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The order of the best transfinite interpolation
of functions with bounded laplacian with the
help of harmonic splines on box partitions

Ilokazano, 1mo moxmbka Hailikpamioi TpaHcdiHiTHOT iHTepmoadanil dyHKI 3 obme-
>KEHUM JIalJIaciaHOM 3a JOIOMOroOI0 KYCKOBO-TAapDMOHIYHUX CILUIAMHIB Ha NMPAMOKYTHHUX
pO36UTTAX, AKi cKJIagaoThea 3 N ejleMeHTiB, Mae opssaok N 2, ko N — co.

Karwuwosi caosa: mpancdinimma tHMEPNossyis, HAUKPAWEe HAOAUNCEHHA, KYCKOBO-2aPMOHIYHUT
cnaatin.

ITokazaHO, 9TO MOrPEHIHOCTb HAWJIYYIIEN TPAaHCHPUHUTON MHTEpHoOJAnuu QyHKIUH
C OrpaHUYEHHBIM JIAILJIACMAHOM C MOMOINbI0 KYCOYHO-TAPDMOHUYECKUX CILIAMHOB HAa
MPAMOYTOJLHBIX Pa3bHeHnsax, cocroammx u3 N 3/IeMeHTOB, uMeeT mopafgok N 2, korga
N — oo.

Kaouesoie  cao6a: mpanchunummnas UHMEPNOAAUUS, HAUAYHWEE NPUDAUINCEHUE, KYCOUHO-
2aPMOHUMECKUT CNAGTH.

‘We show that the error of the best transfinite interpolation of functions with bounded
laplacian with the help of harmonic splines on box partitions comprising N elements has
the order N=2 as N — cc.
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Depending on the information available on the multivariate function a variety
of interpolation schemes exist in Approximation Theory. Transfinite interpolation is
the special type of interpolation schemes that consists in constructing the function
coinciding with the given function along some manifolds. It was first considered by
D. Mangeron [1] in 1932 and was developed further in papers |2, 3, 4, 5, 6, 7, 8,
9, 10, 11, 12, 13| (see also surveys [14, 15, 16| and references therein). Transfinite
interpolation finds applications in computer tomography, finite elements methods,
geometric modeling, cartography and many others (see [17, 18, 19, 12]).

In certain important situations we may assume that the manifolds, along which the
values of the interpolated function are known, split the function domain of definition
into sub-domains with the Lipshitz boundary. The natural method of transfinite
interpolation in such case is delivered by harmonic splines that coincide with the
harmonic continuation of the function from the boundary of every element in the
partition into its interior. Properties of transfinite interpolation by harmonic splines
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were studied in [8, 10, 11, 12, 13|, where the problem of the best transfinite interpolation
of multivariate functions on box partitions was considered. In this paper we continue
the investigation of this problem and find the exact order of error of the best transfinite
interpolation with the help of harmonic splines on box partitions. Let us proceed to
the rigorous settings of the problem.

Let d € N and Q C R? be a compact set. By C(£2) we denote the standard space of
continuous on {2 functions f : Q@ — R. For 1 < s < 0o, we denote by L4(€2) the space
of measurable functions f : {2 — R endowed with the standard norm

@) = (/|f |dx) , 1 <5< o0,

esssup {|f(x) : x € Q}, s= 0.

/]

As usually, by A we denote d-variate Laplace operator:

0? 0?
A=—+...+ —.
ox? o ox?
Let by,...,bs > 0 be given and denote by I = [0,b;] X ... x [0,bg] the d-box in R?
those sides are parallel to the coordinate axes. A finite set of d-boxes P is called box

partition of Pif II = (J Q and Q' NQ" = O, for every two distinct d-boxes ', Q" € P.
Qep
For a function f € C(II) and a box partition P of II, we construct the harmonic

spline Spf in the following way. For every Q € P, by u = Spf|,, we denote the solution
of the Dirichlet problem for the Laplace equation:

Au(x) =0, x€int(),

u(x) = f(x), x € .

From the construction it is easy to see that the spline Spf is continuous on II and
coincide with the function f on the set |J 99Q. For 1 < ¢ < 0o, we consider the class

QeP

W = W) = {f € C* () : |Afll,m < 1}

Next, for a box partition P of II, we define the error of transfinite interpolation of
functions f € VVqA by harmonic splines:

Ep (WqA)S = up, (1)

The quantity (1) was studied in papers [10, 11| on the special class of box partitions
P that consist of d-boxes obtained by splitting II with the help of a finite number of
(d — 1)-variate hyperplanes are orthogonal to the coordinate axes. Repeating the proof
of Theorems 1 and 2 in [11], we can establish the following representation for Ep (WqA)s
in terms of the norms of the Green function.
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Proposition 1. Let P be an arbitrary box partition of IT, 1 < s < o0, s’ = s/(s—1).

Then
s 1/s
LS(Q)> 7

where G, is the Green function in the Dirichlet problem for the Laplace equation on
the set 2. Moreover,

£ (W2), = & (W3), = (Z

QepP

/Q Gl y)dy

A _ VAN
Ep (W) =Ep (W), = rgggilelg/QGn(& y)dy.
For N € N, by Py := Py(II) we denote the set of all box partitions of IT comprising
N elements. The problem of the best transfinite interpolation of functions from the class
I/VqA by harmonic splines on box partitions P € Py can be stated as follows.

Problem 1. Find the quantity
En (W) = inf Ep (W))_, (2)

PePy

and find optimal partitions P* € Py (if any exists) such that
Ev (W), = &p (W),

V.F. Babenko and T. Yu. Leskevych [11]| considered this problem for a special class
of partitions. To formulate their result we denote by m = (my, ..., my) positive integer
multi-index, i.e. my € N, k= 1,2,...,d, and denote |m| := mymsy...mgy. Let Py, be
the set of box partitions of II comprising of |m| d-boxes that are obtained from II by
slicing it with the help of (m; — 1) hyperplanes orthogonal to the axis Oz, (mg — 1)
hyperplanes orthogonal to the axis Oz, etc. From definition it is clear that Pp, C Pj).
Also, we denote by P} the regular box partition from Py, comprising of |m| equal d-
boxes. The following proposition was established in [11] (see arguments right above
Corollaries 2 and 4 in [11]).

Proposition 2. Let m = (my, ..., my) be positive integer multi-index. Then

£ (W2) 1= inf £n (W2)_ = £, (W2)_

Moreover, if d = 2 then &, (I/VO%)1 = Eps (Woé)l.

It was natural to expect that the order of the quantity &y (W£)57 1 <5 < o0,
degrades with the increase of the number of dimensions, as always happen in the case
of approximating isotropic classes of functions with the help of polynomial splines
(see [20]). However, in [13] it was established (see Theorem 1) that &y (W), =
O (N72) as N — oo. Also, it was shown that this order is achieved on box partitions
P]"\}’j, 7 =1,...,d, obtained by splitting II into equal d-boxes with the help of N — 1
hyperplanes orthogonal to the axis Ox;. In this paper we will prove that N~2 is the
correct order of quantity &y (Wo%)s as N — o0o0. The main result of this paper is

contained in the following statement.
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Theorem 1. Letd € N, 1 < s < oo and s' = s/(s—1). Then there exist constants
C1,Cy > 0 such that, for every N € N,
Ci < N*- & (W2),=N*-&y (WD), < Ca. (3)

Proof. By Theorem 1 in [13] there exists a constant Cj > 0 such that

lim sup N2 Ey (WOAO)S = limsup N2Ey (I/Vﬁ)1
N—oo N?a) ' (4)
< i, (Y N*Er; (12),) = G

Hence, there exists a constant Cy > 0 such that the right hand inequality in (3) holds
true for every N € N.

Let us now establish the lower estimate for N? - Ey (WO%)S. First, we consider the
case s = 0o. Let P € Py be a box partition of II. Let us show that some box €2 in
P contains a box obtained from % - II with the help of a translation. To this end we
assume to the contrary that, for every () € P, there exists index jo € {1,...,d} such
that the length of the side of (2 that is parallel to the axis Ox;, does not exceed bJWQ
Then we can estimate the volume of any box 2 € P as follows:

bu-...-ba b,  pll

Q<104 Jin .
H b, N N

However, by definition of the partition P € Py on II we have

uH=u<UQ> <ZMQ§%'#P§MH;

QeP QeP

which leads to a contradiction. Therefore, some box (0* € P contains a box II* obtained
from % - IT with the help of a translation.
Now, without loss of generality we assume that b, = mindbj. Also, let s be the

J=1,...,
center of the box II* and B be the ball with the center at the point s and radius bﬁl In
addition, we define a function 7 : [0, +00) — R:

(B t2 by
6dN? 200 '€ [O’m] ’
1 (b 2 by b
rt)={ L (0 _ LIS
2d (2]\/ t) € [4N’2N]’
by
t> —.
| @ = 2N

Let us consider the function ¢p : II — R where:
pr(x) =7(x[),  xell
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Obviously, pp € W2 and ¢p vanishes on the boundary of every box Q € P. Hence,
Sppp =0 and, as a result, we obtain

b2
En (W) oo = jinf Er (We) oo = Jnf lleplli o) = 17n
Consequently,
1 2
2 wAa > . i ).
NE-av (W) 2 35 (jfrf,l.?dbﬂ) (5)

Let us consider the case when s € [1,00). Let P € Py be a box partition of II. For
every box 2 € P, by ag we denote the smallest side of 2, and by Q* the set of points
in €2 having the distance at least }lag to 0€, 1.e.

1
O = Q:oinf |[x—t]=-aq .
{X €0 inf x—tl =7 a”}

Let us estimate from below the Lebesgue measure of the set 2*. To this end we observe
that €2* is the box whose sides are parallel to the sides of €. If b is the length of a side
of box €2, then the length of the parallel side of Q* is equal to b — % agq. Since ag is the
length of the smallest side of €2, we conclude that b — %ag > g Hence,
MQ
Now, we let P € Py be a partition of II. Without loss of generality we assume that
by = mm b;. Also, we denote by I = I(P) the set consisting of d-boxes Q2 € P such
j=

.....

u* >

that pQ > > £<. It is not difficult to see that
I

1 p
E ) = pll E 2 > pll oN #(P\I)—_Q' (7)
Qel QeP\I

Also, it is clear that ag > for every Q2 € I.

2N7

Now, for a > 0, we consider tbe f121nct10r21 Ty [O +o00) — R:
a t
614d - 8d’ [ ]
— a a
0= 535 ) ng 3
\ 0, t> ’E

and define the function ¢p : I — R as follows:
Pp(X) 1= Ty (dist (x;9%)), x€Q, QeP,

where dist (x; A) = tin£ ||Ix — t|| stands for the Euclidean distance from a point x to a
€

set A C RY. Evidently, ¥p € W2 and Sptyp = 0. It is also clear that, for every 2 € P
and every point x € Q*, we have ¥p(x) > Taking into account (6), we obtain

ag " p
64d ) 24

12
64d 20

el

) = 1velly
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As a result, by definition of the set I and inequality (7), we have

s A _ s A _
ey (We), = A Ep b (W), 2 inf ||77ZJP|LS(H -
1 1
> ———— inf agZ ) > ———— inf ags s
24 (64d) PEPJ\;QGP 24 (64d)® PePy ol
1 b2 1 b2l
> f Q> 1.
= 24(64d)° (2N)® PlenPNZ'u = 24 (64d)°  (2N)= 2
Hence N
’ b (pII)*
N2 Ex (W) =N%*. &y (WE — 8
v (W), W) 2 Jam s ®)

Therefore, combining (4), (5) and (8), we finish the proof of theorem.

Remark 1. Theorem 1 implies somewhat more general result. For a box partition

P € Py, we denote 0P := |J 09 and call a mapping ® : C (0P) — C(2) method of
QeP
recovery. For 1 < q,s < oo, define the error of the best transfinite interpolation on box

partitions as follows
A : : A
= inf f .
En (Wq )s PlenPN @:C(abr)l—w(sz) Er (Wq )S
From Theorem 2.3.1 in [21] it follows that, for 1 < s < oo,

¢y (WL). > inf sup £l
( )S PEPN fewA :vxedP= f(x)=0 L.

Since the functions ¢p and ¥ p constructed in the proof of Theorem 1 vanish on JP,
we conclude that there exists a constant C; > 0 such that N? - &y (WO%)S > (', for
every N € N. Taking into account the trivial estimate &y (WOAO)S < &n (WOAO)S, we
obtain that €y (WOAO)S has the order N2 as N — oo. Similar result for the quantity
Cy (VVSA)1 can be obtained using the same idea.
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