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Submonoids of integer group determinants

Abstract. For a finite group G, let S(G) denote the set of all integer
values obtained from the group determinant by substituting integers for
its variables. Such values are called integer group determinants. Giving a
complete description of S(G) is a difficult problem, known as the Taussky—
Todd integer group determinant problem.

In this paper, we introduce a submonoid S’ (G) of the monoid S(G) arising
from a specific specialization of the group determinant, and provide a
framework for investigating certain aspects of the lower structure of S(G).
For finite groups G of order at most 5, we determine S’(G) explicitly and
present concrete examples of integer group determinants.

The motivation for considering the submonoid S’ (G) is that specialization
patterns can retain meaningful arithmetic information. In particular, this
viewpoint may be useful in contexts related to classical number-theoretic
problems, such as the search for Wieferich primes.
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Amnoranisi. Hexait nist ckinuennol rpynu G cumsoa S(G) mosnadae MHO-
JKWHY BCIX IJIMX 3HAYEHb, sIKi HaOyBa€ I'PYIIOBUIl BU3HAYHUK [IPU IIiCTa-
HOBI[l LIJIMX YHCEJI 3aMiCTh MOro 3MiHHMX. Taki 3HaUYeHHS HA3UBAIOTh Ili-
JIOYUCEJIBHAMY IPYIIOBUMH BU3HAYHUKaMU. IloBHuit onnc muokuuu S(G)
€ CKJIAJTHOIO 3aJ1a9ero, BiloMoto sk mpobstema Tayccki—Tomma mpo timoan-
CeJIbHI IPYNOBI BU3HAYHUKU.

VY miit crarti Mu BBOAMMO TimMonoin S'(G) monoina S(G), mo BuUHEKAE
BHACJIIJIOK IIEBHOI cIeriaizaliil rpyrnoBoro BUSHAUHUKA, 1 TPOITOHYEMO TIiJI-
Xig 10 MOCHIJPKEHHs AEAKUX acHueKkTiB HWKHBOI crpykrypu S(G). Hus
ckingennux rpyn G Hopsaaky moHafibinbme 5 Mu asHO 3HaxomuMo S’ (G)
Ta HABOIMMO KOHKDETHI MPUKJIAAN IIOYUCETbHUX TPYMOBUX BU3HATHU-
KiB.

MotTuBarii€to st po3IJIsiay MiaMOHOIIA S '(G) € Te, [0 CXeMU CITeriaJri3arii
3maTHi 36epiraTu 3MicToBHY apudmMeTndHy iHGOpMaIiio. 30KkpeMa, TaKui
miaxis MoXke OyTH KOPUCHUM y KOHTEKCTI KJIACUIHUX 38124 Teopil dncel,
TaKUX fK IOIIYK IIpocTux 4ucesa Bidepixa.

KurrouoBi cisioBa: rpynoBuil BUSHAYHWK, I[IJOYUCETBHUAN T'PYIIOBUI BHU-
3HAYHUK, MOHOIIT
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SUBMONOIDS OF INTEGER GROUP DETERMINANTS
1. Introduction

The group determinant, originally introduced by Dedekind [15] and
subsequently developed by Frobenius [3|, is a classical object in the
representation theory of finite groups. Let G be a finite group and let x, be a
variable associated with each element g € G. We denote by Z[z,] the multi-
variate polynomial ring in the variables x4 over Z. The group matrix Mg(x,)
and the group determinant ©g(x,) are defined as follows:

Mg(l‘g) = (l’ghfl)%heG, @G(l‘g) = det Mg(l‘g) S Z[:l?g].

Frobenius showed that ©¢g(z,) admits a factorization in terms of the irreduci-
ble representations of G, a result that played a fundamental role in the
development of character theory.

When integers are substituted for the variables x4, the resulting values of
O¢c(xg) are called integer group determinants. We define

S(G) :={0¢(ag) | ag € Z}.

It is easy to see that S(G) forms a commutative monoid under multiplication.
The problem of giving a complete description of S(G) was posed by Olga
Taussky—Todd [14], and is now known as the Taussky—Todd integer group
determinant problem.

Integer group determinants are closely related to classical problems in
number theory. A prime number p is called a Wieferich prime if it satisfies

271 =1 (mod p?).

As of this writing, only two Wieferich primes are known.

A remarkable connection between Wieferich-type congruences and integer
group determinants was established in [20]: if p is a prime and G is a finite
abelian group of order p™ with a cyclic direct factor of order p, then for any
prime g,

¢€S(G) <= ¢*'=1 (modp").

In particular, determining whether 2 € S(Cz?) is equivalent to asking
whether p is a Wieferich prime, where C, denotes the cyclic group of order
p. Historically, Wieferich primes arise as a necessary condition for the first
case of Fermat’s Last Theorem [16].

Consequently, obtaining a complete description of S(G) would, in principle,
make it possible to decide the Wieferich property of primes through group
determinants. However, such a complete description is known only for restricted
classes of finite groups. For example, it is known for the cyclic groups C,, and
Cap [5,8], for the dihedral groups Dg, and Dy, with p an odd prime [2,6], and
for all groups of order at most 16 [1,2,4,7,9,11-13,17-19, 21-24|. Moreover,
Paudel and Pinner [10] determined the integer group determinants for the
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remaining four groups of order 18, thereby completing the resolution of the
Taussky—Todd integer group determinant problem for all finite groups of order
less than 20. Despite this substantial progress, a complete description of S(G)
remains unknown in general.

Lower bounds for S(G) have also been studied [17]. If H is an abelian
subgroup of a finite group G, then

{alH] | q e S(H)} c S(G) C S(H),

where [G : H| denotes the index of H in G. This provides a general lower
bound for S(G), but it does not lead to a complete description.

Because a complete determination of the monoid S(G) is often out of reach,
it is natural to focus on submonoids that admit complete descriptions. Moti-
vated by this perspective, we introduce a submonoid S’(G), defined through a
structured specialization of the group determinant.

Let T denote the |G| x |G| matrix whose entries are all equal to 1. We
define the block matrix

M(zg:7) = (Migfj ? Mi@)

and its determinant
Ou(zg; ) := det My (z4; ).

We then define
S'(G) = {Ou(ag;a) | ag,a € Z}.

We emphasize that S'(G) depends on a specific but structured specialization
pattern of the group determinant. By construction, S’(G) is a commutative
monoid under multiplication.

The main results of this paper are given in the following two theorems.

Theorem 1. Let G be a finite group. Then the following hold:
(1) S'(G) C S(Q).
(2) Let H be a subgroup of G. If |G : H] = 2, then
{a® | a € S(H)} C S'(H) C S(G).
The next theorem gives a complete description of the monoid S’(G) for all
finite groups of order at most 5.

Theorem 2. For every finite group G of order at most 5, the monoid S'(G)
1s gien as follows:

(1) S"(Cy) ={2k +1, 22k | k € Z} = S(Cy).
(2) S'(Co) = {4k +1, 24(2k + 1), 2°k | k € Z} = S(C3).
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(3) S'(C3) = {6k +1, 22(3k + 1), 3*(2k + 1), 223%%k | k € Z}.

(4) S'(Cy) = {8k +1, 28(2k + 1), 2% | k € Z}.

(5) S'(C3) = {8k + 1, 28(4k + 1), 2'2(2k + 1), 2"k | k € Z}.

(6) S'(Cs) = {k(k+100) | k € ZE,1 € Z} U {5*(2k + 1),2%5%% | k € Z}.

Here, 7% denotes the set of all integers relatively prime to 5.

The main results of this paper provide a complete description of the
submonoid S’(G) for all finite groups G of order at most 5. In particular,
we show that S’(G) is closely related to S(G) while admitting a complete
description in these cases.

This suggests that structured specialization patterns of the group determi-
nant can preserve nontrivial arithmetic information. Although this approach
does not immediately yield new Wieferich primes, it offers a framework for
extracting and isolating arithmetic features of integer group determinants
through more accessible submonoids.

This paper is organized as follows. In Section 2, we prove Theorem 1,
which establishes the basic structural properties of the submonoid S’(G) and
its relationship with S(G). Section 3 is devoted to the proof of Theorem 2 (1)
(5). In Section 4, we prove Theorem 2 (6).

2. Proof of Theorem 1

To prove Theorem 1, we use the following lemma;:
Lemma 1. Let G be a finite group. Then we have
Ou(zg; 1) = Og(zy + 2)Oc(xy — ).
Proof. Since the matrices Mg(x4) and 2T commute, we have

O¢(zg; ) = det (MG(:UQ)2 - :U2T2)
= det (Mg(zy) + 2T') det (Mg(zy) — 2T')
= 0O¢(ry+2)Oc(zy — ).

This completes the proof.

Proof of Theorem 1. From Lemma 1 and the fact that S(G) is a monoid,
(1) holds. We prove (2). Let G = Ht; U Hto, let H = {hy, ha,...,hy} and let

g1 = hltl, ceey Om = hmtl, 9m+1 ‘= hltg, ceey gom = hmtg.

Then we have

Mg (xp) (l'h-t t‘lh.—l)léi,jgm
MG("L'Q) = (.’L‘gigj—l)lgi,jSQ,m = ( itity h;

(xhitgtl_lhj_l)lﬁi»jﬁm Mpu ()
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For any g € G\ H, let x4 = x. Then M¢(z4) = M}, (xp; ). Therefore, S'(H) C
S(G). Also, from Lemma 1, we have © g (zp)? = ©';(zp;0). Therefore,

{a®* |a € S(H)} C S'(H).

This completes the proof.

3. Proof of Theorem 2 (1)—(5)

To prove Theorem 2 (1)—(5), we use the following theorem, lemmas and
corollary:

Theorem 3 ( [13]). The following hold:

1) S(Co) ={2k+1, 2%k | k € Z}.
2) S(C3) = {4k +1, 242k + 1), 2%k | k € Z}.

4

(1) S(
(2) S(
(3) S(Cg) = {6k £1, 22(3k + 1), 22(3k + 2), 3%(2k + 1), 223%k | k € Z}.
(4) S(Cyx C) ={8k+1, 2%k | k € Z}.

(5) S(

5) S(C3) = {8k + 1, 28(4k + 1), 212k | k € Z}.

For any i € C, with i € {0,1,...,n — 1}, we denote the variable z; by z;
and the integer a; by a;.

Lemma 2. Let G = Cs. Then the following hold:
(i) If ap + a1 + a2 =0 (mod 3), then O (ay;a) € 31Z.
(i) Ifap + a1 +ag 0 (mod 3), then Oy (ag;a) =1 (mod 3).

Proof. By direct calculation, we have

2
Ou(zg; ) = {(:Uo + 1 + 29)? — 3(zozy + T170 + azoxz)}
x {(zo + 1 + T9)? — 99@2} )

This leads to the lemma.
Lemma 3. Let G = Cy4. Then the following hold:
(i) Ifao+ a1+ a2+ a3 =0 (mod 2), then
On(ag;a) € {2812k + 1) | k € Z} U217,
(i) Ifao+ a1 +az+a3 =1 (mod 2), then O (ag;a) € {2k +1 | k € Z}.
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Proof. By direct calculation, we have
/ 2 212 2
O (zg; x) = {(zo — 22)” + (x1 — 23)*}” (w0 — 21 + T2 — 3)
X (xo 4+ x1 + z2 + x3 + 4x) (20 + 21 + 22 + 3 — 42).
This leads to the lemma.

Lemma 4. Let G = C3 and let by := b(0,0), b1 := b(1,0), b2 := b(o,1) and
bz := b(1,1) € Z. Then the following hold:

(i) If bp + by + by + b3 =0 (mod 2), then

O (bg; b) € {284k + 1), 2122k + 1) | k € Z} U 2MZ.

(i) Ifbo + b1 + b2 +b3 =1 (mod 2), then Oy (by;b) € {2k + 1 | k € Z}.

Proof. Let zg := x(9,0), 1 := X(1,0), T2 := X(0,1) and x3 := x(y 1). By direct
calculation, we have

Og(zg; x) = {(z0 — 12)* — (71 — 3[:3)2}2 {(wo + 2 + 22)* — (21 + 23 + 22)°}
x {(xo + z2 — 22)% — (21 + 23 — 22)°}.
This leads to the lemma.

From Theorems 1 (2) and 3 and Lemmas 2-4, we have the following
corollary.

Corollary 1. The following hold:

(1) S'(Cy) C {2k +1, 2%k | k € Z} = S(Cy).

(2) S'(Co) C {4k +1, 24(2k + 1), 2°k | k € Z} = S(C3).

(3) S'(C3) C {6k +1, 22(3k + 1), 3*(2k + 1), 223*k | k € Z}.
(4) S"(Cy) C {8k +1, 28(2k + 1), 2% | k € Z}.

(5) S'(C3) C {8k +1, 284k + 1), 2'2(2k + 1), 2™k | k € Z}.

Lemma 5. For any k € Z, the following are elements of S’(Cy,):

(5) é(an +3){2"+ (—1)”+1}2.
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To prove Lemma 5, we use the following theorem: For a finite abelian group
G, we have

Oc(zg) = H ZX(Q)xga

xE@geG

where G is the dual group of G. This is called Dedekind’s theorem.

Proof of Lemma 5. First, we prove (1). Let ag = k+ 1, ay = k for g €
C, \ {0} and a = k. Then

n—1n—1

Oc,(ag+a) = H ZCZj(aj +a)

i=0 j=0
n—1 n—1 4
=@nk+1) J] [ 1+26> ¢
i=1 =0
=2nk+1,

n—1ln—1

Oc,(ag —a) = H ZCij(aj —a) =1

i=0 j=0

Therefore, from Lemma 1, we obtain (1). We prove (2). Let ag = k+2, a5 =k
for g € C, \ {0} and a = k. Then

n—1
Oc, (ag+a) = (2nk+2) [[2=2"(nk+1), Oc,(ag—a)=2"
=1

Therefore, from Lemma 1, we obtain (2). We prove (3). Let ag = k+2, a; = k,
ag=k+1forgeC,\{0,1} and a = k — 1. Then

n—1 n—1

Oc, (ag+a) =2nk [ (1 = ¢)) = 20%k, O, (ag—a) =20 [[(1-¢}) = 2n°,
=1 =1

Therefore, from Lemma 1, we obtain (3). We prove (4). Let ap = a1 = k + 1,
ag =k for g € C,, \ {0,1} and a = k. Then

n is even;

n—1
- 0
Oc, (ag +a) = (2nk +2 14+¢)=<"
cnl(ag +a) = ( )E( ) {2nk+2, n is odd,

n—1 .
- 0, nis even;
O, (ay— @) =2 [[(1+¢) = {2
=1

, nis odd.
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Therefore, from Lemma 1, we obtain (4). We prove (5). Let ap = —k — 1,
ag = —k for g € C, \ {0,n — 1}, a1 = —k — 2 and a = —k. Then

Oc, (ag +a) = —(2nk + 3)2" ! H < — (i 1))

—(2nk + 3) - {2” (—1)" 1},
@Cn( . gn— 1H < Cnn 1) :_{2n+(_1)n+1}'

Therefore, from Lemma 1, we obtain (5).
Lemma 6. For any k € Z, 28(2k + 1) € S'(Cy).

Proof. Let G=C4 and let ag= —k—2,a1 =as = —k—1and a3 =a = —k.
Then O (ag;a) = 2%(2k + 1).

Lemma 7. For any k € Z, the following are elements of S'(C3):
(1) 8k +1.
(2) 28(4k +1).
(3) 2'2(2k +1).
(4) 2Yk.

Proof. Let G = C3 and let by := b(0,0); b1 1= b(1,0), b2 1= b(o,1) and b3 := b 1).
If bo = k+1and by = by = by = b =k, then Oy (bg;b) =8k +1.If by = —k+1,
by = by =by = —k—1and b= —k, then O (by;b) = 28(4k+1). If by = —k+1,
by =by = —k—2,b3 = —k — 1 and b = —k, then O(by;b) = 2'2(2k + 1). If
bo=—-k—3,bp =—k—1,by =b3 = —kand b = —k + 1, then O}, (by;b) =
21,

Proof of Theorem 2 (1)—(5). We obtain (1) from S'(C;) = {22 — 22 |
xo,x € Z} = S(Cz). We obtain (2) from Corollary 1 (2) and Lemma 5 (1)—(3).
We obtain (3) from Corollary 1 (3) and Lemma 5 (1) and (3)-(5). We obtain
(4) from Corollary 1 (4) and Lemmas 5 (1) and (3) and Lemma 6. We obtain
(5) from Corollary 1 (5) and Lemma 7.

4. Proof of Theorem 2 (6)

To prove Theorem 2 (6), we use the following theorem, lemmas, and
corollary.
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Theorem 4 ( [5,8]). Let p be a prime number. Then
S(Cyp) = Zy Up°L.
Here, Z denotes the set of all inlegers relatively prime to p.
Lemma 8. We have
Oc;(z4) = Ocy(xg +22) (mod 10).

Proof. By direct computation, we see that there exists a polynomial f(xg,z)
with integer coefficients such that

Oc; (xg) = O¢; (xg +2z) + 10f(xgv ).
This proves the lemma.

In Lemma 1, we set G = Cs and replace x4 with x4 4+ x. Then, together
with Lemma 8, we obtain the following corollary.

Corollary 2. The following identity holds:
O, (Tg + @32) = O, (24) Ocs (74 + 27) = Ocy(2g) (Ocs (zg) — 10f (24, 7))

Lemma 9. For any k,l € Z, there exist ay,a € Z such that the following
hold:

(1) O¢4(ag) =5k +1 and O¢,(ag + 2a) = 5k + 1 4 101.
(2) Oc, (ay) = 5k + 2 and O, (ay + 2a) = 5k + 2 + 10,
(3) ©c,(ag) =5k + 3 and O¢,(ag + 2a) = 5k + 3+ 101.
(4) ©c,(ag) = 5k +4 and O¢,(ag + 2a) = 5k + 4 + 10L.
(5) Oc;(ay) = 5% and Oc, (ay + 2a) = 5%(2k + 1).

(6) Oc;(ag) =2-5% and O¢, (ag + 2a) = 2 - 5%k.

Proof. If weset ag =k+1, a1 =as =a3 =a4 =k, and a =, then
Oc;(ag) = 5k + 1, Oc;(ag + 2a) = 5k + 1 + 101.

Ifweset ap=a1 =k+1, a2 =0a3=a4 =k, and a =1, then
Oc;(ag) = 5k + 2, Oc;(ag + 2a) = 5k + 2 + 101.

If weset ag=a1 =as=k+1, a3 =a4 =k, and a =, then
Oc;,(ag) = 5k + 3, Oc,(ag + 2a) = 5k + 3 + 101.
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If weset ap =a1 =a2 =a3=k+1,a4 =k, and a =1, then

Oc,(ag) =5k +4,  O¢,(ag + 2a) = 5k + 4 + 10L.

If we set ag =2, a1 =0, ao = a3 =a4 =1, and a = k, then

Oc, (ay) = 5% Oc, (ay + 2a) = 5%(2k + 1).

If we set ag =3,a1 =1, a0 =a3 =a4 =2, and a = k — 1, then

Oc;(ag) =2-5%,  Oc,(ag +2a) =2 5%k.

This completes the proof.

Theorem 2 (6) follows immediately from Theorem 4, Corollary 2, and

Lemma 9.

We expect that the approach developed here can be applied to other explicit

and structured specialization patterns of the group determinant, leading to
further arithmetic information on S(G).

We would like to thank Yuka Yamaguchi for her useful comments and

suggestions.
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