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3arajJgbpHuii BIJ JIHITHOTO HeIlepepBHOIO
dyHKITIOHAJY 1 KpUTepiii ejileMeHTa
HallKpallioro HabJIM>KeHHH Yy IpocTopax 13
3MIIIAHOIO 1IHTErPaJIbHOI0 METPUKOIO 3 Baroio

B crarTi HOoC/Ti Ky OThCS IUTAHHST XapaKTepus3allil eJieMeHTa HallKPaIoro HabJIm>KeH-
HS y HpOCTOpax i3 3MmimiaHoio iHTerpajJbHOIO METPUKOIO 3 Barorw. Orpumani 3arajgbHU
BU/I JIiHilTHOTO 06Me>keHOoro (pyHKITIOHAJIa i KpuTepiil eJfeMeHTa HafKpanioro HabJaM>KeHHsI
Y BKa3aHUX MPOCTOPAaX.

KirouoBi cioBa:  sriHiliHMIT (pyHKIioHaH y TmpocTopi 3i 3MimaHoio iHTerpajJbHOIO
METPUKOIO 3 Baroio, KPUTEpiil ejeMeHTa HAWKpaIoro HaOJIMXKeHHs y IIpocTopi 3i
3MIlTIaHOIO iHTErpaJIbHOI METPUKOIO 3 Baroo.

B craTrbe uccieayroTCsi BOIIPOCHI XapaKTEPU3AlUU SJI€MEHTa HAWJIydIlero mnpuodjm-
KEHUsl B IIPOCTPAHCTBAX CO CMEIIAHHOH WHTerpaJjbHOii MeTpukoii ¢ BecoM. IlosryueHbl
obOmuii BUA JIMHEWHOTrOo OrpaHUYEeHHOTO (DYKITMOHAJA U KPUTEPUI dJIeMeHTa HAWJILy YIIero
npubIN>KEeHUsI B yKA3aHHBIX IMIPOCTPAaHCTBAX.

Kirouesbre ciioBa: TUHEMHBINA (PYHKIITMOHAJ B HPOCTPAHCTBE CO CMEMIAHHOW MHTErpaJb-
HOIT MEeTPHUKOI C BeCOM, KPUTEPU 3JI€MEeHTa HANJIYYIIero Mpub/InKeHnsI B IPOCTPAHCTBE
CO CMEIIIaHHOM MHTErpaJibHOIl MEeTPUKOii ¢ BecoM.

The questions of the characterization of the best approximant in spaces with mixed
integral metric with weight were considered in this article. The general form of a bounded
linear functional and the criterion of best approximant in these spaces are obtained.

Key words: the bounded linear functional in spaces with mixed integral metric with
weight, the criterion of best approximant in spaces with mixed integral metric with
weight.

Hexait Q(z,y) - HeBix'emua cymoBHaA Ha [a,b] X [c, d] dyHKIid, sKa Biapi3HAETHC
BiJl HyJd Ha MHOKHUHI moBHOI Mipu. Ilosmaummo uepes L, , o IPOCTOPH BUMIDHHX Ha
kBajipari [a,b] X [c,d] byskuiit f(x,y), 1ist SKUX HOpMa 331a€ThCst (DOPMYIIOI0:

d b

{ / [ / e, y)|f(x.y)Pdalidy}t, 1< pq <o,

c a

1 CKIHYEeHHA.
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Axmo ) = 1, o 3amicTb L, , o orpuMyeMo Ly, ,.
Hapany 3 koxHHM i3 mpocTopiB Ly, o PO3MISHEMO HPOCTIp L,y gy, e dncia
D, 7, q,q 33JI0BOJIBHAIOTH YMOBAM:
1

! + L _ 1 + L _ 1 (1)
p v 7 q
BpaxoBytoun piBHOCTI

b

lim { / / (2. 9)\ (@, y) Pda)bdy}s = ess sup | / (e, y)|f(x,y)Pda]?,

e y€le.d]
d b d
. g 1 1
s (1] 0t 11 o)ttt = { [ 0w yless s 15l
z€|a,

Oy/le JIOPEIHO BBECTH JI0 PO3MVISY TakoxkK Kiaacn GyHKmiil f(x,y), HOpMEH SKHX
BU3HAYAIOTHCA 38 (DOPMYJIaMU:

b
1
1£1lz, o = ess sup /Q 2.y)|f (2, y)[Pda]

y€le,d]

e = 1 / 2, y)less sup | (z,y)[)dy}+

z€la,b]

i ckingenni. Came Tomy, 3 npocropamu Ly o Ta Lj 4o OyleMo po3risnaTi IPOCTOPH
Ly .0 Ta Loo g 0.

Tenep mias Oyap-axux nap byukuiit f(z,y) € Ly, ¢(2,y) € Ly g0 HeBaxkKKo
OTpUMATH y3araJbHeHHs HepiBHOCTI ['eybiaepa Buy:

b d
[ [ 0t yete)dudy) < 17,0 lelsy o 2)

Hagani OyiyTh moTpibHi Taki OIMIHKY JijId HOPM (DYHKINN B PI3HUX ITPOCTOPAX

11 11
(d =) 2| fllrppe < [ fllzp00 < (0=a)r el fllL, 0 (3)
Teopema 1. Byodv-axut amitinui nenepepsnuti dyrnxyionan, sadanuti 6 Ly, ,q Mmae
6U2NA0:
d b
=//Q(x,y)f(x,y)'Oé(x,y)dfvdy, (4)

de f(x,y) — dosinvna pynryia 3 Ly, q, a a(x,y) - deara pynkyia 3 Ly g o, usnavena
3a pynrytonarom F i npu yvomy

E] = [l o)L, g0 ()
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Jlns crucaocti obMexkumocs BunajkoMm 1 < p < g < oo. Hexait F' — iniitnnii
HerepepsHuil pynkiionas, 3ajgannit na L, ,. Posriagnemo snadennda 11s0ro pyHKIionasry
Ha XapakTepucTuuHux (GyHKIisSX Xg(x,y) Bumipaux miaMmuoxua E C [a,b] X [c,d].
BacTocoByoUr HEPIBHICTE (3), MaeMo:

[EOca)l < 1L HIxelle,, < VFI- (0 =a)r™e - fIxellL,, =

=
Q|-

d b
= [|F]|- (b—a)r™ -{/(/|XE|qu)dy}é <||F||- (b—a)r 7 - (mesE)x.

3Bigcu BunmBae, mo dyukiia MaokuH P(E) = F(xgp) agnTuBHA Ta abCOTIOTHO
HenepepBHa Ha [a,b] X [¢,d], Tomy 3a Teopemoro Panona-Hikomima icaye cymoBHa
dbyukiig oz, y) Taka, mpo:

Fixe) = o(B) = [ [ ala,y)dody - / / xi(@,9) - oz, y)dedy.

Jami mpu J10Be/IeHHI TTOBTOPIOIOTHCA MIPKYBAHHS BiJIIOBIIHUX KJIACHIHUX TEOPEM
opo BUIVIsi JiiHifiHOrO HernepepsHoro ¢yHkmionany ( [2], crop. 188). A cawme
JOBOIUTECs, 1o dopmysa (4) Mae Micre Jyist KOXKHOI TIPOCTOol, a moTiM i 0OMeKeHOT
dbyukmii. dami Beramosmoerses, mo «o(z,y) — Gyukiia 3 Ly g, 1 micas mboro
JOBOAUTHCH, 1m0 opmyita (4) BipHa 11 6ynb-skol goBinbrol GyHKIT f(2,y) € Ly g0
Hesazkko Takox nepexonatuch B romy, mo ||F|| = [|la(z, y)l[r,, -

B nomabimomy Ham 3Ha100UThC HacTyHA Teopema, orpuMmana C.M. Hikombecbkum
B poboti |[3].

Teopema 2. 1) Hxwo x,x1, %, ..., Ty — EAEMEHMU AIHITHOZ0 HOPMOBAHO2O NPOCMOPY
E, mo

n
m/\in ||z — Z)\kka = max{F(x) : |[|F|| <1, F(xx) = 0}, (6)
k=1
e MIHIMYM POZNOBCI0ONCENUT] HA 6CT MONCAUBT CUCTIEMU YUCEN i, G MAKCUMYM — Ha
8¢l MOHCAUGT NIHITHT Pynrkyionanu F', susnaveni na E 3 ||F|| < 1, wo 3adososvharoms
pisnicmy F(xy) = 0.
IIpasa wacmuna (6) docazaemuves Ons desrko2o PYHKUIOHAAY.
2) Axwo das enemenma x ichye miavku odun gymryionan Fo, ||Fol| < 1, daa axoeo
Fo(x) = ||z|| i aiea wacmuna (6) docazae minimymy npu A\, = 0 (k = 1,2,...,n), mo
Fo(zg) =0 das sciz k= 1,2, ....n.

Tertep moBemeMo Takmii JOMOMIXKHHUI DaKT.

93



B. M. TPAKTUHCBKA, M. €. TKAYEHKO

Jlema 1. SAxwo ||f||L
Ppyrruitd eudy:

van > 0, mo maxcumym 6 npasii wacmuni docazacmoca Ok

b . |
Hfl\%l‘l [ Qa, )| f (@, y)Pda]e ™" - |fP~ signf(x,y), [ 1f(z,y)Pdz > 0;
go(z,y) = past a
0, [1f(x,y)Pdx = 0.

Qynruyia 6yde edunoro (koau p = 1 abo q = 1 3a npunywennam, wo f(z,y) # 0
matiorce ckpizv ma [a,b] X [c,d]).

HoBenenns. 3a nepisuicrio lenbaepa, skmio ||g]]y 4.0 < 1,

b d
/ / Qz, ) f(2,9) - 9@, y)dady < || Fllpas - 119l

Hami
1 d b b
190/15 .0 = / | / Qz, y)|f (z,y)Pdz) G - (Qa, y) / 1007 da) dy =
pq, " ,
d b b

~ T [ e f oy -

a

Hfl\pqg// z,y)| flPdz)rd

Kpim Toro, B cuity ymoBu B HepiBuocTi ['esibiepa:

d b
//Q(:I;,y)f(a:,y) ' go(x,y)d:r;dy = HfHLp,qﬂ’

[IPUYIOMY PIBHICTH BUKOHYETBCSI TOJIl Ta TITBKHU TOJ1, KON

b

) = fHMQ[ / (e, y)| fPda] 1 - |f P signs (. ).

Maiizke cKpisb Ha [a,b] X [¢, d] Tam, ne f(x,y) # 0.

Came tomy, dyHKiig go(x,y) Oyme emmnoro (kosm p = 1 abo ¢ = 1), 3a
HPUITYIIEHHAM, 110

mes{(z,y) : f(z,y) =0} =0
3 TOYHICTIO JI0O MHOXKUHU MipU HYJIb.
TobTo B pocropi L, , BoHa €1uHAa.
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KPUTEPIN EJJEMEHTA HAHKPAIIIOTO HABJIVN>KEHHSI

Hexait na xBajparti [a,b] X [c,d] 3amana miHiiiHO-He3aseKHa cucreMa QYHKII
op(x,y) € Ly, 1 dyuxuia f(z,y) € Lyga (1 < p < g < o00) 1 He € IOTIHOMOM BUILy

z,y) = chi(w,y), (7)

ne ¢ (1 =1,..,n) — qncia.

Teopema 3. /[laa moeo, wob noainom Pp(x,y) = Zc vi(z,y) 6ys noainomom

natikpauoeo nabauscenns oas Gynwuit f(r,y) 6 Mempuw L,,, docmamnvo i (koru
p =1 abo q =1 y sunadky, xosu pisnuys f(x,y) — Pi(x,y) # 0 matiorce ckpiso na
[a,b] x [¢,d]) neobxiono, w06 das dyrwuii

b q_ b
[ Q- |f — Pilpda]e ™" - |f — PP~ tsgn(f — B), [ |f — Pi|Pdz >0,
a(z,y) =4 ° “ (8)
0, [|f = Pglpdz =0,

i 6ydv-axozo noatmoma Py(x,y) eudy (7) manra micye piricmo:

d b
/ / (e, y) Pl y) - e y)dudy = 0. (9)

Teopema 3 yzarajabHIOE KpUTEPiil e/leMeHTa HAWKPAIIOTO HaO/IMKEHHS B IIPOCTOPAX
L,la,b] na Bumagox QyHKHiil ABOX 3MIHHHX y IPOCTOPAxX i3 3MINIAHOI0 METPUKOIO 3
Barolo.

HoBenennsi. CriouaTky J0BeIeMO JOCTATHICTb.
[Tpunycrumo, mo dyukiist «(z,y) 3am0Bosbhse yMosu (8) Ta (9), TOMY HEBAXKKO
[IepeBIpUTH, 1110

(10)

P,q,Q2"

d b
/ / Oz, 9)f(2,9) - oz, y)dedy = || f — L

Kpim Toro,

lally m—{// (2, ) |af? da]¥ dy} ¥ =

d b b
:{//szzyf P*]plpdxi’ /Qxyf Pk\pdx] )'q/dy}iz
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d d b
a4 (2-1)-¢ S " q L
// @lf = BPaal? 60 ag)? = { [1[ 0.l - Pipdsliany? -

Lyq0°

d
// (wy)lf — PrPdalpdy} s = ||f — BI1S

TobTo
ez 9)lle,, o = IIf — PEIlE!

Hami, s 6yb-sikoro nosinoma Py (x,y) sumy (7) 6ygemo maTu

/d/bﬂ(x,y)f(x,y ax,y)dzdy = /d/bﬂ(x,y)(f(x,y) — Pu(z,y)) - oz, y)dady <

< = Pilley o - lldlz, o = 1 = Pillz, 0 - [1f = BT o0

P,q,Q"

TOOTO

// (,9)f () - o, y)dedy < ||f — Bellpas - If — BEIS. (12)

[Topisuroroun (9) i (11), orpumaenmo, 1o
1f = Filly g0 S f = Pellpas - 11f = Fill} o0

||f_Pg||p,q7Q < ||f_Pk||p,q7Q’

To6ro P (7,y) — mosinoM mafikpamioro Habsmxkenus ia Gynknil f(x,y) B Merpui
Lpg0-
JoBegeMo HEOOXITHICTD.
Hexait P} (z,y) — moainom naiikpaimoro nabikenuas f(z,y) i a(x,y) — by,
nobyjoBana 3a dpopmysiown (8).
o(z,y)
ERN (N

a) ||O{*(:L‘7y)||Lp/7q,’Q =1
b d
6) [ [z, y)(f(z,y) = Pi(z,y)) - o (z,y)dady = ||f = Pz, 0 = En(f)r, 0

Hiiicro,

[okmagemo o (z,y) = . Toai BUKOHYIOTBCS Taki yMOBH:

P,q,$2

b

[l (waL,,Q—{//Qxym P da]¥ dy v —

d b b
’ q % q9_1Y).o 1
T B Q{/ / eIy =PIl (17 Bty =
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d b
1 * L (2-1)q' =
:W{/[/Q(ﬂc,wlf—&lpdx]p”P Uyt =
m p7q7

d b
Tl - P*II {//Qxy‘f P Pda)rdy} s =

Hosenemo ymoBy 6).

/ / O 9)(f () — P () - 0" (e, )dwdly —

b

d b
://E I (f_P;)[/Q(%y)‘f—Pl:’pdm]g1'|f—P1:’p_1SgH(f—P,:)dxdy:

a

d b
1 N a
:—Hf e /[/Q(I,y)|f—Pk|pdx]pdy:
—LElQ
1 * q *
T =Pty =1 = Pillepge = Em(f)L, 0
- B 2,4,

Toni 3 apyroi wactuau Teopemu i jemu 1 Burumsag, 1mo o*(x,y), a pa3om 3 Hero i
a(x,y) 3a10BOJBHSIOTH BJIACTUBICTH (9).
Teopema 1oBHICTIO JOBEJIEHA.

Bibaiorpadidyni nocuianHs

1. Cwmupnros I. C. O0muit Bu JIMHEHHOTO (DyHKITMOHATIA U KPUTEPHUI TTOJUHOMA HAMITY IIIEr0
npubINKEHNsT B IPOCTPAHCTBAX CO CMEIIaHHON uHTerpaabHoii merpukoii / I. C. Cvup-
HOB // YKp. mMar. xKypH., 1973. — T. 25, Ne 1. — C. 134-138.

2. Jhocmepnux JI. A. Dnementsl dyHKImonaabuoro anaimsa /JI. A. Jliocrepuuk, B. . Co-
6osieB. — M., 1965.

3. Huxoavcxud C.M. Ilpubsmxenune QyHKIUNR TPUTOHOMETPUUYECKUMHU IOJUHOMAMH B
cpeanem /C. M. Hukonbekuii // Mzs. AH CCCP, cepusi: Maremaruka, 1946. — T. 10,
Ne 3.

Haditiwna do pedroneeii 1.05.2014

97



