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ON THE PROPERTY OF HOMOTHETIC MEAN VALUE ON
PERIODICALLY PERFORATED DOMAINS

Jocaimxeno rpaHuymi BAaCTMBOCTI 0AHOro Kaacy nepioanunnx dpynkuii npu & —> 0,
ne £ - mepiox nepiogmano nepdoposanol obnacri. Iloxaszane, mo TxHbOT cj1abkolo rpaHHuEI0
BHCTYHR€ roMOTeTHYHE cepeHe TakuX dyHKuiil.

1. Introduction. Let Qc R”,n>2 be a bounded open domain, and let ¢ be a
small positive parameter. We define a perforated domain Q. as follows: let

Y =[-1/2,+1/2)"; Q and K be compact subsets of ¥ such that 0 € intk N9Q,

@8={k=(k1,k2,.._,k,,)ez":(3Y+ak)mg¢®£ (L1)
L= U @b} = U "0+ ek} (1.2)
keO, ke@s
_Je" Ko Ng),  n23, (13)
exp(—l/sz)K06(8"/(""])Q), n=2, .
2-| U fevektnn, ¥ -pracPlha a9

ke®
8 .
Then we set Q. = Q\T,.. The principal feature of this perforated domain is the fact

that the size of the holes O, + £k and their boundaries I}P , I"év are not proportional to

the size of the periodicity cell 1 .
The aim of this paper is to study the limit properties of the following classes of

periodic functions
}.,h
hetx )g( e )) . e )g[ e )) f

as £ tends to zero and to obtain an explicit form of these limits. Here 0 < A << h <1,

limg_oh(£)=0, lime_yoA£)=0, p>" and v}*

measures concentrated on the manifolds
" =K no(hQ) and AP = a(hQ)\r'“',

are some singular periodic Borel

respectively.

Throughout the present paper we suppose that: Q is a measurable set in the sense
of Jordan; the small parameter ¢ varies in a strictly decreasing sequence of positive
numbers which converges to 0; the compact set Q has Lipschitz boundary 6Q, intQ is
a strongly connected set, Qc {x=(x1,...,xn)eR” 1 x) 20}, and ijts boundary 80
contains the origin; 4= B(0,r)) is an open ball centered at the origin with a radius
rp <1/2,sothat AccY and K cc A4 (see Fig. 1.1. for 2 -d example).
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Fig. 1.1. Example of perforation scheme
For any subset £ Q we denote by | £| its n-dimensional Lebesgue measure
L*(E), whereas |0E |y denotes the (n—1)-dimensional Hausdorff measure of manifold
OE on R". We always suppose that the sets K "oQ° and 0Q\(K ndQ°%) have non-
zero capacity for any ¢>1, where Q° ={ox,Vx=(x,...,x,)€Q} is the homothetic
stretching of Q by a factor of ¢ . Hence | K N3Q% |y #0 forall ¢>1.

2. Measure approach to the description of the sets €2, . In this section we describe
of the geometry of perforated domain Q, in the terms of singular periodic Borel

measures on R” following to Zhikov's approach [3].
Let us denote by K 4 and Qh the homothetic contractions of the sets K and Q at

AV and A7! times. In what follows it is always assumed that 0 < A << A <1, Let the sets
TA# and A" be defined as follows

%% =x*~agh, AF=agh Tt | @.1

Let ,uz’h and v*" be the normalized periodic Borel measures on R” with the

Ah

periodicity cell ¥ such that y’l’h is concentrated on I'»” , v is concentrated on

A** | and both these measures are proportional to the (»—1)-dimensional Hausdorff

measure. Since these measures are concentrated and uniformly dlsmbuted on the
corresponding sets, it follows that ,u’i h(Y rt h) 0.

For any function ¢ € C*(R") we have
fanpdd ™ =Ty fpduth =21 K 00" |y fpdp™h,  (22)
[npdd?™ = Ky Lpdvih = (00" 1y — T |y )| pdvh =

23
= (hn—l IaQ!H _ n-—l l Kmth/l H)L¢dvl,h’ ( )
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where by |C |y we denote the (7 —1) -dimensional Hausdorff measure of manifold C .

Let  be the periodic Dirac measure on R” concentrated at nodes of the grid Z"

and such that §(k)=1 for all k = (k,...,k,)€ Z". It is clear that the measures ,u’l’h and

yhh converge weakly to 6 as max(A,h)—>0 (in symbols, ,u'i’h—-—lv—»é‘,

Zh

—¥568),ie.
lim fodu™* = [ods=p(0),
ma.x(l h)—0 " 2.2)

for every p e Cp, ().
We introduce also the scaling measures ,u}"h and v;.l’h by setting
wr B ="yt B, VB =)
for every Borel set B < R”, and relate the parameters 4, h, and & by the rule
h(e)=e""D, Ae)="""D if n=3,and () =exp(- ) if n=2. 2.5)

Then
Lydﬂéi,h =" Mﬂ/l,h —en, L,dvf’h —on le,h )
It means that the measures ,uﬁ’h and v;l’h weakly converge to the Lebesgue
measure: § :
duf" s dx, dvit—Lsax,

that is for every pe Co (R") we have

lzm andﬂg = Ln?d%lin(z) frpdvd=fpode. (26
&>
We see that ~ o , v ‘
2= U [K‘(f) noQ") +ak|T) = | |p0"® \(KH® ~ag"e)) + ok
ke®, keO,
Then, using the propemes (2.2)+2.3) and setting
o) = W) 1001y ~Me)" | K nagh@He) |, | @7

any integral term _(_ NDg (adl"“l can be rewritten in the form
&

n-1 _
f-npopa] = Y Loh@npierhie) , g pepdHl ™!
=0 Y [y p8¢dv*(€)"(€)(x/s)— 2.8)
ke®,

=g "a(e) Y, L(Y+k)pf pdvHEWHE) = g~ a(s)_&)p pdyEHhE)
ke®
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for every function g e Cy (R%Z, UTP) = %J/ eCy(R™):y =00nZ, UI}D}. Here p, is
a function of L2(Q d vﬂ’h ) taking the same values with p, e I (I‘év ) on I‘év . We note

that the integral L) Pe (odv'l(g WHE) s well defined. Indeed since the set Q is bounded,
and p dvEWME) s a Radon measure, it follows that h Pe pdvEHE) s a linear
continuous functional on C§ (R";Z, UTP).
Thus
A2
[wpiaH =&""a(e) | p, dvi MO, (2.9)
£
where
. h e n-1 y € n-1 VAl
£70(e) = [ - jagl, -k nogrere,
1601, - £"n=2) KA th(e)m(e) s ifn>3, (2.10)
= 1 1 it .
10Q |y -?exp(—?)IKﬂth( yae ly, ifn=2,
By analogy we obtain
. .. A
[Nyspdt™ =& 7"0(s) [ v pdvi" @D
2 S

A
fpusdH ™ =57 ey K MaQM Ay [ updutt. (212)
g

' ‘ ’ A v A
for any functions y, € LZ(I“EI.V) and u, € Lg(Fgl)). Here y e .Lz(Q;Eg) and ug arethe’
functions taking the same values with y, and u, on and, correspondingly

At the end of this section we cite some auxiliary results that we feel to be
interesting per se. Let
-n
Ins), ifn23,

exp(—z——————-
5(&) = h(&)/A(e) = wo=3n+2 2.13)
2 1 P
£ exp(—z— if n=2,
&

Then
s(e)e(1,+0) Ve > 0and limog( £)=+w, (2.14)
£~

We are interested the limit behaviour of the sequence i KNags ()| H} as ¢—>0.

We recall that each of the sets Q° (&) = {5(&)x, Vx = (Xp5..s Xp) € Q} is the homothetic
stretching of O at ¢(¢) times.
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Proposition 2.1. There exist an open cone

Ac{x=(x1,...,x,,)eR":x1>0} (2.15)
such that

lim | K "0Q° () |y=| K NoAly . (2.16)

e-0

Proof. Indeed, by initial assumptions the origin is a Lipschitz point of the
boundary 8Q and intQ is a strongly connected set in classical sense. Hence there is a

neighbourhood U(0) such that U(0)intQ is a convex set [1],[2]. Hence the set
A=fre R :xeUO)AintQ] Vi € (040) |

is a non-empty open cone.
Assume that the origin is a Lipschitz point of 8Q, but does not belong to a smooth

part of the boundary 8Q . Then the inclusion K "A < K nQ°®) holds true for £ small
enough, and it immediately implies the existence of a value &y > 0 such that
|[KNAA =l KnaQ%(e)ly Ve<g.

If a part of boundary 0Q containing the origin is smooth it follows that there is a
neighbourhood U(0) of the origin such that U(0)dQ is a graph of a smooth function
whose epigraph contains U(0)n Q. So that we may always suppose that there is a
function W:R" >R, such that ¥eCP(R"™) and x =¥(x;,...,x,) for every
x=(X],X,...,%,) € U(0)N Q.

Let A= {xe R" x> 0}. Then 0A = {x eR":x= 0} and taking into account the
homothetic transform we have that x = (x},x,...,x,) € K N¢g(£)0Q for small enough &
ifand only if xe g(s)(U(O) N8Q). Hence

x= ——(—-—)—‘P(g(s)xz, »6(&)x,) forevery xeKng(£)3Q.

Since  Jim,_o5  (€)P(5(E)x,...6(E)X,)=0 by definition of Hausdorff

measure H{*~' we immediately obtain the required.

Remark 2.2. As follows from the proof of this proposition the cone A can be recovered
in an explicit form for the case when the origin belongs to a smooth part of the boundary Q.

Moreover, as evident consequence of Proposition 2.1. and formula (2.7) we have
lim o(¢)le" =00y . .17
£-0

In a similar way it can be proved the following statement.

Proposition 2.3. Let {olg €R be a numerical sequence such that

e>0
p. = A\Q5E) /1 4] Ve>o. (2.18)
Then %p }£>0 is the monotone sequence and there exists a value p* €[1/2,1) such

: *

that lim._,q pe =p.

Remark 1.4. The example at Fig.2.1 indicates the case when the origin in not a
Lipschitz's point of 0Q and hence p* can be equal to 1.
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Fig 2.1. Example of the set {J with non-Lipschitz boundary at the origin

3. Convergence in the variable space X,. Let us recall the main types of
convergence in variable spaces occurring in homogenization theory (see [3],[4],[5]). We
cite their with respect to the family of periodic Borel measure ;z;”’h that was introduced
in (2) and parameters A=A(¢) and h=h(c) are defined by (2.6). Let
{uﬁ’h € LZ(Q,du;l’h } be a bounded sequence, i.e. limsup,_,o L)(ugl’h)z d,u;z"h <+,

1. The weak convergence uﬁ’h Y suin I? Q, d,u‘;l’h) means that

ve IX(Q)and inTo i}uf’h(pdyg’h = L}U(odx for any ¢ € C§ (Q);

2. The strong convergence u;l’h =V in LZ(Q, d,ugl’h) means that .
ve LZ(Q) and lim Lué’hzg’hdyg”’h = Luzdx if z;l’h Y szin Lz(Q,dygl’h);
&0

3. Ifasequence {b’”‘ e I? Y ,d,u'l’h)} is bounded, then the weak convergence bt 5 p
in I2(¥,du™") means that b € I*(¥,d5) and

lim Abyduoh = dé  for amyweCZ (Y),
mm(l'h)%ﬂ,b pau™" = [byds  for anyy e Cp(¥)

where dJ is the Y -periodic Dirac measure concentrated at the origin.
The following properties of convergence in variable spaces hold:
a) Compactness criterium : if a sequence is bounded in ? «Q, d,ugl’h) then
this sequence is compact in the sense of weak convergence;

b)Property of lower semicontinuity : if ug}“’h —2 5v in Lz(Q, d,u,ﬁ’h then

liminf _g)(ugl’h )2 d,u;l’h 2 '[,202 dx;
£-0

o

c) Criterium of strong convergence : — v if and only if
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v} —* 5u and lim k(u "y dulh = _E)uzdx;

Since ;tg’ —2 5 dx it follows that (see Lemma 1 [5])
lim szﬁ”’ = [pdx VeCQ) and limsup Padtarra
£->0

g0
for any compact set F'c Q.

4. The homothetic mean value property. Proposition 4.1. Let g:R”" - R bea ¥ -
periodic such that g € I2(3Q,dH{""). Then

Iim _[,{p(x)g( e ))dv:}’h=(|aQ1‘H LdiH{’”l] [par @D

forany pe C (ﬁ) . In particular,

. x Ah 1 n-1
b [811(8)}1‘/8 [QI(|6Q|H bos )

Proof. 1t is evident that we can restrict our attention to the case when g >0. Let us
partition the set Q into cubes ¢ with edges & and denote these cubes by the symbols

gY’ . Then

[ow )g( v ))dv“' P )g[ e )Jd DN N )g[ o )) P
=3 p(x}") y,g( P ))dv“' ZLM,(D( )g( He )] vl

Ah

where x is a point of the cube 8Y J and the second sum is calculated over the set of

“boundary" cubes. Taking into account the definition of the scallng measure v.g #and Y-
periodicity of g we have

| x Ah_ ey X\ € n-1(4.3)
LY’g(sh(e))dVE L'g(sh(a)J (8) () I““”’“’g(h( )JdH |

where the set A&)#(8) s defines by (2.1).
Since AMEMAE) = goh(&)\ P AEMA(E) it follows that

foermergd™ = [ wergdH™ ~ [ ae)nergdHl™

Then due to the definition of the homothetic contraction and formula (2.5) we have

LQh(e)g(zz%)dH{’“ =H"le) [ ga™ =" [ gdH}™!, (4.4)

fae hmg[ pros )]dH" L= 1"NE) [ gyraerhergdHT (4.5)

Using definition of the set T4€#(8) (see (2.1)) we obtain
| nY( E)FA(E),h(a) = g UEVAE) 80 = A( 8)(K A th(e)/,z(e))
In view of Proposition 2.1 we have
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knagh®%®) <k nonly iim 27e)=0.

Thus combining relations (4.3)(4.5) we conclude

| =x ah_ & p-1
[ ]g(gh(g)]dvs 5 ( e +J(s)) (4.6)

0
J(#)= lIgIILz(aQ dH) | KMEVAE) aQ‘l/Z @
In result, substituting (4.6) and (4.7) into (4.2) we have

[RE )g[ i ))d ﬁh--&‘f@( gdiHr‘)zgo(x}’h)g" <

€ Ahy 0

) xj e + “s)
g n-1 "

a(a)(LdiHl +J(8))itelg|¢la D(e),

where D(g) is a quantity of ‘boundary’ cubes and £”D(g)->0 by Jordan's

measurability property of the set 0Q .
Since

lim Z(_a(x}’h )" = h(adx by construction of Riemann sum,

1 E{{%—U—I 01 by @17),

hm J(E)=0 by,

lim e"D(g)=0 by Jordan's measurability property of 6Q

£—0
it follows that estimate (4.8) immediately leads us to the required result.

In a similar way it can be proved the fovllowing result.
Proposition 4.2. Let A be the cone that is defined in Proposition 2.1, and let

g:R" > R bea Y -periodic such that g € H'(K) . Then

Ak _ 1 -
Jim L(P(x)g( e )}dﬂs‘ *(m fe mang9HI 1)&(”036 (4.9)

forany g e C(Q) . In particular,

. b4 _ n-l
!’_’I’oivg(az(g)) He '(lK anTy Kean84H ]

Remark 2. The results of Propositions 4.1-4.2 are the examples of bounded
sequences in variable spaces whose weak limits can be recovered in an explicit form.

Let us consider the following example. Let Q be a bounded open subset of R?
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and let Y = [-1/2,+1/2)2. We set: K is the cube of the center at the origin and sides 1/2,

Q is the circle of the center (1/6,0) in radius 1/6, h(g) = &2, A(e)= exp(—a"z). Let
v:Y — R be a function such that

v(x,y)=x*+y% if (x,y)e K, v(x,y)=0 in Y\K.
For every positivea € (0,1], let's introduce the Y -periodic function V, € Llpe, (Y) as

0

, otherwise.
Then the support of this function satisfies the inclusion Y N suppV < K% . Now we

consider the following sequence of Y -periodic functions {g per ()nH 1(K )} where

X
8e(%:7)= Vz(e)(?%) vezo.

The question is: find

lim [ pp(xy)ge(x,y)dH], VpeC@), (4.10)
e->0"¢

where

I’ = [ Ufs.+ ak}} NQ, S, =exp(-1/61)K Nd(2Q).

ke@e

Since A= {(xl,xz)e R? ixy > 0}, and KnMoA= {(O,xz):xz € (—-1/4,+1/4)}, it
follows that (see Proposition (4.2))

lim [ ,0(x Vg, (x,)dH| =lim [0 y)Vm)( )d,u

1

=IQ(—~———— ( +y )dH,)Lgadxdy—l lf

[KAoA| ‘[ ey =

]/4 L ‘kdy
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