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ON SOME SMOOTH APPROXIMATIONS ON THICK PERIODIC MULTI-
STRUCTURES

2
Досліджуються питання апроксимації L” . обмежених функцій, означених на густих

сингулярнихз'єднаннях. Показано, що довільну функцію з означеного класу можна наблизити

в просторі І гладкою функцією,за її значеннями на боковій поверхні швидко осцилюючого

еингулярного з'єднання. Отримано оцінки таких наближень та досліджено їх асимптетичну
поведінку.

Ключові слова: густе сингулярне з'єднання, апроксимаційні властивості, сингулярні міри,

збіжність у змінних просторах.

2
Изучается проблема аппроксимации Г’ - ограниченных функций, заданных на густых

сингулярных соединениях. Показано, что любая функция из указаного класса может быть

аппраксимирована в норме пространства і гладкой функцией, которая задана только на
боковой поверхности быстро осцилирующеге сингулярного соединения. Получены оценки
таких приближенийи изучено их асимптотическое поведение. ,

Ключовые слова: ‘густое сингулярное’ соединение, ‘аппроксимационные свойства,
сингулярные меры, сходимость в переменных просторанствах.

In this paper we study the approximation properties of measurable and square-integrable

2
functions. In particular we show that any І. bounded functions can be approximated in 27 -погт

by smooth functions defined on a highly oscillating boundary of thick muiti-structures in R" . We

derive the norm estimates for the approximating functions and study their asymptotic behavior.
Key words: thick multi-structure, approximating properties, singular measures, convergence in

variable spaces.

Introduction

The main object of our consideration in this paper is a class of functions defined on a

domain Q, < R”, whose boundary 6Q, contains the very highly oscillating part with

respect to a small parameter ¢,as ¢e—>0.

We say that Q, is a thick multi-structure in R”, if Q, consists of somefixed domain

Q* and a large numberof cylinders with axesparallel to Ox, and ¢ -periodically distributed

along some manifold ХУ, on the boundary of Q* (see Fig.1).This manifold is called the joint

zone and the domain Q” is called the junction’s body. Here ¢ is a small positive parameter,
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ONSOME SMOOTHAPPROXIMATIONS

which characterizes the distance between the neighboring cylinders and their thickness. So,
each attached cylinder has a small cross section of the size ¢ andits limiting dimension (as

€ ~»0) is equal to 1. In view ofthis, such cylinders will be called thin domains.
Thick junctions have a special character of the connectedness: there are points in a

thick junction whichare at a short distance of order O(¢), but the length ofall curves, which

connect these points in the junction, is order O(1).

As a result, there are no extension operators Р.Р(©;) > РР(R”) that would be

uniformly bounded in ¢. At the same time thick multi-structures (or thick junctions) are

prototypes of widely used engineering constructions as well as many other physical and
biological systems with very distinct characteristic scales (microscopic radiators, ferrite-filled
rod radiators, and others). As a rule, the computational calculation of the solutions of any

problems on Q, is very complicated due to singularities of the thick junctions. Asa result,

asymptotic analysis is one of the main approaches to study majority of problems in such

domains.
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Fig. 1. Thick multi-structure Q.,

In view of this we consider the approximation problem of [2 -bounded functions by

sequences of smooth functions defined on lateral side of thin cylinders and their bases which
form a quickly oscillating counterpart of thick junctions. We derive the norm estimates for the
approximating functions and study their asymptotic behaviour.

Notation and Preliminaries

Let a>0, d>0 and c>0 begiven positive constants. Let B= (0, ау"! and С be

bounded open smooth domain in Re (n2=2). Moreover we assume that C cc (дуг,

that is the set C belongs to the n—1-dimensional cube (ол together with its boundary

OC . Throughout this paper the parameter ¢ varies in strictly decreasing sequence of

positive numbers which convergesto zero, i.e. we can suppose that ¢=a/N, where N isa

large positive integer. When we write ¢ > 0, we consider only the elements ofthis sequence.
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Let us denote the elements of R” by x= (y,%9,...%,)=(x',x,) and introduce the

following sets: 0, ={. =(ky,ky,...ky-1)EN1: Cte. cc Bh,

Q=Bx(-d,c), G, ={(x',x,) : x eeCt+e., —d<x, <0},

X= Bx {0}, Qh =Bx(0,c), Q =Bx(-d,0), (1)

[Tp = Вх(-а), Ор «0,007.

Then in view of our previous description, the set

Q,|U (eCte. емаого U с.
66 . Еб;Е

is a thick multi-structure in R”, which consists of the junction’s body Q* and a large

number NV”! ofthe thin cylinders G, with axis Ox, and é -periodically distributed on the

basis 3) of Q* (see Fig. 1 for 3-d example). Here, each cylinder G, is obtained with =-

homothetyin the first (7 ~1) variables. It is easy to see that Q, =Q* 4) с, Ge }

Denote by [, the union of the lower bases |

Г =,х,): XEECHE. ,X,=-d}

of the thin cylinders Gj, when. €@, (ie. T, =Г M0Q,, and by S, the union of their

boundaries along the axis Ox, :

S, ={(x,x,) 1 x'€@-0C +8. , -а«х, «0).

We makealsouse ofthe idea of classical smoothing. Let K(x) be a positive compactly

supported smooth function (к ЕС | such that [or K(x)dx=1 and K(x)=K(-x) for all

хе В". Богап агбіїгагу measurable function Фе Пос (R") we define an ordinary smoothing

operator by the equality

(бд =И” |.к52)вод= fon KVoCa + лу). (2)

On smooth [,-approximation of га -functionsє 0

Let wel? (Го) be a given function such that |.| 3 <. with some constant
(Г) |

. >. Our aim is to construct a sequence of smooth functions (и, є С" (Г,)),50

satisfying the following conditions:
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1
[ме [124г.) <(iciy «Ме», (3)

ii, ——u° in (Го) as € -» 0, (4)

Here |C| is the (n—1)-dimensional Lebesgue measure of the set C, and uw, is the

trivial extension by zero of a function u, € І (Г,) to the set Ty. It is clear that in this case

ie L? (Tp).

Remark I. Note that for every ¢>0 therestriction u° г, is an elementof то whereas

the functions u, іп (3)-(4) must be elements of C°(T,). In view of this we call the

sequence {и, ЕС®(Г,)}>0 with properties (3}(4) a smooth I,,-approximation of

и? в 12 (Г).

In order to construct the sequence {u, = С”(Г,)},-0, we make use the idea of

classical smoothing. Let K,, € Co (кет) be nonnegative function suchthat

fort Ku()dx’=1 and K,(x')= K,(-x') Ух'є В".

Ге #0 be the trivial extension by zero of function ид є ІР(Го) to the set

O=\(rpx,)eR" ХЕ", х,=-В | For every fixed ¢>0 we define thé following
smoothing operator

ен
= gt for к. — ora. (5)

We begin with the following result:

 

Proposition 1. Let wel? (Го) Бе а given function such that Lace <. _. Then for
0

every 6>0 there exists e(5)=a/N, where М є. , such that

—1

Hel2a) «| іст) a (6)

provided

ог, 0 |и. =... (7)
Proof, First of all we note that u,¢C°(I,) by the properties of smoothing operator(5).

Following the definition of the smoothing operator and using the Cauchy-Bunyakovskii
inequality, we have
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|=[om fon=>! janvar) dx! <

ето)
х[on fort КІ>aуаdx! =

=Nfayae

x=Збvy} ay’ =

 

 

 

 

 fo (рк/

 

  

 

 

ор=оМ. О
Dueto this estimate, we cometo the inequality

|.7,=ar, (9), са

0

З ar BRM) «І lacy 3 9 

  

which holds true Їог емету є» 0. Неге ar, € L(Y) is the characteristic function of the

2опе Г; , 1.е.,

ПІ, хг, yx! г
туш хеЕ .

47, (x') 0, otherwise 9

Note that

tr, —IC| in L°({y) as e 0. (10)

Indeed, in view of é[o,1y" -periodicity of this characteristic function and the mean value

property, we have

| ‘ ' "ТН Ny '
lim fo)ar,AH =тродаа(есе. УСЗ

=Фоуч xc(x'yax'| -

=|C| f(x)ax’ ==|C| р Ф(х)аН"" мфесе (Го).

Thus, the property (10) holds true.

Further for a given 6>0 we define a parameter ¢=a/N so that the following

inequality would be valid
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ritпракasfhofa

Then from (9) we deduce

cb?) «Га 2 Га -2 2él ІС , . 11blew.) <r «АС. (1)
Го) М ІГо|

со),

  

 

 

 

 

Зілее ЇГо| «|В « а"! апі

С з

  

— r= Set cle a "el за"!піз5рез де) еп
it follows from (11) that

  

-] 1

rela) = [lel 9) ote sel .. (12)
Thusfor the chosen value of ¢ inequality (6) is valid. This concludes the proof.

The next step to prove the property of strong convergence (4).

Proposition 2. Assume the functions u, ¢C” (Гз) are defined by (7). Then the property (4)

holds true.
Proof. To begin with, we note that

(.°}, —>u® strongly in 12 (го) аз 6-з 0 (13)

by properties of the classical smoothing. Hence in view of (10), (13), and the fact that the
value of ¢ depends on a given parameter 6, we have

- -1 0 «Паб 0азу ЗО груд)С си? с ав б
as a limit of the product of the weak and strong convergent sequencesin р (Го) .This implies

the required property (4).The proof is complete.

Some auxiliary results

We begin this section with the description of the (n—-1)-dimensional surface S in the terms

of singular measures in R” which do notsatisfy the regularity property with respect to the
corresponding Lebesgue measure.

Let jy be a periodic finite positive Borel measure іп А"1. Let C1=[0,1)""' bethe

cell or torus of periodicity for 4g. We assume that Borel measure до is the probability

теазиге т А”! , concentrated and uniformly distributed on the set OC, so [4 і,

Remark 2. By definition we have jg(смас)з 0. Therefore any functions, taking the same

values on the set OC, coincide as elements of ЩОаа). Here the Lebesgue space
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р(C. dug) with respect to the measure juis defined in a usual way with the corresponding

norm
2 2

Мои) = БУХ ао
(we adopt the standard notation р (п) when slg is the Lebesgue measure).

We set (1,, = Cx{0,1)=[0,1)” and consider the following measure ди = dup x dx, іп ,,. It

is easy to see that this measure concentrated on the set OCx[0,1), and for any smooth function
g we have

0 - 1 -
р ваш =[зан аш =[Н" ес») bevfo842" г

я 0 з

However, as follows from the properties of the Hausdorff measure, we have

H"Час х 0,1)=Н"2(ос) (зее [1]). In what follows, we use the notation

вс, =Н”*(@C) for (n—2)-dimensional Hausdorff measure of the set 6C. Then the

previousrelation can be rewritten in the form

1 -
р edu={eds, dim РС boe(o.n8d Г. (14)

n 0 — .

In orderto clarify relation (14), we consider the planar thick multi-structure Q, ¢ R*. Then

n=2 and the set C-is.-some part of the segment (0,1). For instance, let

C= {x е (0,1) : Lx -1/2] < #]2}, where AL)(0, Itis a-fixed value. Inthis case© Cy =2 and

the I-periodic measure що in к can be defined as —

мо(В)= Бегбывом, (8) =Vso1)

for any Borel set BU[0,1), where M; =eiи , 71,2. Here 6M, is the Dirac measures

locatedat the points /;. Thus, the multiplier ject; in (14) is equal to 1/2.

Let A be any Borel set of R”. We introduce the scaling measure и, by the rule

и(А) є ви”) This measure hasa period s, and moreover, since u,(eO,,)=¢ шо(є П),
it followsthat

ее)"оаобедав)Й|арку"
As a result, the measure 4, weakly converges to Lebesgue measure in R” as e—0 (in

symbols du, —*_» dx ), thatis,

lim |, paul, = |, pax for all functions gece (rR).
é>0
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Now, we give the convergence formalism of the sequence of boundary controls

ій,Раш, First of all we recall that the sequence of Borel measures {dy,}

weakly converges to Lebesgue measure dv. Let }Pe el?опасьо be any bounded

sequence,i.e.

lim sup р. Р дир «чо.
є-зб

Definition 1. /3]. We say that a bounded sequence {Be PQ,du, }og й weakly

convergentifthere exists an element р є Рогшей that

lim р. Фр; ан, = І. Фр" dx for anyfunction pe Co (кп)

є-зд

(in symbols wewill use thefollowing notation p, —~—> р” іп ІЗ ©,ам, р

Further we makeuse the observation

п-1 0

ef, реран"з є У Lec. ) Грура н'"Зак,

° jl "-в(х)
мо

=40C|y, D [ag) | Pepe”duo(x/e)axy
fat px’) || ye

aan =|@C|, У [.) | Bee” dug(x'/e)d(x,/€) З

пі jal Bla) — . |

= вс]о|
 

хх): хее(+ ) Рьфаиь
fab TORBacx,<0]

=|aC|, [-Pepdu, Фес). (15)

Here a function p, is defined as follows: p, =p, on S,=supp(u,), and p,=0 in

Q°\S,. Hence, p, € Р (a-.du, } It is clear that any functions, taking the same values on

the set S,, coincide as elements of рГОРУ In view of this, any function

Ре Є р огди, with the property

\eC|,, р. РФ дань в ek pepdH"' Уфе сев")

will be called a prototype of the function p, el? (S,). We note also that the integral

р. P-pdu, is well defined for every function ge Cy (r":1,).
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Indeed, since the set ©” is bounded, and p,du, is a Radon measure, it follows that

БP-gdu, isa linear continuous functional on Cy(кг.

In a similar mannerto (15), we can derive the following relation

alpelizs,)=¢&
ран"!

-|йсЇ;, 5- й8 Чиь = ВС[Веи.) 19)

On smooth S, -approximation of Іог }-functions
2

Іеі ро є І? ог) be a given function such that |Py<) <. _ with some constant

. >. Our aim is to construct a sequence of smooth functions Іра є(5,2

satisfying the following conditions:

 Іра) lt, ve>o, (17)

Веро таи =->0. (18)

Remark 3. Note that we can not usethe restriction of this function to the construction of the

sequence {p,}г»о because a trace of an L? -function on the (n—1)-dimensional surface S,

is not defined. In view of this we call the sequence |ре Є С(Г, ).50 With properties(17)-

(18) a smooth S, -approximation of the function р є ІЗ (Го).

Let K, «Cy (вм) beeefunction such that

[on Kp (Jax =1, and Kp (x)= Kp(-x) Vee R”.

Let 5° be the trivial extension by zero of the function р є?о.) to R”. For every fixed

€>0 we define the following smoothing operator

(о)кроник=")pM.
We begin with the following result:

Proposition 3. Let ро є?©) be a given function such that . Then there     м
a
s 9
—

lA

exists Eq > 0 such that thefunctions
0ре -|р?)з, (19)
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satisfy the estimate (17)for all ¢ € (0,€9).

Proof. Since (ро \, «со) itis clear that pS”? = (ро 5, є І? (s,.. my. By analogy with

(8) it is easy to show the validity of the following inequality ,

м<)«Р<.” (20)

Thus, taking into account (20), we have to prove that the estimate (17) is valid at least for =

smal! enough.In order to verify this fact we will show that the value

  

    

0
== а]aМаPAsзаЯК Lag2о")

can be done as small as is wished for ¢ small be
To begin with, we note that

о) |? м , 0= с, .5ноMe ic о  

 

Неге По Їо, ту"! . Further we make use the following notation:

L, ={(x.x,): x eeOt+e. , -B<x, <0},

G, ={(x',.x,): x'eeCt+e., -B<x, <0},

A,S, ={(x.x,): x'eedCt+e. ,-B+(i-1lA<x, ЄРо ні,

where A= fg /J.

Since (ро), єсв») it means that a wild oscillation of this function is excluded on

the cross sections of thin cylinders L, for ¢ small enough. Hence for a given n>0 there exist

an €, >0, ап іпіерег / є М, and collection of points be ЕДА, such that

(odeobНео
Taking into account the chain oftransformations

Хы(да

«абыне
i=l j=l “A2(cac)

- vee(0, 2). 
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соки"6,55)~ н"(ac) j=“i

ен"Ч,

(екlas.[«роБані «
i=

for J large enough, we deduce: for a given 7 >0 there exists an =

і. (рOfa~ OC}, в. (ро | ант!

«арод"Ц,
i=

хрP(e...)н"-ЦА,5.
i=l

оз Бfart<2, | (22)

and the fact that

7тес.
2=М"- 1

  

n> 0 such that

    

+васHlon

  

for all ЕЕ (0,2, ).

As a result, combining this, estimate with the representation (21),.we come to the

conclusion:

Poe)-ес]И(з.ста); |

| У“IS:(fbPade досі||.срPan|.

Since relation (20) turns into the equality only in the case when ро is a constant, it

follows that choosing an appropriate value 7 >0 we can find an ¢

  

<7. (23)

  

j=l

я > 0 such that for every

Ee (0, Ey) the inequality

cect РРors)PPhale)
holds true. Hence the estimate (17) is valid for ¢, >0 small enough. 0

It remains to substantiate the convergence property (18).

Proposition 4. Assume the functions p,<€C® (5а) are defined by (19).Then the property

(18) holds true.
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Proof. Let {c,} be any sequence of smooth functions such that ¢, — p strongly in ро)

as ¢ 0. Let us showthat

lim [,-¢2odue= [- pode Vee cer") (24)
Indeed, let us partition Q™ into cubes with edges ¢ and denote ,these cubes by the

symbols «Zl. Then

р. с: ФА, = > bay Se (x)o(x)due

+лисеаи, =.(x; Jolx,;) bay He

15 існи сг(Фа;

where x; is a Lebesgue point of pin the cube eC! and the second sum is calculated over the

set of boundary cubes. By definition of the measure HU, we have ЇLy We = є" Ь du=e".

Moreover, « зар РР-D(e), where D(é) is a quantity
xeQ™

Ebraay selober

  

of boundary cubes, and e"D(e)> 0 by Jordan’s measurability of the set 6Q”. Thus,

summarizing the above cited facts, we have |

lim bseses tnBl)sea|

певнопуоу
+т[уда[.род

= tim5(ед,=" ley cepa| e"+ |pode.

Let us suppose that lim é">0.
é->0 1

  

вес lolx; )-e ley Seeee

Then there exist a constant C’ >0 апфамаїше є >0 such that

Се (к, вх,=" boy сьфаХ|2С Меє (0,є')

(possibly except, г а ВпИе питбег ої іпдісе5 ) Бог емегу йхед є). Непсе extremely wild

oscillations are present in the sequence {cpg}. However(see [1]; (21), if we have very rapid
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fluctuations in the functions eG, then the convergence ¢,g@— pq almost everywhere in

Q”is excluded. This fact immediately reflects the failure of the strong convergence in

р(0) а5 #0 (ее Уаафег’з ТВеогет [2]). So, our supposition was wrong and weget

2" =0.
 

 

и.себеlay ser ae
As aresult, we cometo the relation (24).

To conclude the proofit remains to use the main property of classical smoothing

(ро), > рд strongly in Іо) аз є -з 0

and apply the relation (24). 0

Asthe direct consequence of Proposition 3, which we feel to be interesting per se, we

present one observation concerning L? -functions defined on thick junctions,

Corollary 1. Let ¢ be a thick multi-structure in R", which consists ofsome domain Q* and

a large number of thin cylinders G, with a small cross section of the size eC and є-

periodically distributed along some manifold X on the boundary of ° (see Fig. 1 for 3-d

example). Let Q™ = Ух(а, 6) be a domain whichisfilled up by the thin cylinders in the limit

passage as 60. Let fe (вт) a given function. Then

lee) 2твоel.(sa)

for ¢ small enough, where (f)¢ denotesthe direct smoothing ofthefunction Lot te. |

(1), =2"fr{=yo. -W)Oe
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