Let R be an associative, commutative ring with 1 # 0, without zero divisors,
in which every finitely generated ideal is principal (Bézout domain). Let U(R)
be the group of units R. The elements a,b € R are called associated if there
exists e € U(R) such that a = be. Let R’ denote a set of representatives of
aU(R), where a € R. Of course, we always assume that 1 € R’. Denote by
K (a) a complete residue system modulo a, and by R* := R\ {0}. The symbol
(a,b) denotes the greatest common divisor (g.c.d.) of the elements a,b € R.
The notation a|b means that a is a divisor of b.
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Matrices A and B in M, (R) are said to be left associated (respectively,
right associated) if there exists U € GL,,(R) such that A = UB, (respectively,

!
there exists V' € GLy,(R) such that A = BV). In notation, A~ B denotes left
association. The matrix I denotes the identity n x n matrix.

A natural starting point in the study of a ring’s properties is the exami-
nation of the structure of its elements, including its units, regular elements,
zero divisors, and so on. When this approach is applied to the study of matrix
rings over R, the notion of determinant plays a key role in the characterization
of such elements. Specifically, invertible matrices are those whose determinants
are units in R; regular elements and zero divisors correspond, respectively, to
matrices with nonzero and zero determinants. When we turn to the description
of associated elements of M, (R) the Hermite form will be required.

Let B be a nonsingular matrix in M, (R). Then

4 0 0 0 0
gl boy P2 O 0 0 _. 3,

bnl bn2 cee bn.n—l Bn
where f3; € R/, bj; € K(B;) (see [4], [8, Theorem 1.5, p. 29]). The matrix B is
uniquely determined and is called the left Hermite form of B. Note that the
right Hermite form is defined by analogy.
The next step in studying matrices is to reduce them, by two-sided
transformations from the group GL,,(R), to a simpler form. Suppose that each

nonzero m X n matrix D admits a diagonal reduction; that is, there exist
invertible matrices Pp and Qp over R of appropriate sizes such that

PDDQD:diag(él,...,ér,o,...,o) = A, (1.1)

where 6, € R'\ {0}, 1 < r < min(m,n), and 6; | d;41 for i = 1,...,r — 1.
In this case, following I. Kaplansky [5], the ring R is called an elementary
divisor domain. The matrix A is uniquely determined and is called the Smith
form [14]; the elements 0; are the invariant factors, and the matrices Pp and
Qp are called the left and right transforming matrices of D, respectively. A
necessary condition for R to be an elementary divisor domain is that R is a
Bézout domain. The question of whether the converse holds is a well-known
open problem on elementary divisor rings.

The Hermite and Smith forms play a fundamental role in matrix theory
and have numerous applications in both pure and applied mathematics. For
instance, they are used in constructive proofs of the structure theorem for
finitely generated Abelian groups, in computing invariant polynomials and
elementary divisors of polynomial matrices, in constructing triangular bases for
lattices in the geometry of numbers, in the study of modules within mathemati-
cal systems theory, in integer linear programming, and in solving systems of
linear Diophantine equations, among other areas. The majority of numerical
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studies concerning these normal forms focus on optimizing the algorithms for
their computation. However, several theoretical issues related to the structural
properties of these forms remain unresolved. One such issue is the description
of all right (or left) non-associated matrices with a given Smith form. This
problem arises, in particular, when determining all roots of matrix equati-
ons or describing the elements of the general linear group over a field. See, for
example, the case discussed at the end of the article and also in [9]. The Hermi-
te form, which serves as a tool for verifying one-sided equivalence of matrices,
is generally a rather coarse method for addressing such a "delicate"problem,
since it allows one to describe non-associated matrices with a fixed determi-
nant (see [8, p.212]). In the proposed article, we construct a new canonical
form for third-order matrices with respect to one-sided transformations. This
form combines the properties of the Smith and Hermite forms and enables a
complete description of all non-associated matrices with a prescribed Smith
form.

2. Approach to developing a new canonical form

From equality (1.1), it follows that any matrix with Smith form A can be
written as P~'AQ~!. Therefore, by applying right transformations from the
group GL,(R), such matrix can be reduced to the form P~'A. Hence, it is
natural to construct the desired canonical form as P~'A. However, the matrix
P is not uniquely determined: every matrix from the coset Ga P is also a valid
left transforming matrix for P~YAQ ™! (see [8, Property 2.2, p. 61]), where Ga
is the Zelisko group defined as follows:

Ga ={H € GL,(R) | 3H, € GL,(R) : HA =AH},

see [1,2,15]. From [8, Property 2.2, p. 61], it follows that in the desired canonical
form, the matrix P must be chosen as a representative of the coset GaP.
In [10], such form was constructed for matrices whose Smith form has the form
diag (1,...,1,¢), ¢ # 0, in the case when R is a Bézout domain of stable
range 1.5 (see the definition below).

In this paper, we construct a new canonical form for matrices under right
transformations, given by P~'®, where ® := diag(7y,ay,a37) is the Smith
form of nonsingular matrix under the condition (¢, 8) = 1. It should be noted
that the initial steps in this direction were taken in [11].

3. Auxiliary results

A commutative ring K with 1 # 0 is said to have stable range 1.5 if|
whenever a,b, ¢ € K with ¢ # 0 satisfy the condition (a,b,c) = 1, there exists
an element r € K such that (a 4 br,c) = 1, see [12,13]. Examples of rings
with stable range 1.5 include commutative principal ideal domains, adequate
rings [3], factorial rings.
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Throughout this paper, R is commutative Bézout domain of stable range
1.5. According to [8, Theorem 2.1, p. 51|, R is an elementary divisor domain.

Theorem 1. [1,2]. Let ® := diag (v, ary, af7) be nonsingular matriz over
R. Zelisko group Geg consists of all invertible matrices of the form:

hi1 hi2  his
ah21 h22 h23 . (3.1)
aBhz1 Bhsa hsz

Set
dq =1, ®y = diag (o, 1, 1), ¢35 := diag (af, p,1),

where «, 3 € R'. Let P € GL3(R). Then

! ;1 0 0
(I)iPN * g2 0 = triang(aﬂ, O—Z'Q,O—Z'?,), 1= 1, 2, 3.
* * g;3

We choose the elements of the set R’ so that
2
o11 =012 =013 = 1, 021022093 = 0, 031032033 = af3”.

Remark 1. 040053 is the g.c.d. of the second-order minors formed by the
elements of the last two columns of the matrices ®,P, i = 1,2, 3.

Definition 1. The 3 x 3 matrix S¢(P) := [ 0yj] is called the ®-skeleton
of P.

Theorem 2. [8, Theorem 7.1, p. 229]. Let Py = [p;j] € GL3(R), P :=

[gég gég}, and S¢(P) = [0i;]. The equations

P32 P33
x ®Pj =[ ap piz |,
v ®;P; =[ a;i pi2 pi3 ]
where a;1,a;2 € R have solutions if and only if
aij = pij (mod oyj) (1=2,3,7=0,1).

Theorem 3. [8, Theorem 6.7, p. 225]. If P € GL3(R) and H € Gg,
then S@(P) = S@(HP)

A matrix is called primitive if the g.c.d. of all its minors of the highest
order is equal to one. Let a = [a; as ag]T be a primitive column over R. Denote
by é; the g.c.d. of the column ®;a elements, i = 1,2, 3.

Definition 2. ®-rod of the column a (in notation Rg(a)) is called the
column [ 1 d2 03 ]T.
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Remark 2. Let [p;;] € GL3(R). It is easy to see if So([pij]) = [04j], then

Ro ([p13 p2s p33)’) = [ o013 023 a33]".

Definition 3. Standard ®-skeletons are called matrices of the form:
1 11 1 1 1 1 1 1
a 1 1, |a 1 1{,]1 o 1],
af [ 1 af 1 B 68 af 1
11 1 1 1 1 11 1
11 afl,|1 o 1],]1 1 «
6 1 af 1 apf B 1 6 op
Theorem 4. [8, Theorem 7.3, p. 238]. Right non-associated matrices with
standard ®-skeletons have the following form.:

1 0 0] " 1 0 0] " 0 1 0]"
a 1 0l & |a 01| ® |1 0 0o &,
c b 1] c 1 0] b ¢ 1]
0 1 0]" 0 o 177" 0 o 177"
0a 1| ® |1 00 @ |01 P,
11 0 0 b 1 0] 11 0 0]
where a € K(a), b€ K(B), c € K(ap).
Lemma 1. Let A := [g% g%} be a primitive matrixz over R. Then
a1l ai2| |a21 a2
< > > = (a31,a32)-
azr as2 azr as2

Proof. There exist such u, v that

(a1, asz) = asiu + azv =: 0.

Then
[ _ap ain a;m
[v asl ] = |ay a5 | =: Ax.
. o 4 ) 0
U

Since U € GLa(R), the matrix A; is a primitive matrix. Hence, (af,, ab,) = 1.

We have
< let <|:a11 a12:| (7> ’ let <|:a21 a22:| l7>)
asy as2 aszy as2

aly;  aly / / roo
S 0 = (dayg,0agy) = d(ayy, agy) = 9.

a21 a2
azr as2

ail ai2
as;  as2

a1 Q22
asy  as2

all a2
as;p as2

g

det U,

)

det U) =

li !
Qg1 Qoo

o 0

9
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Lemma 2. If (o,8) = 1, then ®-skeleton of the matriz P := [p;;] €
GL3(R) has the form

1 1 1
Se(P)=| a1 ay a3 |, (3.2)
a1 aefe o3B3
where
._ _ (a,s3) _ala,pas,p33)  «
ag = (a,p23, ps3), 2= y Q1= = , (3.3)
0% ] (a7 83) [0%)0 %]
where s3 1= b2 P23 R
P32 P33
B(B, p32,p33 B 32
63 = (/Bap33)7 62 = g: 61 = (34)

Bs " (B,ps2,p33) PP
Proof. According to the definition of the ®-skeleton,

diag (o, 1,1)P Ltriang(agl, 092, 093) =: triang(a, g, as).
Since (p13, (p23,p33)) = 1, then

a3 = (ap13, p23, p33) = (o, P23, p33);

bi2 P13
D22 P23

P12 P13
P32 P33

P22 P23

P32 D33 - (04(81,32)733)) = (06783).

azas3 = | , o ,

S1 52 S3

Noting that a = ajasas, we verify that the equalities (3.3) hold.
According to the definition of the ®-skeleton,

diag (Ozﬂ, B, 1)P L triang(agl, 032, 0'33).
Using [8, Property 1.10, p. 15|, we obtain

o33 := (afBp13, Bpa3, p33) = (afB, B3, p33) = (B(cv, p23), p33)
3

= 63 <é(a7p23)a pﬁ;> = ﬁ3 <aap23a Z?j) ’

where 3 := (3, ps3). Since (o, 8) =1,

033 = [33 ((a, %) 7]923) = f3 <<Oé,53]g'> ,p23> = [3(a, p23, p33) = Baas.

We have
032033 := (0351, afBsa, Bs3) = B(aBsi,ass,s3).
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Taking into account that (si,s2,s3) = 1, as well as Lemma 1, from similar
considerations that we have just carried out, we obtain

(afis1, asa, s3) = (a, s3)(B, (s2,53)) = (0, 53)(5, P32, p33).

Hence
032033 = B(8, P32, p33) (v, 83).
Thus
B(B, p32,p33) (@, 83)
B3 s
Noting that 32 = 318233, we are convinced that the equalities (3.4) are sati-
sfied, and hence the ®-skeleton of the matrix P is (3.2).

032 = = 52042-

Lemma 3. Let P € GL3(R), So(P) = [oy], and 35 # (. There is
H € Gg such that
¥ ok %

HP = * 099 0
* * 033

Proof. Let [ P13 P23 P33 }T be the last column of P. Taking into account
Remark 1, based on [8, Theorem 6.3, p. 217] and Lemma 2, there exists Hy €
G such that
T T
Hi[pis pes pss | =[b as asfs ],

where (b, a3f3) = 1. Since (O%b, 63) =1, there exist u, v such that

RNy + B3v = 1.
%]

So
1 0 O q11 q12 q13
au —1 v | HHP=:| @1 ¢qa 0 =P,
0 0 1 31 Q32 033

where Hy € G (see Theorem 1). At the same time, according to the Theorem
3, So(P1) = So(P).

Since 093 = (aq13,033), there exist uj,v; € R with 093 = aqi3u; + o33v;.
Let us remind you that 9 = diag (o, 1,1). Then

aq
% 0 _7133 i G2 O
0 1 0 (I)Qpl = 21 {22 0 =:D.
up 0 v 431 Q3o 023

G.c.d. of the second-order minors of the last two columns of ®3P, namely
099 and o093, is invariant under left multiplication by an invertible matrix
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[8, Theorem 1.4, p. 27|. Therefore, oo2093 = 023(q22,q}5) (see Remark 1).
Consequently, (g22,q}5) = 022. The ring R has stable range 1.5. Hence there
exist ug, vo € R such that

022 022 (3 5)

(see [8, Theorem 1.9, p.34]|). Then

@2 _f eztor 0 0
g22 g22 /
) U9 0 D = q91 g929 0 (621 c U(R))
o 0 1 Q31 G5 023
It follows that
3 () —_a
023 023 ,
[’Ug u9 0] 0 1 0 (I)gplz[qm 0929 0].
(5] 0 V1
Consequently,
[ O[’UQ% (%) —%23112 ]Pl = [ q/21 0929 0 ] .

023

Taking into account (3.5) and the fact (ug,v2) = 1, we get (UQ,O(UQ&) =1.
Hence there is an invertible matrix of the form

p q 0
Hs = aw% U9 —0%31)2 € Go
0 0 1
for some p,q € R. Then
x % *

(H3H2H1)P: q’21 0929 0
431 q32 033

Namely H3HoH; is the desired matrix.

Lemma 4. Let P := [p;;] € GL3(R), where p33 = 033 and So(P) := [ 0;].
If [ p31 + o031t31 P32 033 ] s a primitive row, t3; € R, there is H € Gg

such that
k k *

HP = * * *
P31+ 031t31 P32 033
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Proof. By Definition 1, there is U € GL3(R) such that

031 0 0
UdsP = * o3 0 (@3 = diag (af, 5,1)).
P31 P32 033
Then
[ 31 0 1 |U®3P =] psi+osits1 ps2 o33 |.
Since
[ t31 0 1]|U®s=] ps1+ositss ps2 o33 | P,
the row
[ 31 0 1]UP3=[ afusi Pusx wuss |,
where

[ usi ugp wugs |:=[ tsx O 1]U

is primitive. By [8, Theorem 1.1, p. 24], there is an invertible matrix

V11 V12 V13
H = 0 V22 V23

afusi Puzp uss
is the desired matrix (see Theorem 1).

Lemma 5. Let P = [ po1 o2 pé?’] € GL3(R) and Sp(P) = [ oy;]. If

P31 p32 033

[P21+021t21 o 0 ]
P31 P32 033

1 a primitive matriz, to1 € R, there is H € Gg such that

* * *
HP = | po1+o21ta1 o022 0
P31 P32 033

Proof. Since o093 = (api3,033), there are u,v € R such that o935 = apisu +
o33v. Hence

033 __api3
023 023
Uy := 0 1 0 € GL3(R)
u 0 v
and
P’u p’12 0

Ur®P = | p2a1 o022 0
P§1 pfo,Q 023
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G.c.d. of the second-order minors of the last two columns of this matrix is equal
to o92093. Consequently, oo2023|023p],. It follows that ply = o20li2, li2 € R.
Then

1 —lis O 021€21 0 0
0 1 0 [ U1®2P = P21 o2 0 (e21 € U(R)).
0o 0 1 sy Phy 023
s
Write
1 00 €21091 0 0
tore 1 0 | UU1 PP = | po1 +o21t21 022 0O
0 01 Phy Phy 023
Set
1 0 0
[uij] = 621t21 1 O U2U1.
0 01

By assumption, the matrix

[ U2l U U23]¢)2P: [ po1 +o0921to1 o022 0 ]
0 0 1 P31 P32 033

is primitive. It follows that the matrix

[ QU1 U2 U3 ] :[ P21 + o21t21 022 0 :|P1
0 0 1 P31 D32 033

is primitive also. So, (cugr,u92) = 1. We have naug; + mugy = 1 for some
m,n € R. Taking into account Theorem 1, we get that

m -n 0
H:= | oau2 u2 us
0 0 1

is the desired matrix.

Lemma 6. Let P € GL3(R), So(P) = [ 04j], and 033 = [oa3. There is
H € Gg such that

* * *
HP = * * 0923
* 032 0

Proof. According to the assumption

g8l _ g

023 a3
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Since B152/33 = B2, then B = 31532. Let [ P13 P23 P33 ]T be the last column
of P. By Remark 2,

R<1><[p13 D23 P33]T>=[1 ag Oésﬁ]T-

Based on [8, Theorem 6.4, p.220], there exists H; € Gg such that
T T
Hi[pis pes ps3] =[c a3 0] .
According to Remark 1, the g.c.d. of the second-order minors formed by the
elements of the last two columns of the matrix ®3H1 P equals to asasgfs[3.

Thus, the matrix H; P has the form:

* a Cc
H1P: * b Q3| =: Pl.
* agﬁgd 0

From the equality

a3 Bef = (afA, azfed(afe, azf)),

where A = Z of , it follows that (a1 81A,d) = 1. Then there exist u, v such
3
that
i) a1f1Au+dv =1,
ii) (aBw) =1.
(see [8, Theorem 1.9, p.34]). Since (u,v) = 1, the row [afu — a5 Beu v] is
primitive and can be completed to an invertible matrix of the form
* * *
Hy = 0 * x| € Gg.
afu fa%ﬁcu v
Then
x d
H2P1 = | * b/ f, = P2.
* agﬂg 0

Since S¢(P) = So(P2), we get

(ad,fY=as = <ac’, fl) =1.

a3 a3z

By [8, Theorem 1.9, p. 34| there are uj,v; € R such that

/ /

7,) gul + —v =1,
a3 a3

ii) (a,v1) = 1.
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Considering that (uj,v1) = 1 we have (ouj,v;) = 1. So auym + vin = 1 for
some m,n € R. Then

n —m 0 ¥k *
aul (%1 0 P2 = | * * 0923
0 0 1 * 032 0

Hj3

Sinse H3 € Gg the desired matrix will be H = H3HoH;.

P11 P12 P
Lemma 7. Let P := [gﬁ g% Uég} € GL3(R), where So(P) := [ 04j], 033 =
31 032
oo3B. If [ p31 +os1tsr o032 0 ] 18 a primitive row, t3; € R, there is H € Gg

such that
* x ok

HP = * * %
p31 +o31t31 o032 0

Proof. From Definition 1 and the fact o33 = Boa3, we obtain

Bogg = (afpi3, foag) = o023 | apis.

Then
1 =520 qu  qu2 0
0 0 1 | P3P = p31 032 0 =: Q.
0 1 0 Bp21 Bp2e 033
T

Based on Theorem 3, the g.c.d. of the second-order minors formed by the
elements of the last two columns of the matrix @) is equal to o32033. Therefore,
032 | ¢12. Then

1 —% 0 g31€ 0 0
0 1 0|Q=]| pa o3 0 |, (ecU(R)).
0O 0 1 Bp21 Bp2 033

Uz

Thus, the equality holds
[ tsie™' 1 0 | DU ®3P = [ p31 +ositsr o032 0 ].
Denote
[ u31 U332  U33 ] = [ t316_1 1 0 ] UsUs.

Repeating the reasoning of Lemma 4, we verify that the group Gg contains a
matrix of the form
v11 vi2 V13
H = 0 V29 V23
afugr Puzz uss

which is the desired one.
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Lemma 8. Let R be a commutative Bézout domain of stable range 1.5. If
(a1,b1,c1) = (ag, b2, c2) = (c1,c2) =1,
c1,co # 0, then there exists r € R such that
(a1 + bir,c1) = (a2 + bar, c2) = 1.

Proof. There exist m,n,u,v € R such that

(a1 + bym,c1) = (ag + ban, co) = cju — cov = 1.
Then
cru(n—m)—cv(n—m) = (n—m) = m+ciu(n —m) =n+cv(n—m) =:r.
We have

(a1 +bir,c1) = (a1 + by(m + cu(n —m)), 1) =

= (a1 + bym + c1bju(n —m)),c1) = (a1 + bym,c1) = 1.

Similarly
(az + bor, c2) = (az + b2(n + cov(n — m)), c2) = 1.

Let a € R* and b,c € R. We partition the residue class ¢ + aR into
subclasses, where elements belong to the same subclass if they share the same
(g.c.d.) with b. The representatives of these subclasses form the set F'(a,b).
The subset of F'(a,b) consisting of elements that are coprime to b is denoted
by F'(a,b).

FEzample 1. Let R = 7Z. Let us describe the elements of F(5,21) and
F'(5,21).

The elements of the set F'(5,21) are the numbers written in the last 5
columns of the following table:

g.cd. | BZ | 145Z | 2+ BZ | 3+5Z | 4+5Z

1 5 1 2 8 4
3 15| 6 12 3 9 |, F(521) = {5 1,28, 4.
7 35 91 7 28 119
21 0 21 42 63 84
o
[ P11 P12 P13
Let P := | p21 p22 O } be an invertible matrix. Then (pa1, p22) = 1 and
L P31 P32 P33

P21 P22
P31 P32

P21 P22
P31 P32

) P33> = (—ps1p22+p21P32, p33) = 1.

< ’ (p217P22)p33> = (

It follows that (—ps1pa2, ps2, p33) = 1. Set
Agi(P) :={d € R | (—p31p22 + dp32, p33) = 1}.

Let a € R*. The set Ay (P) is partitioned into equivalence classes modulo «,
and a set of representatives of these classes is denoted by A%, (P).
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Ezxample 2. Let R =7 and

* * *
P = —1 3 0
2.3 3-5 2-52.7

Let us describe the sets Aoy (P), AL3(P), and AZ(P).
According to the definition

A9 (P) :={d € R|(-18 +15d,2-5%-7) = 1}.
Consider the following congruences
i) 15z = 18(mod 2),
i1) 15z = 18(mod 7),
i71) 152 = 18(mod 5).

The first two congruences have, respectively, the solutions 2Z and 4+ 7Z, while
the third congruence has no solutions. Thus,

A9 (P) =7\ {27,4 + TZ}.

Then
AB(P) =1{1,3,5,7,9,13,15,17,19, 21, 23,37, 51}

and
A2L(P)=1{1,3,5,7,9,13,15,17,19,21,23, 27,29, 31, 33, 35,37, 41} }.

Note that the set AI3(P) contains representatives of all residue classes

modulo 13, whereas the set A2}(P) contains no representatives of the resi-

due class 4 + 217Z. o
Similarly, for the invertible matrix

q11 412 Q13
Q=1 ¢ ¢2 ¢3
31 g2 O

consider the following set
[21(Q) :={r € R | (—g31922 + rq32, q23) = 1}.

Let 8 € R*. The elements of the set I'y;(Q) will be partitioned into classes
modulo 3. A set of representatives of these classes will be denoted by I' gl(Q).

4. Main result

As noted above, the problem of finding a new canonical form of matrices
under one-sided transformations reduces to selecting a representative from the

166



CANONICAL FORM OF LOW-DIMENSIONAL MATRICES

class Go P, where P := [p;;] € GL3(R). Consider an invertible matrix of the
form
511 S12 513
K:=1| pa p2 p23
P31 P32 P33

By Theorem 1, the matrix

H:=KpP!'=

o O ¥
S = %
—_ O %

is element of Gg. Hence, K € GgP. That is, all invertible matrices whose last
two rows coincide with the last two rows of the matrix P belong to the coset
G P. It follows that to find the normal form, it suffices to impose constraints
only on the elements of the last two rows of an invertible matrix. Once these
rows satisfy the required conditions, they can be completed arbitrarily to form
an invertible matrix, which can then be chosen as a representative of the coset

GoP.

Theorem 5. Let R be a commutative Bézout domain of stable range 1.5,
a, 8,7 € R*, where (o, 8) = 1, ® := diag (v, a7, aB7y), P € GL3(R), S¢(P) =
[oi5] -

I). If g—;’g % B, then by left transformations from Geg, the matriz P is

reduced to the form
* % %

Bl = b21 022 0 5 (41)
bs1 b2 033
b3z € F(032, 222), bg1 € F'(031, (b32,033)), ba1 € AZF(By).
IT). If o33 = Poas, then by left transformations from Geg, the matriz P is

reduced to the form
* * %

By = |do1 d o093, (4.2)
ds1 o032 0
d31 € F'(031,092), do € K(ag), do1 € T'9} (Ba).
In the coset G P, there is a unique matriz of the form (4.1) or (4.2), up
to completion of its last two rows to an invertible matriz.

Proof. I). Based on Lemmas 2 and 3, there exists a matrix H; € Gg such
that the last two columns of the matrix H; P have the form

a c
(%) 0 = A
b aszfs
Let b+ asf2z € F(asf2,83), z € R that is,
(b+ aaBaz, B3) = (b, B3). (4.3)
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Consider the equation
x diag (a8, B, 1) A= [b+ azfaz asfs], (4.4)
®3
The equality holds
B B
1 0 _O%Ec 0%73A 0 a c
0 1 0 P3A = | ayp 0 —:Al,A:baﬁ.
00 1 b azfs 3
Ly
By Definition 1 and Theorem 3,
Q@
(ﬂAyaﬁ) = azf.
as B3
There exist u,v € R such that
o
u—ﬁA + vagf = as .
as B3
Since a = - (see Lemma 2),
BA B
U +ov—=1
YBafs B
This equality implies that
(ov53)
vV, ] ———
BB
Then 5 sa
Bz TYByps 0 0 0
u v 0| B=|a2B2 0
0 0 1 b azfs
Lo
We have 5 A
(07
n TYM5E ol
LiLy=|u v — & fuc| € GLs(R)
0 0 1
Thus, for any ¢t € R, the solution of equation (4.4) is
[:ccl) 9 a:g] = [tz z 1] L1l =
= [(u + %t) 2, (v — Oq%t) Z, - a%ﬁlczt] ,
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where
wi=1-— agucz. (4.7)

Since the row [tz z 1] is primitive and the matrix LiLsy is invertible, the

row [29 29 29| is primitive. Using (4.5), we get
1 T2 I3

b+ agfez = b+ ugﬁ(agﬂga —be)z +vanfz =
as B3

= (b — aguczb) + (Bauaz + Paguz) = bu + Bauaz + avz).
az b3
Based on the equality (4.3),

(b, B3) = (b+ agfaz, B3) = (b + Blauaz + agvz), B3) = (bu, B3).

It follows that
(1) 1
’ (b7 /83)

By Lemma 2,
By = B((B,asPs),b) _ B((B.B3),b) _ B(Bs,b) . B _ B
2 B3 B3 B3 (b,083) B2
Consequently,

LA
(u,ﬁ2> = 1.
B _
(mﬂ?,) =1

Taking into account the previous equality, as well as Lemma 2, we obtain

B\ _ _
<M7 52,63) - (M>Bl) =L

From (4.7) it also follows that

o
(u, cz) = 1.
as
(u, a5102> =1
a3

(/’La 361027 6) =1
as

From (4.7) it follows that

Thus,

Then, even more so,
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From the equality (4.6), it follows that

(vam()z)—l
My t) T

Based on Lemma 8, there exists some ¢y € R such that

<v — alﬂiggto,a> = <,u — O(;,Blczto,ﬂ> =1. (4.8)

Set
[1‘(1) ) l'g] = [(u + %t0> Z, <v - %to) Zy = O%ﬂlczto} .

From the primitiveness of this row and the equality (4.8), it follows that the row
[aﬁx? Bz xg] is primitive, and hence it can be completed to an invertible
matrix of the form

* * *

Hy = 0 * * | € Gg.

aﬁx(l) Bmg xg

(see [8, Theorem 1.1, p.24]|). Then

* * *
P, .= HoH{P = * * * , b3 :=b+ agfrz.
asy bz asfs

Set
b3y = as1 + a1Bir € F' (a1, (bsa, a3B3)).

Based on Lemma 4, there exists some H3 € Gg such that

* B3 B3
H3P1 = * * * =: PQ.
bs1 b3 33

As follows from the proof of Lemma 3, there exists some H, € Gg such that

* * *
H4P2 = (a21 Q9 0 = P3.
bs1 b2 a3f3

Set bay 1= ag1 +a1q € ASZ(Ps), g € R. Then there exists some Hs € Gg (see
Lemma 5) such that
* % *
H5P3 = 521 a9 0
bs1 b3z 3B
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To complete the proof of case 1), it remains to show that in the coset Gg P,
matrices of the form (4.1) differ at most only in the first row.

Assume that in the coset GgBi, where By is an invertible matrix of the
form (4.1), there exists a matrix of the form

C21 (65 0

€11 Ci12 C13
)
c31 C32 asfs

where c30 € F(Oézﬁz,ﬁg,), c31 € F/(Oélﬁl, (632, Oégﬁg)), Cc21 € Agll (C) Since
HB, =C, (4.9)

where H is an invertible matrix of the form (3.1), the equality holds

bi2 D13
[aBhs1 Bhsy hss] oz 0 | =[cs2 asfs].
bz «a3f3
This means that the equation
b2 bi3
z-diag (@B8,58,1) |az 0 | =[cs2 «asfs]
bz a3f3

has a solution. Based on Theorem 2, a necessary and sufficient condition for
the solvability of this equation is bss = c32 (mod asf2). According to Lemma
2,

BaBs = B(B, b3z, a3Bs) = B(bsa, (B, a3Ps)) = B(bs2, B3).

Since S¢(B1) = S3(C) (see Theorem 3), it follows that
BaBs = Blcs2, Bs) = (bs2,B3) = (c32,3).

Taking into account that bsa, c32 € F(ag32, B3), we conclude that bsy = c30.
From (4.9), it also follows that the equation

z-diag (aB, 8,1)B1 = [c31 bz asfs)

has a solution. Then b3y = c3; (mod a;131) (see Theorem 2). Since c3; €

F! \Br(bszasBs) it follows that c3; = bs1. By a similar argument, we conclude

that Co1 — b21.
IT). According to Lemma 6, there is H; € Gg such that

* * *
H1P = | * * Qg | =: Pl.
_* 04252 0

By Lemma 7, there exists Ho € Gg such that

_>k * *
H2P1: * * * :ZPQ7
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where d3; € F'(a1,a2/2). Proceeding with reasoning similar to the second
half of the proof of the Lemma 6, we find Hg € Gg such that

* a C
H3P2 = * b ag | =: P3.
ds1 azB2 0
Consider the equality
1 —O%c 0 * 0%3 0
0 0 1 diag (a, 1, 1)P3 = d31 04252 0 = A,
0 1 0 * b Qs
|
Ly
a

where A =

b o(zj ' Using the definition of the ®-skeleton and the fact that
3

o = 10, it follows that

«
<A,O¢252> =y = (OqA,,BQ) =1.
as
Since («, 8) = 1, then

(a3,02) =1 = (a1a3l,32) = 1.

Thus,
(uaz)a1tA+vfr =1

for some u,v € R. We have

B2 —a1A 0O ate 0 0
asu v 0] A=] * az O (e e U(R)).
0 0 1 * b a3
Lo

At the same time,

Ba  —gBad —an A
Lol = |asu!  —add v’ € GL3(R).
0 1 0

Set dag := b+ asz € K(ag). Solution of equation
Z - diag (a, 1, 1)P3 = [* d22 043]

is
[0 z 1] LoLi = [agu’z 1—adu'z v’z] =: [:Ul 5 x3] )
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The row [0 z 1] is primitive, and therefore the row [29 2§ 2] is also

primitive. From the structure of its elements, it follows that (ax?,29) = 1.
Hence, in Gg, there exists a matrix of the form

0 0 1
Then
* * *
H4P3 = f d22 Qg | =: P4.
d31 By 0

By Lemma 7, there is Hs € R such that

din  diz  dis
HsPy = |do1  da2 a3,
d31 a2 0

where dop 1= f + ot € 1"127%1 (P5), t e R.
The proof that, in the coset Gg P, matrices of the form (4.2) differ only in
the first row follows the scheme described in case I).

5. Application

Using the obtained results, we will search for the roots of the matrix equati-
on. It is worth noting that this problem is closely related to a well-known
issue from the second half of the last century concerning the separation of a
regular factor from a polynomial matrix. This problem was solved by P. Kazi-
mirskii [6,7]. It should be noted that Kazimirskii’s method describes only one
class of monic divisors of the matrix, provided that such divisors exist. Theorem
5, however, allows for their complete characterization (see the example below).

A matrix

Alz) = Aga® + Ap 2" oo+ Ay (A € M3(C)).

is called monic if Ay = I. A matrix A(z) is called right-reqularizable if there
exists U(x) € GL3(C[z]) such that A(x)U(x) is a monic polynomial matrix.

Theorem 6. [8, Theorems 5.11, 5.13, p. 176]. The matriz
D(z) := P(z)~"diag(1,z — a, (z — a)(z — §))Q(x) ",
where P(x) := [pi;j(z)], Q(z) € GL3(Clz]), a # S, is right-reqularizable if and
only if the matriz
[pzl(a) paz(a) ng(a)]
T .=

p31(04) P32(Oé) p33(0é)
p31(B) p32(B) p33(B)

is invertible. In this case, there exists an invertible matriz U(x) such that
D(x)U(z) = Iz — T 'JT,
where J = diag(a, o, B).
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Example 3. Let R = C and o, 8 € C, such taht a # 3. We solve the matrix
equation

000 0 0 0
X410 0 ol +Xx3|0 1 0 -
0 0 1 0 0 —2(a+p)
1 0 0
+X%210 —a—283 0 + (5.1)
0 0 o + 4af + B2
—a—f 0 0 a0 0
+X 0 208 + /3 0 +]10 —aB®> 0 | =0
0 0 —2(a?B + a?) 0 0 a?B?

Replacing the matrix of independent variables X by the scalar x, we obtain
the following polynomial matrix: A(z) :=

(r —a)(z—p) 0 0
= 0 (x —a)(z — p)? 0 =: diag (€1, €2, €3).
0 0 (z —a)*(z — B)

According to the generalized Bézout theorem, the matrix B is a root of the
equation (5.1) if and only if A(x) = (Jx — B)C(z). That is, the roots are
"hidden"in the left monic divisors of first degree of the matrix A(z). We will
divide the process of their search into several steps.
1). An estimate of the Smith normal form of the matriz Iz — B.

From the structure of the matrix A(z), it is clear that it coincides with its
Smith form. Let diag (1,2, p3) be the Smith form of the matrix Iz — B.
Since Iz — B is a left divisor of the matrix A(z), based on [8, Theorem 4.3,
p. 127], vile;, @ = 1,2,3. Considering that degdet(/z — B) = 3, we conclude
that the possible Smith forms of the matrix I« — B are:

®:=diag (1,z —a,(z —a)(z — B)), P1:=1(z—a), P2:=1I(z—p),

®3 :=diag (1,1, (z — @)*(z — B)), ®4:=diag (1,1, (z — a)(z — B)?).

2). Investigation of left divisors of the matriz A(x) having Smith form ®.
Since the last invariant factor of the matrix ®, namely (z—a)(z—/), is a divisor
of the first invariant factor of the matrix A(z), it follows from [8, Theorem
4.4, p.128] and [8, Corollary 4.11, p.147| that any matrix with Smith form
® is a left divisor of A(x). That is, all matrices of the form P~1®Q~!, where
P,Q € CJz], are left divisors of A(z). Therefore, the problem reduces to finding
all monic matrices with Smith form ®.

Let A(x) = B(x)C(x). Then A(x) = (B(z)U(z)) (U 1(x)C(x)), where
U(z) € GL3(Cl[z]). That is, all right associate matrices of B(z) are again
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left divisors of the matrix A(z). According to [8, Lemma 5.7, p. 175], the
coset B(x) GL3(C|x]) contains at most one monic matrix. Thus, different monic
matrices are right non-associated.

From [8, Theorem 4.5, p. 128, it follows that the set of right associated
matrices to the matrix P~'®Q~! has the form (Gg¢P) '® GL3(C[z]). Let
us denote by W (®) the set of representatives of the right cosets of Gg in
GL3(C[z]). Then W~1(®) ® is the set of all non-associated matrices with Smi-
th form ®.

3). Investigation of right non-associated matrices having the given Smith
form ®.

Matrices with Smith form ® are divided into classes that have standard and
non-standard ®-skeletons. The non-standard ®-skeletons are:

1 1 1 1 1 1
Sy = 1 1 (x—a)|, So:= 1 (x — ) 1 ,
(z—p) (x=pB) (z-a) (z-p) (x—a) (z-7)
1 1 1
S3:= |(z— ) 1 1

(z—a) (x=p) (z-7)

Based on the above reasoning and Theorem 5, the set of right non-associated
matrices with ®-skeleton S7 has the form: N1_1®, N2_1<I>, N~'®, where

0 0 1
N o= gt (g +1) 1 0 |, aeC, g3 eC;
431 g2 T —«
0 O 1 1 0 1
No=1[0 1 0 , 131 € C*; N3:= 0 1 0
t31 0 z—« r—0 0 z—«

Similarly, those with ®-skeleton Sy are K 1, Ky '®, where

0 1 0
Ki:=|0 fo 1|, fs1€C, fneC,
fs1 z—a 0
1 1 0
Koy:=| 0 g22 1|, g2 €C.

r—0 z—a 0
The matrices with ®-skeleton S3 have the form 77 lp, T271<I), where

-1

1 —c3z 0
Ty = |en 0 1{, c31 € (C*, co1 € C,
cz1 r—p 0
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1 1 0
Ty = da1 0 1], do1 € C.
r—a z—fF 0
4). Finding the roots of the equation(5.1).
From the obtained set of right non-associated polynomial matrices, those that
are right-regularizable should be selected. Based on Theorem 6, the sets Ni_1<I>,
i = 1,2,3, generate the following roots of the equation (5.1): ]'\'7;1(]]'\'72.7 =
1,2,3, where J = diag (o, a, 3),

) Gl +1) 1 0 ) 01 0
Ny = q31 g2 0 |, Noa:=|ts O O |,
q31 @32 B—-a t31 0 B—a
0 1 0
N3:=|la=B 0 0 |,
0 0 B-a

where q31 e C, 32,131 € (C Therefore the remaining roots of this equation
are KWKy, Ky YJKy, T7 YTy, Ty ' JTs, where

) 0 fa2 1 ) 0 g2 1

Ki:=|fn 0 0|, Ky:= 04—6 0 0],
| fs1 B—a 0] B—a 0
_021 0 1_ d21

Tl = |31 O — ﬁ 0 5 TQ = ]
_031 0 0_ B

where foo, g22, co1,do1 € C, f31,c31 € C*. Finally, we list the roots generated by
monic divisors with standard ®-skeletons. According to Theorem 4, the right
non-associated matrices with standard ®-skeletons have the form:

1 0 0" 1 0 0" o 1 o]"
a 10 P, a 01 P, |1 0 0 P,
br+c¢ d 1 br+c¢c 1 0 d bx+c 1
01 0] " 00 117" 00 11"
0a 1| ® [1 00| & |01 0 @, (5.2)
10 0 d 1 0 100

where a,b,c € C. The first three parametric matrices generate the following
roots of the equation (5.1): F{lJFi, i=1,2,3, where

) a 1 0 ) a 0 1 ) 1 0 0
Fr=|lab+c d 1|,Fy:=|ab+c 1 0| ,F3:=|d ab+c 1|,
Bb+c d 1 Bb+c 1 0 d fb+c 1

where a,c € C, b € C*. The matrices from set (5.2) are not right-regularizable
and thus do not yield any roots of the equation (5.1). o
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Remark 3. The Kazimirskii method for describing the regular divisors of

the matrix A(z) with Smith form @ allows one to find only the single class:
Iz — F7 VTR
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