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On non-variational solutions to optimal
boundary control problems for parabolic
equations

HocaigKyerbcsi 3aava ONTUMAaJILHOTO KepyBaHHsA [Jisi JIiHifHOro mapaboJjidHoro
pPiBHAHHA 3 HeoOMeXkeHUMHU KoedillieHTaMu B T'OJIOBHiif 9YacTUHI eJinTUYHOTO omeparopa.
Ocob6smBicTh JaHOTO PiBHSIHHSI HOJISITAE€ B TOMY, III0 MAaTPUILS IIOTOKY € KOCOCUMETPUYHOIO,
a i1 koedinienTn HasmexkaTh 10 TpocTopy L2. ITokazaHo, III0 MOCTABJIeHA 3a4a49a KePYBAHHS
Ma€ €AUHUN PO3B’A30K, SIKNI He MOX>KHA JOCATTH YepPe3 IPAHMUIIO ONITUMAIbBHAX PO3B’sI3KiB
JJig L°°- arrpokcMMOBaHUX 3a4ad4.

KirogoBi cioBa:  mapaboJsiiuHe PpiBHSIHHsI, ONTHMAaJibHE KepYyBaHHs, BapiaiiiiHuii
po3’sa30k, HeoOMeKeHi kKoedilliEHTH, KOCOCUMEeTPUYHa MaTPUIIs.

N3ydyaercs 3amadya ONTUMAJIBHOTO YIIPpABJEHUS [Jisi JIMHEHHOro mnapabosim4ecKoro
YPaBHEHUsSI C HEOTPAHWYEHHBIMU KO3 duimeHTaMu B TJIaBHON YACTH JLIAIITUIECKOTO
oneparopa. OcoGeHHOCTh JAHHOTO YPaBHEHUsI COCTOUT B TOM, YTO MAaTPHUIA ITOTOKA
ABJIAeTcs KOCOCUMMETPUYHOI, a ee Ko3(dbHUIIMeHTLI NpHHAIJIeXaT IpoCcTpaHcTBy L2.
ITokazano, uTO JaHHasi 3a/ia4a yNOpPaBJIEHUsS HWMeET €JUHCTBEHHOE pellleHne, KOTOopoe
HeJIb3sl JOCTUYb Yepe3 MpeJiel ONTUMAIbHBIX pelneHuil ajs L°°-animpoKCUMUPOBAHHBIX
3a7ad.

Kirouesbre cjioBa: mapaboinyeckoe ypaBHEHUE, ONTUMAaJIbHOE YIIPDABJIEHUE, BAPUAIMOH-
HOe pellleHne, HeorpaHndeHHbie KO3 PUIUEeHTbI, KOCOCUMMETPUIECKAsT MaTpHUIla.

We study an optimal boundary control problem (OCP) associated to the linear
parabolic equation y; — div (Vy + A(z)Vy) = f. The characteristic feature of this equation
is the fact that the matrix A(z) = [a;;(2)]i j=1,.. ~ is skew-symmetric, a;;(z) = —a;;(z) and
belongs to L2-space (rather than L*>°). We show that under special choice of matrix A
and distribution f, a unique solution to the original OCP inherits a singular character of
the original matrix A and it can not be attainable by the solutions of the similar OCPs
with L*°-approximations of matrix A.

Key words: parabolic equation, optimal control, variational solution, unbounded

coefficients, skew-symmetric matrix.
1. Introduction

We consider the optimal boundary control problem for a parabolic equation with
unbounded coefficients. The characteristic feature of this problem is the fact that the
stream matrix A(z) is skew-symmetric and its coefficients belongs to L2-space (rather
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than L*°). As a result, the existence, uniqueness, and variational properties of the weak
solution to optimal control problem (OCP) usually are drastically different from the
corresponding properties of solutions to the parabolic equations with L*°-matrices in
coefficients. In most cases, the situation can change dramatically for the matrices A with
unremovable singularity. Typically, in such cases, boundary value problem may admit
infinitely many weak solutions which can be divided into two classes: approximable
and non-approximable solutions [5], [12], and [13].

The aim of this work is to consider OCP with a well prescribed skew-symmetric L*-
matrix A and, using the direct method in the Calculus of variations, to show that this
problem admits a unique solution possessing a special singular properties. As a result,
we prove that this solution cannot be attained through a sequence of optimal solutions
to regularized OCP for boundary value problem with skew-symmetric matrices Ay €
L>°(€;S?) such that A, — A strongly in L*(£2;S?). Thus, this result shows that a
numerical analysis of optimal control problems for parabolic equations with unbounded
coefficients is a non-trivial matter and it requires the elaboration of special approaches.

2. Notation and Preliminaries

Let © be the unit ball in R®, Q = {z € R? : ||z||gs < 1}. Let C5°(2;T'p) be the set
of all infinitely differentiable functions ¢ : 2 — R with compact supports in (2. Let
Ce(RY;I'p) = {p € C°(RY) : ¢ =0 on I'p}. We define the Banach space H}(Q; I'p)
as the closure of C§°(£2;I'p) with respect to the norm (see [1])

1/2
P ( vz dx) .

Let H7*(Q;Tp) be the dual space to H}(;Tp).

Let X be a Banach space and let T' > 0 be a given value. We denote by L?(0,T’; X)
the set of measurable functions y € (0,7) — X such that |Ju(-)||x € L?(0,T). Similarly,
one can also define the set of distributions D'(0,7;X) on (0,7") with values in X.
L?(0,T;X) is a Banach space with respect to the norm

T 1/2
Wm0 = ( [ o d:v) .

If X is reflexive, the space L?(0, T; X) is reflexive too. Moreover, if X is separable, then
L?(0,T;X) is separable.

Let C([0,T]; L*(2)) be the space of measurable functions on [0,7] x € such that
y(t,-) € L*(Q) for any t € [0,T] and such that the map ¢t € [0,T] — y(t,-) € L*(Q) is
continuous. Let us define the Banach space

Wr, = {y y € L0, T Hy(:Tp)), % € L*(0,T; Hl(Q;FD))}v

equipped with the norm of the graph. Here, the derivative dy/0t is the distribution in
D'(0,T; H'(2;Tp)). Then the following properties holds true (see [4, 10]).
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Theorem 1. (1) The embedding Wr,, — L*(0,T; L*(2)) is compact.
(2) One has the embedding Wr,, < C([0,T]; L*(Q2)).

(3) For any u,v € Wr,,, one has

d
7 Qu(t,x)v(t,x) dz = (W't,"),v(t, ")) -1 p) B2 (T )

+ <U/<t7 ')7 'LL(t, ')>H*1(Q;FD),H&(Q;FD) :

Let y € L*(0,T; Hy(;Tp)) N C ([0, T]; L*(2)). Then the following density result
holds: there exists ® € C*°([0,7]; C5°(2;'p)) such that

ly = @lleqorsrze) <6, IVy = V207120 < 0, V6 > 0.

Skew-Symmetric Matrices. Let S* be the set of all skew-symmetric matrices A =
[aij]?,jzl, i.e., A is a square matrix with a;; = —aj; and, hence, a; = 0. Therefore,
the set S can be identified with the Euclidean space R3.

Let L? (Q; 83) be the space of measurable square-integrable functions whose values
are skew-symmetric matrices and it is endowed with the norm

1/2
| AllL2(@89) = (/Q | A(z) |25 da:) .

In what follows, we associate with matrix A € L?(;S*) the bilinear form ¢(-, )4
L*(0,T;C5(Q2) x L*0,T;C3(Q)) — R following the rule

T
pola= [ [ (Vo A@T) g dedt, Vg0 POTCHO).
0 Q

It is easy to see that this form is unbounded on L*(0,T; H}(f2)), since, in general,
the ’integrand’ (VU,A(;E)VQ)W is not integrable on (0,7") x 2. This motivates an
introduction of the following set. We say that a distribution y € L*(0,T; H}(Q;Tp))
belongs to the set D(A) if

T T 1/2
/ <w,AVy>dexdt\Sc<y,A> (/ / HWH%sd:vdt) | W
(9] 0 Q

for all ¢ € C*([0,7T7; C3°(2;'p)), with some constant ¢ depending on y and A. As a
result, having set

T

// Vo, AVy)rn dx dt, Yy € D(A),Yo € C*([0,T]; C5°(£2)), (2)
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we observe that the bilinear form [y, ¢] can be defined for all ¢ € L*(0,T; H3(;Tp))
using the standard rule

[y, ] = lim[y, ¢c], (3)
where {¢.}.., C C®([0,T];C5°(2;T'p)) and ¢. — ¢ converges strongly in
L*(0,T; H}(;Tp)). In this case the value [y, o] is finite for every y € D(A), although
the 'integrand’ (Vgp, A(m)Vy)R3 need not be integrable on (0,7 x , in general. This
fact leads us to the conclusion

Iy, y]| < +o0, Vye D(A). (4)

At the same time, if we temporary assume that A € L*(Q;S%), then the bilinear
form [y, ] is obviously bounded on L2(0,T; H(;Tp)), i.e. in this case D(A) =
L2(0,T; HY(S;Tp)). Indeed, in view of the Bunjakowski inequality, we get

T
|y, o] §||A!\Loo(9;ss>/0 /Q||Vy||R3HVv||R3dxdt

< HAHLW(Q;S% HyHLQ(O,T;H[}(Q;FD)) HUHLQ(O,T;H(}(Q;FD))

Moreover, if y = v then [y,y] = —[y,y], and, therefore, [y,y] = 0 for all y €
L*(0,T; HY(;Tp)). However, as it is shown in the next section, there exist skew-
symmetric L2-matrices A such that the equality |y, y]| = [y, y] does not hold true for
some y € D(A).

We define the divergence div A of a skew-symmetric matrix A € L?(;S?) as a
vector-valued distribution d € H~1(Q;R3) by the following rule

<di7<P>H—1(Q);Hé(Q) = - /Q(%VSO)RS dx, Vo € CgO(Q>7 (5)

where a; stands for the i-th row of the matrix A. We say that a matrix A € L? (Q; 83)
belongs to the space H(Q,div;S?) if d := div A € L'(Q;R3), that is,

H(Q,div; S*) = {A |A e L*(2;S?), divA € L' (O R?) } .

3. Setting and Approximation of the Optimal Control Problem

We deal with the following optimal control problem (OCP) for a parabolic equation
with unbounded coefficients

2 .
I(u,y) = [ly — Z/dHL2(0,T;H3(Q;rD)) + |lu — ud”%Q(O,T;LQ(FN)) — inf (6)

subject to the constraints

yy — div (Vy + A(x)Vy) = f  in (0,T) x Q, (7)

y(0,-) =y in €, (8)

y(,2)=0 on (0,T) x I'p, a%(;g;) —=u on (0,7) x Iy, (9)
u € L*(0,T; L*(Ty)), (10)
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where ) be the unit ball in R® and its boundary T' = {||z||gs = 1} is divided onto
two disjoint parts 02 = I'p U I'y which have positive 2-dimensional measures. Here,
w is a control, yo € L*(Q), ya € L*(0,T; H}(Q)) and ug € L*(0,T;L*(Ty)) and f €
L*(0,T; H-Y(Q;'p)) are given distributions, and A € L?(€2;S?) is a skew-symmetric
matrix.

The optimal control problem which we consider is to minimize the discrepancy
(tracking error) between a given distribution y; € L?*(0,7; H}(€2)) and a solution y
of the Neumann-Dirichlet boundary value problem for parabolic equation (7)—(9) by
choosing an appropriate boundary control v € L?(0,T; L?*(T'y)), where

8 ’ 0
= > (8 aij<x>)a—jjcos<v7 ),

d;; is the Kronecker’s delta, cos(v, ;) is the i-th directing cosine of v, and v is the
outward unit normal vector at I'y to the ball €.

More precisely, we are concerned with OCP (6)—(10). The distinguishing feature
of this problem is the special choice of matrix A and distribution f. This entails
a number of pathologies with respect to the standard properties of optimal control
problems for parabolic equation and leads to the non-uniqueness of weak solutions
to the corresponding initial boundary value problem and a singular properties of an
optimal pair. As a result, numerical approximation of the solution to OCP (6)—(10) is
getting non-trivial.

Note that the function y = y(u) is called an approximable solution to the initial-
boundary value problem in (7)—(9) if it can be attained by weak solutions to the
similar boundary value problems with L*>-approximated matrix A. However, this type
of solutions does not exhaust all weak solutions to the above problem. There is another
type of weak solutions, which cannot be approximated by weak solutions of such
regularized problems. Usually, such solutions are called non-variational |7, 12, 13|,
singular [14], |2], 8], pathological [9], [11] and others

To begin with, we introduce the following notion.

Definition 1. We say that (u,y) is an admissible pair to OCP (6)-(10) if u €
L*(0,T; L*(T'w)), y € W,

y(0,-) = yo € L*(Q) almost everywhere in €, (11)

and the integral identity

/ /ytgod:xdt—l—/ / Vo, Vy+ Az )Vy)RNd:Edt

/ <f ‘P> LTp);HY (T p) dt+/ /F UQDdH dt (12)
0 N

holds true for each ¢ € C*([0,T]; C§°(€;Tp)).
We denote by = the set of all admissible pairs for the OCP (6)—(10).
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It is worth to note that in view of definition of the space VW and Theorem 1, the

condition (11) has a sense. Moreover, as was shown in [3], if (u,y) is an admissible pair,
then y € D(A).

Definition 2. We say that OCP (6)—(10) is regular if it admits at least one admissible
pair, i.e. = # ().

We also say that a pair (u’,y°) € L*(0,T; L*(Ty)) x D(A) is optimal for problem
(6)-(10) if (u%,3°) € = and I(u° y°) = inf(yyye=I(u,y).

As immediately follows from (12) and the definition of bilinear form [y, ] (see also
the extension rule (3)), every admissible pair (u,y) € = is related by the following
energy equality

1 [T ) )
5/0 /Q (y )t dxdt + ||y||L2(0,T;Hé(Q;FD)) + [y’y]

T T
=/ (fs9) m1(@rp)mi @) dt+/ / uy dH dt. (13)
0 0 I'n

The next question which we are going to discuss is about variational solutions to the
problem (6)—(10). Since A € L*(Q;S?), it follows that there exists a sequence of skew-
symmetric matrices {4}y C L®(Q;S?) such that A, — A strongly in L*(Q;S%).
Hence, it is reasonably, from numerical point of view, to consider the following sequence
of constrained minimization problems associated with matrices Ay.

{ <<u,iyl>lefak Ik(“’y)>’ b= OO}- (14)

for every (u,y) € L*(0,T; L*(Ty)) x L*(0,T; Hy(;Ty))), Vk € N and (u,y) € =}, if
and only if

Here,

( ye — div (Vy + 4Vy) = f in (0,7) x Q, )
y(0,") =yo in €,
y(-, ) =0 on (0,T) x I'p, 8%5/’/’4%) —won (0,T) x Ty, (16)
we L0, I2(Tw)), y € L2(0,T; Hi(: Tp)),
N ye € L*(0,T; H1(Q; I'p)). J

Theorem 2. Let ug € L?(0,T;L*(Ty)), f € L*(0,T; H(Q;Tp)), yo € L*(), and
ya € L*(0,T; HY(:Tp)) be given distributions. Then for every k € N there exists a
unique minimizer (ul), yY) € Z to the corresponding constrained minimization problem
(14) such that the sequence of optimal pairs {(ug, y})) € Zx}ey is relatively compact with
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respect to the product of the weak topologies on L*(0,T; L*(Tn)) x L*(0,T; Hy(Q;Tp))
and each of its cluster pairs (u*,y*) possesses the properties:

(v y) €Z, [y y]>0. (17)

Proof. To begin with, we show that the sequence of minimal values for the problems
(14) is uniformly bounded, i.e.

sup inf Ix(u,y) < C for some C > 0. (18)
keN (u,y)EEk

Indeed, for every k € N the bilinear form [y, o] := fOT Jo (Vo, Ap(2)Vy) o ddt is
obviously bounded on L?(0,T; H}(2;Tp)). Moreover, since

T T
/ / (Ve, AVy) o dadt = — / / (Vy, AV) oy dadt,
0 Q 0 Q

/T/ (Vu, Ap(2) V) o dadt =0 Yo € L*(0,T; Hy(Q;Tp)) (19)

we have

and, hence, the initial-boundary value problem (16) has a unique solution (see [10] for
the details)

yr € L2(0,T; Hy (4 Tp)),  (yr): € L*(0,T; H*(Q;Tp))

for every uw € L*(0,T; L*(Ty)).

As an obvious consequence of this observation and the properties of lower
semicontinuity and strict convexity of the cost functional I, we have: the corresponding
minimization problem (14) admits a unique solution [6]

Li(up,yp) = inf Li(w,y), (up,yp) € Ep.
(u,y)EEL

Moreover, having fixed a control v € L*(0,T;L*(Ty)), condition (19) implies the
fulfilment of the following identities for every k € N

T T
/ /(yk)tgo dxdt —i—/ / (Vgo, Vy + Ak(a:)Vyk)RN dxdt
0o Ja 0
/ <f, > QFD) Hl QFD dt +/ / 'U/(p d%zdt (20)
I'n

1 T
§||yk;(T, ')||%2(Q) + Hyk‘H%Q(O,T;Hé(Q;FD)) - /0 {f yk)H—l(Q;Fp);Hé(Q;FD) dt

T 1
+ / / ug dH2dt + o2y ¥ € [0,T], (21)
0 I'n 2
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where vy, = yr(u) € L?(0,T; H}()) are the corresponding solutions to the initial-
boundary value problems (16). Hence, following the standard technique [10], it is easy to
show that the sequence {y},cy is bounded in Wr, for every fixed u € L*(0,T; L*(I'y))
and due to the a priori estimates

Y
Ykl 220,131 (im0 )) T HW

L2(0,T:H- (' p))
< CO|Iflora@roy + lulzerizmm + lvlee], 22)

where the constant C'(€2) is independent of Ay, we arrive at the relation

Ik(ugvylg) = (uiyr)lef:k Te(u, y) < In(u, yr) < 2||yd||%2(o,T;H5(Q;rD))

+ 2Hud‘|i2(0,T;L2(FN)) +4C*(Q) [Hf”%Q(O,T;H*(Q;FD)) + H%HL?(Q)}
+ (4C*() + 1) [ulliz 02y <C Yk eN. (23)
Thus, (18) holds true and it implies that

2
Oue

sup (181 mgron + | o] < oo (20

L2(0,T;H-Y(Tp))

So, by the completeness of Wr,, we can assume that there exists a pair (u*,y*) €
L*(0,T; L*(Tx)) X Wr,, such that up to a subsequence
ve —y" in L*(0,T; Hy (% Tp)),
(91/2 oy” 2 -1
—= L0, T;H *(Q; T
ot ot n ( s Ly ( ) D))>
u) —=u* in L*0,T; L*(Ty)).

Hence,
Yy — y*  strongly in L*(0,T; L*(T'y)) (25)

by compactness of the embedding H'/?(I'y) < L?*(T'y).
It remains to prove the properties (17). To do so, we note that due to the strong
convergence A — A in L*();S?), we get

T T
| [ (veavy - avi),, dxdt's [ [ 14k = Al IV 2lev | 9l dt
0 Q 0 Q

T
/ / (AVe, Vy* = Vi) on dxdt‘
0 Q

< ||<P||C([0,T];CI(§)) ilelg ||?Jg||L2(o,T;H3(Q;FD))||Ak - AHL?(Q;SS)

_|_

+

T
/ / (AVe, Vy* = Vi) an dxdt‘ —0 ask — oo
0 Q
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for every ¢ € C*([0,T]; C5°(2)).

Hence, A, Vy) = AVy* in L'(0,T; L*(€2;R?)). It means that we can pass to the
limit in integral identity (20) with v = u?. As a result, we have: the pair (u*,y*) is
related by the integral identity (13), therefore, y* is a weak solution to the original
boundary value problem (7)—(9) under v = u* in the sense of Definition 1. Thus,
(u*,y*) € Z. Moreover, following [3|, we have y* € D(A).

In order to prove the property (17),, we pass to the limit in the energy equality
(21). Takin into account the lower semicontinuity of the norm || - H%Q(&T; iy With

respect to the weak convergence Vyj) — Vy* in L?(0,T; L*(Q2; R?)), we obtain

1 T
5/0 /Q(?JQ)t dxdt + HyH%Q(O,T;H&(Q-FD))

<f7 > Q FD) Hl Q I'p hm / / uk:yk: dedt
INY

k—>oo

T
I'n

Thus, the desired inequality (17), obviously follows from (13) and (26). The proof is
complete.

Remark 1. As immediately follows from the proof of this theorem, some admissible
pairs (u*,y*) € Z can be attained by optimal solutions to the approximate OCPs
(14). Hence, we can conclude that the original optimal control problem (6)—(10) is
regular for every uy € L*(0,T;L*(Ty)), f € L*(0,T; H'(;Tp)), yo € L*(Q), and
ya € L*(0,T; Hy(2;Tp)).

Remark 2. The next observation deals with the inequality (17)s. As Theorem 2 proves,
for any approximation { Ay}, of the matrix A € L? (Q; 83) with properties {Ag}, oy C
L>(Q;S?) and A, — A strongly in L?*(Q;S?), the optimal solutions to the regularized
OCPs (14)—(16) always leads us in the limit to some admissible solution (u*,y*) of the
original OCP (6)—(10). Moreover, in general, this limit pair can depend on the choice
of the approximative sequence {Ay}, . That’s why it is reasonably to call such pairs
attainable admissible solutions to OCP (6)—(10).

As we will see later on, the pair (u*,y*) is not optimal, in general, and the pair
(ud, ya) is a unique optimal pair to OCP (6)—(10). Whereas we will shown that [y4, ya] =
—a, where « is a given strictly positive value, in the mean time [y*,y*] > 0 for any
attainable pair (u*, y*). Thus, for given f, 4, yo, g the optimal pair (u°, 4°) to OCP (6)—
(10) cannot be attained through any L>-approximation of the matrix A € L?(€2;S%).

4. Example of the Non-Variational Solution

Our aim in this section is to show that optimal control problem (6)—(10) has a
unique non-variational solution. Namely, we will show that for a given positive scalar
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value a € R there exist a skew-symmetric matrix A € L?(€;S*) and a function y, €
L*(0,T; H3(€)) such that

ya € D(A) and  [y4,ya] = —a <0, (27)

where the bilinear form [y, v] is defined by (2).
We divide our analysis into several steps. At the first step we define a skew-
symmetric matrix A as follows

0 alx) O
Alz)=[ —a(z) 0 —=blx) |, (28)
0 b(x) 0
where a(z) = ﬁ and b(x) = W Since
R3 R3

2 7\’ Lor2m ™ p? cos? psin®
G R A e o R
R3 o Jo Jo

it follows that a € L?(Q2). By analogy, it can be shown that b € L?(Q2). Moreover, it
is easy to see that the skew-symmetric matrix A, define by (28), satisfies the property
A € H(Q,div;S?), i.e. A € L*(;S%) and divA € L'(Q2;R3). Indeed, in view of the

dy

definition of the divergence div A of a skew-symmetric matrix, we have divA = | dy |,
d3

where d; = diva; = HI ’“xf and a; is i-th column of A. As a result, we get

T ||zs
. LT TP files p) sinpsing |,
[div ail| L1y = 1 p-siny dyp dodp
0 Jo 0 P
< 400,

for the corresponding f; = fi(p, %) (i = 1,2, 3). Therefore, div A € L'(Q;R?).
Step 2 deals with the choice of the function y, € L*(0,T; Hj(2)). We define it by
the rule

22« 5
yd(tv .T}) = t\/ﬁT?’(l _ exp(—27r)) (1 - HxHR3)

2 /2 2 _
2 exp <—g — arctan Y1 R x1> , (29)

2 2
i R Ta

for all (¢,z) € (0,T) x Q. It is easy to see that

52 2 /12 2
UO<L> = \/ 5 a T2 exp <—g — arctan Tt T x1>
T

||| R 1 — exp(—2m)) 23 + 23 T

B 92a oy
B \/7TT3(1 — exp(—2m)) sin® pexp(—p/2), Vo € 0,27
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with respect to the spherical coordinates. Hence, vy € C1(99), and, as immediately
follows from (29), it provides that

yg € L*(0,T; L*(2)) and yq4(t,-) =0 on 9 Vte[0,T). (30)
By direct computations, we get

o (Illgs = 21) = Garws

x 1 > %
Voo () = 00 (||g||2y — a3) — Poayzy |, Vo £0. (31

lzlles /Nl

_Ovg _ Oug
9z L1723 9zg L2X3

Hence, there exists a constant C* > 0 such that

C*
il =
lllze /s = Nzl
Thus,
T
IV yallgs <t vo(—)\ IV (1= lllls) s
]les
C
re(1- el [V ()| <ot
/I Jlles

As a result, we infer that Vy, € L*(0,7T;L*(Q; R3)), i.e. we finally have y; €
L*(0,T; H} ().

Step 3. We show that the function y,, which was introduced before, belongs to the
set D(A). To do so, we have to prove the estimate

_ T 1/2
/ Vo, A(z)Vya) 3dxdt‘ gc(/ /yw\f@ dxdt) :
0 Q

for all p € C’OO([O,T]; Ce(82)).
To this end, we make use of the following transformations

T T
/0 /Q (Veo, AVY)y, dudt = — /0 (div (AVE),0) 41 2 0y O

T (a1)"' Vi
_ / (aiv | (m)ve | o) dt
0 (ag)tvw H=1(Q);Hj ()
T 3 a¢
= divai,gp—> dt—i—/ / ( a; >g0dxdt
/0 ZZI< axz H- 1Q)H1 ZZIJZI ]3 ax]

J/

-~

=0
since A€L2(;83)

(due to the fact that div A € L'(Q; R?))

T
:/ /(diVA, V)s @ dzdt,
o Jo
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which are obviously true for all ¢, o € C*°([0,T]; C5°(£2)). Since

T
/Q (Ve, AVY) 5 dadt

< ¢ ||A||L2(Q;S‘:’kew) ||1/) HL2(O,T;H6 (€2))»

(divA, Vi) ¢ dxdt‘ =

it follows that, using the continuation principle, we can extend the previous equality
with respect to 1 to the following one

/ / Vo, AVyq)gs dedt = / / (div A, Vyg)ps dzdt, (32)
Ve C™([0,T]; C5° (2

Let us show that (div A, Vyg)gs € L®((0,T) x ). In this case, relation (32) implies
the estimate

T T
| / /Q (V, AVya)gs dadt] < [[(div A, Fyagoll ooy o / /Q o] dadt
0 0

<é (/OT/QWQO@N dxdt) e ([0, T]: C(Q), (33)

which means that the element y, belongs to the set D(A).
Indeed, as follows from (31), we have the equality

X i
Vo , =0. 34
( (o) ||:c||;;3)R3 (34)

Thus, the gradient of the function Vug(

z/||z||3s outside the origin. Therefore,

undiv Ao = (9[- elfe) o ()| e T2
R3

[2]lzs (|2 ][es

x x T9

— (v (1 i) ) o
( (1= lelle) s ) oo ) o

T €T T
1 (1 ||z)2s) <w0( ) ) L _ [+ 1,

[elles 7" [ €]lzs / gs [/l

Hxﬁ_?,) is orthogonal to the vector field ) =
R

where I, = 0 by (34). Since V (1 — ||z|3s) = —5||z|3sx, s =
to the spherical coordinates, and function vy is smooth, it follows that there exists a
constant Cy > 0 such that |(Vyg, div A)gs| < Cp almost everywhere in (0,7) x Q. Thus,

= sin p sin ¥ with respect

(div A, Viy)gs € L2((0,T) x Q)

and we have obtained the required property.

46



ON NON-VARIATIONAL SOLUTIONS TO OPTIMAL CONTROL PROBLEMS

Step 4. Using results of the previous steps, we show that the function y, satisfies the
condition [y4, yq] = —a < 0. Indeed, let {¢.}. ., € C([0,77;C5°(2)) be a sequence
such that

@. — yaq strongly in L*(0,T; Hy(Q)). (35)

Then by continuity, we have

T
[Ya, Ya] = hm/ / (Vpe, AVyq)gs dxdt by 82) 1_1}1(1)/ /gps (div A, Vyg)ps dzdt.
€ 0o Ja

Since (div A, Vyg)gs € L>((0,T) x Q), in view of the property (35), we can pass to the
limit in the right-hand side of this relation. As a result, we get

[Ya, Ya] = / /yd (div A, Vyg)gs dedt = / / (div 4, Vy3) s drdt. (36)

Let Q. = {z € R? | e < ||z||gs < 1} and let T'. = {||z||zs = €} be the sphere of radius
¢ centered at the origin. Then

T T
/ / (div A, Vy7) s dadt = / / (div A, v)gs y3 dHdt
0 e 0 e

_ OT [/F (div A, )gs (1 — [l2]25)*w (II - )d?—[ﬂ 2t
_r

r. (£

T3
:—/( xg,(— = )) 2 vg( > )d?—[2+0(1)
3 Jr. \lzllgs zl[rs/ ) gs [2llrs "\

T3/ T 2( x > 9
= —— U dH* + o1
3¢2 Jr, lzflzs ° \ll[leo @

_ T; o)t () dH2 + o(1), (37)

(div A, )z %( ) dH? + o(1)

where by = sin psiny and v = mraS 50 sin® p exp(—¢). Since

52qv 2m T
bovg dH? = / in’ ‘Pd/'Qd =6aT°>0
/an 0y dH TT3(1 — exp(—27)) ( i sin” e ? dyp i sin” ¢ dip a >0,

it remains to combine this result with (36), (37), and relation

T
/ / (div A,Vyﬁ)R3 dxdt = hm/ / dlvA Vyd s dzdt.
0o Jao

As a result, we finally infer [y4, yq] = —a < 0.
However, as was shown before, the value [y, y] is not of constant sign on D(A).
Hence, energy equality (13) does not allow us to derive any a priory estimate for
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the admissible solutions. In spite of this, the following result proves that OCP (6)—
(10) is well-posed under the special choice of distributions y; € L*(0,T; H}(2)), uq €
L0, T3 L*(Tw)), yo € L*(), and f € L*(0,T; H'(2)).

Theorem 3. Let A € L*(Q;S?) and yq € L*(0,T; Hj(S2)) be defined by (28) and (29),
respectively. Assume that yo = 0 in Q and distributions f € L*(0,T; HY(Q)) and
ug € L*(0,T; L*(Ty)) are given by the rule

fi=(ya)e — div (Vya + AVya) and uq == 7, (ya), (38)

where 4+ L*(0,T; Hy(Q;Tp)) — L2(0,T; H-Y/*(Ty)) is the trace operator such that

S

Lj

3
0
= (0 + az‘j($)>a—y cos(v, ;)

provided y € L*(0,T; H} (;Tp)) N L2( 0,T; 1( ))
Then the pair (u°,y°) := (ug,ya) € L*(0,T; L>(Tn)) X D(A) is a unique solution to
OCP (6)-(10).

Proof. As follows from (29), the function y4 is smooth near the boundary 92 and
(ya): € L*(0,T; H}(S)). Hence, ug := V%N(yd) € L*(Ty) and yg € W (see (30)).
Moreover, the inclusion y; € D(A) (see estimate (33)) implies:

div (AVy,) € L*(0,T; H ().

Therefore, in view of the inclusion (y4); € L*(0,T;H}()), we have f €
L*(0,T; H'(£2)). Since y4(0,+) =0 in © and

/ (f, o) g QD )sH (T p) dt = / / Ya)rp dadt
+/ /(V@,Vyd+A(a:)Vyd)RN dxdt—/ / V%N(yd)gpd’;’-[?dt
o Ja 0 Jry

for all ¢ € C>([0,T); C5°(2;T'p)), it follows that the pair (ug,yq) satisfies relations
(11)—(12). Thus, (ug,yq) is an admissible solution to OCP (6)—(10) in the sense of
Definition 1. To conclude the proof, it is enough to note that

](U,y) ZO V(U,y) 657 [(ud>yd):O7

and the cost functional I : = — R is strictly convex.
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