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Abstract. We find an asymptotically optimal method of recovery of the
weighted integral for the classes of multivariate functions that are defined
via restrictions on their (distributional) gradient.
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Amnorangist. 3HalieH0 aCUMIITOTUYHO ONTUMAJIbHUNA METOH, BiJHOBJICHHS
iHTerpaJia 3 Baroio st KaaciB GpyHKIi 6araTrbox 3MiHHUX, [0 33/1AI0THCS
obmexennaMu Ha (y3araabHEHWIT) TPaieHT.

Karo4oBi ciioBa: ACUMOTOTHYHO ONITUMAJIBLHI METOIN BiIHOBJIEHHS, Ba-
roBi KybaTypHi ¢popmymau, CobosreBCchki Kacu GYHKITH 6araTboxX 3MiHHHX.
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1. Introduction

Let Q@ C R% d € N, be a nonempty, bounded, open set. By W'?(Q),

p € [1,00], we denote the Sobolev space of functions f: @ — R, such that f

and all their (distributional) first order partial derivatives belong to L,(Q).
1

d q
For z = (z1,...,2%) € R and q € [1,00), we set ||, := (Z \xk\q> y |%]oo 1=
k=1

k{naxd\xk\. It is clear that for all f € WhP(Q) we have |||V f|1 L, @) < oo

For p € [1,00] set WY(Q) :={f € W'P(Q): [[|[V [l ]l, < 1}.
We say, that a set Q@ C R? is composed of m € N conver domains, if there

m
exist disjoint convex domains Q1, ..., Qn such that Q@ = |J Q.
k=1

It is known (see e.g. §§1-3 of Chapter 1 in [7]) that eve;y bounded convex
set is Jordan measurable, and hence a bounded set composed of a finite number
of convex domains is also Jordan measurable.
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Everywhere in the article we consider only domains ) composed of a finite
number of convex domains. Such domains satisfy the so-called cone condi-
tion and hence for all p > d each function from W'P(Q) has a continuous
representation, see e.g. Chapter 4 and Theorem 4.12 in [1].

Everywhere below we assume that p > d > 2. For h > 0 we set

04 .= {z € R?: |z|o < A}

For a finite set A, by |A| we denote the number of its elements.

Let a measurable bounded set @ C RY a class X of continuous on Q
functions and n € N be given. Let also w be a non-negative integrable on @
weight function. We consider the problem of optimal recovery of the integral
fQ w(z) f(x)dx of a function f € X based on n function’s values at points from
Q. Arbitrary function ®: R™ — R is called a method of recovery. For given
points x1, ...,y € Q the error of recovery of the integral by the method ® is
defined by the equality

e(X, P, w,x1,...,2T,) := sup /w(:v)f(x)dm— O(f(x1),..., f(zn))]-

fex

The problem of the optimal recovery of the integral is to find the best error of
recovery

E,(X,w):= xh”i.gfnqu): %RI}Lf;Re(X, S w,x1,. .., Tn), (1)
the best method of recovery and the best position of the informational set
T1,..., 2y (i.e. such method ®: R” — R and points 2, ..., %, € Q, for which
the infima in (1) are attained), if such points and such a method exist. In the
case when w(z) =1 on Q we write E,(X) instead of E,(X,w).

In many cases it is hard to find the best error of recovery and optimal
recovery method; in such situations it is interesting to find asymptotically
optimal method of recovery, i.e. such sequence of methods ®,: R® — R and
information sets {z,..., 21}, n € N, that

En(X,
lim (X, w)

=1.
n—00 G(X, @n,w,x?, cen ,$Z)

In the case X = va (Q) it is sufficient to consider only linear methods of
recovery in (1). More precisely, the following lemma holds.

Lemma 1. For given points x1,...,Tn € Q

inf sup / w(z) f()dz — B(F(x1), ..., f(n)

$: R*—R feWpV Q)
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n
= inf sup /w(m)f(a;)dx - Z crf(zr)] .
kng:n Fewy (@) Q k=1

The existence of an optimal linear method of recovery is well known in
many situations, in particular for convex centrally symmetric classes X. See
for example Chapter 1 §3 in [14].

Problems of optimal recovery are heavily studied and have a broad li-
terature. We refer to the monographs [10, 14, 13, 12] for many results and
further references.

This article is intimately connected with [4], where, in particular, the
quantity En(I/VpV (Q)) for the case of convex bounded domain @ was studi-
ed. The goal of this article is to find asymptotically optimal methods of the
integral recovery with non-constant weight function.

Some results regarding optimal recovery of integrals with weights can be
found in [11, 2, 3, 5, 6]

The article is organized as follows. In Section 2 we adduce necessary results
from [4]. In Sections 3 and 4 we find the asymptotically optimal methods of
the integral recovery for some classes of weight functions.

2. Necessary known results

2.1. Extremal functions

Let p > d, p’ be such that % + 1% =1 and h > 0. Consider the function
fo:O¢0 SR

du. (2)

In the proof of Theorem 3 in [4] it was shown, that f., € WP(O¢) and

I J
IVieny)h = T h a.e. on (9. (3)

Since p(p’ — 1) =7/,

1 v
19 Fea il gy = | s — 11
p(LT | . |OO Lp/(Dil)
Set
1 1
) = g | 1l @
|' |OO Lp/(D‘li)
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The restriction of the function f, p, to the boundary 8Dﬁ is constant; hence
we can continuously continue the function f,; to whole R? by setting Jen(y)
equal to the value of f,; on the boundary of DZ for all y ¢ DZ.

Let Q C R? be a bounded region, z1,...,z, € Q and h > 0. For all y € R?
set

h@mn-wmywzkgmnﬁﬁ@—xw- (5)

=1,...

It is easy to see that f(z1,...,2,) € WHP(Q) for all p € (d, o0).
For z € R and h > 0 set

0¢(z) .= {y e R%: |z —y| < h}.
The following lemma is contained in [4], see Lemma 2.

Lemma 2. Let a bounded measurable domain Q C R, n € N and h > 0
be given. If the points T1,...Z, € Q are such that the sets 0% (z1),...,0%(z,)
are pairwise disjoint subsets of @Q, then for all x1,z9,...,2, € Q)

/ﬁqu%mwz/nmww%mwzo (6)
Q Q

and for all p € (d, 0]

[V (e, mn)i e, S V@ Z0)l |, ) (7)

2.2. Asymptotically optimal information sets and weights

In this section we recall the construction of the optimal information sets
and weight for the problem of the integral optimal recovery in the case when
@ is Jordan measurable, see [4].

For h > 0, we consider the lattice A in R? generated by the vectors
(2h,0,0,...,0), (0,2h,0,0,...,0),...,(0,...,0,2h) € R% By P.(h) we denote
the cubes

2hk + [0,2h]%, k € 74;

their volumes are equal to (2h)%. By A(h), we denote the set of all cubes Py (h)
that are contained in Q. Let a(h) be the set of the centers of the cubes from
A(h). By B(h) we denote the set of all cubes Pi(h) that have non-empty set
of common with @ interior points. Let b(h) be the set of the centers of the
cubes from B(h). Since @ is Jordan measurable, we have }llg% |A(R)| - (2h)? =

lim |B(h)| - (2h)? = mes Q or, equivalently,
h—0
mes Q 1
A = — —_
|A(h)| 2n) —i—o(hd) and
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B(h)| = IE“;;')? +o <h1d> ash —0. (8)

Let n € N be fixed. We set

Then, due to (8),
|A(hyp)| =n+ o(n) and |B(hy)| = n+ o(n) as n — oo. (10)

For each cube P from the set B(3hy), we choose a point z according to the
following rule: z is the center of the cube P if it belongs to a(h,); otherwise, z
is an arbitrary point from P N a(hy,) if the intersection is not empty, and z is
an arbitrary internal point of @ N P if the intersection is empty.

By Si1(n) we denote the set of such points z. From (8) it follows that the
number [S1(n)| of points in S;(n) satisfies

|S1(n)| = 3%+0(n), asn — 0o. (11)

Since for all n € N a(3h,,) C a(hy,), we obtain that
|S1(n) \ a(hy)| < |B(3hy)| — |A(3hy)| = o(n), as n — oo. (12)

Denote by Sa(n) arbitrary subset of the set a(hy,) \ Si(n), that contains n —

|S1(n)| points (for large enough n this number is positive; if |a(hy,) \ S1(n)] <

n — |S1(n)|, then we set Sa(n) := a(hy,) \ Si(n)). Set S(n) := S1(n) U Sa(n).
Let S(n) = {z7,... ,CL‘TS(n)‘}. For each k =1,...,|S(n)|, we define the set

Vi = Vi(n) :=
{r € QN PBhp;xL): |z — 2}]oo < |2 — 25|00, s#k}, (13)

where P(3hy;x}) is the cube from B(3h,) that contains x}. The sets V}, are

1S(n)]| [S(n)]
pairwise disjoint, |J Vi C @, and mes <Q\ U Vk> =0.
k=1 k=1

We set
¢ =mesVi, k=1,...,15(n)| (14)

2.3. Optimal recovery formulae

An asymptotically optimal solution of the integral optimal recovery
problem in the case of a convex domain and unit weight function is given
by the following theorem, see [4].
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Theorem 1. Let d,n € N, p € (d, 00| and a bounded convex set Q be given.
Then

=

SO\ dts
Bn (5 (@) = etn) (P52) 7 s,

nd
where the constant c(d,p) is defined by (4). The asymptotically optimal
information set is S(n), defined in Section 2.2, and the optimal recovery method

18
) S()

O (f(21), - f@samy) = > ciflan),

k=1
where the weights c;, are defined by (14).

3. Step weight functions

Let Q C RY. We say that the weight function w(x) is a step function, if there

m
exists a number m € N and disjoint sets Q1, . .., @y, such that Q@ = |J Qk and
k=1
w(z) =wp >0, forz € Qr, k=1,...,m.
The goal of this section is to solve the problem of optimal integral recovery
in the case, when the weight function is a step function and the sets Qj are

convex.

3.1. Optimal recovery with step weight function

For each j = 1,...,m and positive integer n; define the information set
Si(nj) = {xi, Lignj)| and weights ci/,, kE=1,...,]9(n;)|, the same way as it
was done in Section 2.2, with the domain @ substituted by @; and the number
n by n;.

The main result of this section is the following theorem.

Theorem 2. Let p > d, w be a positive step function on the set Q C R,
m
ie.wx) =wr >0, € Qr, k=1,...,m, where Q = |J Qr. Suppose that

k=1
each of the sets Qy is conver. Then
c(d,p)(1 4+ o(1
B (W7 (@) = T s g, e
p' nd

where ¢ = Z% and c(d,p) is defined by (4).
The asymptotically optimal information set is the set S(n) = |J Sj(n;)

and the asymptotically optimal recovery method is

mo IS0
(i)n(f(xl)7>f(x\5(n)\)) :ij Z Cif(%i),
j=1 k=1
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where the sets S;(n;) and numbers c,i are defined above,

w;mes @
n]: |S(7’L)’ m : ’]:]—7 , 1M,
> wimes Qp
k=1

and [z] denotes the biggest integer not exceeding the real number x.

It is easy to see, that for an asymptotically optimal information set we have
ng — 00 as n — oo.
The proof of the theorem will be given in several subsections below.

3.2. Auxiliary results

We need the following lemma, which was used in several works, see e.g. [2].
We omit its technical proof.

Lemma 3. Let m € N, positive numbers ay,...,0m, N1,...,Nm, @ and n

m
such that > ny =n be given. Then
k=1

1
S a0
k=1

Lemma 4. Let a Jordan measurable set Q C R? be given. For a given
h > 0 consider the set

h .
={x €@ inf |xr—y|leo > h}.
Q@ i={reQ: mf |z -yl >h}

Then mes Q" = mes @ + o(1), h — 0.

Proof. Using notations from Section 2.2 and equalities (8) we have |B(h) \

A(h)| = o(h=%), h — 0. For each cube P € B(h)\ A(h) (with length of the

edge equal to 2h) consider the cube P with the same center and the length

of the edge equal to 4h. Set Q := Q\ U P. Then Q" > @Q and
PeB(h)\A(h)

mes Q > mes Q—o(h~%)-(4h)* = mes Q+o(1), h — 0. The lemma is proved.
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3.3. Estimate from above

For each set of quantities ng of information nodes in the sets Q, k =
1,...,m, choose the information nodes :1:}c and coefficients c};, i=1,...,ng,
to be optimal for each of the set Q. Using Lemma 1, Theorem 1, Holder’s
inequality and Lemma 3 we obtain (as n — o0)

v RS
E, (W, (Q),w) < %fo@i%)(@ sz /f )da ;Ckf(xk)

<inf sup Zw,urwmup w JECEEYES
i k=1

"Wy (@) ews @ |

=inf sup szlllvfhlle(Ql En, (W, (Q3))
B feW (Q)z 1

(by Theorem 1)

+1
i "1
=inf sup sz (d, p) <merdQ> ! L()

"Wy (Q) =1

=

1Vl @

n

~— Sl

(applying Holder’s inequality
1
m N s
c(d,p)(1 4+ o(1))inf  sup Zw—’/ <mesQZ>

"Wy (Q) 24

'
i=1 nid

. (Z 11V £l HZ(QJ)

i=1

B =

(using Lemma 3)

1+5
P/ p/
(d,p)(1+0(1)) i 142 mes Q c(d,p)(1 +o(1 ]
= L
ni i=1 Z 2 21+: nd !
3.4. Glued extremal functions
For each configuration of the information set xy,...,z,, and weights
Wi, ..., Wy, we define a function f: @ — R by the following construction.

For each i = 1,...,m, define a function f;(z): @; — R by the formula
fi(z) == fhi(xliv s 7x%i§ ),

where, the points z, ... ,xf%_ are the points from information set that belong

=

to Qi, hi == % (%) and the functions fj, are defined by (5).
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Set
g(2) = min |-yl
yEkL—J1 0Qw

and .
f(z) = w! " min{g(x), fi(z)}, 2 € Qs i = 1,...,m.
Due to the triangle inequality,

lg(z) — g9(y)| < |z -yl (16)

for all z,y € @, hence the function g is Lipschitz. Thus, due to the Rademacher
theorem, there exists (classical) gradient of g almost everywhere. Moreover, it
agrees with the distributional gradient almost everywhere. Hence, due to (16),
g € WH>(Q), see for example [8], Sections 3 and 4. Therefore f € W'P(Q)
f \Y%

and e € W (Q).

Note, that f = wf* ™ f, (4, .. ,Ty,) on th, where H; — 0 as h; — 0
and the notation Q" is defined in Lemma 4.

Denote by f the function f with x4, ..., x, chosen in such a way, that for all
i =1,...,m, the subsets i, ..., x;, are optimal information sets in Theorem 1

(with @ substituted by Q; and n by n;). Set @ = Q(hy,...,hm) :== U QFL
i=1

By Lemma 4, mes Q = mes Q + o(1), n — oo.
We need the following lemma.

Lemma 5. For eachi=1,...,m as n — o0
- —_mes Qi 1 v
\Y% P = (14 o0(1)wP ! ( — |z > dz.
V5181 gy = (o8 [ (e = b

1

Proof. By the definition of the function f and Lemma 4 we have

dp
= (1 + 0(1))niwidp+p7d ” ‘er,hih Hip(md

3 p
AN .

i)
Since (p' — 1)p = p/, from (3) we obtain

/

hd—1 Z|oo ?
11V feml Wz, o) = / <\mld‘1 T ) "
7 Dd [e.e]

hy

/

d 1 P
=h; / <|y|g01 - |y‘oo> dy.
od

1

To finish the proof of the lemma it is sufficient to notice that nihf = %ﬁ”‘.
The lemma is proved.
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3.5. Estimate from below

For each information set x1,

., Ty and weights cq, ..., cp,

" 1
Lo [ut@g@is =Y agen)| = o [w@f@d

/ 2 N
(by Lemma 2) > /fZ
RzAE o ="
(by Lemma 4) = _Ltoll) / filx
I ||L @

(by extremality of the function f in Theorem 1)

bl
mesQ P ~ _1
wic(d, p) IV FIll, oy
l IVf\ ||Lp R ( ) L(Q")

(@) i=1
(by Lemma 5)

N\ it N
. (d p) 1 + o m pﬁ:zﬂd mes QzHZ 47 [ hes Qle P 1
< wpdwdmesQ>” i=1
K3

EMS

2d

i+
d 1 1 m pd+p H;\ d
__ cldp)(1+0(1)) lzwipmd(mesc;l ) .
UL mmesQ P i=1
2w 24

=1

(by Lemma 3) > c(d,p)(1 + o(1)) ( m WH) a1

1 ? d

nd =1 2
c(d,p)(1 +o0

= T4 1 lwllzy@)
27 'r'nd

4. Main results

The goal of this section is to solve the problem of asymptotically optimal
integral recovery in the case when the weight function is admissible
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4.1. Definition and some examples

Let a bounded set Q@ C R? be given. We call a function w: Q — R admissi-
ble if it is positive almost everywhere, bounded, and there exists M € N, such
that for all C; < Cy the set {x € Q: w(x) € [C1,C4]} is composed of m < M
convex domains.

First of all note, that the step functions are admissible, if the sets Qg
are composed of convex domains. Another set of admissible functions can be
constructed as follows.

Let ¢: [0,1] — R be a monotone function. Consider the function w =
w(p): O¢ — R, defined by the formula w(z) = (|z|s). For arbitrary C; <
Cs, the set ¢ 1[Cy,Cy) is equal to [o, 8] \ X, where 0 < a < 8 < 1 and
X C {a, 8}. Hence the set w1[Cy, Cy] is equal to Dg\Dg (with appropriately
included boundaries). The latter set is a union of 2d convex sets. Indeed, let
for definiteness X = (). Then the convex sets can be chosen as

T = 0% N {*x; € [o, B},
and for k=2,...,d
T,;t = D% N{xzx € [, B, |z1],s - -y |TH—1] < ).

hence the weight w is admissible and M from the definition can be set equal
to 2d.

Using the arguments above, one can prove that the function w(y) remains
admissible, if one or several assumptions are modified:

1. Request ¢ to be only a piecewise-monotone function; i.e. such that there
exists a partition 0 =1p < t1 < ... < tn = 1, so that ¢ is monotone on
each of the intervals (¢;_1,t;), i = 1

2. Substitute the set Dcll by an arbitrary convex domain Q).

3. Substitute the norm | - |s by the norm |- |;.

4.2. Solution of the integral optimal recovery problem

Theorem 3. Let p > d, w be admissible function on Q C R%. Then

c(d, p) (1))
2!

Q

E, (W) (Q),w) =

(1+
+¢, HwHLq(Q)a n — 00,

D..M—‘

and c(d,p) is defined by (4).

/
where q = p’?ﬁd

Proof. Note, that if for all z € @ we have w(z) < v(z), then

E, (W) (Q),w) < E, (W (Q),v).
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This inequality follows from the existence of an optimal linear method of
recovery (see Lemma 1) and the equality

inf sup /w(x)f(a:)dx - cpf(xg)
LR fewy (@) ;

yeees Tl

fEWy @,
f(zk)=0,k=1,...n

which can be proved using the standard arguments involving the Hahn-Banach
theorem, see e.g. [9, Theorem 1.3.4].
Let c <w(x) < Cforall x € Q. Fix me N, and for k =1,...,m set

Qkm = {wEQ: w(zx) € [c+(k—1)C;c,c+kc_c]}.

m

Consider the function w,,(z) = c+ k‘% for all x € Qg m, k=1,...,m. Then
w(z) < Wy, (z) for all z € @ and using Theorem 2 we obtain

-1

n—o0 ,
' nd

n—00 =
P nd

-1
) . d,p) ,_ WmlL, @)

< lim E, (WY(Q), W) - d Wi, TR
(W, (Q), W) <2l+ — Wil ) Tl

_ 1@l Q)
1wz, @)

Since |[Wml|, @) = lwllL, (@) as m — oo we obtain

n—o0 14+ d
p’ nd

-1
lim E, (W (Q),w) . (2 c(d.p) || H ) <1.

Applying the same arguments to the function w,,(v) = ¢ + (k — 1) << for
all x € Qpm, k=1,...,m, we can get the inequality

lim E, (W (Q),w) . (2 c(d.p) H H ) > 1.

n—oo 14+ d
p’ nd

The theorem is proved.
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