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ON THE PROPERTY OF HOMOTHETIC MEAN VALUE ON
PERIODICALLY PERFORATED DOMAINS

Досліджено граничні властивості одного класу періодичних функцій при є -»0,

де Є - період періодично перфорованої області. Показано, що їхньої слабкою границею

виступає гомотетичне середнє таких функцій.

1. Introduction. Let Qq¢ R",n2=2 be a bounded open domain, and let ¢ be a

small positive parameter. We define a perforated domain Q, as follows: let

Y =[-1/2,+1/2)”; Q and K be compact subsets of Y such that 0 < intK N60,

Op = HH (Kishor akgeZ" (aY +ek)AQ4O} (1.1)
= вар =оч (1.2)

ке, кеб,

|Є"),

—

023, (1.3)
exp(-We2)K nae"YQ), n=2, |

rP=| U fserem}od, mY =bnire2ho a
keO

é .

Then we set Q, = Q\T,. The principal feature of this perforated domain is the fact

that the size of the holes Q, + ¢k and their boundaries rP , ry are not proportional to

the size ofthe periodicity cell sY .
The aim of this paper is to study the limit properties of the following classes of

periodic functions

упLeeofHeais|» feeod=Еas)Е

as ¢ tends to zero and to obtain an explicit form of these limits. Here 0< 2 <<h<1,

lime59 h(e)=0, limgyo A(e)=0, wb" and ve"
measures concentrated on the manifolds

Гай аддО) and N=тру»,

are somesingular periodic Borel

respectively.
Throughout the present paper we suppose that: Q is a measurable set in the sense

of Jordan; the small parameter € varies in a strictly decreasing sequence of positive
numbers which converges to 0; the compact set Q has Lipschitz boundary 0Q, intQ is

a strongly connected set, QcИ:xy 20), and its boundary dQ

contains the origin; A= B(0,7)) is an open ball centered at the origin with a radius

7) <1/2,s0 that ACc Y and K cc A (see Fig. 1.1. for 2 -d example).
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Fig. 1.1. Example of perforation scheme

For any subset E <Q we denote by | Z| its n-dimensional Lebesgue measure

L"(E), whereas | 0E|;; denotes the (n —1)-dimensional Hausdorff measure of manifold

OE on R". We always supposethat the sets K ~€Q* and 0Q\(K \€Q°)have non-

zero capacity for any ¢>1, where Q% = {ox,Vx =(x},....%,) €Q} is the homothetic

stretching of O by a factor of ¢ . Hence | K 7 8Q°|;,#0 forall ¢>1.

2. Measure approach to the description of the sets ©, . In this section we describe

of the geometry of perforated domain Q, in the terms of singular periodic Borel

measures on R” following to Zhikov's approach [3].

Let us denote by K4 and о! the homothetic contractions of the sets K and Q at

A! and h7! times. In whatfollowsit is always assumedthat 0 < 1 <<h <1. Let the sets

r+" and A" be defined as follows

ГАИ = КА 00", ^^=ОГ. | (2.1)
Let we ап у! be the normalized periodic Borel measures on R” with the

Ahperiodicity cell Y such that ей is concentrated on 17 ‚у is concentrated on

A“| and both these measures are proportional to the (7 —1)-dimensional Hausdorff

measure. Since these measures are concentrated and uniformly distributed on the

correspondingsets, it follows that ніВагіwhy = 0.

For any function ge C”(R”) we have

fangdertt 0" iy Гри=ково"у Праці, (22)
fanpattt=|фрау=(ао |ы IP" |g)par" =

2.3
= (і 120Їн -А_яп! | Knagh4 інЇррахіз, ( )
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where Бу |С|н we denote the (7 —1)-dimensional Hausdorff measure of manifold .

Let 5 be the periodic Dirac measure on R” concentrated at nodes of the grid Z”

and such that 6(k)=1 for all k =(k,,...,4,,)¢€Z”. It is clear that the measures we and

yh converge weakly to б аз тах(Я,й)>0 (іп symbols, ий—*56,

yah—*+5), ie.

lim [еди”" = [раб = 90),
тах,h)->0 © (2.2)

for every фе Срег (7).

Weintroducealso the scaling measures ube and vin by setting

ДВ)="ЕИВ), ув) = в"(В)
for every Borel set B c R”, and relate the parameters 1, h, and & bythe rule

Atey= ae") eye"¥f n> 3, and A(e) = ехр(-є2) Й пе 2, (2.5)
Then

[ane = =" fan = =”, [are ==” [ль =”.

It means that the measures yeh and via weakly converge to the Lebesgue

measure: -

аачо, иав,
thatiis for every pe Co(R”) we have

limbana ==от[фах =[но = (2.6)
é—

Wesee that _ | г | |

г? = |) кндорзаСУ з |) [aor(коао")+ в]
keO,. ке,

Then, using the properties (2.2}(2.3) andsetting

ог) = ще"ао же"коон|} (2.7)
any integral term [№Реgap! can be rewritten in the form

Є

пероfp.pall рD GoblenypAerhe),PePde

(=) © Losey pa pdvев)= (2.8)
keO,

=e"a(e) > Levene ауЕЩЕ) =;"ое[рpdvAte)he)
keO
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for every function ge Cy(R";2, UTP) = у є Сб(R”):w =Oond, ur}. Here p, is

a function of Pa,4Уфі) taking the same values with p, € р(Гм ) оп ry . We note

  

that the integral beРе фауМЕHE) ig well defined. Indeed, since the set Q is bounded,

and р, dv2)H) is a Radon measure,it follows thatat LEPe рауКЕКС). ід а Ппеаг

continuousfunctional оп СУ(К"55, «ГРУ,

Thus
^ 2

Риргані"! я є"лаеу|р, dvgh), (29)
5

where
> h = пе! А є пе УЖЕ

вто(е) = [#2У над Кови
ідОї-є'т-2) [Kaоін» if n>3, (2.10)

= 1 1 ум
І2ОЇ, зерДКодо" мс) інь ії пе2.

Ву analogy we obtain
. on A.

рихевані"! =e"ol(e)[y.gaver", _ (2.41)/ as

A

[oudHp=e"Ae" | кодріеуНеу, Руацей. (2.12)
Є

| | і A . A

for any functions y, Е Pry) and u, € Раф). Неге У, Є 205.) and ue are the `

functionstaking the same values with y, and u, on and, correspondingly.

At the end of ‘this section we cite some auxiliary results that we feel to be
interesting per se. Let

-п
пе) if n23,="

6(=) = ЖЕУЛ(=) = п, -3"+2 (2.13)
2 1 foe= ol if n= 2,

г

Then

6(€) € (1,40) Ve > 0 and lim¢(є) чо, (2.14)
E>

Weare interested the limit behaviour ofthe sequence | К00°(5)|н} а5 є-з»0.

Werecall that each of the sets 0°(5) {6(в)х, Ух= (хр...)Ф is the homothetic

stretching of Q at ¢(e) times.
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Proposition 2.1. There exist an open cone

лей -(жеЕ": м > Of (2.15)

such that

lim | K N08(€)|y=|K OOA|p (2.16)
é0

Proof. Indeed, by initial assumptions the origin is a Lipschitz point of the
boundary 0Q and intQ is a strongly connected set in classical sense. Hence there is a

neighbourhood U(0) such that U(0)MintQ is a convexset [1],[2]. Hence the set

A= bre R":xe4U()nimQ] vt (Око) |
is a non-empty open cone.

Assumethat the origin is a Lipschitz роїпі ої дО, but does not belong to a smooth

part of the boundary @Q. Then the inclusion KAACKAQ) holds true for ¢ small

enough, and it immediately implies the existence of a value & > 0 such that

[КодА|н= К90°(Е)|н Ме «єд.

If a part of boundary OQ containing the origin is smooth it follows that there is a

neighbourhood U(0) ofthe origin such that U(0)™0Q is a graph of a smooth function

whose epigraph contains U(0)MQ. So that we may always suppose that there is a

function ЧФ: А”> А, such that PeCP(R™!) and x =(x,....x,) for every

х= (м,х2,...хи)е 0(0)пдО.

Let A= fre R” 2x, > of. Then dA= te ЕК": жм= of and taking into account the

homothetic transform we have that x = (x4,%2,...,%,)€ K A¢(€)0Q for small enough ¢

if and only if xe 6(5)(0(0) пд0). Непсе

x=eyPOO„6(Е)х,) forevery xe KOc(£)00.

Since ]jm,_,95(Ее(е)ю,...6(в)х,)=0 Бу definition of Hausdorff

measure H/'' we immediately obtain the required.

Remark 2.2. As follows from the proofofthis proposition the cone A can be recovered
in an explicit form for the case when the origin belongs to a smooth part of the boundary ОО.

Moreover,as evident consequence ofProposition 2.1. and formula (2.7) we have

іт с(є)/є" з|9ОЇн. (2.17)
60

In a similar way it can be proved the following statement.

Proposition 2.3. Let |, ER be a numerical sequence such thatE>0

pe =|A\0S) |/| A] Ve>0. (2.18)

Then ie |0 is the monotone sequenceandthere exists a value p” €[1/2,1) such

з ж
that lim,_,9 Pe =p.

Remark 1.4. The example at Fig.2.1 indicates the case when the origin in not a

Lipschitz's point of OQ and hence p* can be equalto 1.
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Fig 2.1. Exampleof the set Q with non-Lipschitz boundaryat the origin

3. Convergence in the variable space X,. Let us recall the main types of

convergence in variable spaces occurring in homogenization theory (see [3],[4],[5]). We

cite their with respect to the family of periodic Borel measure цій that was introduced

in (2) and parameters A=A(e) and h=h(e). are defined by (2.6). Let

par Е PQdub be a bounded sequence, i.e. Jimsup,_,9 Боруації «о,

1. The weak convergence обЗУіп І? (Q,duty meansthat

ve L?(Q) andтbotedu’ = [ое for any 9 € Cp(Q);

2. The strong convergence А ov in PQ,аи") meansthat

оє PQ) and lim besteaug" = Граах if 201—2 т Іоан?у;
є-з0

3. Іазедишепсе pr є І? (Уди") is bounded, then the weak convergence buh _ b

in L?(Y,du") meansthat b < L?(¥,d6) and

lim № иди" = аб for апушеС® (У),act)50? ya" [bydd for anyy €Coer(¥)

where dé is the Y -periodic Dirac measure concentrated at the origin.

The following properties of convergence in variable spaces hold:

a) Compactness criterium : ifa sequence is bounded in І(©,аи") then

this sequence is compact in the sense of weak convergence;

b)Property oflower semicontinuity : if об—ъш PQ,аи" then

liminf Бор"уані 2 Гр? ах;
є-з0

одc) Criterium ofstrong convergence: — v if and only if
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оЖand dimое"hy?dyah = Грав

Since ub —*-»+dx it follows that (see Lemma1 [5])

lim [гиг - (рах Ч є С(О) апа limsup ub"(F) < F|
&—0 60

for any compact set F CQ.

4. The homothetic mean value property. Proposition 4.1. Let g:R” +R bea Y-

periodic such that g < L2(00,dH}""!). Then

limim[toneсiофеканр[de (Al)

for any pEC(0) . In particular,

, x Ah 1 n-l
my (te огона )

Proof. It is evident that we can restrict our attention to the case when g 20. Let us

partition the set Q into cubes cY with edges ¢ and denote these cubes by the symbols

eY/ . Then

[ocad5ieais|iУodSEспориухoeопорица)

=Yo(x7")иieais|e"Dhmleod3iedive",

A,h

 

 

where x; is.a point ofthe cube єї/ and the second sum is calculated overthe set of

‘boundarycubes. Taking into account the definition of the scaling measure vi* and Y -

periodicity of g we have

| х Ай жеуще[ Х\_ =” п-1 (4.3)
ови сусів)с Пановзрja |
where the set A*()"() is defines by (2.1).

Since AMEE) = ООН) | ГАН) п follows that

fac@megaHt” = Бокеані"- риєуморвані
Then dueto the definition of the homothetic contraction and formula (2.5) we have

фенри=ANe)ван"==" одаНт", (4.4)

fie,noineпарні(8)[-(огжежовант (4.5)

Usingdefinition of the set 77") (see (2.1)we obtain
| КerAne) = КА(ЕЩЕ)90=4(КAaghevAe)|

In view of Proposition 2.1 we have
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        О|KevAAly limale) =0.
Thus combiningrelations (4.3)-(4.5) we conclude

{x Ah. піly18a пог"вані о (4.6)

в) є ІВ220,dH?)КУН
)ao? *> ат

In result, substituting (4.6) and (4.7) into (4.2) we have

Leeof3itetvvitSfізвані"ЗУрову" <

 

  

        

 

= Ayn

то xy ye" +
аз

" n-l
п

ЕоЕЧН +)sup oe Ще),

where D(e) is a quantity of ‘boundary’ cubes and є"РД(є)-» 0 by Jordan's

measurability property ofthe set 0Q..
Since

йт10;je" = (рах by construction of Riemann sum,

| Jin==ФОН by 2.17)
JimJ(e)=0 by (4.7),

lim e"D(e)=0 by Jordan's measurabilityproperty of 20
&=->0

it follows that estimate (4.8) immediately leads us to the required result.

In a similar way it can be proved the following result,

Proposition 4.2. Let A be the cone that is defined in Proposition 2.1, and let

=: Е" +R bea Y -periodic such that g ¢ H'(K). Then

Ah 1 петЕЕiu ‘laneага | (4.9)

for any ge С(О) . In particular,

. x _ ни!

тури19[==даль коала

Remark 2. The results of Propositions 4.1-4.2 are the examples of bounded
sequences in variable spaces whose weaklimits can be recovered in an explicitform.

Let us consider the following example. Let Q be a bounded open subset of R?
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and let Y = [-1/2,+1/2)?. Weset: K is the cube of the center at the origin and sides 1/2,

Q is the circle of the center (1/6,0) in radius 1/6, h(é) = =?, Ae) = ехр(-є2). Let

р: У > К bea function such that

Ххуууєхожу (хру)є К, о(хуу)єд іп УК.

For every positivea € (0,1], let's introduce the Y -periodic function V, € Ler (Y) as

0 , otherwise.

Then the support ofthis function satisfies the inclusion Уп теріа с КУ. Мом ме

consider the following sequence of Y -periodic functions едLerФОНUKу, where

x

BeyY)=ие) ver 0.
The question is: find

іт. |рел,У)8к (х,УНІ, Мр е С(О), (4.10)
£70" ¢

where

Г? = | U {s, +аAQ, S, =exp(-le?)K A A(e7Q).
keO,.

Since A= (axe К? xy > of, апй@ Кодл = {(0, x2): x Е (-1/4,+1/4)}, it

follows that (see Proposition (4.2))

Ни [ребув.АН!= Вт [обэт,aya =

1
ча,Ca зу"мніразі2aКо ал| "чу64=)va “Ifoахау192
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