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HocmigKy€erbcst BJaCTUBICTh KOMOAKTHOCTI cj1abKol 36i>KHOCTiI y 3MiHHUX IIpocTOpax
CoGonesa must mocaigosaocTeit Burasigy {(An,u,) € L*(QGRY*N) x Wy (Q;T'p)}, me xBan-
parni cumerpuyni matpuni A : Q — RY*N pajgexxars mpocropam JleGera L' (Q,RY*N) a ix
BJIACHI YHMCJIa MOXKYTb JOPiBHIOBATU HYJIIO HA ITiIMHOXXWHAX MipU HOJIb.

Kiro4oBi cjioBa: marpuili 3 BUPOIKEHUM CIIEKTPOM, Barosi mpocropu CoboJieBa, cuH-
ryJigspHi Mipu, 36ikHIiCTh y 3MiHHHX IpPOCTOpax.

Uccnemyercsi cBOMCTBO KOMOIAKTHOCTH CJIabOI CXOAMMOCTHU B MEePEMEHHbBIX MPOCTPAaH-
crBax CoGoseBa Jj1s1 TocseioBaTenbHOCTel Buaa {(A,,u,) € L' (G RYV*N) x Wy (Q;Tp)},
rJe KBaJpaTHble cuMMeTpudHble MaTpunbl A : Q — RY*N ppunaanekar mpocTpaHCcTBY
JIebera Ll(Q,RN xN ), a UX COBCTBEHHBIE YHUCJIA MOTYT BBIPOXKJIAThCs B HOJIb HA MOJMHO-
KEeCTBaX Mepbl HOJIb.

KiroueBbie cjioBa: MATPUIbI C BBIPOXKJIAEHHBIM CIIEKTPOM, BecoBble ipocTpaHcTBa Co-
GosieBa, CUHTYJISIDHBIE MEPbI, CXOAUMOCTh B IIEPEMEHHbBIX IIPOCTPAHCTBAX.

We study the compactness property of the weak convergence in variable Sobolev
spaces of the following sequences {(A,,u,) € L'(Q;RY*N) x W, (Q;T'p)}, where the squa-
red symmetric matrices A : Q@ — RY*Y belong to the Lebesgue space L!'(Q,RV*Y) and
their eigenvalues may vanish on subdomains of 2 with zero Lebesgue measure.

Key words: matrices with degenerate spectrum, weighted Sobolev space, singular

measures, convergence in variable spaces.

1. Introduction

The main object of our consideration in this paper is the class of squared symmetric
matrices A : & — RYN for which some or all their eigenvalues {A{,..., A\{} may
vanish on subdomains of {2 with zero Lebesgue measure. Because of this, we call these
matrices as matrices with degenerate spectrum. The second characteristic feature of
such matrices is the fact that their elements belong to the space of Lebesgue integrable
functions L'(2). We show that if each of matrices A : Q — RY*¥ is associated with
some special Sobolev space Wy4(2;T'p) then there is a natural way to introduce a
convergence concept for the sequence of the following type

{(Ana up) € LI(Q§RNXN) X Wa, (€ FD)}neN' (1)
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We discuss the main properties of such convergence and prove that if the sequence (1)
is bounded then under some additional conditions this sequence is relatively compact
with respect to the introduced convergence.

2. Notation and Preliminaries

Let © be a bounded open subset of RY (N > 2) with Lipschitz boundary. We assume
that the boundary of 2 consists of two disjoint parts 9€2 = I'pUT'y. Let the sets I'p and
['y have positive (N — 1)-dimensional measures. Let xg be the characteristic function
of asubset £ C Q,ie xg(z)=1ifz € E, and xg(z) =0if x ¢ E.

Let C°(RY;Tp) = {p € CP(RY) : ¢ =00nTp}. We define the Banach space
WL (Q;Tp) as the closure of C°(RY;T'p) in the classical Sobolev space W11(£2). For
any subset £ C 2 we denote by |E| its N-dimensional Lebesgue measure £V (FE).

Symmetric matrices with degenerate eigenvalues. We denote by SV := R™F the

set of all symmetric matrices 5 = [{ij]fyjzl, (&; = &;:). We suppose that SV is endowed
with the euclidian scalar product £ - 7 = tr(g ) = &;m; and with the corresponding
euclidian norm [|€]|sy = (€ - €)'/2. Let

N(N+1)
2

L'(9) = L'(;SY)

be the space of integrable functions whose values are symmetric matrices.
Let @ € R be a fixed positive value. Let (,q : Q@ — [0,a] be a given function
satisfying the properties

Caa €LY (Q), ¢ € L), () & L®Q).

Let U, be a nonempty compact subset of L'(Q) such that for any ¢, € ¥, the following
conditions hold true

Cad(x) < C*(ZE) a.e. in Qu (2)
¢ : Q@ — RL is smooth function along the boundary 99, (3)
(c=a on 0. (4)

By 919 (Q2) we denote the set of all matrices A(x) = [a;;(x)] € SV such that

Alx) < B(x)I a.e. in (5)

3 eV, st (I <A(zx) a.e in Q. (6)

Here 8 € L*(€) is a given function such that S(x) > 0 a.e. in €, I is the identity matrix

in RV*N "and (5)—(6) should be considered in the sense of quadratic forms. Therefore,
(5)—(6) imply the following inequalities:

if A€ L{(O;8Y), then AWl @ < I8l < +50, (7)

G(@)Ellpr < (A(@)€,&)pny @ e in Q, VEERY, (8)
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Remark 1. Since every measurable matrix-valued function A : Q — SV can be
associated with the collection of its eigenvalues {)\’14, U )\ﬁ}, where each A\ = A\ (z)
is counted with its multiplicity, (6), in view of the properties of the class W,, means
that eigenvalues of matrices A € 9%(Q) may vanish on subdomains of Q with zero
Lebesgue measure. Because of this, these matrices are sometime referred to as matrices
with degenerate spectrum.

Weighted Sobolev Spaces. To each matrix A € 92 () we can associate the weighted
Sobolev space

Wa(;Tp) =W (Q;T'p; Adz),

which is the set of functions y € W''(Q;'p) for which the norm

ol = ([ 02+ (Vo A@T)er ) dr) )

is finite. Note that due to the inequality (8) and estimates

2 1/2 1/2
ylde < ([ [yPde) 1012 < Clyla, (10)
Q Q

Lt de < ([ 199lac.an) ([ i)
Q Q

< ([ (TnA@ T de) " < Clyla (1)

the space Wy4(Q;T'p) is complete with respect to the norm || - ||4. It is clear that
Wa(;Tp) is a Hilbert space. If the eigenvalues {A{',..., A4} of A : Q — SV are
bounded between two positive constants, then it is easy to verify that Wa(Q;T'p) =
WL2(Q;Tp). However, for a “typical” weight-matrix A € 9%(Q) the space of smooth
functions C§°(RY;T'p) is not dense in W4(Q;T'p). Hence the identity Wa(;Tp) =
Wh2(Q;Tp) is not always valid (for the corresponding examples in the case when
A(x) = p(x)I, we refer to [1, 4]).

Weak Compactness Criterion in L'(Q;SY). Throughout the paper we will use the
concept of weak and strong convergence in L*(€;SY). Let {A.}.., be a bounded
sequence of matrices in L'(Q;SV). We recall that {A.}__, is called equi-integrable
on €, if for any & > 0 there is a 7 = 7(0) such that [ | Acllsy dz < & for every
measurable subset S C Q of Lebesgue measure |S| < 7. Then the following assertions
are equivalent for L*(; SV)-bounded sequences:

(i) a sequence {Ag}, oy is weakly compact in L'(€2; S"V);
(ii) the sequence {A}, .y is equi-integrable.

Theorem 1 (Lebesgue’s Theorem). If a sequence { Ay}, .y C L' SY) is equi-integ-
rable and Ay, — A almost everywhere in Q2 then Ay — A in LY(Q;SY).
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3. S¥-Valued Radon Measures and Weak Convergence in
Variable L?-Spaces

By a nonnegative Radon measure on {2 we mean a nonnegative Borel measure
which is finite on every compact subset of 2. The space of all nonnegative Radon
measures on €2 will be denoted by M, (€2). According to the Riesz theory, each Radon
measure p € M, () can be interpreted as element of the dual of the space Cy(2) of
all continuous functions with compact support. Let M (;S") denote the space of all
SN-valued Borel measures. Then

i =[] € M(Q;SY) & py € CHS), i=1,...,N.
Let ji and the sequence {/i}},.y be matrix-valued Radon measures. We say that

[ weakly-* converges to i in M (Q;SY) if
keN

k—o0

lim g5~dﬁk:/g5-dﬁ V@ e Co(;SM).
Q Q

A typical example of such measures is

diiy = Ag(x)dz, djii = A(z) dx, (12)
where Ay, A€ MI(Q) N LY SY) and A4, — A in LY SY), (13)
or Ay, A€ MI(Q)NL2(SY) and A4, > A in L®(Q;SY). (14)

As we will see later (see Theorem 2), the sets M2 (Q)N LY(Q; SV) are sequentially closed
with respect to strong convergence in L'(Q;S").
In this section we suppose that the measures fi and {fiy },.y are defined by (12) and

fr — [ in M(€;SY). Further, we will use L*(Q, Adz)" to denote the set of measurable
vector-valued functions f € RY on Q such that

1/2
Iflsmann = ([ (€ A@Dw dr) " < oo
Q

As follows from estimate (11) any vector-valued function of L?*(Q, Adx)" is Lebesgue
integrable on €.
We say that a sequence {V;c € L*(Q, Ay dq:)N}keN is bounded if

limsup/ (Vig, Ap(x) Vi )pn dz < 400.
0

k—o00

Definition 1. A bounded sequence {vy € L*(Q, Ay dz)™'}, . is weakly convergent to
a function v € L?(Q), Adz) in the variable space L(€, Ay dx)V if

klim (B, Ap(x)vE)gn do = / (G, A(z)V)gn dz V@€ CR(Q)N. (15)
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The main property concerning the weak convergence in LP(€2, dji.) can be expressed
as follows (see for comparison [5]):

Proposition 1. If a sequence {Vk e L*(Q, Ay dx)N}keN is bounded, then it is compact
in the sense of weak convergence in L*(Q, Ay dz)".

Proof. Having set Lj(JF) = / (@, Ap(@)vi)pn dz ¥V @ € C5°(2)N and making use the
Q
Holder inequality, we get

1/2 1/2
() < ( [ do:) ( [ 145t dx)
1/2 1/2
— (/ (Vk7Ak2Vk‘)]RN dflj) (/ (SE, Ak@)RN daj)
Q Q

1/2 1/2
<c ( [ A dx) <c ( JECIE dx)

Since the set C5°(€2)" is separable with respect to the norm || - ||cqr~y and {Ly(8)} e
is a uniformly bounded sequence of linear functionals, it follows that there exists a
subsequence of positive numbers {k; };’il for which the limit (in the sense of point-by-
point convergence)

lim Ly, (5) = L(#) (17)
j—00
is well defined for every @ € C3°(Q)V. As a result, using (13), we have

1/2 1/2
L(@)] < C lim ( e das) :o( [ 749 dx) |

k—o0

Hence, L(p) is a continuous functional on L?(2, Adx)" admitting following represen-
tation L(p) = / (@, A(x)V)gn dz, where v is some element of L?(2, Adz)". Thus,

Q
taking into account Definition 1, v can be taken as the weak limit of

{vi € L*(Q, A4 dx)N}keN :

The next property of weak convergence in L%(Q, A dz)™ shows that the variable
L?-norm is lower semicontinuous with respect to the weak convergence.

Proposition 2. If the sequence {Vk € L*(Q, Ay dx)N}keN converges weakly to v €
L*(Q, Adz)N, then

liminf/Q(vk,Ak(x)vk)RN dx > / (v, A(2)V)pn d. (18)

k—o00 Q
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Proof. Indeed, we have

1 1 -
5/ (Vi, Apvi)pn dz 25/ |A11f/2Vk’J§N dr > / (&, ApVi)gn da
Q Q Q

1
3 / (7, AiPax dr Y € (@),
Q
]‘ . . — ]' — —
—hmll’lf/ (Vk,Aka)RN dx 2/ (907AV>RN dxr — _/ ((puA@)RN dx.
2 k—oo Q Q 2 Q

Since the last inequality is valid for all g € C5°(2)Y and Cg°(Q2) is a dense subset of
L2(Q2, Adx)", it holds also true for g € L?(Q, Adx)YN. So, taking @ = v, we arrive at
(18).

Definition 2. A sequence {vk € L3(, Ay dx)N}keN is said to be strongly convergent
to a function v € L*(Q, Adz)N if

tim [ (b A(2)vi)an do = / (b, A(2)v)y da (19)
Q Q

whenever b, — b in L?(Q, Ay, dz)Y as k — oo.

As a result, we come to the following property of strong convergence in the variable
L3($2, Ay dx)N-spaces.

Proposition 3. Weak convergence of a sequence {V;C € L*(Q, Ay dx)N}keN to v €
L*(Q, Adx)N and

lim [ (vi, Ak(2)ve)py do = / (v, A(2)V)pn dx (20)

are equivalent to strong convergence of {vi}, y in L*(Q, Ay dz)" to v € L*(Q, Adx)™.

Proof. It is easy to verify that strong convergence implies weak convergence and (20).
Indeed, we use by = @ € C°(Q)" in (19) and then substitute by, = vy.

In view of Proposition 1, we may assume that there exist two values vy and vy such
that (up to subsequences)

lim [ (by, Ap(2)vi)py dr =14, lm [ (by, Ag(x)bg)gy dz = 15,

Using lower semicontinuity (18) and (20), we obtain

k—o0

Q RN
= lim (Vk, Ak(a:)vk)RN dx -+ 2tV1 + t21/2
k—o0 Q

> /Q (v + tb, A(2)(v + tb))py dz — /Q (v, A(£)V)py da

+2t/Q (b, A(x)V)pn dx+t2/ﬂ(b,A(x)b)RN dx.
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From this we conclude that

oty + ty > 2t /

(b, A(z)V)pn da:—l—t2/ (b, A(z)b)gy dz VYVt e R
Q

Q

Hence, v = (b, A(z)v)gn dx. Thereby the strong convergence of the sequence

Q
{vi € L(Q, A dx)V}, _ is established.

4. Main Results

To begin with, we provide the following property of the set ¥, C L'(Q) defined in
(2)-(4).

Lemma 1. Let {(n}, oy be any sequence in .. Then there is an element ¢, € L)

such that, within a subsequence of {Can}, oy, we have
C*’” — G in LI(Q)7 G« €V, (21)
C;’rl], - C;l in L' (Q), and (22)
C*_,ll — (Y in variable space L*(Q, Cen d). (23)

Proof. Strong convergence in (21) is a direct consequence of the compactness property
of W,. Hence, ¢, € ¥, and we may assume that ¢} — (7' almost everywhere in Q.
Since (o — G in LY(Q) and (7! < ;' € LY(), it follows that the sequence {¢} e
is equi-integrable. As a result, (22) immediately follows from Lebesgue’s Theorem (see
Theorem 1). As for (23), we make use the following observation. For any ¢ € C§°(£2),
we have

(odr = Cdrdt in M (Q),

/QCEISOCnde/Qcpdx:/QC_IgOCdx.

Hence, ;! — (7' in L*(Qr, ¢, dz) (see |5]). Moreover, strong convergence in (22)
implies the relation

lim [ ¢ %C,dz = lim [ ¢ 'dr= / (2 dx.

n—oo

Therefore, ;1 — ¢! strongly in L*(€, (, dx) by the properties of strong convergence
in variable spaces. The proof is complete.

Remark 2. Note that the main assertion of Lemma 1 can be failed, if in definition of
the set U,, instead of condition (2), we admit the following one

0<((z)<aae in Q, (e LY(Q). (24)
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Indeed, let © be the open ball in RY with the center at 0 and radius 1,1let 1 < § < N,
and let (.(z) := af|z[|%~. Then it is easy to see that ¢, € L*(2) and 0 < (. (z) < «
for every z € 2\ 0. Since ;! = a7!||z||z% and § € (1, N), we have (;! € L}(Q) and
(7t ¢ L>=(Q). Moreover, ( is smooth in Q\ 0 and ¢, = a on 9. This shows that the
properties (3), (4), and (24) are satisfied.

Let us fix 29 € Q with ||lzg|lgv = 3. We consider the following sequence {(.,}
in L'(Q), where (., = ¢, for n < 2 and

neN

@) olllgy if o= zollan > 7,
Cenl(z) = a ) if n> 3.
n_N if ||.ZU - l‘(]HRN < %

Then each function (, ,, satisfies the properties (3), (4), and (24). Indeed, ¢,,, € L*(Q)
and 0 < (. ,(z) < a for every x € Q. Since

1

s— if |z — 20|y > =,
Conl(2) = o|@ly for all n > 3,

if ||z — zo|lgy <

o %

it follows that ¢, € L'(Q) and ¢, & L>(Q2). Moreover, the functions (, , are smooth
near 0 and (., = « on JN). This shows that the properties (3), (4), and (24) are
satisfied.

It is clear that (., — (. strongly in L'(€) and pointwise a.e. in 2. The problem is
that the sequence {Q;% neN does not converge to (! strongly in L'(Q). Indeed, it is

the case when the sequence {C; ! N is not equi-integrable. As a result, we have

/ ;i—gl\d:c=/
Q B(zo, L)

where B(xy, %) is an open ball with center at xy and radius %, while wy is the Lebesgue
measure of the unit ball in RY.

N
n 1 1
dr — o "wy as n — oo,

a afzlg

For our further analysis, we make use of the following concept (see for comparison

12, 3]).

Definition 3. We say that a bounded sequence

{(An,up) € LN SN) x W, (€ FD)}nEN (25)
w-converges to (A,u) € L*(;SY) x Wh1(Q; 9)) as n — oo if
A, — A in LY(Q;SY), (26)
u, —u in L*Q), (27)
Vu, — Vu in the variable space L*(Q, A, dz)", (28)
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therefore,
lim An-ﬁdx:/A-ﬁdx Vije Lo SY), (29)
n—oo Q Q
lim [ u,Adx = / uhdr V€ L*(9), (30)
. g o - g 0o N
Jim | <§,AnVun>RN dr — /Q <£,AVU>RN dr VEe C2(Q)V. (31)

In order to motivate this definition, we give the following result.
Theorem 2. Let {(An,u,) € L' SN) x Wa, (Tp)}, _ be a sequence such that

(i) the sequence {u, € Wa,(§;1'p)},cnis bounded, i.e.

sup/ (u + (Vun, A, Vuy,) ) do < +oo; (32)
0

neN

(it) {An}, ey C ME(Q) and there exists a matriz-valued function A(z) € SN such
that
Ay — A and A' =AY in LN SY) as n— oo (33)

Then, A € M2(Q) N LYQ;SN) and the original sequence is relatively compact with
respect to w-convergence. Moreover, each w-limit pair (A,u) belongs to the space

LY(Q;SN) x WA (4 Tp).

Proof. We note that (32)—(33) and (10)—(11) immediately imply the boundedness of
the original sequence in L'(Q;SY) x Wh1(Q; S). Moreover, due to (33), we have:

diin == Apdr > Ady =:dji in M(Q;SY).
Thus, the compactness criterium for weak convergence in variable spaces (see Pro-

position 1) and (32) imply the existence of a pair (u,v) € L*(Q) x L*(Q, Adz)"™ such
that, within a subsequence of {u,}

neN?
u, —u in L*(Q), (34)
Vu, — v in variable space L*(, A, dz)". (35)

Our aim is to show that
AeM(Q), v=Vu, and uecW,u(Q;Tp).
It is clear that A(x) € SV and this matrix satisfies (5). Since

A, e ME(Q) N LY SY) forall neN,
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it follows that there is a sequence {C. .}, oy in ¥, such that
CGn(@)] <Ay (x)] < B(z)] a.e.in Q, Vke{l,...,N}. (36)

Then, by L'-compactness of the set U,, there exists an element ¢, € ¥, such that
Com — G in LY(Q) as n — co. Moreover, Lemma 1 implies strong convergence

Gon = G in LY(Q), (37)

and (2)—(4). Hence, passing to the limit in (36) as n — oo, we come to (6). Thus,
A € MA(Q) and the limit matrix A(x) € SV satisfies (7)—(8).

For our further analysis, we fix any test function @ € Cg°(Q2)", and make use of
the following equality

/( 2P A dx:/ﬂ<g5,1/7>RN dx:/Q(Al 5AG) de,(38)

which is obviously true for each ¢ € C5°(Q)" and for all n € N. Since

limsup/ (A 15, A A, gp) dr = limsup/ (gﬁ, A;lgB)RN dx
Q Q

n—oo n—oo

. —1y = by (37) 1) =
< hmsup/ Gl @l da = / ¢HIBlRN da
Q Q

n—oo
< @lIE @ 16 21 @) < +o00,

it follows that the sequence { 15 e L3(Q, A, do)N } y 18 bounded. Consequently,
combining this fact with (38), we conclude A,'¢ — A~'F in the variable space
L*(Q, A, dz)" (see Definition 1). At the same time, strong convergence in (33) implies
the relation

lim (An o, AnA, @)RN dr = lim (95, A;ltﬁ)RN dx

_ /Q (3, A7),y do = /Q (A3, AATG), , do.

Hence (see Proposition 3),
A'G — ATYG strongly in L*(Q, A, dz)Y VY@ e CR(Q)N. (39)

Further, we note that for every measurable subset K C €2, the estimate

/KHVUnHRN dr < (/K Hvunuijvg*,ndx)l/g(/[(c*é dx) ,
</(Vun,An( YWty )y dl")l/Q(/KC;}L dx)m

co([ )"
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implies equi-integrability of the family {||Vu,||gx},,cn- Hence, {||Vuy, ||ry},,c is weakly
compact in L'(Q), which means the weak compactness of the vector-valued sequence
{Vu,},cn in LY RY). As a result, by the properties of the strong convergence in
variable spaces, we obtain

/Q (57 Vun> RN dr = /Q <AT_LI§?7 A”V“">RN dz

by (19), (35), and (39) 17 . g g 00 N
(3, /Q(A 5,AV>RN da:_/g(g,v)RN dr VEe C2(Q)N.

Thus, in view of the weak compactness property of {Vuy,}, . in LY(;RY), we conclude
Vu, = vin L'(QRY) as n— oco. (40)

Since u,, € WH(Q;Tp) for all n € N and the Sobolev space W1 (Q;T'p) is complete,
(34) and (40) imply Vu = v, and consequently u € W1(Q; T'p). To end the proof, it
remains to observe that (34)-(35) guarantee the finiteness of the norm |jul|4 (see (9)).
Hence, u € W4(€;'p) and this concludes the proof.
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