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Abstract. In this article, we prove analogs of classical Fermat’s extreme
value theorem and Cauchy’s mean value theorem for functions taking
values in commutative algebras.
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AmHoratist. Y uiit crarTi qOBeIeHO aHaJIorn KjaacudHoi Teopemu Depma
PO eKCTpeMaJIbHi 3HaYeHHsI Ta TeopeMmu Kol mpo cepeiHe 3HAYEHHST JIJTsT
GbYHKIIH, M0 TPUAMAOTh 3HAYEHHsT B KOMYTATUBHUX ajarebpax.

KurodoBi ciioBa: Teopema Pepma Ipo eKCTpeMaJsibHI 3HAYEHHSI, €KCTPe-
MaJibHe 3HaueHHs, Teopema Ko mpo cepemHe 3HAYEHHS, KOMYTaTHBHA
acoriaTuBHa 6aHaxoBa ajaredpa, MOHOTEHHA (PYHKIIis

MSC2020: Prr 30G35, SEc 30G30

1. Introduction

Speaking about the function theory in commutative associative algebras,
it is assumed that it should be similar to compler analysis. At least in this
spirit are developing the well-known and recognized directions in commutative
associative algebras. Let us note here the fundamental works [7,10,14,16,17].

In this paper, we will try to look at commutative analysis from the point
of view of real analysis. One of the classic results of real analysis is Fermat
extreme value theorem and Cauchy mean value theorem.

Let A be a n-dimensional (1 < n < co) commutative associative algebra
with a basis {I,}]_; over the complex field C.
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FERMAT’S AND CAUCHY’S THEOREMS IN COMMUTATIVE ALGEBRAS

Let us consider the vectors ey = 1,es,...,e; in A, where 2 < k < 2n,
and these vectors are linearly independent over the field of real numbers R
(see [13]). It means that the equality

k
Z are, =0, ar € R,
r=1

holds if and only if o, =0 for all r =1,2,...,k.

k
Let ¢ := > z,e, where z, € R. Denote by E, :=
r=1
k
{C— > e Z'TGR} the linear span of vectors ey = 1,e9,...,€eg
r=

1
over the field R.
Let Q be a domain in Ey,.

Definition 1. [14, p. 31]. A continuous function ® : Q — A is monogenic
in €2 if ® is differentiable in the sense of Gateaux—Mel’nychenko in every point
of Q, i. e. if for every ¢ € Q there exists an element ®'(¢) € A such that

iy 2(CHeh) — @(Q)

. /
lim - = h®'(() Vhe E. (1.1)

®’(() is the Gateauz—Mel’nychenko derivative of the function ® at the point (.
Setting in (1.1) h=e,, r =1,2,..., k, we get

oo
ox,

(e, for all r=1,2,... k. (1.2)

Thus, if a function is monogenic, then equalities (1.2) are true.
The theory of monogenic functions is described in monograph [14].

2. Analogues of Fermat’s extreme value theorem

Let us recall the formulation of Fermat’s theorem in the case of real functi-
ons of one and several variables.

2.1. The cases of one and several real variable

Definition 2. |2, p. 388]. Let the given function f : (a,b) — R, and xg
be an interior point of the interval (a,b). Then

e a point xg is called the point of the local maximum of the function f, if
there is a neighborhood Us(xg) := (zo — d, 29 + 0) such that

Vo € Us(zo) f(x) < f(wo);
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e a point zg is called the point of the local minimum of the function f, if
there is a neighborhood Us(xg) such that

Va e Us(zo) f(x)> f(zo);

e points of local maximum or local minimum are called points of local
extremum.

Theorem 1. (Fermat extreme value theorem for one real variable)
[2, p. 388]. Let f : (a,b) — R be a function defined on the interval (a,b),
and suppose that xo € (a,b) is a point where f has a local extremum. If f is
differentiable at xq, then f'(xg) = 0.

Now let us formulate a necessary condition for an extremum for a vector-
valued function from R" to R™.
Let us consider a smooth vector-function f:R"™ — R™

f(:E) = (fl(x)’fQ(Jj)v oo vfm(gc))’ xr = (55175627 s 733n),

that is, fr(z), r = 1,2,...,m, has continuous partial derivatives of the first
order.

Definition 3. (Componentwise extremum) [8, p. 39, Def. 2.1, 1)].
Let a vector-function f : D — R™ is defined in a domain D C R" and
29 = (29,29, ..., 20) be an interior point of D. Then a point 2 is called the point
of the local componentwise maximum (componentwise minimum) of the vector-
function f(x), if there is a neighborhood Bs(z?) = {z : ||z — 2°|| < 6} € D
such that

Vo€ Bs(z%)  fo(z) < £r(2%) forall r=1,2,...,m (2.1)

(fr(:v) > (2% forall r=1,2,.. .,m). (2.2)

Points of local componentwise maximum or local componentwise minimum
are called points of local componentwise extremum.

Let [|f ()]l :== /f{ (@) + f5(2) + - + fR(2).

Definition 4. (Extremum with respect to norm). Let a vector-
function f : D — R™ is defined in a domain D C R", and z° = (29,29, ..., 20)
be an interior point of D. Then a point 2% is called the point of the local
maximum (minimum) of the vector-function f(x), if there is a neighborhood

Bs(2%) = {x : ||z — 2°|| < 6} C D such that
Vo Bs(a®) @l < IIf ") (2.3)
(1F@I = 17G1)- (2.4)

Points of local maximum or local minimum are called points of local

extremum.
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Theorem 2. (Extreme value theorem for vector-function) [11, p.
251]. Let f : D C R™ — R™ be continuously differentiable in a neighborhood of
2% € D. If 2° is a point of local extremum of f (either componentwise or with
respect to ||f(x)||), then the following necessary conditions hold:

(i) for componentwise extremum: J¢(x°) = 0;
(ii) for extremum with respect to norm: J}F(azo)f(:vo) =0,

where Jy is a Jacobian of the mapping f.

2.2. Componentwise extremum

We recall that A is a n-dimensional (1 < n < co) commutative associative
k
algebra over the field C. Fixed 2 < k < 2n. An element ¢ = Y z, e,, where

r=1
z, € R, and E = {C = Z TpCr: Ty € R} is the linear span of vectors

e1 = 1,es,...,e, over the ﬁeld ]R and Q is a domain in Ej.
n
For the element a = ) asls, as € C we define the Euclidean norm
s=1

Deﬁnition 5. Let a function ® : Q — A is defined in a domain €2 C A, and

ZL’ e, be an interior point of Q. Then a point ¢° is called the point
p p p

=
of the local componentwise maximum (componentwise minimum) of the

function @, if there is a neighborhood Bs(¢%) = {¢ : ||¢ — ¢°|| < 6} C Q such
that inequalities (2.1) (and respectively (2.2)) are satisfied.

Points of local componentwise maximum or local componentwise minimum
are called points of local componentwise extremum.

Theorem 3. (Fermat’s extreme value theorem for componentwise
extremum). Let a function ® : Q — A belongs to C1(2,A) and (¥ € Q is
a point of local componentwise extremum of ®. If ® is monogenic in 2, then

(¢%) = 0.

Proof. Taking into account Theorem 2, item (i), and equality (1.2), we have
that ®'(¢%) = 0.
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2.3. Extremum with respect to norm
Definition 6. Let a function @ : 2 — A is defined in a domain €2 C A, and
k
0:= 3" 2%, be an interior point of Q. Then a point ¢° is called the point

r=1
of the local maximum with respect to norm (minimum with respect to

norm) of the function ®, if there is a neighborhood Bs(¢°) = {¢ : || — (Y| <
0} C Q such that inequalities (2.3) (and respectively (2.4)) are satisfied.

Points of local maximum or local minimum with respect to norm are called
points of local extremum with respect to norm.

For the elements a = Zas s, ag € Cand b = Zb I, by € C we define
the scalar product (a, b) by the equality -

b) = Z asbs
s=1

Theorem 4. (Fermat’s extreme value theorem for extremum with
respect to norm). Let a function ® : Q — A belongs to C*(Q,A) and ¢° € Q
1s a point of local extremum with respect to norm of ®. If ® is monogenic in
), then

(@), 2(¢M) =0. (2.5)
Proof. Taking into account Theorem 2, item (ii), at a point ¢° for the function

®(() = > Us(x1, 22, ..., x1) Is, we have
s=1

U U U,
71.U1+W3.U2+...+Tm.Un

0z 0
UL 7, 4902 7, ... 4 9Un . [ 0
ox 1+83: 2+ +6m n
Jg (%)@ = ™ © 2 = | @6
0

%.U1+M.U2+...+%.Un

oxy, oxy, Oxy,

The first equation of (2.6) can be rewritten as

0P
92 &) —o.
<39€1’> !

Taking into account equality (1.2) for » = 1, we have

0P Y B
<axl,<1>>_<q>,¢>>_o.

Now we notice that the r-th equation of (2.6) for r € {2,3,...,k}, can be

rewritten as P
— P)=e¢, - (D D) =0.
<01‘T 9 > 67‘ < 9 >

Thus, all equalities from (2.6) reduce to equality (2.5).
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3. Cauchy’s mean value theorem in commutative algebras

3.1. The cases of real and complex functions
Let us consider Cauchy’s mean value theorem in the real and complex case.

Theorem 5. (Cauchy mean value theorem for a real variable) [2, p.
390]. If two functions f(z) and g(x) are continuous on the closed interval [a, b]
and they are differentiable at least in the interior of the interval (a,b). Then
there exists a value & between a and b such that

The works [3,4,6,12,21,22] are devoted to the issues of complexification of
the Cauchy’s and Rolle’s theorems.

Thus, in paper [4] the following Lagrange-type mean value theorem was
proved.

Theorem 6. [/]. Let f be a holomorphic function defined on an open
convez subset D of C. Let a and b be two distinct points in D. Then there exist
21, 22 € (a,b) such that

Ro (1)) = ke (1021000},

b—a
(7 (e2)) = 1 (12100,

In paper [12], compared to Theorem 6, the condition of convexity of the
domain is removed and the segment [a, b] is replaced by a smooth curve.

The paper [21] proves the following much more general Cauchy-type mean
value theorem.

Theorem 7. [21]. Suppose that D is a subset of the complex plane C, and
f and g are functions from D into C, and a and b are different points in D
such that:

(1) the line segment [a,b] is contained in D;

(2) the restrictions of f and g to [a,b] are continuous;

(3) the functions f and g are holomorphic at each point of (a,b).
Then there are some points & and & in (a,b) such that

Re ((f(b) — f(a)) g'(€1)) = Re (f'(&1) (9(b) — 9(a))),

Im ((£(5) — () ¢'(&2)) = Im (f'(&2) (9(b) — g(a))). (3:-1)
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Theorem 6 is a special case of Theorem 7.

A completely different type of mean value theorem is proved in Theorem
2.3 of [3]. We will not rewrite it, but refer the reader to article [3].

Other versions of the mean value theorem in the complex and real analysis
are proposed in papers [1,15,18-20].

It is worth noting in particular the mean value theorem from the work [22].

Theorem 8. [22]. Let an analytic function f(z) and a rectilinear segment
L with endpoints a and b be given in the domain D C C. Then there exist a
number A € [0,1] and points c1 and co of this segment such that the equality

TOZID _apen) + 0 -0 f (o) = {221
18 true.

In this article, we prove an analogue of the Cauchy mean value Theorem 7
for commutative associative algebras.

3.2. Cauchy’s mean value theorem in commutative associative
algebras

Lemma 1. Let o, 5 € Ej, and let Qo 3 :={a+tf € A:te (0,1)} C Ey.
Let also a function ® : Qn 3 — A be defined in a neighborhood of the set 2, g
and R-differentiable and monogenic on Q5. Then

D) (a+18) = B (a +tf).

k k
Proof. Let o := > ayer, 8 := Y Bre,. Then we denote v, = a, + tf,,

r=1 r=1
r=1,2,...,k.
Then we have

O (a+t8) = Z(Us(vl,vg, . .,vk)xls

s=1

" U, AU,
z( S, ) 1,
oy,

i oU.
:g < 2[ NI ) Zﬁrc’)vr

Using relations (1.2), we have

Z Zﬁrq)/ €r = ¢IZIBT6T 6(I>/

r=1
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n

Definition 7. For the element ¢ := > ¢sls, ¢s € C, of the algebra A we
s=1
denote

Res(c) := Re(cs), Img(c) := Im(cs), s=1,2,...,n.

Theorem 9. Let Q be a domain in Ey C A, and let ® and ¥ be functions
from Q into A, and a and b are different points in ) such that:

(1) the line segment [a,b] is contained in Q;
(2) the element (b — a) is invertible;
(3) the restrictions of ® and ¥ to [a,b] are continuous;

(4) the functions ® and U are R-differentiable and monogenic at each point

of (a,b).

Then, on (a,b) there exist some points &, s =1,2,...,n, such that
Re, ((2(0) = @(a)) ¥'(&)) = Re( (B(0) - ¥(a)) ¥'(&)),  (32)
I ((@() - ®(a) W'(&,)) = Ty ((U(0) — W(@) V(&) (3.3)

foralls=1,2,...,n.

Proof. Let us prove equality (3.2). Define an A-valued function ¢ on [0,1]
such that

o (t) =((2(b) = ®(@) W(a+ (b — a)) — B(a + t(b - a)) (¥(5) — ¥(a)))

x(b—a)™?
for all t € [0, 1]. Then, clearly that ¢ is continuous on [0, 1], and ¢ is differenti-
able on (0,1).
We will show that ¢(0) = ¢(1). Consider

and

that is, ¢(0) = ¢(1).
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Therefore, for all s = 1,2,...,n the functions ¢, := Res(p) satisfy the
conditions of real Rolle’s theorem. Thus, there are some points vs € (0, 1) for
s=1,2,...,n, such that ¢/ (vs) = 0.

On the other hand, for all s =1,2,...,n we have

PL(t) = Re, (/(1)) = Re, ( (@) ~ ®(@) wi(a+t(b - a))) (b - a)l)

“Re, < (q»;(a (b — a)) (U(b) — \Il(a))) (b — a)—l) .

Applying Lemma 1 to the functions W,(a + ¢(b — a)) and ®,(a + (b — a)), we
obtain

0 = ¢i(vs) = Rey ((@(6) = @(a) ¥'(a+ t(b - a) )

~Rey (@/(a + 1(b — ) (¥(b) ~ ¥(a)) )

fors=1,2,...,n.
Denoting & := a + vs(b — a), we have proved equality (3.2).The equality
(3.3) is proved similarly.

The following statement is an analogue of Lagrange’s mean value theorem
(compare with Theorem 6).

Corollary 1. Let the conditions of Theorem 9 be satisfied, and we set
T() = (C—a)b—a)! forall ¢ € Q. Then

Re.((9() ~ @(a))(b— )" = Res(#'(51) ).

Ims<(<1>(b) — ®(a))(b— a)_1> = Tm, (cp’(gs)), s=1,2,...,n.

Remark 1. Theorem 9 and Corollary 1 remain valid if we consider the
algebra A over the field of real numbers R.
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