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Abstract. In this article, we prove analogs of classical Fermat’s extreme
value theorem and Cauchy’s mean value theorem for functions taking
values in commutative algebras.
Key words: Fermat’s extreme value theorem, extreme value, Cauchy’s
mean value theorem, commutative associative Banach algebra, monogenic
function

Анотацiя. У цiй статтi доведено аналоги класичної теореми Ферма
про екстремальнi значення та теореми Кошi про середнє значення для
функцiй, що приймають значення в комутативних алгебрах.
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1. Introduction

Speaking about the function theory in commutative associative algebras,
it is assumed that it should be similar to complex analysis. At least in this
spirit are developing the well-known and recognized directions in commutative
associative algebras. Let us note here the fundamental works [7, 10,14,16,17].

In this paper, we will try to look at commutative analysis from the point
of view of real analysis. One of the classic results of real analysis is Fermat
extreme value theorem and Cauchy mean value theorem.

Let A be a n-dimensional (1 ≤ n < ∞) commutative associative algebra
with a basis {Ir}nr=1 over the complex field C.
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Let us consider the vectors e1 ≡ 1, e2, . . . , ek in A, where 2 ≤ k ≤ 2n,
and these vectors are linearly independent over the field of real numbers R
(see [13]). It means that the equality

k∑
r=1

αrer = 0, αr ∈ R,

holds if and only if αr = 0 for all r = 1, 2, . . . , k.

Let ζ :=
k∑
r=1

xr er, where xr ∈ R. Denote by Ek :={
ζ =

k∑
r=1

xrer : xr ∈ R
}

the linear span of vectors e1 = 1, e2, . . . , ek

over the field R.
Let Ω be a domain in Ek.

Definition 1. [14, p. 31]. A continuous function Φ : Ω→ A is monogenic
in Ω if Φ is differentiable in the sense of Gateaux–Mel’nychenko in every point
of Ω, i. e. if for every ζ ∈ Ω there exists an element Φ′(ζ) ∈ A such that

lim
ε→0+0

Φ(ζ + εh)− Φ(ζ)

ε
= hΦ′(ζ) ∀h ∈ Ek. (1.1)

Φ′(ζ) is the Gateaux–Mel’nychenko derivative of the function Φ at the point ζ.

Setting in (1.1) h = er, r = 1, 2, . . . , k, we get

∂Φ

∂xr
= Φ′(ζ)er for all r = 1, 2, . . . , k. (1.2)

Thus, if a function is monogenic, then equalities (1.2) are true.
The theory of monogenic functions is described in monograph [14].

2. Analogues of Fermat’s extreme value theorem

Let us recall the formulation of Fermat’s theorem in the case of real functi-
ons of one and several variables.

2.1. The cases of one and several real variable

Definition 2. [2, p. 388]. Let the given function f : (a, b) → R, and x0

be an interior point of the interval (a, b). Then

• a point x0 is called the point of the local maximum of the function f , if
there is a neighborhood Uδ(x0) := (x0 − δ, x0 + δ) such that

∀x ∈ Uδ(x0) f(x) ≤ f(x0);
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• a point x0 is called the point of the local minimum of the function f , if
there is a neighborhood Uδ(x0) such that

∀x ∈ Uδ(x0) f(x) ≥ f(x0);

• points of local maximum or local minimum are called points of local
extremum.

Theorem 1. (Fermat extreme value theorem for one real variable)
[2, p. 388]. Let f : (a, b) → R be a function defined on the interval (a, b),
and suppose that x0 ∈ (a, b) is a point where f has a local extremum. If f is
differentiable at x0, then f ′(x0) = 0.

Now let us formulate a necessary condition for an extremum for a vector-
valued function from Rn to Rm.

Let us consider a smooth vector-function f : Rn → Rm

f(x) = (f1(x), f2(x), . . . , fm(x)), x = (x1, x2, . . . , xn),

that is, fr(x), r = 1, 2, . . . ,m, has continuous partial derivatives of the first
order.

Definition 3. (Componentwise extremum) [8, p. 39, Def. 2.1, 1)].
Let a vector-function f : D → Rm is defined in a domain D ⊂ Rn, and
x0 = (x0

1, x
0
2, ..., x

0
n) be an interior point ofD. Then a point x0 is called the point

of the local componentwise maximum (componentwise minimum) of the vector-
function f(x), if there is a neighborhood Bδ(x

0) = {x : ‖x − x0‖ < δ} ⊂ D
such that

∀x ∈ Bδ(x0) fr(x) ≤ fr(x0) for all r = 1, 2, . . . ,m (2.1)(
fr(x) ≥ fr(x0) for all r = 1, 2, . . . ,m

)
. (2.2)

Points of local componentwise maximum or local componentwise minimum
are called points of local componentwise extremum.

Let ‖f(x)‖ :=
√
f2

1 (x) + f2
2 (x) + · · ·+ f2

m(x).

Definition 4. (Extremum with respect to norm). Let a vector-
function f : D → Rm is defined in a domain D ⊂ Rn, and x0 = (x0

1, x
0
2, ..., x

0
n)

be an interior point of D. Then a point x0 is called the point of the local
maximum (minimum) of the vector-function f(x), if there is a neighborhood
Bδ(x

0) = {x : ‖x− x0‖ < δ} ⊂ D such that

∀x ∈ Bδ(x0) ‖f(x)‖ ≤ ‖f(x0)‖ (2.3)(
‖f(x)‖ ≥ ‖f(x0)‖

)
. (2.4)

Points of local maximum or local minimum are called points of local
extremum.
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Theorem 2. (Extreme value theorem for vector-function) [11, p.
251]. Let f : D ⊂ Rn → Rm be continuously differentiable in a neighborhood of
x0 ∈ D. If x0 is a point of local extremum of f (either componentwise or with
respect to ‖f(x)‖), then the following necessary conditions hold:

(i) for componentwise extremum: Jf (x0) = 0;

(ii) for extremum with respect to norm: JTf (x0)f(x0) = 0,

where Jf is a Jacobian of the mapping f .

2.2. Componentwise extremum

We recall that A is a n-dimensional (1 ≤ n <∞) commutative associative

algebra over the field C. Fixed 2 ≤ k ≤ 2n. An element ζ =
k∑
r=1

xr er, where

xr ∈ R, and Ek :=

{
ζ =

k∑
r=1

xrer : xr ∈ R
}

is the linear span of vectors

e1 = 1, e2, . . . , ek over the field R, and Ω is a domain in Ek.

For the element a =
n∑
s=1

asIs , as ∈ C we define the Euclidean norm

‖a‖ =

√√√√ n∑
r=1

|ar|2.

Definition 5. Let a function Φ : Ω→ A is defined in a domain Ω ⊂ A, and

ζ0 :=
k∑
r=1

x0
r er be an interior point of Ω. Then a point ζ0 is called the point

of the local componentwise maximum (componentwise minimum) of the
function Φ, if there is a neighborhood Bδ(ζ0) = {ζ : ‖ζ − ζ0‖ < δ} ⊂ Ω such
that inequalities (2.1) (and respectively (2.2)) are satisfied.

Points of local componentwise maximum or local componentwise minimum
are called points of local componentwise extremum.

Theorem 3. (Fermat’s extreme value theorem for componentwise
extremum). Let a function Φ : Ω → A belongs to C1(Ω,A) and ζ0 ∈ Ω is
a point of local componentwise extremum of Φ. If Φ is monogenic in Ω, then
Φ′(ζ0) = 0.

Proof. Taking into account Theorem 2, item (i), and equality (1.2), we have
that Φ′(ζ0) = 0.

181



V. SHPAKIVSKYI

2.3. Extremum with respect to norm

Definition 6. Let a function Φ : Ω→ A is defined in a domain Ω ⊂ A, and

ζ0 :=
k∑
r=1

x0
r er be an interior point of Ω. Then a point ζ0 is called the point

of the local maximum with respect to norm (minimum with respect to
norm) of the function Φ, if there is a neighborhood Bδ(ζ0) = {ζ : ‖ζ − ζ0‖ <
δ} ⊂ Ω such that inequalities (2.3) (and respectively (2.4)) are satisfied.

Points of local maximum or local minimum with respect to norm are called
points of local extremum with respect to norm.

For the elements a =
n∑
s=1

asIs , as ∈ C and b =
n∑
s=1

bsIs , bs ∈ C we define

the scalar product 〈a, b〉 by the equality

〈a, b〉 :=

n∑
s=1

asbs .

Theorem 4. (Fermat’s extreme value theorem for extremum with
respect to norm). Let a function Φ : Ω→ A belongs to C1(Ω,A) and ζ0 ∈ Ω
is a point of local extremum with respect to norm of Φ. If Φ is monogenic in
Ω, then 〈

Φ′(ζ0),Φ(ζ0)
〉

= 0. (2.5)

Proof. Taking into account Theorem 2, item (ii), at a point ζ0 for the function

Φ(ζ) =
n∑
s=1

Us(x1, x2, . . . , xk) Is, we have

JTΦ (ζ0) · Φ(ζ0) =


∂U1
∂x1
· U1 + ∂U2

∂x1
· U2 + · · ·+ ∂Un

∂x1
· Un

∂U1
∂x2
· U1 + ∂U2

∂x2
· U2 + · · ·+ ∂Un

∂x2
· Un

· · ·
∂U1
∂xk
· U1 + ∂U2

∂xk
· U2 + · · ·+ ∂Un

∂xk
· Un

 =


0
0
...
0

 . (2.6)

The first equation of (2.6) can be rewritten as〈
∂Φ

∂x1
,Φ

〉
= 0.

Taking into account equality (1.2) for r = 1, we have〈
∂Φ

∂x1
,Φ

〉
=
〈
Φ′,Φ

〉
= 0.

Now we notice that the r-th equation of (2.6) for r ∈ {2, 3, . . . , k}, can be
rewritten as 〈

∂Φ

∂xr
,Φ

〉
= er ·

〈
Φ′,Φ

〉
= 0.

Thus, all equalities from (2.6) reduce to equality (2.5).
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3. Cauchy’s mean value theorem in commutative algebras

3.1. The cases of real and complex functions

Let us consider Cauchy’s mean value theorem in the real and complex case.

Theorem 5. (Cauchy mean value theorem for a real variable) [2, p.
390]. If two functions f(x) and g(x) are continuous on the closed interval [a, b]
and they are differentiable at least in the interior of the interval (a, b). Then
there exists a value ξ between a and b such that

(f(b)− f(a)) g′(ξ) = (g(b)− g(a)) f ′(ξ).

The works [3,4,6,12,21,22] are devoted to the issues of complexification of
the Cauchy’s and Rolle’s theorems.

Thus, in paper [4] the following Lagrange-type mean value theorem was
proved.

Theorem 6. [4]. Let f be a holomorphic function defined on an open
convex subset D of C. Let a and b be two distinct points in D. Then there exist
z1, z2 ∈ (a, b) such that

Re (f ′(z1)) = Re

(
f(b)− f(a)

b− a

)
,

Im (f ′(z2)) = Im

(
f(b)− f(a)

b− a

)
.

In paper [12], compared to Theorem 6, the condition of convexity of the
domain is removed and the segment [a, b] is replaced by a smooth curve.

The paper [21] proves the following much more general Cauchy-type mean
value theorem.

Theorem 7. [21]. Suppose that D is a subset of the complex plane C, and
f and g are functions from D into C, and a and b are different points in D
such that:

(1) the line segment [a, b] is contained in D;

(2) the restrictions of f and g to [a, b] are continuous;

(3) the functions f and g are holomorphic at each point of (a, b).

Then there are some points ξ1 and ξ2 in (a, b) such that

Re
(
(f(b)− f(a)) g′(ξ1)

)
= Re

(
f ′(ξ1) (g(b)− g(a))

)
,

(3.1)
Im
(
(f(b)− f(a)) g′(ξ2)

)
= Im

(
f ′(ξ2) (g(b)− g(a))

)
.
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Theorem 6 is a special case of Theorem 7.
A completely different type of mean value theorem is proved in Theorem

2.3 of [3]. We will not rewrite it, but refer the reader to article [3].
Other versions of the mean value theorem in the complex and real analysis

are proposed in papers [1, 15,18–20].
It is worth noting in particular the mean value theorem from the work [22].

Theorem 8. [22]. Let an analytic function f(z) and a rectilinear segment
L with endpoints a and b be given in the domain D ⊂ C. Then there exist a
number λ ∈ [0, 1] and points c1 and c2 of this segment such that the equality

f(b)− f(a)

b− a
= λf ′(c1) + (1− λ)f ′(c2) =

f(c2)− f(c1)

c2 − c1

is true.

In this article, we prove an analogue of the Cauchy mean value Theorem 7
for commutative associative algebras.

3.2. Cauchy’s mean value theorem in commutative associative
algebras

Lemma 1. Let α, β ∈ Ek and let Ωα,β := {α + tβ ∈ A : t ∈ (0, 1)} ⊂ Ek.
Let also a function Φ : Ωα,β → A be defined in a neighborhood of the set Ωα,β

and R-differentiable and monogenic on Ωα,β. Then

Φ′t(α+ tβ) = β Φ′(α+ tβ).

Proof. Let α :=
k∑
r=1

αrer, β :=
k∑
r=1

βrer. Then we denote vr := αr + tβr ,

r = 1, 2, . . . , k.
Then we have

Φ′t(α+ tβ) =
n∑
s=1

(
Us(v1, v2, . . . , vk)

)′
t
Is

=
n∑
s=1

(
β1
∂Us
∂v1

+ β2
∂Us
∂v2

+ · · ·+ βk
∂Us
∂vk

)
Is

=

k∑
r=1

βr

(
∂U1

∂vr
I1 +

∂U2

∂vr
I2 + · · ·+ ∂Un

∂vr
In

)
=

k∑
r=1

βr
∂Φ

∂vr
.

Using relations (1.2), we have

k∑
r=1

βr
∂Φ

∂vr
=

k∑
r=1

βrΦ
′ er = Φ′

k∑
r=1

βrer = β Φ′.
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Definition 7. For the element c :=
n∑
s=1

csIs, cs ∈ C, of the algebra A we

denote

Res(c) := Re(cs), Ims(c) := Im(cs), s = 1, 2, . . . , n.

Theorem 9. Let Ω be a domain in Ek ⊂ A, and let Φ and Ψ be functions
from Ω into A, and a and b are different points in Ω such that:

(1) the line segment [a, b] is contained in Ω;

(2) the element (b− a) is invertible;

(3) the restrictions of Φ and Ψ to [a, b] are continuous;

(4) the functions Φ and Ψ are R-differentiable and monogenic at each point
of (a, b).

Then, on (a, b) there exist some points ξs , s = 1, 2, . . . , n, such that

Res

(
(Φ(b)− Φ(a)) Ψ′(ξs)

)
= Res

(
(Ψ(b)−Ψ(a)) Φ′(ξs)

)
, (3.2)

Ims

(
(Φ(b)− Φ(a)) Ψ′(ξs)

)
= Ims

(
(Ψ(b)−Ψ(a)) Φ′(ξs)

)
(3.3)

for all s = 1, 2, . . . , n.

Proof. Let us prove equality (3.2). Define an A-valued function ϕ on [0, 1]
such that

ϕ(t) =
(

(Φ(b)− Φ(a)) Ψ(a+ t(b− a))− Φ(a+ t(b− a)) (Ψ(b)−Ψ(a))
)

×(b− a)−1

for all t ∈ [0, 1]. Then, clearly that ϕ is continuous on [0, 1], and ϕ is differenti-
able on (0, 1).

We will show that ϕ(0) = ϕ(1). Consider

ϕ(0) =
(

(Φ(b)− Φ(a)) Ψ(a)− Φ(a) (Ψ(b)−Ψ(a))
)

(b− a)−1

=
(

Φ(b)Ψ(a)− Φ(a)Ψ(b)
)

(b− a)−1

and
ϕ(1) =

(
(Φ(b)− Φ(a)) Ψ(b)− Φ(b) (Ψ(b)−Ψ(a))

)
(b− a)−1

=
(

Φ(b)Ψ(a)− Φ(a)Ψ(b)
)

(b− a)−1,

that is, ϕ(0) = ϕ(1).
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Therefore, for all s = 1, 2, . . . , n the functions ϕs := Res(ϕ) satisfy the
conditions of real Rolle’s theorem. Thus, there are some points υs ∈ (0, 1) for
s = 1, 2, . . . , n, such that ϕ′s(υs) = 0.

On the other hand, for all s = 1, 2, . . . , n we have

ϕ′s(t) = Res
(
ϕ′(t)

)
= Res

((
(Φ(b)− Φ(a)) Ψ′t(a+ t(b− a))

)
(b− a)−1

)

−Res

((
Φ′t(a+ t(b− a)) (Ψ(b)−Ψ(a))

)
(b− a)−1

)
.

Applying Lemma 1 to the functions Ψ′t(a+ t(b− a)) and Φ′t(a+ t(b− a)), we
obtain

0 = ϕ′s(υs) = Res

(
(Φ(b)− Φ(a)) Ψ′(a+ t(b− a))

)
−Res

(
Φ′(a+ t(b− a)) (Ψ(b)−Ψ(a))

)
for s = 1, 2, . . . , n.

Denoting ξs := a + υs(b − a), we have proved equality (3.2).The equality
(3.3) is proved similarly.

The following statement is an analogue of Lagrange’s mean value theorem
(compare with Theorem 6).

Corollary 1. Let the conditions of Theorem 9 be satisfied, and we set
Ψ(ζ) = (ζ − a)(b− a)−1 for all ζ ∈ Ω. Then

Res

(
(Φ(b)− Φ(a))(b− a)−1

)
= Res

(
Φ′(ξs)

)
,

Ims

(
(Φ(b)− Φ(a))(b− a)−1

)
= Ims

(
Φ′(ξs)

)
, s = 1, 2, . . . , n.

Remark 1. Theorem 9 and Corollary 1 remain valid if we consider the
algebra A over the field of real numbers R.
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