ISSN Ne 9125 0912. BICHHK [AHY. Cepis ,, Mamemamuxa”. Ne 6/1. 2010. Bun. 15. C. 158- 170

YK 517.9
P.I. Kogut*, T.N. Rudyanova**

*Dnipropetrovsk National University,

**Dnipropetrovsk State Finance Academy

ON SOME SMOOTH APPROXIMATIONS ON THICK PERIODIC MULTI-
STRUCTURES

2
JocniTKyOThCcs NMHTARHS ANPOKCHMAaNIT L™ . o6mexennx (yHKnii, 03HaAYeHHX Ha TYCTHX
CHHTYApHUX 3’easaHHsx. Tlokazano, mo AoBiIEAY GYHKUIO 3 03HAYEHOIO KJIACY MOAKHA HAGAMZHTH

B npocropi L2 rnaakor QGyHxuico, 3a 1 3HAYeHHSIMH HA GOKOBili MOBepXHi MIBHAKO OCUUNIOIOYOro
CHHTYASPHOTO 3’ exHannn. OTPAMANO ORHKK TAKHX HA0/IMKeHD Ta MOCHIIKEHO X ACHMITOTHYHY
noBeAiHKY.

KirrowoBi ¢/10Ba: rycTe CHHIYJISAPHE 3’€HAHHS, anpOKCUMALiliHi BNacTHBOCTI, CUHTYJSpHi MipH,
301KHICTD Yy 3MIHHHMX POCTOPax.

2
Hayyaercs npobiieMa annpoKcHMALHH L™ . orpanmaennmix pyHKknuii, 3a3aHHBIX HA TYCTHIX
CHHrYISIpHBIX coegnHeHusix. Tlokazano, 4To Jiobast QYHKIHS H3 yKa3aHOTO KJiacca MOKeT ObITh

ANOPAKCHMHPOBAHA B HOPME NPOCTPAaHCTBA L2 raagkok gysxuMeii, KoTopas 3aJaHA TOJABKO Ha
6oxoBON TOBEPXHOCTH OLICTPO OCHMIMPYIOINErC CHHYYJSAPHOTO coeauHenus. YloJyYeHbl OUCHKH
TAKHX NPHOIHKEHAN H H3YYCHO UX ACHMNTOTHYECKOE IICBEIEHHE. ,

KirouoBbie cnoBa: "TycTOE CHHIYJApPHOE COGAMHEHME, anmnpOKCHMALMOHHBIE CBOCTBA,
CHHI'YIAPHBIE MEPBI, CXOAUMOCTB B IEPEMEHHBIX TPOCTOPAHCTBAX. ‘

In this paper we study the approxnmatlon propemes of measurable and square-integrable

2
functions. In particular we show that any L bounded functions can be appronmated in " -norm

by smeoth functions defined on a highly oscillating boundary of thick multi-structures in R” . We
derive the norm estimates for the approximating functions and study their asymptotic behavior.

Key words: thick multi-structure, .approximating properties, singular measures, convergence in
variable spaces.

Introduction

The main object of our consideration in this paper is a class of functions defined on a
domain Q, c R”, whose boundary 0Q, contains the very highly oscillating part with

respect to a small parameter ¢, as ¢ - 0.

We say that Q, is a thick multi-structure in R", if Q, consists of some fixed domain
Q" and a large number of cylinders with axes parallel to Ox,, and & -periodically distributed
along some manifold Y. on the boundary of Q* (see Fig.1).This manifold is called the joint

zone and the domain Q" is called the junction’s body. Here ¢ is a small positive parameter,
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ON SOME SMOOTH APPROXIMATIONS

which characterizes the distance between the neighboring cylinders and their thickness. So,
each attached cylinder has a small cross section of the size ¢ and its limiting dimension (as
£ -»0)is equal to 1. In view of this, such cylinders will be called thin domains.

Thick junctions have a special character of the connectedness: there are points in a
thick junction which are at a short distance of order O(¢), but the length of all curves, which

connect these points in the junction, is order O(1).

As a result, there are no extension operators p.whpP (Qe)‘>W1lo’f (R"™) that would be

uniformly bounded in &. At the same time thick multi-structures (or thick junctions) are
prototypes of widely used engineering constructions as well as many other physical and
biological systems with very distinct characteristic scales (microscopic radiators, ferrite-filled
rod radiators, and others). As a rule, the computational calculation of the solutions of any
problems on €, is very complicated due to singularities of the thick junctions. As a result,
asymptotic analysis is one of the main approaches to study majority of problems in such
domains.

\
T Se
d X,
A ot ®
X,
1 - Q+ 3

Fig. 1. Thick multi-structure Q.

In view of this we consider the approximation problem of 12 -bounded functions by
sequences of smooth functions defined on lateral side of thin cylinders and their bases which
form a quickly osciliating counterpart of thick junctions. We derive the norm estimates for the
approximating functions and study their asymptotic behaviour.

Notation and Preliminaries
Let a>0, d>0 and ¢ >0 be given positive constants. Let B = (0, a)"—1 and C be

bounded open smooth domain in R (n>2). Moreover we assume that C cc (O,l)”"l,

that is the set C belongs to the n—1-dimensional cube (0,1)"_] together with its boundary
0C . Throughout this paper the parameter ¢ varies in a strictly decreasing sequence of

positive numbers which converges to zero, i.e. we can suppose that £ =a/N , where N is a
large positive integer. When we write ¢ > 0, we consider only the elements of this sequence.
159



P.I. KOGUT*, T.N. RUDYANOVA

Let us denote the elements of R” by x=(x},xs,...x,)=(x",x,) and introduce the

following sets: 8, ={ =(kj.kp,...k,_)e N1 eC+e. cc B},

Q=Bx(-d,c), G, ={(x',x;) : X¥'esC+se., —d <x, <0},
Y =Bx{0}, Q" =Bx(0,¢c), Q =Bx(-d)0), ()
Tp=Bx{~d}, Q;=Q,nQ".

Then in view of our previous description, the set

Q, =(B><(0,c))u( U (eC+e. )x(—d,o]}s}*u[ U G‘EJ,
= =

£

is a thick multi-structure in R”, which consists of the junction’s body Q" and a large
number N™! of the thin cylinders G, with axis Ox,, and ¢ -periodically distributed on the
basis Y, of Q" (see Fig. 1 for 3-d example). Here, each cylinder G, is obtained with & -
homothety in the first (n=1) variables. It is easy to see that Q, = Q" u(U co, O )

Denote by I, the union of the lower bases |

I ={(x\x,) : xXeeCte. , x,=-d}
of the thin cylinders G, when . €8, (ie. I, :'I“O M0Q, , and by S, the union of their
boundaries along the axis Ox,,:
S, ={(x",x,) 1 X'ee-0C+s. ', -d <x, <0}.

We make also use of the idea of classical smoothing. Let X (x) be a positive compactly
supported smooth function (K eCy ) such that -fR" K{x)dx=1 and K(x)=K(-x) for all
xeR". Foran arbi‘t'rary, measurable function (pé LI[OC (R™) W‘ev déﬁne an ordinary smoothing
operator by the equality

@) =" [, K[f—;—y—] Py = [pn K p(x+hy)dy . )

On smooth I', -approximation of Lz(l“) -functions
£ t

Let u%el? (Ty) be a given function such that Huou " <.  with some constant
LTy

. >0. Our aim is to construct a sequence of smooth functions {u, € C*(I';)}z»0
satisfying the following conditions:
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1
HugﬂLz(rg) s(,/lclf ., Ve>0, (3)
Eg—~Y~>u0 in Lz(l”o) as £ -0, 4)
Here |C] is the (n—1)-dimensional Lebesgue measure of the set C, and #, is the
trivial extension by zero of a function u, e 1 (I';) tothe set Ty. [t is clear that in this case

e l’(Ty).

Remark 1. Note that for every & >0 the restriction u° r, is an element of Lz(l"g) whereas

the functions u, in (3)«(4) must be elements of C*(I",). In view of this we call the
sequence {u, € C*(I';)},»o With properties (3)~(4) a smooth TI',-approximation of
u® e I2(Iy).

In order to construct the sequence {u, € C*(I,)},~q, we make use the idea of

classical smoothing. Let K, € Cg’ (R""l) be nonnegative function such that

for1 K (xdx =1 and K, (x') = K,y (=x") vx'e R".

Let o°

be the trivial extension by zero of function uoeLz(FO) to the set
o“:{(x',‘x,,)“eR” X ER™ x, =P, } For every fixed &>0 we define thé following
smoothing operator ‘

Y v

:E—n+l IRn—l Ku(x ;,V )a()(yl)dyr (5)

We begin with the followiﬁg result:

Pﬁ)posiﬁori 1. Let u¥el? (Ty) be a given function such that ”uoan(r ) <. . Then for
0
every >0 there exists £(8)=a/N, where N €. , such that
-1

H%Nﬁ(rg) 5( IC‘) . ©)

provided
|1, 0 l
e =1 0)s| ™

Proof. First of all we note that u, € C*([',) by the properties of smoothing operator (5).

Following the definition of the smoothing operator and using the Cauchy-Bunyakovskii
inequality, we have
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ll(u")«sllg(kn-x) = fone (5"‘”“ [ Ku(x’ = ' ja(’( y')dy')z dx' <
el
x [5‘”“ fornt Ku(xl 5 ')(170( i dy’j dx' =
£ oo ay far
X ;y 'de'] (50( wf a =

- ( 5 Ku[

= JoaE00f &= | eonfa -, ®
Due to this estimate, we come to the inequality
"( ) iLZ(I‘) T, (“O)s 12(r,)
0
© leo(“o)ﬁ 2R <|r “B(ro) - )

which holds true for every ‘¢ > 0. Here ar, € L”(T) is the characteristic function of the
zone I',, i.e.,

11, x'ely, o F
= X &€ .
(<) 0, otherwise 0
Note that

ar, ——|C| in L”(Ty) as £ —>0. (10)

Indeed, in view of 8[0,1)"_1 -periodicity of this characteristic function and the mean value
property, we have

i ' ! n=l AW ' '
lim [ 0(x) 27, () H™ ™' = lim [ o() 1, g (svs. (20K =

= jB¢(X')a’x' (&0’1)’74 e (x')dx') -

= |C] [;e(x)dx’ =|C| jro p(xYdH" VoeCT(T,).

Thus, the property (10) holds true.
Further for a given 6>0 we define a parameter ¢=a/N so that the following
inequality would be valid
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IFlL( )2 —!FO‘K'( )2

Then from (9) we deduce

” lCI'I Y

2 lre’ -2 2
e LELAA . . 1
bl lrol <= (1

() - 'FOI

o)

Since |Tg| =|B|=a"" and

C

L

- ' = S e ol = a n_]gn—l ="
= T [av= Zemdl=(2] i

it follows from (11) that

-1 1
el ey =) I s 2% )S(\/iaf - (12)
Thus for the chosen value of ¢ inequality (6) is valid. This concludes the proof.

The next step to prove the property of strong convergence (4).

Proposition 2. Assume the functions u, € C” ( ) are defined by (7). Then the property (4)

holds true.
Proof. To begin with, we note that

(uo)§ —uY strongly in LZ(I“O) as d—0 (13)

by properties of the classical smoothing. Hence in view of (10), (13), and the fact that the
value of ¢ depends on a given parameter J, we have

~ -1 0 Ay 0 0

7,5 =T R Ty s 2] cju® = u® as 650
as a limit of the product of the weak and strong convergent sequences in 12 (FO) .This implies
the required property (4).The proof is complete.

Some auxiliary results
We begin this section with the description of the (n—1)-dimensional surface S, in the terms

of singular measures in R” which do not satisfy the regularity property with respect to the
corresponding Lebesgue measure.

Let 11 be a periodic finite positive Borel measure in R”"'. Let 0=[0,1)"" be the
cell or torus of periodicity for x;. We assume that Borel measure  is the probability

measure in R , concentrated and uniformly distributed on the set 0C, so Ed#o =1,

Remark 2. By definition we have u (E]\ac)= 0. Therefore any functions, taking the same
values on the set dC, coincide as elemenis of LZ(E],d,uO). Here the Lebesgue space
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I (O, dug) with respect to the measure 4 is defined in a usual way with the corresponding
norm

2 2
2@ ) = B dro
(we adopt the standard notation 1 (EJ) when g is the Lebesgue measure).

We set [0, = [0x[0,1)=[0,1)" and consider the following measure du = dug xdx,, in [J,,. It

is easy to see that this measure concentrated on the set Cx[0,1), and for any smooth function
g we have

0
- 1 -
E gdy:jbgdxndluo:[Hn ](GCX[O,I))T -[?CX[Ol)gdHn t
n 0 il
However, as follows from the properties of the Hausdorff measure, we have
H ”‘1(5C><[0 )=H ””2(6(?) (see [1]). In what follows, we wuse the notation
ocl, =H"" 2(aC) for (n-2)-dimensional Hausdorff measure of the set 6C. Then the

previous relation can be rewritten in the form
- ' -
= gdy:”jga’xndyozfaCiH Japx(m)gdHn b (14)
n 0 - -

In order to clarify relation (14), we consider the planar thick multi-structure 2, < R?. Then
n=2 and the set C -is. some part ‘of the segment (0,1). For instance, let
C= {xl e(01): }xl —1/2[ < h/Z} where A01(0, 1) is a-fixed-value. In this case ‘GC]H =2 and

the 1-periodic measure 4 in Rl can be defined as

#o(B)= ;ac[ (?MIWL@MZ)(B) (5M1v+5‘z«42)(3),‘

for any Borel set BL1[0,1), where M, = %Jr(i —%)h , i=1,2. Here & M, is the Dirac measures

located at the points M. Thus, the multiplier ‘6C’; in (14} is equal to 1/2.

Let A be any Borel set of R". We introduce the scaling measure u, by the rule
PRINE e,u(a"”\). This measure has a period &, and moreover, since u,(¢0,) = & py(e0),
it follows that

eleT)= " [ [au (¢, fe) = " | [ s, ="

As a result, the measure 4, weakly converges to Lebesgue measure in R” as e—0 (in
symbols du, —Y >dx), that is,

lim | pdu, = [, pdx for all functions pecelrm).

&0
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Now, we give the convergence formalism of the sequence of boundary controls
{f)g eLz(Q",dug)}Do. First of all we recall that the sequence of Borel measures {du, }

weakly converges to Lebesgue measure dx. Let { De el? (Q’,d,ug)}

.o De any bounded

sequence, i.e.
limsup Lz" pldu, <+,

-0

Definition 1. /3]. We say that a bounded sequence {13.9 eLz(Q-,d,ug )}

o0 IS weakly

convergent if there exists an element p* e I? (Q~ )such that

lim J;’z' @p,du, = LT (pp* dx for any function p e Cy (R”)
£->0

(in symbols we will use the following notation p, ——> p* in I* (Q",d,ue )).
Further we make use the observation

n-1 0
gk pewdH™ =5 Y L(6C+, ) fpewdH”‘zdxn
’ J=1 7o)
SNt o
=efocly X [, ) | Peoe™ duox/e)ax,
v g () ,
| P ;
R ':18C[H > L(D+) jﬁgqog”dyo‘(x’/g)d(xn/e) !
v j= Teple) : |

=loc],, Nz q(

xox,): xlég([j*' j) Peodu,
J=L T T A Jex, <0
=focl,, [ bewdu, VoeClR"). (15)

Here a function p, visAdeﬁned as follows: p, =p, on S, =supp(u,), and p,=0 in
Q7\S,. Hence, p, e I? (Q',d,ug). It is clear that any functions, taking the same values on
the set §,, coincide as elements of 12 (Q“,dyg). In view of this, any function
Ps € I (Q“,d,ug) with the property

IGC]H J‘Q_ Do du, = ELE pwdH™  Vpe C8°(R")
will be called a prototype of the function p, eLZ(Sg). We note also that the integral
LT Peodu,  is well defined for every function p e C§ (R”;Fg).
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Indeed, since the set Q7 is bounded, and p,du, is a Radon measure, it follows that
1’2‘ prpdu, isalinear continuous functional on Cy’ (R”;Fe).

In a similar manner to (15), we can derive the following relation

8”[)6"12(6,5):8'[5,6 pgdH”'—]

=locly, §- B2 dus =loCly lbelz (o, ) (16)

On smooth S, -approximation of I? (Q" )-functions

2
Let pler? (Q") be a given function such that U p0“L2 (Q_) <. . with some constant

. >0. Our aim is to construct a sequence of smooth functions {pgeCw(Sg)}DO

satisfying the following conditions:

Ipelizgs,) < Ui veso (17
P, —p" in LZ(Q",dyg)as £-0. (18)
Remark 3. Note that we can not use the restriction of this function to the construction of the

sequence {p, } 4+ Decause a trace of an I% -function on the (n-1)-dimensional surface S,

is not defined. In view of this we call the sequence { pp € CP(T, )}g

>0 With properties(17)-
(18) a smooth S -approximation of the function plel? (o)
Let K, eCy’ (R") be nonnegative function such that

[ Kp()ax =1, and Kp(x)=K,(-x) VxeR".

Let ﬁo be the trivial extension by zero of the function p0 e’ (Q“) to R". For every fixed
€ >0 we define the following smoothing operator

N e
We begin with the following result:

Proposition 3. Let po eI’ (Q”) be a given function such that . Then there

]
T~
9
p—
A

exists £y >0 such that the functions
0
pe=l0°)s, (19)
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satisfy the estimate (17) for all £ < (0,&p).

Proof. Since (p ) eC(Q ) itis clear that pS* = (po )eng e1? (Sg,. ""). By analogy with
(8) it is easy to show the validity of the following inequality ’

“pouiz(g_) b T 2})1”01’12(@—) < o

Thus, taking into account (20), we have to prove that the estimate (17) is valid at least fbr €
small enough. In order to verify this fact we will show that the value

0
= el@C! “( ) Lz 5, ! ”(p ) Lz Q-
can be done as small as is wished for ¢ small enough.
To begin with, we note that
o) |I? L , 0
= O+ .
LA o DI R )}(p Pa ey

Here OO = [0,1)"4 . Further we make use the following notation:
L,={x"x,): ¥ecO+e. , -f<x, <0},
G, ={{x'.x,) : ¥'eeC+e., - f<x, <0},
7S, ={(x,x,) : X €cdC+e. , - B+(i-1)A<x, <-fy+iA},
where A= fBq/J .

Since (po)g eCy (R”) it means that a wild oscillation of this function is excluded on
the cross sections of thin cylinders L, for ¢ small enough. Hence for a given #>0 there exist

an &, >0, aninteger J € N, and a collection of points {x‘g,i eA;S, } such that

(o e z(p A

Taking into account the chain of transformanons

é(ﬁ)ﬁ(xé,,.)zn (el
N (NS (W s,

i=1 i=1 T H 2 (g0C)

Vse(O 5,,)
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25 Ele s

B H" % e0) s ]

- ol Bl )i s

‘zJZI(PO)i(xs,f)H as - § e Farmt) <
=

for J large enough, we deduce: for a given 77 >0 there exists an ¢
jL'g (p O)idx - g\aCi;; st (po )i dH""!
<|1, (o Pae- e £l P s,
i=

( O)z(xm oS,

i=1
- _[Sb”(bo)zdm*lg# | 22)

and the fact that
n GCIH
N)’l l

5> 0 such that

+ glaCl H

for all ge(Oa )

As a result, combmmg thlS estxmate with the repreqentanon (21), we come to the
conclusion:

n(po)eﬂiz(n— —glaC];;, ”(po)sn; g : Hn‘—a)-“ ,
| 5 ](jL,( >2dx g}aqH s j( )ha’H” ‘J

Since relation (20) turns into the equality only in the case when p is a constant, it
follows that choosing an appropriate value 77 >0 we can find an &

<n. (23)

j=1

n >0 such that for every
ce (O, 6,7) the inequality

S 4 RS R

holds true. Hence the estimate (17) is valid for &, >0 small enough. [J

It remains to substantiate the convergence pmperty (18).
Proposition 4. Assume the functions p, eC OO(S g) are defined by (19).Then the property
(18) holds true.
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Proof Let {gg} be any sequence of smooth functions such that ¢, — p strongly in ? (Q_)
as & - 0. Let us show that

lim [ ¢ odu, = [ pods YoeCR"). (24)

Indeed, let us partition Q~ into cubes with edges ¢ and denote these cubes by the
symbols &3/ . Then

-LT SeQdig = Z -LD{, Sg (x)(p(x)d/ue‘
+ 2 by ey S We)du, = s, (&, Jolz;) Ly e
+2 ,Lz_még¥1' ¢:()o(x)du .

where x; is a Lebesgue point of pin the cube £017 and the second sum is calculated over the

set of boundary cubes. By definition of the measﬁre 4, we have j |y e = &" E du=¢".

Moreover, < sup [gg(gc)go(x)(g” -D(a), where D(g) is a‘quantity‘

xeQ)”

> PIAREN

of boundary cubes, and s”D(g)——xO by Jordan’s measurability of the set 6Q~. Thus,
summarizing the above cited facts, we have ' ‘

Jim wﬂe=;@o[§3g€(ﬁ>¢<xﬂa"+h—@ﬁ””b‘}

f
st Bl ot - Loy o
1in 5 (el [ ppas=

= e@og[gg e Jole )2 foy ggcvdx] "+ |- podr.

Let us suppose that lim 3. " >0.
&0 j

Gg(xj)§0(xj)~€“” LD£§€¢dx

Then there exist a constant C~ >0 and a value & >0 such that
gg(xj>(o(xj)—£‘” Lﬂ{{ c.0dx|2C Vee 0,£)

(possibly except, for a finite number of indices j for every fixed ¢). Hence extremely wild
oscillations are present in the sequence {gg(p}. However (see [1]; [2]), if we have very rapid
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fluctuations in the functions {gg(a}, then the convergence ¢.¢ — p@ almost everywhere in
Q7 is excluded. This fact immediately reflects the failure of the strong convergence in

2 (Q27) as £ > 0 (see Valadier’s Theorem [2]). So, our supposition was wrong and we get

e =0.

gh?o; colo ol )-o7" [y o0

As aresult, we come to the relation (24).
To conclude the proof it remains to use the main property of classical smoothing
(po)g - pO strongly in I (Q_) as € >0

and apply the relation (24). I
As the direct consequence of Proposition 3, which we feel to be interesting per se, we

present one observation concerning [?-functions defined on thick junctions,

Corollary 1. Let ¢ be a thick multi-structure in R", which consists of some domain QF and
a large number of thin cylinders G, with a small cross section of the size eC and e-
periodically distributed along some manifold X on the boundary of Q" (see Fig. 1 for 3-d
example). Let Q™ = Zx(a,b) be a domain which is filled up by the thin cylinders in the limit
passage as e—0. Let f € L%OC(R") a given function. Then

“f“iZ(Q) 2 pé"(gé—) N(f)g“i2 (SE;Hn—I)

for ¢ small enough, where (f) ¢ denotes the direct smoothing of the function 2o-1 0 le |
(=" o K[ 22 - 0)1 ey,
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