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On the Construction of Chaotic Dynamical

Systems on the Box Fractal 1

Abstract. In this paper, our main aim is to obtain two di�erent discrete chaotic
dynamical systems on the Box fractal (B). For this goal, we �rst give two composi-
tion functions (which generate Box fractal and �lled-square respectively via escape
time algorithm) of expanding, folding and translation mappings. In order to exami-
ne the properties of these dynamical systems more easily, we use the intrinsic metric
which is de�ned by the code representation of the points on B and express these
dynamical systems on the code sets of this fractal. We then obtain that they are
chaotic in the sense of Devaney and give an algorithm to compute periodic points.

Key words: Box fractal, code representation, intrinsic metric, chaotic dynamical
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Àíîòàöiÿ. Ó öié ðîáîòi íàøîþ ãîëîâíîþ öiëëþ ¹ îòðèìàííÿ äâîõ ðiçíèõ äèñ-
êðåòíèõ õàîòè÷íèõ äèíàìi÷íèõ ñèñòåì íà ÿùè÷íîìó ôðàêòàëi (B). Ç öi¹þ ìå-
òîþ ìè ñïî÷àòêó íàäà¹ìî äâi ôóíêöi¨ êîìïîçèöi¨ (ÿêi ïîðîäæóþòü ÿùè÷íèé
ôðàêòàë òà çàïîâíåíèé êâàäðàò âiäïîâiäíî çà äîïîìîãîþ àëãîðèòìó ÷àñó âòå-
÷i) ðîçøèðþþ÷èõ, ñêëàäàþ÷èõ òà òðàíñëþþ÷èõ âiäîáðàæåíü. Àáè äîñëiäæó-
âàòè âëàñòèâîñòi öèõ äèíàìi÷íèõ ñèñòåì áóëî ïðîñòiøå, ìè âèêîðèñòîâó¹ìî
âíóòðiøíþ ìåòðèêó, êîòðà âèçíà÷à¹òüñÿ êîäîâèì ïðåäñòàâëåííÿì òî÷îê B i
âèðàæà¹ìî öi äèíàìi÷íi ñèñòåìè íà êîäîâèõ ìíîæèíàõ äàíîãî ôðàêòàëó. Ïî-
òiì ìè âèçíà÷à¹ìî, ùî âîíè õàîòè÷íi â ñåíñi Äiâåéíi i íàäà¹ìî àëãîðèòì äëÿ
îá÷èñëåííÿ ïåðiîäè÷íèõ òî÷îê.

Êëþ÷îâi ñëîâà: ÿùè÷íèé ôðàêòàë, êîäîâå ïðåäñòàâëåííÿ, âíóòðiøíÿ ìåòðè-
êà, õàîòè÷íi äèíàìi÷íi ñèñòåìè, ïåðiîäè÷íi òî÷êè, àëãîðèòì ÷àñó âòå÷i

MSC2020: Pri 28A80, 51F99

1. Introduction

One of the most popular methods of obtaining fractals is the iterated functi-
on systems (IFS). This theory was introduced by Hutchinson in [7]. Using this
method, many fractals can be de�ned as the attractor of an IFS [3, 6, 8, 10].

1This work was supported by Eski�sehir Technical University Research Fund under
contract 19ADP160
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Another di�erent method of constructing the fractals is the escape time algori-
thm. The escape time algorithm is a technique to display of the system behavior
under iteration and it determines whether the orbit sequence tends to in�nity
or not. The �lled-in Julia sets and Mandelbrot set are obtained by this method.
It is well-known that f on Julia set is a chaotic dynamical system in the sense
of Devaney (for details see [4]), where f : C → C is a polynomial function.
Moreover, by using the folding, expanding, translation and rotation mappings,
many classical fractals are obtained via escape time algorithm (see [1]). It is
seen that all functions de�ned in [1] may indicate the dynamical systems on
the related fractals. There are also some studies about de�ning a dynamical
system on the di�erent fractal sets, i.e., Sierpinski gasket, Sierpinski carpet and
the Sierpinski tetrahedron (for details, see [2, 3, 5, 15]). In general, expressi-
ng these dynamical systems by using the code representations of the points
allows us to investigate the properties of the chaotic dynamical systems more
easily. This leads to the need to de�ne an intrinsic metric by using the code
representations of the points on the associated fractals [2, 9, 11, 12, 13, 14].

Throughout this study, we consider the Box fractal (also known as Vicsek
fractal or anticross-stitch curve). �Ozdemir, Saltan and Demir get an expli-
cit formula for the intrinsic metric on the Box fractal by using the code
representations of the points in [9]. Hence, this metric can be useful for analyzi-
ng the geometrical and topological properties of any structures de�ned on the
Box fractal, for instance, the authors investigate the geodesics between any
two points in the same study.

In this paper, we �rst give some basic de�nitions and de�ne both the code
representation of a point on B and the code sets of B. Then, we express the
function F , which generates Box fractal via escape time algorithm (for details
see [1]), by using the code representations of the points on B. Moreover, we
illustrate the dynamical system {B;F} in the Figure 2 for a better understandi-
ng what each mapping exactly does on the code sets of B. We then compute
the �xed points and 2− periodic points of F. On the other hand, we de�ne a
new dynamical system {B;G}, which generates �lled-square via escape time
algorithm given in [1], using expanding and folding mappings and state it on
the code sets of the Box fractal. We also examine the action of G on the some
code sets of B in the Figure 3. Furthermore, we give a general formula for
computing the periodic points of G. We also show that the dynamical system
{B;G} is chaotic in the sense of Devaney.

2. The intrinsic metric and the code representations of
points on the Box fractal

We now express the code representations of points on the Box fractal and
then, we give the intrinsic metric which is de�ned on the code set of B. For
this aim, we begin with the de�nition of B, which is the attractor of the IFS
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{R2;w0, w1, w2, w3, w4}, where wi : R2 → R2 (i = 0, 1, 2, 3, 4)
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The IFS of the Box fractal consists of �ve contraction mappings. We get the
central, the upper-right, the upper-left, the lower-left and the lower-right part
of this fractal by w0, w1, w2, w3 and w4 respectively (see Figure 1).

1 1( )w B B=

4 4( )w B B=
3 3( )w B B=

2 2( )w B B=

0 0( )w B B=

Fig. 1. The Box fractal with contraction mappings

In other words, the subsets B0, B1, B2, B3, B4 of B represents the center,
the upper-right part, the upper-left part, the lower-left part and the lower-right
part respectively and it is clear that B is the union of these code sets:

B = B0 ∪B1 ∪B2 ∪B3 ∪B4

(see Figure 1).
Note that, for σ = a1a2 . . . an and ai ∈ {0, 1, 2, 3, 4}, (i = 1, 2, . . . , n),

Bσ = wσ(B) where wσ = wan ◦ . . . ◦ wa2 ◦ wa1 . A point, on the attractor of
an IFS, can be de�ned by using the contraction mappings of this IFS. Since
Ba1 , Ba1a2 , Ba1a2a3 . . . is a sequence of nested sets that means;

Ba1 ⊃ Ba1a2 ⊃ Ba1a2a3 ⊃ . . . ⊃ Ba1a2...an ⊃ . . .

by the Cantor intersection theorem, the intersection

∞⋂
n=1

Bσ = {a}
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is a point on B, say a. The sequence a1a2 . . . an . . . is called a code representati-
on of the point a (see [9]).

Let us �x σ = a1a2 . . . ak−1, (ai ∈ {0, 1, 2, 3, 4} for i = 1, 2, . . . , k − 1). In
the general case, Bσ0 is the center, Bσ1 is the upper-right part, Bσ2 is the
upper-left part, Bσ3 is the lower-left part and Bσ4 is the lower-right part of
Bσ.

Thus, Bσ is the smaller piece of B and it is the union of the sets

Bσω = {σωak+1ak+2ak+3 . . . |ω, ai ∈ {0, 1, 2, 3, 4} and i = k + 1, k + 2, . . .}.

For i = 0 and j 6= 0, Bσi ∩ Bσj gives only one point. For the general case,
if the point a is the intersection of the sub-parts of Bσ such that

{a} = Bσω ∩Bσ0

then this point is included by the following nested sets

Bσ ⊃ Bσω ⊃ Bσωω′ ⊃ Bσωω′ω′ ⊃ Bσωω′ω′ω′ ⊃ . . .

and
Bσ ⊃ Bσ0 ⊃ Bσ0ω ⊃ Bσ0ωω ⊃ Bσ0ωωω ⊃ . . . .

So, a has two code representations such that

σωω′ω′ω′ . . . and σ0ωωω . . .

where

ω′ =


3, ω = 1
4, ω = 2
1, ω = 3
2, ω = 4

ω′ is called as the conjugate of the number ω.

3. Expressing the Dynamical System {B;F} on the Code
Sets of the Box Fractal

In this part, we express the composition function, de�ned in Example 5 in
[1], as a dynamical system on the Box fractal given on the square [−1/2, 1/2]×
[−1/2, 1/2].

Let fi : R2 → R2 (i = 1, 2, 3, 4, 5) such that

f1(x, y) = (3x, 3y) ,

f2(x, y) = (x,− |y|) ,
f3(x, y) = (− |x| , y) ,

f4(x, y) =

(
−1

2
|x+ y + 1| − 1

2
(y − x+ 1),−1

2
|x+ y + 1|+ 1

2
(y − x− 1)

)
,

f5(x, y) = (x+ 1, y + 1) .
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The composition function F is de�ned by

F = f5 ◦ f4 ◦ f3 ◦ f2 ◦ f1 (3.1)

f1 is an expanding transformation that triples one point. f2, f3 and f4 are
folding mappings. f2 moves the points from the upper hand sides of the line
y = 0 to the lower hand side, f3 takes the points from the right hand sides of
the line x = 0 to the left hand side and f4 takes the points from the upper
hand side of the line y = −x − 1 to the lower hand side. f5 is a translation
mapping that shifts the points one unit up and one unit right.

F states a dynamical system on B and we denoted it by {B;F}. This
dynamical system is expressed by using the code representations of the points
on the Box fractal in the following proposition:

Proposition 1. Let the code representations of the points X and Y on
B be x1x2x3 . . . and y1y2y3 . . . respectively where xi, yi ∈ {0, 1, 2, 3, 4} for
i = 1, 2, 3, . . .. The function F : B → B de�ned in (3.1) is expressed as follows:

F (1x2x3 . . .) = y1y2y3 . . . , yi =


0, xi+1 = 0
1, xi+1 = 3
2, xi+1 = 4
3, xi+1 = 1
4, xi+1 = 2

(i ≥ 1).

F (2x2x3 . . .) = y1y2y3 . . . , yi =


0, xi+1 = 0
1, xi+1 = 4
2, xi+1 = 3
3, xi+1 = 2
4, xi+1 = 1

(i ≥ 1).

F (3x2x3 . . .) = x2x3x4 . . . .

F (4x2x3 . . .) = y1y2y3 . . . , yi =


0, xi+1 = 0
1, xi+1 = 2
2, xi+1 = 1
3, xi+1 = 4
4, xi+1 = 3

(i ≥ 1).

If x1 = 0, there are four situations:
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Case 1:

F (000 . . . 01xk+1xk+2xk+3 . . .) = y1y2y3 . . . , yi =


0, xi+1 = 0
1, xi+1 = 1
2, xi+1 = 4
3, xi+1 = 3
4, xi+1 = 2

(i ≥ 1)

Case 2:

F (000 . . . 02xk+1xk+2xk+3 . . .) = y1y2y3 . . . , yi =


0, xi+1 = 0
1, xi+1 = 2
2, xi+1 = 3
3, xi+1 = 4
4, xi+1 = 1

(i ≥ 1)

Case 3:

F (000 . . . 03xk+1xk+2xk+3 . . .) = y1y2y3 . . . , yi =


0, xi+1 = 0
1, xi+1 = 3
2, xi+1 = 2
3, xi+1 = 1
4, xi+1 = 4

(i ≥ 1)

Case 4:

F (000 . . . 04xk+1xk+2xk+3 . . .) = y1y2y3 . . . , yi =


0, xi+1 = 0
1, xi+1 = 4
2, xi+1 = 1
3, xi+1 = 2
4, xi+1 = 3

(i ≥ 1).

Then, {B;F} is a dynamical system on the code set of the Box fractal.

Proof. The function F must be well-de�ned on the code set of B. If X ∈ B
has a unique code representation then F (X) has a unique code representation.
If X is expressed by two di�erent code representations then F (X) must have
two di�erent code representations which state the same point. Therefore, we
must check over the images of the following points: 01, 02, 03, 04, 13, 24, 31, 42,
001, 002, 003, 004, 013, 024, 031, 042, 101, 102, 103, 104, 113, 124, 131, 142, 201,
202, 203, 204, 213, 224, 231, 242, 301, 302, 303, 304, 313, 324, 331, 342, 401, 402,
403, 404, 413, 424, 431, 442.

F (01) = 1,
F (13) = 1,

F (02) = 1,
F (24) = 1,

F (03) = 1,
F (31) = 1,

F (04) = 1,
F (42) = 1,

F (001) = 01,
F (013) = 13,

F (002) = 01,
F (024) = 13,

F (003) = 01,
F (031) = 13,

F (004) = 01,
F (042) = 13,

8
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F (101) = 03,
F (113) = 31,

F (102) = 04,
F (124) = 42,

F (103) = 01,
F (131) = 13,

F (104) = 02,
F (142) = 24,

F (201) = 04,
F (213) = 42,

F (202) = 03,
F (224) = 31,

F (203) = 02,
F (231) = 24,

F (204) = 01,
F (242) = 13,

F (301) = 01,
F (313) = 13,

F (302) = 02,
F (324) = 24,

F (303) = 03,
F (331) = 31,

F (304) = 04,
F (342) = 42,

F (401) = 02,
F (413) = 24,

F (402) = 01,
F (424) = 13,

F (403) = 04,
F (431) = 42,

F (404) = 03,
F (442) = 31.

In the general case, we can easily conclude that for σ = x1x2 . . . xn, the
images of σ01 and σ13, σ02 and σ24, σ03 and σ31, σ04 and σ42 represent the
same points.
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Fig. 2. The action of the function F on the code sets B2, B2x2 , B2x2x3

3.1. Periodic points of F

If the equation Fn(x1x2x3 . . .) = x1x2x3 . . . is solved for n = 1, 2, 3, . . .
then we �nd any n−periodic points.
For n = 1, the �xed (one-periodic) points are

•0 = 000..., •13 = 131313..., •23 = 232323..., •3 = 333..., •43 = 434343...

9



N. ASLAN, M. SALTAN

The 2-periodic points are

•10403020 = 1040302010403020...,
•10203040 = 1020304010203040...,
•04010203 = 0401020304010203...,
•02010403 = 0201040302010403...,

•03 = 030303...,
•0103 = 01030103...,
•1030 = 10301030...,
•10 = 101010...,

•1423 = 14231423...,
•1133 = 11331133...,
•1243 = 12431243...,
•2431 = 24312431...,

•2233 = 22332233...,
•2143 = 21432143...,
•3113 = 31133113...,
•3223 = 32233223...,

•3443 = 34433443...,
•4213 = 42134213...,
•4123 = 41234123...,
•4433 = 44334433...

4. A Di�erent Dynamical System {B;G} on the Box Fractal

By using expanding and folding mappings, we de�ne another dynamical
system {B;G} on the Box fractal (B):

Let gi : R2 → R2 (i = 1, 2, 3, 4, 5)

g1(x, y) = (3x, 3y) ,

g2(x, y) =

(
x,

1

2
−
∣∣∣∣y − 1

2

∣∣∣∣) ,
g3(x, y) =

(
x,−1

2
+

∣∣∣∣y +
1

2

∣∣∣∣) ,
g4(x, y) =

(
1

2
−
∣∣∣∣x− 1

2

∣∣∣∣ , y) ,
g5(x, y) =

(
−1

2
+

∣∣∣∣x+
1

2

∣∣∣∣ , y)
We de�ne the composition function G such as

G = g5 ◦ g4 ◦ g3 ◦ g2 ◦ g1 (4.1)

The composition function G is a dynamical system on the Box fractal and
we now express it on the code sets of B.

Proposition 2. Let the code representations of the points X and Y be
x1x2x3 . . ., y1y2y3 . . . respectively. The function G : B → B de�ned in (4.1) is
expressed as follows:

If x1 = 0 then

G(x1x2x3 . . .) = x2x3x4 . . .

10
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If x1 6= 0 then

G(x1x2x3 . . .) = y1y2y3 . . . , yi =


0, xi+1 = 0
1, xi+1 = 3
2, xi+1 = 4
3, xi+1 = 1
4, xi+1 = 2

(i ≥ 1)

for xi, yi ∈ {0, 1, 2, 3, 4} and i = 1, 2, 3, . . . .
Then, {B;G} is a dynamical system on the code set of the Box fractal.

Proof. We must show that the function G is well-de�ned on the code
set of B. If X ∈ B has a unique code representation then G(X) has
a unique code representation. If X has two di�erent code representati-
ons then it is enough to check the image of the following points
01, 02, 03, 04, 13, 24, 31, 42, 001, 002, 003, 004, 013, 024, 031, 042, 101, 102, 103,
104, 113, 124, 131, 142, 201, 202, 203, 204, 213, 224, 231, 242, 301, 302, 303, 304,
313, 324, 331, 342, 401, 402, 403, 404, 413, 424, 431, 442.

G(01) = 1,
G(13) = 1,

G(02) = 2,
G(24) = 2,

G(03) = 3,
G(31) = 3,

G(04) = 4,
G(42) = 4,

G(001) = 01,
G(013) = 13,

G(002) = 02,
G(024) = 24,

G(003) = 03,
G(031) = 31,

G(004) = 04,
G(042) = 42,

For a 6= 0 (a ∈ {1, 2, 3, 4})

G(a01) = 03,
G(a13) = 31,

G(a02) = 04,
G(a24) = 42,

G(a03) = 01,
G(a31) = 13,

G(a04) = 02,
G(a42) = 24,

Let σ = x1x2 . . . xn, then we can easily conclude that images of σ01 and
σ13, σ02 and σ24, σ03 and σ31, σ04 and σ42 are the di�erent code representati-
ons of the same points.

4.1. Periodic points of G

Let the code representation of a pointX on the Box fractal be x1x2x3x4 . . ..
In order to compute the �xed points of G, we must solve the equation

G(x1x2x3x4 . . .) = x1x2x3x4 . . . .

Easily computations show that there are �ve �xed points of G such that

•0 = 000 . . . ,
•13 = 131313 . . . ,

•24 = 242424 . . . ,
•31 = 313131 . . . ,

•42 = 424242 . . . .

11
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Fig. 3. The action of the function G on the code sets B1, B1x2 , B1x2x3

2-periodic points of G are

•0103 = 01030103 . . . ,
•0204 = 02040204 . . . ,
•0301 = 03010301 . . . ,
•0402 = 04020402 . . . ,

•1 = 111 . . . ,
•12 = 121212 . . . ,
•1030 = 10301030 . . . ,
•14 = 141414 . . . ,

•21 = 212121 . . . ,
•2 = 222 . . . ,
•23 = 232323 . . . ,
•2040 = 20402040 . . . ,

•3 = 333 . . . ,
•32 = 323232 . . . ,
•34 = 343434 . . . ,
•3010 = 30103010 . . . ,

•41 = 414141 . . . ,
•43 = 434343 . . . ,
•4 = 4444 . . . ,
•4020 = 40204020 . . .

some of 3-periodic points of G,

•121343 = 121343121343 . . . , •123341 = 123341123341 . . .

•411233 = 411233411233 . . . , •334112 = 334112334112 . . .

some of 4-periodic points of G,

•1243 = 12431243 . . . , •4213 = 42134213 . . .

•1342 = 13421342 . . . , •4312 = 43124312 . . .

some of 5-periodic points of G,

•1243134213, •4213224314, •1342431242.

12
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A formula for the computation of periodic points of G
For the dynamical system {B;G} we obtain a general formula, which

computes the periodic points of G.

• If n is odd then n periodic point is the form of

x1x2x3 . . . xnx′1x
′
2x
′
3 . . . x

′
n

• If n is even then n periodic point is the form of

x1x2x3 . . . xn

where x1, x2, . . . , xn 6= 0.

• For n = 2, 12 is 2-periodic point that means G2(12) = 12 (G(12) =
43 and G(43) = 12).
• For n = 3, let x1 = 1, x2 = 2, x3 = 1, then 121343 is 3-periodic where

x1x2x3x′1x
′
2x
′
3 = 121343.

• For n = 10, 1234123412 is 10-periodic point.

Theorem 1. The dynamical system {B;G} is chaotic in the sense of
Devaney.

Proof. To show that G is sensitive dependence on initial conditions on B, we
�nd ε > 0 such that for any X ∈ B and any ball B(X, δ) with radius δ > 0,
there is Y ∈ B(X, δ) and an integer n ≥ 0 satisfying d(Gn(X), Gn(Y )) > ε.
Firstly, let us take an arbitrary point X of B which has the code representation
x1x2 . . . xk−1xkxk+1 . . . . Obviously, for any δ, one can �nd a natural number k
such that 1

3k−2 ≤ δ. Now, let us take the point Y with the code representation
x1x2 . . . xk−1ykyk+1yk+2 . . . where xk 6= yk and yi = yk for i = k+ 1, k+ 2, k+

3, . . . . It is easily shown that dbox(X,Y ) ≤
√

2
3k−1 < δ (for the intrinsic metric

dbox on the Box fractal, see [9]). Since xk 6= yk, the �rst terms of the code
representations of the points Gk(X) and Gk(Y ) are di�erent. Moreover, we get

Gk(Y ) =

{
y
′
ky
′
ky
′
k . . . , if yk 6= 0,

000 . . . , if yk = 0.

This shows that

dbox(Gk(X), Gk(Y )) >

{ √
2

6 , if yk = 0,√
2

3 , if yk 6= 0.

We now show that G is topologically transitive. Let U and V be open
subsets of (B, dbox). We must obtain a �nite natural number n such that
U ∩ Gn(V ) 6= ∅. Since U is an open set, there exists a natural number

k such that B(X,
√

2
3k−1 ) ⊆ U where the code representation of X ∈ B is

x1x2 . . . xk−1xkxk+1 . . . . Moreover, it is easily shown that

U ′ = {x1x2x3 . . . xkzk+1zk+2zk+3 . . . |x1, . . . , xk are the �rst k-terms of X}
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where zi ∈ {0, 1, 2, 3, 4} for i = k+1, k+2, k+3, . . . , is the subset of B(X, 1
3k−1 ).

Obviously, Gk(U ′) = B and thus we get Gk(U) = B. Consequently, we have
the number k such that U ∩Gk(V ) 6= ∅.

In order to show that the periodic points of G are dense in B, we must get
periodic points being su�ciently close to any points of B. We take the point

A with the code representation a1a2a3 . . . and the open set B(A,
√

2
3k−1 ) and the

sets U, U ′ which are de�ned as above. Since for every i = k+1, k+2, k+3, . . . ,
zi's are arbitrary, then we can obtain

F k(a1a2...akzk+1zk+2zk+3...) = z′k+1z
′
k+2z

′
k+3... = a1a2...akzk+1zk+2zk+3...

This completes the proof.

Remark 1. By using a similar method of the proof of Theorem 1, one can
show that the dynamical system {B;F} is chaotic in the sense of Devaney.
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