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Abstract. We �nd an asymptotically optimal method of recovery of the
weighted integral for the classes of multivariate functions that are de�ned
via restrictions on their (distributional) gradient.
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1. Introduction

Let Q ⊂ Rd, d ∈ N, be a nonempty, bounded, open set. By W 1,p(Q),
p ∈ [1,∞], we denote the Sobolev space of functions f : Q → R, such that f
and all their (distributional) �rst order partial derivatives belong to Lp(Q).

For x = (x1, . . . , xd) ∈ Rd and q ∈ [1,∞), we set |x|q :=

(
d∑

k=1

|xk|q
) 1
q

, |x|∞ :=

max
k=1,...,d

|xk|. It is clear that for all f ∈ W 1,p(Q) we have ‖ |∇f |1 ‖Lp(Q) < ∞.

For p ∈ [1,∞] set W∇p (Q) := {f ∈W 1,p(Q) : ‖ |∇f |1 ‖p ≤ 1}.
We say, that a set Q ⊂ Rd is composed of m ∈ N convex domains, if there

exist disjoint convex domains Q1, . . . , Qm such that Q =
m⋃
k=1

Qk.

It is known (see e.g. ��1�3 of Chapter 1 in [7]) that every bounded convex
set is Jordan measurable, and hence a bounded set composed of a �nite number
of convex domains is also Jordan measurable.
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Everywhere in the article we consider only domains Q composed of a �nite
number of convex domains. Such domains satisfy the so-called cone condi-
tion and hence for all p > d each function from W 1,p(Q) has a continuous
representation, see e.g. Chapter 4 and Theorem 4.12 in [1].

Everywhere below we assume that p > d ≥ 2. For h > 0 we set

� d
h := {x ∈ Rd : |x|∞ ≤ h}.

For a �nite set A, by |A| we denote the number of its elements.
Let a measurable bounded set Q ⊂ Rd, a class X of continuous on Q

functions and n ∈ N be given. Let also w be a non-negative integrable on Q
weight function. We consider the problem of optimal recovery of the integral∫
Qw(x)f(x)dx of a function f ∈ X based on n function's values at points from
Q. Arbitrary function Φ: Rn → R is called a method of recovery. For given
points x1, . . . , xn ∈ Q the error of recovery of the integral by the method Φ is
de�ned by the equality

e(X,Φ, w, x1, . . . , xn) := sup
f∈X

∣∣∣∣∣∣∣
∫
Q

w(x)f(x)dx− Φ(f(x1), . . . , f(xn))

∣∣∣∣∣∣∣ .
The problem of the optimal recovery of the integral is to �nd the best error of
recovery

En(X,w) := inf
x1,...,xn∈Q

inf
Φ: Rn→R

e(X,Φ, w, x1, . . . , xn), (1)

the best method of recovery and the best position of the informational set
x1, . . . , xn (i.e. such method Φ̃ : Rn → R and points x̃1, . . . , x̃n ∈ Q, for which
the in�ma in (1) are attained), if such points and such a method exist. In the
case when w(x) ≡ 1 on Q we write En(X) instead of En(X,w).

In many cases it is hard to �nd the best error of recovery and optimal
recovery method; in such situations it is interesting to �nd asymptotically
optimal method of recovery, i.e. such sequence of methods Φn : Rn → R and
information sets {xn1 , . . . , xnn}, n ∈ N, that

lim
n→∞

En(X,w)

e(X,Φn, w, xn1 , . . . , x
n
n)

= 1.

In the case X = W∇p (Q) it is su�cient to consider only linear methods of
recovery in (1). More precisely, the following lemma holds.

Lemma 1. For given points x1, . . . , xn ∈ Q

inf
Φ: Rn→R

sup
f∈W∇p (Q)

∣∣∣∣∣∣∣
∫
Q

w(x)f(x)dx− Φ(f(x1), . . . , f(xn))

∣∣∣∣∣∣∣
16
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= inf
ck∈R,
k=1,...,n

sup
f∈W∇p (Q)

∣∣∣∣∣∣∣
∫
Q

w(x)f(x)dx−
n∑
k=1

ckf(xk)

∣∣∣∣∣∣∣ .
The existence of an optimal linear method of recovery is well known in

many situations, in particular for convex centrally symmetric classes X. See
for example Chapter 1 �3 in [14].

Problems of optimal recovery are heavily studied and have a broad li-
terature. We refer to the monographs [10, 14, 13, 12] for many results and
further references.

This article is intimately connected with [4], where, in particular, the
quantity En(W∇p (Q)) for the case of convex bounded domain Q was studi-
ed. The goal of this article is to �nd asymptotically optimal methods of the
integral recovery with non-constant weight function.

Some results regarding optimal recovery of integrals with weights can be
found in [11, 2, 3, 5, 6]

The article is organized as follows. In Section 2 we adduce necessary results
from [4]. In Sections 3 and 4 we �nd the asymptotically optimal methods of
the integral recovery for some classes of weight functions.

2. Necessary known results

2.1. Extremal functions

Let p > d, p′ be such that 1
p + 1

p′ = 1 and h > 0. Consider the function

fe : � d
h → R

fe(y) = fe,h(y) =

|y|∞∫
0

∣∣∣∣hd−1

ud−1
− u

h

∣∣∣∣p′−1

du. (2)

In the proof of Theorem 3 in [4] it was shown, that fe,h ∈W 1,p(� d
h) and

|∇fe,h(y)|1 =

(
hd−1

|y|d−1
∞
− |y|∞

h

)p′−1

a.e. on � d
h. (3)

Since p(p′ − 1) = p′,

‖|∇fe,1|1‖pLp(� d1)
=

∥∥∥∥ 1

| · |d−1
∞
− | · |∞

∥∥∥∥p′
Lp′ (�

d
1)

.

Set

c(d, p) :=
1

d

∥∥∥∥ 1

| · |d−1
∞
− | · |∞

∥∥∥∥
Lp′ (�

d
1)

. (4)
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The restriction of the function fe,h, to the boundary ∂� d
h is constant; hence

we can continuously continue the function fe,h to whole Rd by setting fe,h(y)
equal to the value of fe,h on the boundary of � d

h for all y /∈ � d
h.

Let Q ⊂ Rd be a bounded region, x1, . . . , xn ∈ Q and h > 0. For all y ∈ Rd
set

fh(x1, . . . , xn; y) := min
k=1,...,n

fe,h(y − xk). (5)

It is easy to see that fh(x1, . . . , xn) ∈W 1,p(Q) for all p ∈ (d,∞].

For x ∈ Rd and h > 0 set

� d
h(x) := {y ∈ Rd : |x− y| ≤ h}.

The following lemma is contained in [4], see Lemma 2.

Lemma 2. Let a bounded measurable domain Q ⊂ Rd, n ∈ N and h > 0
be given. If the points x̄1, . . . x̄n ∈ Q are such that the sets � d

h(x̄1), . . . ,� d
h(x̄n)

are pairwise disjoint subsets of Q, then for all x1, x2, . . . , xn ∈ Q∫
Q

fh(x1, . . . , xn; y)dy ≥
∫
Q

fh(x̄1, . . . , x̄n; y)dy ≥ 0 (6)

and for all p ∈ (d,∞]

‖ |∇fh(x1, . . . , xn)|1 ‖Lp(Q) ≤ ‖ |∇fh(x̄1, . . . , x̄n)|1 ‖Lp(Q). (7)

2.2. Asymptotically optimal information sets and weights

In this section we recall the construction of the optimal information sets
and weight for the problem of the integral optimal recovery in the case when
Q is Jordan measurable, see [4].

For h > 0, we consider the lattice Λ in Rd generated by the vectors
(2h, 0, 0, . . . , 0), (0, 2h, 0, 0, . . . , 0), . . . , (0, . . . , 0, 2h) ∈ Rd. By Pk(h) we denote
the cubes

2hk + [0, 2h]d, k ∈ Zd;

their volumes are equal to (2h)d. By A(h), we denote the set of all cubes Pk(h)
that are contained in Q. Let a(h) be the set of the centers of the cubes from
A(h). By B(h) we denote the set of all cubes Pk(h) that have non-empty set
of common with Q interior points. Let b(h) be the set of the centers of the
cubes from B(h). Since Q is Jordan measurable, we have lim

h→0
|A(h)| · (2h)d =

lim
h→0
|B(h)| · (2h)d = mesQ or, equivalently,

|A(h)| = mes Q

(2h)d
+ o

(
1

hd

)
and
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|B(h)| = mes Q

(2h)d
+ o

(
1

hd

)
as h→ 0. (8)

Let n ∈ N be �xed. We set

hn :=
1

2

(
mes Q

n

) 1
d

. (9)

Then, due to (8),

|A(hn)| = n+ o(n) and |B(hn)| = n+ o(n) as n→∞. (10)

For each cube P from the set B(3hn), we choose a point z according to the
following rule: z is the center of the cube P if it belongs to a(hn); otherwise, z
is an arbitrary point from P ∩ a(hn) if the intersection is not empty, and z is
an arbitrary internal point of Q ∩ P if the intersection is empty.

By S1(n) we denote the set of such points z. From (8) it follows that the
number |S1(n)| of points in S1(n) satis�es

|S1(n)| = n

3d
+ o(n), as n→∞. (11)

Since for all n ∈ N a(3hn) ⊂ a(hn), we obtain that

|S1(n) \ a(hn)| ≤ |B(3hn)| − |A(3hn)| = o(n), as n→∞. (12)

Denote by S2(n) arbitrary subset of the set a(hn) \ S1(n), that contains n −
|S1(n)| points (for large enough n this number is positive; if |a(hn) \ S1(n)| ≤
n− |S1(n)|, then we set S2(n) := a(hn) \ S1(n)). Set S(n) := S1(n) ∪ S2(n).

Let S(n) = {x∗1, . . . , x∗|S(n)|}. For each k = 1, . . . , |S(n)|, we de�ne the set

Vk = Vk(n) :=

{x ∈ Q ∩ P (3hn;x∗k) : |x− x∗k|∞ < |x− x∗s|∞, s 6= k}, (13)

where P (3hn;x∗k) is the cube from B(3hn) that contains x∗k. The sets Vk are

pairwise disjoint,
|S(n)|⋃
k=1

Vk ⊂ Q, and mes

(
Q \

|S(n)|⋃
k=1

Vk

)
= 0.

We set

c∗k := mesVk, k = 1, . . . , |S(n)|. (14)

2.3. Optimal recovery formulae

An asymptotically optimal solution of the integral optimal recovery
problem in the case of a convex domain and unit weight function is given
by the following theorem, see [4].
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Theorem 1. Let d, n ∈ N, p ∈ (d,∞] and a bounded convex set Q be given.
Then

En
(
W∇p (Q)

)
= c(d, p)

(
mesQ

2d

) 1
d

+ 1
p′

· 1 + o(1)

n
1
d

, n→∞,

where the constant c(d, p) is de�ned by (4). The asymptotically optimal
information set is S(n), de�ned in Section 2.2, and the optimal recovery method
is

Φ̃n(f(x1), . . . , f(x|S(n)|)) =

|S(n)|∑
k=1

c∗kf(xk),

where the weights c∗k are de�ned by (14).

3. Step weight functions

LetQ ⊂ Rd. We say that the weight function w(x) is a step function, if there

exists a number m ∈ N and disjoint sets Q1, . . . , Qm such that Q =
m⋃
k=1

Qk and

w(x) = wk > 0, for x ∈ Qk, k = 1, . . . ,m.
The goal of this section is to solve the problem of optimal integral recovery

in the case, when the weight function is a step function and the sets Qk are
convex.

3.1. Optimal recovery with step weight function

For each j = 1, . . . ,m and positive integer nj de�ne the information set

Sj(nj) = {xjk}
|Sj(nj)|
k=1 and weights cjk, k = 1, . . . , |Sj(nj)|, the same way as it

was done in Section 2.2, with the domain Q substituted by Qj and the number
n by nj .

The main result of this section is the following theorem.

Theorem 2. Let p > d, w be a positive step function on the set Q ⊂ Rd,
i.e. w(x) = wk > 0, x ∈ Qk, k = 1, . . . ,m, where Q =

m⋃
k=1

Qk. Suppose that

each of the sets Qk is convex. Then

En
(
W∇p (Q), w

)
=
c(d, p)(1 + o(1))

2
1+ d

p′ n
1
d

‖w‖Lq(Q), n→∞,

where q = p′d
p′+d and c(d, p) is de�ned by (4).

The asymptotically optimal information set is the set S(n) =
m⋃
j=1

Sj(nj)

and the asymptotically optimal recovery method is

Φ̃n(f(x1), . . . , f(x|S(n)|)) =
m∑
j=1

wj

|Sj(nj)|∑
k=1

cjkf(xjk),
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where the sets Sj(nj) and numbers cjk are de�ned above,

nj =

|S(n)|
wqjmesQj
m∑
k=1

wqkmesQk

 , j = 1, . . . ,m,

and [x] denotes the biggest integer not exceeding the real number x.

It is easy to see, that for an asymptotically optimal information set we have
nk →∞ as n→∞.

The proof of the theorem will be given in several subsections below.

3.2. Auxiliary results

We need the following lemma, which was used in several works, see e.g. [2].
We omit its technical proof.

Lemma 3. Let m ∈ N, positive numbers a1, . . . , am, n1, . . . , nm, α and n

such that
m∑
k=1

nk = n be given. Then

m∑
k=1

ak
nαk
≥ 1

nα

(
m∑
k=1

a
1

α+1

k

)α+1

.

The inequality turns into equality if for k = 1, . . . ,m

nk = n
a

1
α+1

k
m∑
k=1

a
1

α+1

k

. (15)

Lemma 4. Let a Jordan measurable set Q ⊂ Rd be given. For a given
h > 0 consider the set

Qh := {x ∈ Q : inf
y∈∂Q

|x− y|∞ ≥ h}.

Then mesQh = mesQ+ o(1), h→ 0.

Proof. Using notations from Section 2.2 and equalities (8) we have |B(h) \
A(h)| = o(h−d), h → 0. For each cube P ∈ B(h) \ A(h) (with length of the
edge equal to 2h) consider the cube P̃ with the same center and the length
of the edge equal to 4h. Set Q̃ := Q \

⋃
P∈B(h)\A(h)

P̃ . Then Qh ⊃ Q̃ and

mes Q̃ ≥ mesQ−o(h−d) ·(4h)d = mesQ+o(1), h→ 0. The lemma is proved.
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3.3. Estimate from above

For each set of quantities nk of information nodes in the sets Qk, k =
1, . . . ,m, choose the information nodes xik and coe�cients cik, i = 1, . . . , nk,
to be optimal for each of the set Qk. Using Lemma 1, Theorem 1, Holder's
inequality and Lemma 3 we obtain (as n→∞)

En
(
W∇p (Q), w

)
≤ inf

ni
sup

f∈W∇p (Q)

m∑
i=1

wi

∣∣∣∣∣∣∣
∫
Qi

f(x)dx−
ni∑
k=1

cikf(xik)

∣∣∣∣∣∣∣
≤ inf

ni
sup

f∈W∇p (Q)

m∑
i=1

wi‖ |∇f |1 ‖Lp(Qi) sup
g∈W∇p (Qi)

∣∣∣∣∣∣∣
∫
Qi

g(x)dx−
ni∑
k=1

cikg(xik)

∣∣∣∣∣∣∣
= inf

ni
sup

f∈W∇p (Q)

m∑
i=1

wi‖ |∇f |1 ‖Lp(Qi)Eni(W
∇
p (Qi))

(by Theorem 1)

= inf
ni

sup
f∈W∇p (Q)

m∑
i=1

wic(d, p)

(
mesQi

2d

) 1
d

+ 1
p′ 1 + o(1)

n
1
d
i

‖ |∇f |1 ‖Lp(Qi)

(applying Holder's inequality)

≤ c(d, p)(1 + o(1)) inf
ni

sup
f∈W∇p (Q)

 m∑
i=1

wp
′

i

n
p′
d
i

(
mesQi

2d

) p′
d

+1
 1

p′

·

(
m∑
i=1

‖ |∇f |1 ‖pLp(Qi)

) 1
p

(using Lemma 3)

=
c(d, p)(1 + o(1))

n
1
d

 m∑
i=1

w

p′

1+
p′
d

i

mesQi
2d


1+

p′
d

p′

=
c(d, p)(1 + o(1))

2
1+ d

p′ n
1
d

‖w‖Lq(Q).

3.4. Glued extremal functions

For each con�guration of the information set x1, . . . , xn, and weights
w1, . . . , wn, we de�ne a function f : Q → R by the following construction.
For each i = 1, . . . ,m, de�ne a function fi(x) : Qi → R by the formula

fi(x) := fhi(x
i
1, . . . , x

i
ni ;x),

where, the points xi1, . . . , x
i
ni are the points from information set that belong

to Qi, hi := 1
2

(
mesQi
ni

) 1
d
and the functions fh are de�ned by (5).
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Set
g(x) := min

y∈
m⋃
k=1

∂Qk

|x− y|

and

f(x) = w
d

pd+p−d
i min{g(x), fi(x)}, x ∈ Qi, i = 1, . . . ,m.

Due to the triangle inequality,

|g(x)− g(y)| ≤ |x− y| (16)

for all x, y ∈ Q, hence the function g is Lipschitz. Thus, due to the Rademacher
theorem, there exists (classical) gradient of g almost everywhere. Moreover, it
agrees with the distributional gradient almost everywhere. Hence, due to (16),
g ∈ W 1,∞(Q), see for example [8], Sections 3 and 4. Therefore f ∈ W 1,p(Q)
and f

‖ |∇f |1 ‖Lp(Q)
∈W∇p (Q).

Note, that f ≡ w
d

pd+p−d
i fhi(x

i
1, . . . , x

i
ni) on Q

Hi
i , where Hi → 0 as hi → 0

and the notation Qh is de�ned in Lemma 4.
Denote by f̃ the function f with x1, . . . , xn chosen in such a way, that for all

i = 1, . . . ,m, the subsets xi1, . . . , x
i
ni are optimal information sets in Theorem 1

(with Q substituted by Qi and n by ni). Set Q̃ = Q̃(h1, . . . , hm) :=
m⋃
i=1

QHii .

By Lemma 4, mes Q̃ = mesQ+ o(1), n→∞.
We need the following lemma.

Lemma 5. For each i = 1, . . . ,m as n→∞

‖ |∇f̃ |1 ‖p
Lp(Q

Hi
i )

= (1 + o(1))w
dp

dp+p−d
i

mesQHii
2d

∫
� d1

(
1

|x|d−1
∞
− |x|∞

)p′
dx.

Proof. By the de�nition of the function f̃ and Lemma 4 we have

‖ |∇f̃ |1 ‖p
Lp(Q

Hi
i )

= (1 + o(1))niw
dp

dp+p−d
i ‖ |∇fe,hi |1 ‖

p

Lp(�dhi
)
.

Since (p′ − 1)p = p′, from (3) we obtain

‖ |∇fe,hi |1 ‖
p

Lp(�dhi
)

=

∫
�dhi

(
hd−1
i

|x|d−1
∞
− |x|∞

hi

)p′
dx

= hdi

∫
� d1

(
1

|y|d−1
∞
− |y|∞

)p′
dy.

To �nish the proof of the lemma it is su�cient to notice that nih
d
i = mesQi

2d
.

The lemma is proved.
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3.5. Estimate from below

For each information set x1, . . . , xn and weights c1, . . . , cn,

sup
g∈W∇p (Q)

∣∣∣∣∣∣∣
∫
Q

w(x)g(x)dx−
n∑
k=1

ckg(xk)

∣∣∣∣∣∣∣ ≥
1

‖ |∇f |1 ‖Lp(Q)

∫
Q

w(x)f(x)dx

(by Lemma 2) ≥ 1

‖ |∇f̃ |1 ‖Lp(Q)

m∑
i=1

wi

∫
Qi

f̃i(x)dx

(by Lemma 4) =
1 + o(1)

‖ |∇f̃ |1 ‖Lp(Q̃)

m∑
i=1

wi

∫
Q
Hi
i

f̃i(x)dx

(by extremality of the function f̃ in Theorem 1)

=
1 + o(1)

‖ |∇f̃ |1 ‖Lp(Q̃)

m∑
i=1

wic(d, p)

(
mesQHii

2d

) 1
d

+ 1
p′

‖ |∇f̃ |1 ‖Lp(Q
Hi
i )
n
− 1
d

i

(by Lemma 5)

=
c(d, p)(1 + o(1))(

m∑
i=1

w
pd

pd+p−d
i

mesQ
Hi
i

2d

) 1
p

m∑
i=1

w
pd+p
pd+p−d
i

(
mesQHii

2d

) 1
d

+ 1
p′
(

mesQHii
2d

) 1
p

n
− 1
d

i

=
c(d, p)(1 + o(1))(

m∑
i=1

w
pd

pd+p−d
i

mesQ
Hi
i

2d

) 1
p

m∑
i=1

w
pd+p
pd+p−d
i

(
mesQHii

2d

) 1
d

+1

n
− 1
d

i

(by Lemma 3) ≥ c(d, p)(1 + o(1))

n
1
d

(
m∑
i=1

w
pd

pd+p−d
i

mesQ
Hi
i

2d

) 1
p

(
m∑
i=1

w
pd

pd+p−d
i

mesQHii
2d

) d+1
d

=
c(d, p)(1 + o(1))

n
1
d

(
m∑
i=1

w
pd

pd+p−d
i

mesQHii
2d

) pd+p−d
pd

=
c(d, p)(1 + o(1))

2
1+ d

p′ n
1
d

‖w‖Lq(Q).

4. Main results

The goal of this section is to solve the problem of asymptotically optimal
integral recovery in the case when the weight function is admissible.
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4.1. De�nition and some examples

Let a bounded set Q ⊂ Rd be given. We call a function w : Q→ R admissi-
ble if it is positive almost everywhere, bounded, and there exists M ∈ N, such
that for all C1 < C2 the set {x ∈ Q : w(x) ∈ [C1, C2]} is composed of m ≤ M
convex domains.

First of all note, that the step functions are admissible, if the sets Qk
are composed of convex domains. Another set of admissible functions can be
constructed as follows.

Let ϕ : [0, 1] → R be a monotone function. Consider the function w =
w(ϕ) : � d

1 → R, de�ned by the formula w(x) = ϕ(|x|∞). For arbitrary C1 <
C2, the set ϕ−1[C1, C2] is equal to [α, β] \ X, where 0 ≤ α ≤ β ≤ 1 and
X ⊂ {α, β}. Hence the set w−1[C1, C2] is equal to �dβ \�dα (with appropriately
included boundaries). The latter set is a union of 2d convex sets. Indeed, let
for de�niteness X = ∅. Then the convex sets can be chosen as

T±1 = �dβ ∩ {±x1 ∈ [α, β]},

and for k = 2, . . . , d

T±k = �dβ ∩ {±xk ∈ [α, β], |x1|, . . . , |xk−1| < α}.

hence the weight w is admissible and M from the de�nition can be set equal
to 2d.

Using the arguments above, one can prove that the function w(ϕ) remains
admissible, if one or several assumptions are modi�ed:

1. Request ϕ to be only a piecewise-monotone function; i.e. such that there
exists a partition 0 = t0 < t1 < . . . < tn = 1, so that ϕ is monotone on
each of the intervals (ti−1, ti), i = 1, . . . , n.

2. Substitute the set � d
1 by an arbitrary convex domain Q.

3. Substitute the norm | · |∞ by the norm | · |1.

4.2. Solution of the integral optimal recovery problem

Theorem 3. Let p > d, w be admissible function on Q ⊂ Rd. Then

En
(
W∇p (Q), w

)
=
c(d, p)(1 + o(1))

2
1+ d

p′ n
1
d

‖w‖Lq(Q), n→∞,

where q = p′d
p′+d and c(d, p) is de�ned by (4).

Proof. Note, that if for all x ∈ Q we have w(x) ≤ v(x), then

En
(
W∇p (Q), w

)
≤ En

(
W∇p (Q), v

)
.
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This inequality follows from the existence of an optimal linear method of
recovery (see Lemma 1) and the equality

inf
ck∈R,
k=1,...,n

sup
f∈W∇p (Q)

∣∣∣∣∣∣∣
∫
Q

w(x)f(x)dx−
n∑
k=1

ckf(xk)

∣∣∣∣∣∣∣
= sup

f∈W∇p (Q),

f(xk)=0, k=1,...,n

∫
Q

w(x)f(x)dx,

which can be proved using the standard arguments involving the Hahn-Banach
theorem, see e.g. [9, Theorem 1.3.4].

Let c ≤ w(x) ≤ C for all x ∈ Q. Fix m ∈ N, and for k = 1, . . . ,m set

Qk,m :=

{
x ∈ Q : w(x) ∈

[
c+ (k − 1)

C − c
m

, c+ k
C − c
m

]}
.

Consider the function wm(x) = c+ kC−cm for all x ∈ Qk,m, k = 1, . . . ,m. Then
w(x) ≤ wm(x) for all x ∈ Q and using Theorem 2 we obtain

lim
n→∞

En
(
W∇p (Q), w

)
·

(
c(d, p)

2
1+ d

p′ n
1
d

‖w‖Lq(Q)

)−1

≤ lim
n→∞

En
(
W∇p (Q), wm

)
·

(
c(d, p)

2
1+ d

p′ n
1
d

‖wm‖Lq(Q)

)−1 ‖wm‖Lq(Q)

‖w‖Lq(Q)

=
‖wm‖Lq(Q)

‖w‖Lq(Q)
.

Since ‖wm‖Lq(Q) → ‖w‖Lq(Q) as m→∞ we obtain

lim
n→∞

En
(
W∇p (Q), w

)
·

(
c(d, p)

2
1+ d

p′ n
1
d

‖w‖Lq(Q)

)−1

≤ 1.

Applying the same arguments to the function wm(x) = c+ (k − 1)C−cm for
all x ∈ Qk,m, k = 1, . . . ,m, we can get the inequality

lim
n→∞

En
(
W∇p (Q), w

)
·

(
c(d, p)

2
1+ d

p′ n
1
d

‖w‖Lq(Q)

)−1

≥ 1.

The theorem is proved.
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