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L-miarpynm Ha JesdKUX CKIHYeHHUX I'pynax

PosrasuyTi geski BiacTuBocTi L-miarpyn Ha ckiHdeHHuUX rpynax. OmmucaHni MHOXKUHU
L-miagrpyn Ha HUKIIYHAX IPpyHax OOPsSiAKY p', Ae p — MIPOCTe YUCJIIO, TIOPAIKY pPq, A€ P, q —
pisHi npocTi yncia, kBazinukaiuniil rpyni Tuny p>°, HenukaiuHiil rpyni nopaaky p?, ge p
— IIPOCTE YHUCJIO.

KurouoBi ciioBa: peniiTka, rpyiia, nepeTtuH, L-niarpymna, a-piBHeBa MHOXXWHA.

PaccmoTpenbl HekOTOpbIe cBoiicTBa L-mOATrpYyIIl HA KOHEYHBbIX rpynmnax. OnucaHbl
MHOX@XeCTBa L-mOArpyImnil Ha NUKJINYECKUX IPyHnnax mnopsaaka p", rae p — MpPoCToe YUCJIO,
mopsiika pq, TAe p,q — pa3sHble MPOCTbI€ YNCJIa, KBAa3UIMKJIMNYECKOU rpynme tuma p°,
HEeIUKJINYIeCKoi IrpyIie mopgaaka p’, rae p — IpoCcToe YucIo.

Kumrouesbrie ciioBa: penierka, rpynia, nepecedyeHnne, L-IoArpymnna, a-ypoBHEBOe MHOXKe-
CTBO.

Some properties of L-subgroups of finite groups are considered. Sets of L-subgroups
of cyclic groups of an order p”, where p is a prime number, of an order pq, where p, ¢ are
a prime numbers, of quasicyclic group of type of p>, of uncyclic group of an order p?,
where p is a prime number, are described.
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Hexait L — perriTka. L-11iMHOKIHOIO HA MHOXKUHI X HasuBaeTbcs PyHKINA i3 X B
L.

MHuoxkuna Beix L-mimvuoxkua X mno3nadaersest LY.
Hexait u € LX, a € L. Muoxkuna

pa = {zlr € X, p(x) > a}

Ha3WBAEThCA (-PIBHEBOI0 MHOXKWHOIO 4. L-migMHOXKWHA 4 rpynu (G HasuBaeThcs L-
migrpynoio Ha rpymi G, SKIo

(1) ulzy) > p() A ply) s Gymp-sxux 7,y € G,

(2) p(x™) > p(x) nast Gyap-sixoro x € G.

Muozxkuna Beix L-minarpyn na rpyni G nosnadaerscst L(G).

TBepmxkennst 1. Hexait u — L-triarpyma #Ha rpymi G, € — OJUHUYHAN €JIEeMEHT I'PYIIN
G. Toni ms 6yyb-sikoro € G € crpaBeJ[JTABUMU BUCJIOBTIOBAHHS:

(1) p(a™") = p(x).

(2) ple) = p(x).

(3) p(z™) > p(z) nusa Gynb-skoro n € Z.

Hoeenenns. (1) p(z) = p((z7H) 1) > p(z™t), orxe, plx™t) = p(x).

2) u(e) = plx- 21 > plw) Apla?) = ple) A () = )

(3) Hexaii n € N. [ToBesieMo TBEP/ZKEHHST METOJIOM MATEMATUIHO! 1HTYKIIT.
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L-IIJITPYIIN HA JIEAKNX CKIHYEHHUX I'PYIIAX

pla?) = p(x - z) = p(x) A plz) = p(x).

[Tpurycrumo, 110 TBepzKeHHs JI0BeJIeHO st n = k 1 goBejiemo ioro st n = k -+ 1.

plat ) = pla - 2¥) = pla) Ap(a) = p) A\ ple) = p(x).
dAxmo n € Z in <0, To Buciosmosanus summsae i3 (1) i (2).

Trepmxkenns 2. Hexait 1 € LY. Toxi pu € L-minrpynoio wa rpymi G Toi if Tiapku
TOJ1, KOJIN

p(ey™") = p(x) A ply) ans Gyap-sxux z,y € G.
Hoseneunns. [Ipunycrumo, mo p € L(G), z,y € G. Toxi

p(ry™) > p(x) Ap(y™") = p(@) A uly).

Hexait Tenep mis Oynb-saxux z,y € G e cupasemymeun: p(zy~—') > p(x) A ply).
Toni p(e) > u(x) ms 6yap-sxoro « € G. [iiicHo,

ple) = plza™) > pl) A plz) = p().
Haui,
pla™h) = plex™) > ple) A p(x) = p(x).

Orxe,

wlzy) = plz(y=")"") > ple) Aply™") > ) A py).

Teepmxenns 3. Hexait € LY. Toxi p e L-migrpynoro na rpym G Tomi it Timbkm
TOIi, KOJIU fi, — nigrpyna G s 6yiae-sikoro a € u(G) |J{b € L|b < u(e)}.

Hosenenns. Hexait 1 € L(G), a € pu(G)U{b € L|b < p(e)}. Ockinbku e € g,
TO MHOXKUHA (i, HemycTa. [Ipumycrumo, mo =,y € fi,. 3 Toro, mo u(x) > a i u(y) > a
suxouTh, o u(zy ') > u(z) Aply) > a \a = a, ro6ro (xy~') € p4, a, 3HAUATE, 1,
— migrpyna rpymu G.

[Tpunyctumo remep, mo j, € niarpynowo G g Oyab-skoro p € L(G), a €
w(G)U{b € LIb < ule)}. Tomi u(x) < ple) aist 6yap-sikoro = € G. [ificHo, Hexait
(x) = a. Toni p, < G, a, 3HAUUTE, € € [,, TOOTO p(e) > a = u(x). Hexait x,y € G,
(x) wu(y) = b. Hoswaunmo ¢ = a A\b. Tomi x,y € p.. Ockimbku a < p(e) i

e ), to ¢ < p(e). 3Bijgcu BuxomuTh, Mo e < G, T06TO TY ' € YU, A, HAUUTD,
u(my B>c=aAb=u(x) \nly). e oznauae, mo p € L-miarpynoio na rpym G.

ITpuknan 1. Hexait G = S3 = {¢,(12), (13), (23), (123), (132)}, L — permitka i

I
d

@7;7;
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3aamMo [ 3a MpaBUJIOM:

p((23)) = p((123)) = p((132)) = a, p((12)) = b, u((13)) = ¢, u(e) = d.

[Tokaxkemo, 1o p — L-migrpyna na rpymi G.

po = e = G = {e,(12)} =< (12) >< G, pe = {6, (13)} =< (13) >< G, pqg =
{e} < G. Brigno 3 tBepKenuam 3, 1 € L(G).

ITpukaan 2. Hexait G i L — BianosigHO Tpyma i pemriTka i3 mpukaaty 1.

3ajaMo Tenep (4 1Mo iHIIOMY:

p((12)) = p((13)) = u((123)) = p((132)) = a, p((23)) = b, p(e) = I.

Toni p Takox € L-tiinrpynoro uva rpym G. /lificHo,

po = fla = G, py = {e,(23)} =< (23) >< G, pe = pg = pr = {e} < G.

Tepmxkxennst 4. Hexait G — rpyna, x — egement rpynu G nopsaky n, L — penriTka,
pe L(G), ke N, (kn)=1. Toui p(z*) = u(z).

Hoseaennsi. 3 Toro, mo i € L-migrpyna suxomuts, mo u(z*) > u(x). Ockinbku
(k,n) = 1, To icHye HaTypasbHe uucao m Take, mo (x¥)™ = x. 3pixcu

() = p((@)) > p(a).

Orwxe, pu(z*) = p(z).

Hacuinok. Hexaii p — npocre unciio, G — rpyna nopsiiky p, L — pemitka, u € L(G).
Toni p(x) = u(y) musa oynp-sakux x,y € G\ {e}.

Hexait p — mpocre wncno, |G| = p i L — nanmor i3 n enementis. [lokaxkemo, 1o
|L(G)| = n("ﬂ . JificHo, i3 TBepKeHHs 4 BUXOUT, o Koy 4 € L(G), o u(G) € abo

O,ILHOGJIeMeHTHOIO, abo JBoeneMenTHo Tijamuozkunowo L. 3sigcu |L(G)| = n+ C? =

nl _ n(n+1)
Nt o =3 -

Hexait p — nmpocre uucio, |G| = p i L — pemitka i3 npukiamy 1. Toxi |L(G)| = 20.
Hiticro, msg p(G) € onHa i TIIBKK OTHA 13 MOKJIHBOCTE]H:

1) 1(G) = {a}, se a € L; 2) w(G) = {0,a}; 3) p(G) = {0,b}; 4) p(G) = {0,c}; 5)
w(G) = {0,d}; 6) w(@) = {0, 1} 7) u(G) = {a,b}; 8) ju(G) = {a.c}: 9) p(G) = {a, d}:
10) 1(G) = {a,1}; 1) p(G) = {b.d}; 12) (@) = {b, 1} 13) pu(G) = {e,d}; 14)

w(G) = {e, I}; 15) pl(G) = {d, T}.
TBepaxkenns 5. Hexait p — npocte uncio, G =< r > — NUKJYHA IPyTa TOPSIKY
p?, L — pemitka, u € L(G). Toxi u(G) = {a,b,cla <b < cja,b,c € L} i qua

0<k<p®—1
a, skmpo (k,p) =1,

p(a®)y =< b, axkmo k=1Ip, 1 <1<p-—1,
¢, gkmo k= 0.

Hosenennsi. Hexait 0 < k < p? — 1. Ockisnbku p — L — nigrpyna, to p(x®) > u(z). Is
TBepKeHHs 4 BUXOAUTD, o Komu (k, p) = 1, To u(z*) = u(z) = a, ne a € L.
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Hexait k = Ip, 1 <1 < p— 1. Ockimeru | < 2P > | = p, To pu(z*) = p(a?) = b, ne
be Lia<b. I3 Bepmxkenns 1 BuxoauTh, mo b < c.

Jlerko nepesipuTu, 1mo ko a,b,c € L, a < b < ¢ i p 33a7ana 3a TPaBUIIOM
TBEP/KEHHs b, TO i € L-miarpymnoto na rpymi G.

TBepaxkenns 6. Hexait p — npocre uncio, n € N, G — 1MuK/IidHA IPyTIa TOPSIKY
p", L — pemitka, p € L(G). Toxi

w(G) =Aay,as,...;an11lar < as < ... < app1,0, € L1 <i<n+1}
i nys Oyap-sakoro © € G

a, AKIIO || = p,
as, gakmo |z = p" L,
() =

*

apy1, Ko |x| = 1.

TBepaKennss MOXKHa JIOBECTH METOJOM MATEMATHYHOI IHJIYKIll, BUKOPUCTOBYIOUH
TBep/izKeHHd 4 1 5.

Hexait p — mpocre uncno, G = Cpe — KBazinukmiuza rpyna tumy p™. Tomi Bci
miarpynu G yTBOPIOIOTH 3POCTAIOYNI JIAHITIOT:

<e><KCr ><< g >< ... <<, >< ...

ae, vt = w;, i € N. Bukopucrosyoun TBep/KeHHs 6, OTPHMYyeMO HaCTYIHUIA
pesyJibTar.

TBepnxxkenns 7. Hexait p — npocte uncio, G = Cpe — KBa3INMUKITIYHA IPYyTIa TUILY
p*°, L — pemitka, p € L(G). Toxi

M(G>:{a17a27"'7an7”'|a/12a2> Zanz,CLZGL,ZEN}

Teepakenns 8. Hexaii G — rpyna, L — pemiitka, u € L(G), x,y,z2 € G, © = yz,
w(x) = a, p(y) =0b, u(z) = c. Toxi € cripaBeIMBIMI TaKi BUCIOBIIOBAHHSL:

(H)aAb=bAc=a/c.

(2) dxmo a < b < ¢, 10 a="0.

Hosenenns. (1) Ockinbku © = yz, To a > b\ c. 3 immoro 6oky, b > bAc¢, a,
snaunth, a \b > b\ c. 3 roro, mo z = y~'x, Buxomurk, mo ¢ > a /\ b. Bpaxosyioun
Te, mo b > a \ b, maemo b A\ ¢ > a A\ b, o610 @ A\ b = b \ c. Ipyra piBHicTb 10BOAUTHCS
QHAJIOTIYHO.

(2) Iz (1) Buxomurs, mo a = a Ab=0b/\c="b.

TBepmxkenns 9. Hexait G — rpyna, z,y,z € G, x = yz, L — pemitka, u € L(G),
w(x) = a, p(y) = b, u(z) = c. Toxi, 3 ToUHICTIO 710 TIEPECTAHOBKY €JIEMEHTIB a, b, ¢, Mae
MicIle OJMH 1 TIJIBKK OJIMH i3 BUIAJIKIB:

1)a=b<g

2) a i b e nopiBusHHi i ¢ = a \ b;

3) a, b, ¢ monapuo ue nopiBusgnHi i a Ab=bAc=ac.
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HoBenennsi. /Ii1s1 a i b, 3 TouHiCcTIO /10 IX IIepeCTaHOBKH, MAE€MO JIBI MOYKJIMBOCTI:
a <babo aib He HOPIBHSIHHI.

Hexait a < b. Adxmo b < ¢, o0 a < b < ¢ 113 TBep/KEeHHsI 8 BUXOJUTD, IO a = b.
BuaunTh, B poMy BuIaaky Mae Micte 1). dxmo ¢ < b, toa=aAb=bAc=cia=
¢ < b, To6T0 3H0BY Maemo 1). Hexait b i ¢ ne nopiusuani. Ockinsku a = a A b= a A c,
to a < ¢. 3Bigcu BuxoAuTh, Mo a < b A c¢. 3 inmoro 6oky, a = u(z) = pu(yz) > bAc,
10670 @ = b A\ ¢ 1 Mu Maemo 2).

[Ipunyctumo, mo a i b He nopiBuanHi. /g @ 1 ¢ B I[bOMY BHIQJIKy MAEMO TPHU
MOKJIMBOCTL: a < ¢, ¢ < a abo a i ¢ ne nopisugnni. Hexait a < ¢. Tomia =a \Nc=a A\,
To6T0 a < b, mo € cynepeunicrio. [Ipunycrumo, mo a > ¢. Toxi ¢ = aANc = a \ b,
To6To Maemo 2). Hexait a i ¢ we mopiBusuHl. fkmo b < ¢, T0o, OCKiIbKE T = ¥z,
T0o a > b/\c = b, 70610 @ > b, MO HEMOKJINBO. Y BHIAJKY b > ¢ TaKOXK MaeMO
cylepevHicTb. 3HAYUTh, a, b, ¢ MOMApHO He TOPIBHsIHHI 1 Mae micre 3).

TBepmxxkenns 10. Hexait p, ¢ — pizui npocti aucia, G =< x > — NUKJII9HA IPyTIa
nopsaaky pq, L — pemitka, p € L(G), p(x) = a, p(z?) = b, p(x?) = ¢, p(e) = d. Toxi
w(G) =A{a,b,c,d} i nyist enementiB a, b, ¢ € ofiHa ¥ TUILKK OJIHA 13 MOKJIMBOCTE]:

)a=b<g

2) a=c<b;

3) b1i ¢ ue nopiBusiHHI 1 @ = b )\ .

Hosenenns. Ockinpkn | < 2P > | i | < 29 > | — nmpocri gucia ¢ i p BignosigHO, TO
i3 TBepmKeHHA 4 1 HacCIiIKa 3 HOTO MAEMO, IO I OYIb-akoro y € G

a, Ko |y| = pg,
w(y) = b, sxwmo |y| =q,
¢, Ko |y| = p.

Ockinbku (p,q) = 1, To icHyOTh HaTypaJsbHi Ynucaa m i n taxi, mo x = (zP)"(x1)",
wpsony (7)™ £ e, (1) # ¢, 10610 0 = p(x) > p((@?)™) Apl(a?)) = bAe 3
irmoro 6oky, a < bia < ¢, a, 3nauntb, a < b A\ ¢, o610 0@ = b \\ C.

[TogambIn BUCHOBKY BUILIMBAIOTH i3 TBEP/KEeHHS 9.

Teepmaxxenna 11. Hexait p — npocre uncio, G — HeNUK/IUHA IPyla HOPAAKY P2,
L — pemitka, p € L(G). Toni mma u(G) € oqua it TibKH OHA 13 MOXKIIMBOCTEI:

1) u(G) ={a,b,cla,b,c € Lya <b<c};

2) u(G) = {a1,aq,...,a,41,b}, 1€ ay,ag,...,ap11,b € L; ay, a9, ... ,a,+1 TOHADHO
ue nopisusuni; a; Na; = ap ANay upu i # j, k # 1,1 < i, j k1l <p+1; ap, < b,
I<m<p+1

3) w(G) = {ay,as,...,an,b}, e m < p+1, aj,as,...,a,,0 € L; as,...,an
HOLIAPHO He MOpiBHsHHL; a1 = a; \ aj mpu @ # j, 2 < 1,7 < m.

Josenennsi. ko G — HenuK/TivHa rpymna nopsaaky p2, ro G mae (p +1) miarpymy
HOPSIAKY P 1 € NpsIMEM JOOYTKOM JIBOX OyJIb-IKUX TAKUX PI3HUX IiIIPYIL.

Hexait Hy, Hs, . .., H,+1 — Muoxuna Beix niarpyn rpymu G, H; =< z; > 1 p(z;) = a;.
Toni i3 HacsiiKa TBepzKeHHs 4 BUIIMBaE, mo p(x) = a; ayis 6yap-gaxoro x € H;, x # e.

BukopucTroByioun TBepzKeHHsT 9, OTPUMAEMO [IOJIAJIbIIN BUCHOBKHU.
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Anajioriuni pe3yIbTaTu MalOTh MICIle TAKOXK I HEIMKJIIHOI TPYIN TTOPSAJIKY pPq,
Je p, ¢ — Pi3Hi OpocTi Yucia.
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